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By a generalization of the method used in a previous paper the distribution of energy levels of a dilute 
Bose system of hard spheres is found. These energy levels are then used to compute the statistical properties 
for the system. A phase transition is found, and the transition point is calculated to the lowest order of a, 
the diameter of the hard spheres. Furthermore, the thermodynamical functions of the system in both the 
gas phase and the degenerate phase are obtained, provided (a@/A)«1 and pa*«1, where \ is the thermal 


wavelength and p is the particle density. 





1. INTRODUCTION 


N a recent paper! the energy levels of a dilute Bose 
system of hard spheres near the ground state were 

calculated using the pseudopotential method.? From 
the distribution of these energy levels, it is possible to 
calculate the thermodynamic behavior near T=0. To 
extend these considerations to higher excitations and 
higher temperatures, and especially to investigate the 
phase transition of the system corresponding to the 
Bose-Einstein condensation of a free Bose gas is the 
aim of the present paper. 

For the free Bose gas it is well known that between 
the transition temperature and 7=O there is macro- 
scopic but incomplete occupation of the free-particle 
ground state. It turns out that this possibility of a 
macroscopic but incomplete occupation of a micro- 
scopic state can be incorporated into the method of 
reference 1. One obtains in this way a calculation which 
furnishes a natural connection between the concept of 
the degenerate phase in the sense of London’s work’ 
and the concept of phonon excitations in the sense of 
Landau’s treatment.‘ The latter is particularly useful 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

{ Permanent address: Columbia University, New York, 
New York. 

t Permanent address: The institute for Advanced Study, 
Princeton, New Jersey. 

1 Lee, Huang, and Yang, Phys. Rev. 106, 1135 (1957). We 
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? Kerson Huang and C. N. Yang, Phys. Rev. 105, 767 (1957). 

*See, e.g., F. London, Superfluids IJ (John Wiley and Sons, 
Inc., New York, 1954). 
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in the 70 region, the former at higher temperatures. 
The dual applicability of both concepts in the present 
calculation therefore makes possible a discussion of the 
thermodynamical properties of a dilute (i.e., pa*1) 
hard-sphere Bose system at all temperatures for which 
a/A<X1, where a is the diameter of the hard spheres, 
pis the particle density, and d is the thermal wavelength. 

The system is found to exist in two thermodynamical 
phases, which correspond to the two phases of the free 
Bose gas. In each phase, corrections to the thermo- 
dynamical functions to the lowest order of a are ob- 
tained. The change in the transition point pressure and 
density is also obtained. In Sec. 8 a comparison is made 
between the calculated change of the transition point 
and the results of the binary collision method. 

The method of the present paper for obtaining the 
excited energy levels can be easily generalized by a 
Galilean transformation. This will be discussed in a 
subsequent paper (paper IT) and leads to the two-fluid 
concept® and to superfluidity. 

If one continues along the line of approximation used 
in reference 1 and in this paper, one arrives at calcula- 
tions concerning phonon scatterings and phonon life- 
times, which will be described in detail in future 
communications. 


2. REVIEW 


The method used in reference 1 for computing the 
ground-state energy and the distribution of energy 


5L. Tisza, J. phys. radium 1, 164 (1940). 
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levels near the ground state are based on the following 
points: 

(i) The use of the pseudopotential in higher approxi- 
mations. This was discussed in detail in reference 2. The 
crucial point is that the correct pseudopotential 


0 
V=8ra > #(r,— )—(ras) (1) 


i<j Vij 
must be used. If one uses instead 


V’=8ra > #(r,—14,), 


i<j 


then in higher approximations spurious infinities are 
encountered. In most computations, however, it is a 
great practical convenience to use V’ first and to switch 
to V in the end. 

(ii) In considering the Hamiltonians 
2m=h=1), 


(in units 


H= -> V2+V 
(2) 


and 


H'=- Ve+V’, 


one chooses the free-particle representation with peri- 
odic boundary conditions. (The importance of choosing 
the periodic boundary condition was emphasized in 
reference 1, footnote 17.) An off-diagonal matrix ele- 
ment of 


V’=2""4ra ¥ a,*as*a,0,6(k.+ks—k,—k,) (3) 


then characterizes the collision of two particles of 
momenta k,, k, going into the individual particle states 
with momenta kg, ks, while all the other particles 
preserve their momenta. The value of such a matrix 
element is 


Q-4ra[ nang(n,+1)(n,+1) }}. (4) 


Through such matrix elements one mixes states with 
different free particle occupation numbers. However, 
we saw in reference 1 that the states that need be mixed to 
form an eigenstate of the Hamiltonian have occupation 
numbers which are the same to the order of N, if the 
parameter (pa*)' is regarded as small. 

We recall in fact that in reference 1 one starts from 
the free-particle ground state and combines it with other 
states S that can be reached from the free-particle 
ground state through a series of off-diagonal elements 
(4). The assumption is made that all such states S 
have as the occupation number for the free-particle 
ground state m»>~ NV. This assumption is later justified 
because to deplete the ground state of 2m particles 
one must go through the off-diagonal elements (4) at 
least m times. Since a is a small parameter, this gives a 
small probability for those states S for which mo is 
much different from NV. In fact, it was shown that the 
probability falls off in a geometrical series with increas- 
ing m, making it a good approximation to take mo~V 
for all states S of importance. 
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(iii) A further simplification occurs when one first 
drops all the off-diagonal elements (4) except those 
for which two of the four occupation numbers ma, Mg, 
My, My are of the order of a finite fraction of NV. The 
dropped elements are smaller than those kept by a 
factor of at least ~N!. However, there are more of 
these dropped elements than of those kept by a factor 
of at least NV. It is not immediately obvious that these 
more numerous smaller matrix elements contribute less 
than the large off-diagonal elements. This question 
was discussed in reference 1, where it was shown that 
by treating these small matrix elements as a perturba- 
‘tion one obtains correction terms in the form of an 
expansion in powers of the parameter (pa*)}. 

Based on the points reviewed above, calculations 
were made in reference 1 for those states for which 
the occupations of the free particle ground state is essen- 
tially complete. The ground-state energy was found to be 


Eo= 4xapN[1+ (128/15y/) (pa*)*+O(pa*) J. (5) 


The excited states near the ground state were shown 
to have energies and momenta 


E(my) = Eot+d my(k*+ 16rapk?)}, 
0 


(6) 
P(m,) = az mk, 


where m, are any positive integers that satisfy the 
additional condition 


N27 m=0(N-). 
k+0 


Furthermore, these states were shown to correspond to 
states with m, quanta of compressional waves with 
wave number k/2r. 


3. MACROSCOPIC BUT INCOMPLETE OCCUPATION 
OF THE FREE-PARTICLE GROUND STATE 


We shall show now that the method of approximation 
reviewed in the last section is applicable to states for 
which there is macroscopic but incomplete occupation 
of the free-particle ground state, i.e., states for which 
the free-particle ground state occupation number mp is 
essentially Vé where ¢ is a finite fraction, and for which 
no other state is occupied by a finite fraction of the V 
particles. 

To discuss such states, we start from a state with the 
following occupation numbers: 


no= n= NE, 
N-'n,°=O(N-) (k0), 


dL m= (1—£)N. 
k+0 


(8) 


niy= n°, 


Similarly to point (ii) of the last section, we need only 
consider states for which, to the order of NV, the occupa- 
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tion number m, does not. drastically differ from m,°. 
Writing 

m=ny+s5, (k<0), (9) 
it is possible to show in the same a posteriori manner, 


as done in Sec. 3 of reference 1 for the problem when 
§=1, that 


(6x)=O(1) for k0, 


ND (x)= OL (pa")!]. 
k~0 


and 
(10) 


The diagonal elements of V’ were computed in 
reference 1: 


(n| V’|n)=2-4ra(2N?— N— Dum). 


Using (8) and (9), one can write this as 
(n| V"|n) 
="4ra[N?+ (1—£)*N?+2EN ¥ me J+Vi, (11) 
k“0 


where 


Vi= —&4ra[N+>, m?e+ (> 5x)? ] (12) 
kx k+0 


will be neglected because (10) shows that its contribu- 
tion is of higher orders in (pa*)#. One then has 


(n| V’|n)=4arapN[1+ (1—£)?]+8rant > ax*ax 
ko 


+negligible terms. (13) 


To discuss the off-diagonal matrix elements of V’ we 
take advantage of the simplification discussed in point 
(iii) of the last section. We keep, therefore, only those 
off-diagonal elements that correspond to a collision of 
two particles with momenta 0, going into momenta 
states k and —k or vice versa. All states that can be 
reached from the state (8) by such off-diagonal ele- 
ments have the same value for (m,—n_y)= (my°—n_,°). 

It is not difficult to see that for these states the 
Hamiltonian assumes a form very similar to that dis- 
cussed in reference 1 (which in fact is a special case of 
the present problem corresponding to = 1). 
H’=4napN[1+ (1—£)?]4+2 Do’ax*ax(k?+ 8xratp) 

+20’8ratpBs x(k), 
where the >-’ extends over half of the k space excluding 
k=0, S(k)=|n,°—n_x°|, and Bs(k) is defined in Eq. 
(A3) of reference 1. It is important to notice that Bs(k) 
and Bs(k’) for different k and k’ operate on different 
occupation numbers, and therefore commute with each 
other. 

Equation (14) can be written as 
H'=4nrapN[1+ (1—£)?] 

+2 D0’ (+ 8matp)[ax*au+yu' Bsn) (k)], 


(14) 


(15) 
where 
yu’ = (k?+ 8ratp)—4rakp. 
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The individual terms in the summation in (15) com- 
mute and can be simultaneously diagonalized. 

The eigenfunctions and the eigenvalues of these 
terms have been evaluated in the Appendix of reference 
1. As remarked in Sec. 2, calculation of the energy levels 
using V’ lead to spurious terms which are divergent. 
The substitution of the true pseudopotential V for 
the V’ lead to the correct final answer for the energy 
spectrum. Following arguments which run exactly 
parallel to that of reference 1, we find the energy spec- 
trum to be 


E(&,mx) = Eo(&)+ Ephonon(€), (16) 


where 


Eo(&) =4rapN(1+ (1—£)? 
+ (128/15y/7) (pa*é*)++-O (pa*) J, 


Ephonon(€) = 3 mk (k?+- 16raép) 4, 
kx 


(17) 
(18) 


and 


Here m, are positive integers satisfying 


N11) m= (1—8)+0(N~). (19) 


The momentum of the system in the state specified 
by &, my is 


P(é,m,) =>, mk. (20) 


We remark that for <=1, these results reduce to those 
obtained in reference 1. It is furthermore important to 
remember that these equations do not give correct 
results to the order a, unless ka<<1, which is a condition 
for the applicability of the pseudopotential. 

The physical interpretation of (16), (17), and (18) is 
exactly the same as before: my is the number of ele- 
mentary excitons with wave number (k/27). One 
notices, however, that the energy of the excitation is 
now (k?+16matp)'k which depends on &. For &40, this 
excitation energy varies linearly with & for small k and 
represents phonons. For &=0, the excitations assume 
the character of individual particle excitations. 

The parameter & is, according to the spirit of the 
calculation above, the fraction of particles that are in 
the unperturbed ground state [neglecting terms of 
O(pa*)*]. Also the fraction 1—€ is, according to (19), 
the ratio of the total number of excitations to the total 
number of particles. That the two are related is a 
natural consequence of the method of approach adopted 
above. It is perhaps worth emphasizing that the present 
calculation thus provides, in the model under discus- 
sion, a link between the two different viewpoints that 
have greatly influenced the development of our under- 
standing of HelII: the concept of the degenerate 
occupation of a single state, which led to London’s 
proposal® that the A transition in He is a consequence 
of Bose-Einstein condensation, and the concept of 
elementary phonon excitations, which led to Landau’s 
theory‘ of liquid He. The dual applicability of both 
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concepts in the present calculation also enables us to 
carry out calculations at all temperatures, including 
both the transition region and the region near T=0. 
In a subsequent paper where transport phenomena are 
discussed it will become clear that the parameter ¢ 
corresponds to the fraction of superfluid, a concept 
first phenomenologically introduced by Tisza.® 

The two terms Eo(€) and Epnonon($) in (16) are 
accurate to the order of NV (and not 1), which is suffi- 
cient for the calculation of the thermodynamical 
properties of the system. However, from the derivation 
it is clear that (16) can also be used to compute the 
energy difference (which is of the order of 1) between 
two states for which there is only a difference in a 
finite number of m,’s. For example, two states with a 
difference of one phonon belong in this computation 
to the same value of £ and consequently their energy 
difference is 

k(k?+ 16mapé)!, 


which is of the order of 1. 
4. PARTITION FUNCTION 


Using the energy spectrum, Eqs. (16)—(19), we pro- 
ceed to calculate the partition function Q for a dilute 
system of hard spheres obeying Bose statistics. We 
first define 


Q(t)=L expl—BE(E,mx) ], (21) 
mk 

where £ is related to the Boltzmann constant x and the 

temperature T by 


B= (xT), (22) 


and the sum over m, extends over all positive integral 
values provided 


ND m= (1—£). (23) 
k+0 
The partition function Q is a sum of Q(&) over all 
allowable ¢’s. However, for an infinite sytem (V > ~, 
but keeping p finite) the logarithm of Q is replaceable 
by the maximum of InQ(é) with respect to &. 


InQ(é) on InQ, 


where the most probable value — is determined by the 
condition 


(24) 


InQ(~)=maximum[InQ(é) ], (25) 


for all values of ¢ between 0 and 1. 
The quantity InQ(é) can be readily evaluated by 
means of the method of steepest descent. We have 


—«TQ™ InQ(é)= f(é,$), 


where 


F(&,5) = 4map’[1+ (1— £)? J+ (1— xT p Ing 


+ (8x3)“1nT f In(1—fe-®*)d*. (26) 
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The parameter ¢ is related to ¢ by 


i.e., 


gefe 
Bom (ony f (ae, sts. 


The quantity w is given by 
w=k(k?+ 16ratp)}. (28) 


Equation (27) is the condition for steepest descent. 
We notice that the free energy per unit volume takes 
the maximum value of the function /(¢,¢) with respect 
to ¢. In Eq. (26), as in all subsequent calculations, we 
neglect terms of higher powers in (pa*)!. 

It is convenient to introduce a ¢—f¢ plot in which, 
for fixed T and fixed p, ¢ is plotted against ¢ as a graphi- 
cal representation of (27). Along each curve one locates 
the most probable (i.e., equilibrium) ¢ by minimizing f. 
For orientation purposes one first investigates the case 
of free Bose particles (i.e., a=0). At fixed T the locus 
of the equilibrium points in the graph is easily seen to 
be the curve OBCDE in Fig. 1. 

To investigate the change in these equilibrium points 
brought about by the introduction of the hard-sphere 
interaction, we notice that along the {—f£ curves, one has 


d fe] 
1) cry 
dé \dt/; 


ed 
(1— Rw )ak. 
1—fe-Fe 


—apr* (29) 


We take a point P along the curve OBCDE and study 
the locus of this point at fixed T and p for infinitesimal 
values of a. [It is important to notice that the extension 
of this neighborhood is nonuniform in P.] It is con- 
venient to divide the curve OBCDE into three sections: 
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Fic. 1. Schematic ¢—£ plots for a free Bose-Einstein gas. The 
dashed curves AB, AC, and AD represent the relation (1—£)p 
=)~5g;(¢) [Eq. (27) with a=0] for the same value of \ but dif- 
ferent p. p-=A~*(2.612). Curve OBCDE represents the locus of 
= — points for the free Bose gas, determined by 

q. : 
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(i) P is in the section OC open at C. For sufficiently 
small values of a the general shape of the §—-¢ curves 
follow their counterparts in the case of a=0. Further- 
more, for a=0, by (29), the value of df/dé along any 
curve AB in Fig. 1 is always bigger than —pxT In(¢)p 
which is positive. For sufficiently small values of a, 
therefore, df/dt remains positive and the minimum of 
f occurs always at £=0. Thus the locus of equilibrium 
points remains along OC (open at C). In algebraic 
language this means that 

—=0. (30) 

(ii) P is in the section CE open at C. To find the 
equilibrium value of € we must solve the equations 
df/d§=0 and (27) for & and ¢. It follows from (29) 
that for df/dé=0, 


£=1—O[ (pa*)*]. 


Substituting this into (27), one obtains 


(31) 


aé \} 
1— = (2.612) (oxy-2(—) ee 
mp4 
where 
A= (40/xT)!. 


The equilibrium point £—¢ thus follows a curve slightly 
below the line CE in Fig. 1. 

(iii) P is at C. This is the region near the transition 
point in which the behavior of a model satisfying 
strictly the spectrum (16)-(19) is very complicated. It 
will be discussed in detail in the Appendix. 

In the gas region (i) and the degenerate region (ii) it 
is straightforward to substitute the equilibrium condi- 
tions (30), (31), and (32) into (26) and obtain the 
free energy of the system. The results are summarized 
in the next two sections. 


5. GASEOUS PHASE 


This is the phase satisfying £=0. The Helmholtz 
free energy F, for the system is given by 


QF = —d~*KT y(t) + pxT Ing 
+8rap?+O[a!h-/"), 


where the parameter ¢ is related to p through 


p=d*g:(f), 


(33) 


(34) 
and 


gn(S) =2 ls (35) 
=1 


Correspondingly, the energy /,, entropy S,, pressure 
f,, and specific heat (C,), and the compressibility 
(dp,/dp)— are given by 


O71 Eg = dx T g3(6)+82ap’, 
QS g= gd ~*xg4 (5) — px Ing, 
y=A~*«T g4(5)+8rap’, 


(36) 
(37) 
(38) 
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(QC) p= (15/4)AFeg4 (5) — (9/4 nog (HLH, (39) 


and 


(9p,/dp)r=4apn[ gy (5) F'+ 16map. (40) 


6. DEGENERATE PHASE 


In this phase, (31) and (32) obtain. The thermo- 
dynamical functions can again be calculated by using 
the results obtained in Sec. 4 provided 


pe<Ki and (a/A)<1. (41) 


In the following, we list the explicit forms of the thermo- 
dynamical functions for this dilute system at moderate 
temperature ap\*<1, [case (i) ], at fairly low tempera- 
ture ap\?~1 [case (ii) ], and at very low temperature 
ap\?>>1, [case (iii) ]. 

(i) The Helmholtz free energy Fa in the degenerate 
phase for (pa*)&K1 and apA*<1 is given (neglecting 
terms proportional to a!) by 

OF a= — (1.342)\*x« T+ 42a (p?+ 2pp.—p.”), (42) 


where 
pe= (2.612)d-. (43) 
The other thermodynamical functions are given by 
QE a= $3 (1.342)\*xT+42a(p?—pp.+2p.”), (44) 
(45) 
(46) 


(47) 


Q-1S a= § (1.342) + 3xar?(p2—pp.), 
pa= (1.342)A“*x T+ 42a (p?+p), 
2-1(C,) a= (15/4) (1.342) Ax + 3xad?(4p2— pp) 


and 


(0pa/dp)r=8rap. (48) 


(ii) At much lower temperature ap\?~1 but pa*<1, 
the Helmholtz free energy becomes 


OF a= 4rap*[1—4(2pa*)'t-9.(t)+O(pa®)], (49) 


where 


t= 2apd’, (50) 


and 
2 (x?+1)!—17! 
C(t)= -—f x int—e)|— -| dx. (51) 
/T 0 +1 
The series expansion of G(¢) for small and large 
values of ¢ are given by 
G(t) = 1.342¢-!— 2.612¢-! 
+4(22)!—3(1.460)t!+---, (52) 
and 


(53) 


i q® 
G= (r)| = 7+. ; | 
458 6325 


respectively. For intermediate values of ¢, G(¢) can be 
evaluated numerically. 
The other thermodynamical functions are given 
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[neglecting terms of higher orders in (pa*)] by 
QE y= 4rap*[1—4(2pa*)td ¢/dt], (54) 
Q'S 4=x(2ap)'[ G—idG/dt], (55) 
pa=4rap?[1—2(2pa")(t-19-+-2d/dt)], (56) 


27 (C,)a=x(2ap)'?PS/dP. (57) 


In this low-temperature range, Eq. (32) is not useful; 
instead one obtains from (27) 


" (1— p= (2ap)!5(0), (58) 


and 


where 


“ a2+1)t—17 
te» ti Jae (59) 





2 
fers ~ tL Al 


For small values of ¢ 
§ (t)=2.612¢-?—4(2/x)'t“+1.460r-#—---, (60) 
and for large values of ¢ 
F(t) = (2/m) 4 (2.404)t-— (15.5535)t-*+---]. (61) 


(iii) In the extremely low temperature region ap\*>1 
(but pa*<1), the Helmholtz free energy becomes 


ise ¢ Ath 
-+F,=4rap|1-—(=) (=) | (62) 
90\A 7% \apr? 


The other thermodynamical functions are 


1 se we \i 
B,~4rap| 1+—(-)(—) | 
30\XA7 Nap? 
2 P x \ Si 
vate)" 
45 7 \ap? 
1 /a osu te 
p= ‘rae 1+—(") (=) | 
36\X apr 
2x /a wx \ 5? 
meanta(\(S)" 
iS XA apr? 


At these very low temperatures, £ is given by 


ih ——{ 1 ) 61) 
hte apr? 


It is interesting to notice that in both the gas region 
and the degenerate region at moderate temperatures, 
(i.e., ap\*<1) the thermodynamical functions listed 
above, to the order included, are the same as the results 
of a calculation by Huang, Yang, and Luttinger.* This 
is not really surprising because the relevant excitations 
in these regions have momenta k~\~'>(ap)!. The 


® Huang, Yang, and Luttinger, Phys. Rev. 105, 776 (1957). 


spectrum (18) used in the present paper than reduces to 
Ephonon($)2> me+> m,8ratp 
ko ko 
=>) mk?+N8rapt(1—£), (68) 
k#0 


which, when added to (17), gives 
E(é,m,)24raN (2-2) +E mk. (69) 
ko 


This formula is exactly identical with the spectrum 
from which reference 6 starts. It differs from the spec- 
trum (16)-(19) of the present paper because it does 
not take into account the off-diagonal elements of the 
potential in Eq. (1). One concludes that for the tem- 
perature region under discussion in this paragraph, 
these off-diagonal elements do not lead to important 
contributions. 

The situation is completely different, however, for 
the very low temperature region [case (ii). and case 
(iii) above] which is characterized by phonon excita- 
tion with long wavelengths. One observes, for example, 
that in the degenerate phase C, varies at moderate 
temperatures as 7, but at extremely low temperatures 
as T*, This difference of temperature dependence stems 
from the fact that for long wavelengths the phonon 
energy is linear instead of quadratic in the momentum. 
We shall see in a subsequent paper that this change of 
the energy spectrum is also responsible for the super- 
fluidity of the system. 


7. PHASE TRANSITION 


By comparing the thermodynamical functions for the 
two phases, one finds that the phase transition occurs at 


M*p./kT =1.342+42(2.612)?(a/A)+O[(a/A)*], (70) 


and 
\¥p.=2.612+O0[a/d ], (71) 


where p, and p, are the pressure and density or densities 
at the transition point. It is important to notice that to 
the order (a/A)! there is no discontinuity in density at 
the transition point. However, this does not mean that 
in higher orders there will be no discontinuity in the 
densities of the two phases. Similarly one sees that to 
the order (a/X) there is no discontinuity in entropy, and 
to the order that we have calculated there is a dis- 
continuity in the specific heat and a discontinuity in 
the compressibility. These discontinuities’ are given by 

7 The exact meaning of (72) is as follows: Consider (C,)¢ and 
(Cz), as functions of 7, p, and a. Then 

lim =. (Cy)a— lim lim (C,),=0, 
0+ 


p—pe+ a0 p—pe— @ 


lim lim (Coa _ lim lim 8(Co)o _ 
p—pet a—0+ Oa ppe— a-04+ 90 
Similarly one can write down the exact meanings of (73). In these 
equations the order of the two limits p — p- and a— 0 may not 
be exchanged. Consequently it is not possible to state the exact 
order of the transition for a finite a. 


and 
=5.(2. 612)\“1N. 
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(C.)a— (Co)g= (9/2) (2.612) (a/r) Nx, 


Op op 
(2) (2) =m 
Op/ a \dp/, 


at the transition point. 
These properties are illustrated by Fig. 2 and Fig. 3. 


(72) 


(73) 


8. COMPARISON WITH BINARY COLLISION METHOD 


The thermodynamical functions in the gaseous phase 
and the transition point have previously been calculated 
by a different approach using the binary collision 
method.® The results, of course, agree with that ob- 
tained by the present method. It is of interest to com- 
pare these two different approaches. 

First we compare the present results with the virial 
type expansion for the gaseous phase displayed in 
reference 8: 


Mp/kT = gy(z)—2(a/d)[g3(2) P+-8(a/A)*Lg4(z) Pes (2) 
+8(a/d)*F (2) +0[ (a/A)*], 


a /? 
p= (=), 
0 Inz\«T 


z is the fugacity, and F(z) is 


(74) 


where 


(75) 


© grtstt 


en (rst)*(r+s) (r+) 





F(z)= (76) 


We remark that if we set 
Inz=In¢+4(a/A)g3(¢)+0[(a/A)], (77) 


then, neglecting O[ (a/d)?], (74) and (75) are identical 
with (38) and (34). That (77) holds is to be anticipated 
since the parameter ¢ was introduced in (27) in a 
steepest-descent calculation while the fugacity z is 
defined by 

(0/0N)[InQ+N Inz]=0. (78) 


A comparison of (78) and (27) leads immediately to 
(77). 








at 


Fic. 2. Schematic p—V diagram for a dilute Bose gas with 
hard-sphere interactions. The dotted line is the corresponding 
isotherm for the free Bose gas at the same 7. 


8 Some results obtained with the binary collision method have 
been summarized in T. D. Lee and C. N. Yang, Phys. Rev. 105, 
1119 (1957). Notice that Eq. (5) of this reference was incorrect. 
It should read like Eqs. (70) and (71) of the present paper. 
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Fic. 3. Schematic C,—T diagram for a dilute Bose gas with 
hard-sphere interactions. The dotted line is the corresponding 
curve for the free Bose gas at the same p. 


In the treatment of the binary collision method it is 
pointed out that if we write the virial type expansion 
in the form 


(79) 


Mp/T=¥. (a/r)'fu(s), 


then as z—> 1_ the function f,(z) becomes singular for 
all values of /=2. Furthermore, it is proved that if we 
set 

s=es, 


then as e— 0, f; can be expanded as a series. For 
l= 2, we have 


fi(z) = «TA! + Bre+Crei+ eee 1, 
where A;, B,, etc., are independent of «. Thus we may 
regroup the series in (79) and write 
Np/KT = 1.342— (2.612)e—2(2.612)?(a/r) 

+e!F,(a/A)+eF.(a/aA)+-::, 


(80) 


(81) 


where 


F, (x) aS A,x', 
l=0 


F,(x) = > B,x!, etc. 


l=0 


In (82), Ao and Bo are coefficients of e! and é? in the 
series expansion for fo for small €; A; and By, are the 
corresponding coefficients of ¢ and ¢ in the series ex- 
pansion for /;. The other A; and B; are defined by (80). 
These functions can be explicitly calculated by using 
the binary collision method. They are found to be 
F, (a/Ae) = $4[1+4(2.612)a/re]}, 
and (83) 


F,(a/Ae) = Bot Bi (a/Ae) + Bo(a/re)?, 
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where 
Bo= —0.730, 
By, = — 2[ 44+ 2(1.460) (2.612) ], 
B,= — 32(2.612) —8(1.460) (2.612)?+-8F (z= 1), 
B,=0, for /23. 
Thus, we find that \*p/xT is regular at e=0 and that 


the singularity occurs at 


e= —4(2.612) (a/A)+O[ (a/d)!], (84) 


which is identified as the transition point. The pressure 
and density at the transition point are given by (81): 


\*(p-/«T) = 1.3424 2(2.612)?(a/A)+O[ (a/A)!], 
and 


\¥p.= 2.612+O0(a/d), 


which are identical with those obtained in Sec. 7. We 
remark that it is indeed gratifying to find the results 
obtained in Sec. 7 not only agree with the virial-type 
expansion to order (a/A) for all values of z<1, but also 
agree with the sum of the most singular part of (a/A)! 
X fi(z) (including all values of /) as z is near 1. 


9. DISCUSSIONS 


We make a few remarks in this section about the 
present paper. 

(i) The general line of reasoning described in Sec. 2 
and developed in detail in the subsequent ‘sections is 
also applicable to those states for which there is an 
incomplete but macroscopic occupation of a state of 
momentum k#0. Such states lead to superfluid flows 
and will be discussed in detail in a subsequent paper. 
For equilibrium thermodynamics, however, they are of 
no importance. 

(ii) From the energy spectrum (18), we find the 
velocity of phonons of very long wavelength to be 
(16rapt)'. Thus, if the system is in thermodynamical 
equilibrium, the velocity of long-wavelength phonons 
has a statistical value dpronon, given by 


Dphonon = (1 6rap £) i, 


which varies from (167ap)! at T=0 to zero at the critical 
temperature. The interesting relationship between 
phonon and the macroscopic sound velocities will also 
be discussed in detail in the subsequent paper. 

(iii) In Sec. 2, it was pointed out that for a dilute 
system of hard spheres one need only include those off- 
diagonal matrix elements of V for which two of the four 
occupation numbers ”q mg m, n, are of the order of a 
finite fraction of NV. The inclusion of the other off- 
diagonal matrix elements of V contribute to higher 
order corrections in energy. They also give rise to the 
scattering of the phonons and to the decay of a single 
phonon into two or three phonons of longer wavelengths. 
Let k be the momentum of the initial phonon and 


(85) 
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k,, k. that of the final two. These momenta are related 
by 

k=k+k:, 
and (86) 


k(k +16matp)!=ki(k1?+ 16matp)!+ ko(ko?+ 16magp)!. 


Summing over all final states of k1, k, we find the mean 
life 7 of a phonon to be® (at 70) 


r= (160x/3)pk—> for k«(8rap)!, 
and (87) 


r=(16ra%pk) for k>(8rap)}. 


As is expected, the smaller the value of a the longer is 
the mean life. 

The existence of these lifetimes throws new light on 
the nature of the “eigenstates” that were obtained in 
Sec. 3. Strictly speaking, these states are not eigenstates 
of the entire Hamiltonian. Transitions between them 
take place because of the decay, recombination and 
scattering of the phonons. The fact that one obtains 
states which are not eigenstates of the Hamiltonian is 
not really surprising. In fact, the exact eigenstates of 
the system are boundary-sensitive and are of no great 
physical interest. Furthermore, to the lowest order in 
a the approximate eigenstates give the equilibrium 
thermodynamical properties of the system. The situa- 
tion is quite similar to a system of one hydrogen atom 
and the electromagnetic field: The excited states, 2s, 29, 
etc., of an isolated hydrogen atom do not correspond 
to any real eigenstates of the system. However, if one 
neglects high-order terms in the fine structure constant, 
the eigenstate of the system becomes the product states 
of the free electromagnetic field and the isolated hydro- 
gen atom. One can then compute the approximate 
thermodynamical behavior of the system using these 
metastable states. 

(iv) We have seen that the presence of hard-sphere 
interactions for a dilute Bose gas gives rise to, on the 
one hand, phonon excitations which are superposable 
collective modes (i.e., that behave approximately as 
independent free modes), and also on the other hand, 
interactions between these modes which cause their 
scattering and their instability. It seems extremely 
plausible that the existence of certain superposable 
excitations that scatter and decay is a general char- 
acteristic of any nonlinear quantum mechanical system 
with a large number of degrees of freedom. In such a 
system, then, the problem of the interactions and the 
instability of the excitations and the problem of the 
very existence of these excitations must both go back 
to the nonlinearity of the original system, and cannot 
be separately understood. 
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APPENDIX 


In this Appendix we shall study the behavior of a 
model whose energy spectrum is given exactly as 


E=4napN(1+ (1—£)?]+20 mw, 
NY m= (1—£)+0(N), 
k+0 


(Al) 


where 


and 
w= k(k?+ 16ragp)!. 


To the first order in (a/d) [for pa*K<1] the thermo- 
dynamical functions E, S, p, etc., of this system have 


been calculated in the text. These first-order results are ’ 
the same as that of a dilute system of hard spheres ‘ 
obeying Bose statistics. To higher orders in (a/A) the > 
thermodynamical functions of a physical dilute system - 
of hard spheres are not expected to be the same as that * 


of this model. In fact, we shall show that if we take 
this model seriously and evaluate the partition function 
to higher orders in (a/A) the resulting p—V diagram 
exhibits unphysical behavior of the Van der Waals 
type. In particular, the results of the partition function 
of this model show that as one follows the isotherm 
from the gaseous phase to the liquid phase there is a 
sudden drop of pressure. This discontinuity of pressure 
occurs at a-critical density 


pe=A~*(2.612) — (9.63)A-*(a/A) + O[a?/d*], 
with an amount 
pa— Po= — (29.3)xTp-(a/r)?, 


(A2) 


(A3) 


where pa and p, are, respectively, the pressures in the 
degenerate phase and in the gaseous phase as the 
density approaches p,. 

On the other hand, one may use the grand partititon 
function, instead of the partition function, then the 
corresponding p—V diagram would exhibit a flat por- 
tion. There will not be any discontinuity in pressure, 
but instead a discontinuity of density with the density 
Pa of the degenerate phase different from the gas density 
py. Both pa and p, differ from \~*(2.612) by an amount 
O(a/4). This discontinuity of density occurs at a 
pressure 

d*p./kT = 1.342+ (2.612)?(2a/A)+O[(a/d)?]. (A4) 


To prove (A2), (A3), and (A4), let us first consider 


| the partition function. It is necessary to investigate in 


the (£,¢) plane the detailed behavior of the curves 
§=£(p,¢) [Eq. (27)] and to find the maximum value 
of 2-' InQ(£) along these curves for fixed values of p. 
The functional form of Q~' InQ(é) is given by Eq. (26). 
We notice that at &=0 and ¢<1 


(AS) 


0 
—[2 InQ(é)] <0. 
dg 
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Since ~ cannot be less than 0, the points with §=0 
and {<1 always correspond to local maxima of 
Q- InQ(é). It is easy to show that for low density, 


[pr*— (2.612) ]<O(a/d), 


these local maxima are also absolute maxima of 
Q-' InQ(é). The above condition [Eq. (A6) ] is satisfied 
in the gaseous region. The most probable value of & in 
the gaseous region is, then, 


E=0. 


(A6) 


(A7) 
However, as we increase density such that 
[pA*— (2.612) ]~O(a/d), (A8) 


then these local maxima may not be the absolute 
maxima of 2-' InQ(é). 

To investigate the detail change of & in the liquid 
phase near transition, it is necessary to calculate the 
integrals 2! InQ(é) and (1—£)p [Eqs. (26) and (27) ] 
to very high orders in (a/d). Let us write 

f=e". (A9) 
It is convenient to define a parameter x, 


x= e/(2akpd?). (A10) 


Equations (26) and (27) can then be written as 
Q InQ(E)=d-*gq(¢) —4arap’B[ 1+ (1—£)?]+ (1—£)pe 
— 2atph~'gi(5)+ (2akp)!B(x) 


+3 (2aép)*AL g3(5)— (w/e)*]+O[(at)*], (A11) 


and 
(1—£)p=d~*g;(¢) +? (2akp) 4A (x) 
— 2atph~L gy (¢)— (/e)#]+-O[ (aé)*], 
where A(x) and B(x) are defined as 
- ¢ (r(@+1)'-1}! 
Pa [——-| —e a (A13) 
z+ P+1 


(A12) 


A(x) : 
x)=— 

Jr 5 
and 


2 1 
B(x)=— | —¢3[(+1)!—-1]!—2e+eya1. 
41 


T#¥0 X 


o 


(A14) 


The functions A(x) and B(x) satisfy the relation 
dB/dx=— A(x)— (x/x)!. (A15) 
The integral A (x) can be evaluated explicitly. It is 
A (x)= —4(2/m)!+-2(4x)!—4a[ ar (a2+1) 
1—x+ (2?+1) 
reer 





, XC (+1) tan-i( 





x 
+tan( ) 
v2[1+ («2+1)?]! 
—$al1t (2+1)8 8 Ine [1+ (22 +1) 4] 


HET H+1)99}. (A16) 
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(c) € ~ (d) c 
Fic. 4. Schematic plots of §=£&({,o) [Eq. (A19)] for the model 
(discussed in the Appendix). Figures 4(a), 4(b), 4(c), 4(d), are 
for the density ranges (a) 0<—ép<(16/z)(a/A*), (b) (16/x) 
X (a/M) < —8p < (10.4) (a/d*), (c) (10.4)(a/M!) < —dp <4r(a/n‘), 
and (d) —3p>4z(a/A*), respectively. The points m and M denote 
the minimum and maximum of 2 InQ(£) along these curves. 





Let us define 
5p= p—d~*(2.612). 


In the following we shall consider only the region near 
the transition point, i.e., 


\*5p~O(a/d), 


(A17) 


and (A18) 


§~O(a/d). 


For these ranges it is easy to see that Eq. (A12) 
becomes 


—tp+ép= —d*2(ze)! 
+ )-*(2akp)tA (x)+O0(a?/A5). (A19) 


In Fig. 4 we plot the curves §= £(p,f) in the (£,¢) plane 
for the various values of dp. In the following we discuss 
the different physical conditions for these four figures: 
4(a), 4(b), 4(c), and 4(d). 

1. In Fig. 4(a), we plot schematically a typical curve 
§=£(¢,p) [Eq. (A19) ] for a p value which satisfies 


0<—8p<16-(a/n4). (A20) 


We see that since 


this curve is broken into two pieces. The maximum 
value of 2 InQ(£) along this curve can be found by 
setting the derivative of 2-' InQ(é) with respect to £ 
equal to zero, 


(A21) 


a 
—[{®" InQ(é) ]=0. 
dg 


Upon using Eq. (A11), (A21) becomes 


e= (2a)!(ép)*[$B+ (1+«)A+(mx)#]. (A22) 
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Combining with (A19), (A22) yields two roots & and 
fy corresponding to a minimum and a maximum of 
QO InQ(é), respectively. In Fig. 4(a) we denote these 
two points as m and M. As explained before, the point 
M_ which denotes £=0 corresponds to a local maximum. 
However, by using the above expressions, it can be 
proved that 


2 InQ(éw)>2 InQ(é=0). 
Thus the most probable value is 
f=tw. 
Figure 4(a), then, corresponds to the degenerate phase. 


2. In Figs. 4(c) and 4(d) we plot the curves = £(p,¢) 
for 


(A23) 


10.4(a/A*) < —5p<4r(a/n‘), (A24) 


and 
—bdp>4r(a/r*), (A25) 


respectively. In both cases, (A21) and (A19) yield only 
complex solutions for £ Consequently, along these 
curves 


=e InQ()] <0. (A26) 


Thus we have 
&=0, (A27) 
provided 
—5p> (10.4) (a/d*4). 


Figures 4(c) and 4(d), then, correspond to the gas phase. 
3. In Fig. 4(b) we plot the curve §=£({,p) for a 

density 
16-!(a/d*) < —5p <10.4(a, d4). (A28) 


In this case (A21) and (A19) still determine two real 
roots &, and £¥ correspond to a minimum value and a 
maximum value of 2-' InQ(é). However, if 


—b5p<9.63(a/d*), 
then we have 
2 InQ(éx)>2- InQ(é=0). 
For densities with 
—5p>9.63(a/r*4), 


we have 
Q- InQ(éw) <2“ InQ(é=0). 
Consequently, we have for the most probable value of é, 
E=ty for —d*5p<(9.63)(a/d), 


and : 
&=0 for —A*%ip> (9.63) (a/d). 
Thus at the critical density value, 
pe=d~*(2.612) — 9.63 (a/A*) +0(a?/d5), 
there is a discontinuity of & and a discontinuity of 


pressure. 
(i) On the degenerate side, as the density p— p.+, 





DILUTE 


the parameters £ and « approach 


E— 4.23(a/d), (A29) 


and 


x — 0.66. (A30) 


Correspondingly, 2-' InQ and the pressure pg approach 
Q- InQ — [A-*(1.342) — 8rap28—23.6-*(a/d)*], (A31) 
pa— (pa)e=A*kT (1.342) 

+8ap2— (36.7) (a/A)*p-xT. (A32) 


(ii) On the gaseous side, the parameter £ is always 
given by 
—=0. (A33) 


As the density p approaches the critical value p,, the 
pressure p, and Q2-' InQ approach 
2 InQ — [A-*(1.342) — 82ap28 


— (23.6)\-*(a/d)*],  (A34) 


and 
Po (Po)e=N*KT (1.342) + 8rap2— (7.4) (a/d)*p xT. 


Thus we find that as we change from the gas phase to 
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the degenerate phase there is a sudden unphysical drop 
of the pressure of the order of (a/d)?, 


(pa)e— (po)e = —29.3 (a, r)p«T. 


This shows that although to first order of (a/A) the 
thermodynamical functions are correctly evaluated by 
using the energy spectrum [Eq. (A1) ], the higher order 
terms of this model do not correspond to any real 
physical system. 

On the other hand, one may use the grand partition 
function instead of the partition function, to calculate 
the thermodynamical functions for this model. It is 
easy to show that the use of the grand partition function 
leads to the well-known application of Maxwell’s rule 
of equal area on the Van der Waals type isotherm ob- 
tained from the partition function. From the previous 
results for the partition function one finds that the 
resulting isotherm by using the grand partition function 
has no discontinuity in pressure, but, instead, a dis- 
continuity of density 


(pa—pPg)~O(a \), 


(A35) 


which occurs at a pressure p, given by Eq. (A4). 
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Suprathermal Particles. III. Electrons* 


E. N. PARKER 
Enrico Fermi Institute for Nuclear Studies and the Department of Physics, University of Chicago, Chicago, Illinois 
(Received July 25, 1958) 


Certain phenomena in nature, such as the 50- to 100-kev electrons of the aurora, suggest that there are 
plasma-dynamical processes which can quickly transfer the translational energy of the ions in a plasma 
stream to the electrons (some 20 kev/ion for a 2000-km/sec solar wind). It is shown that two interpenetrating 
streams of noncolliding and initially neutral plasma can achieve this energy transfer with a characteristic 
time comparable to (/m)! times the plasma period. The process is closely analogous to the excitation of 
plasma oscillations by two interpenetrating electron streams, but of course proceeds to rhuch greater electron 
energies because the ion components of the streams carry so much more kinetic energy than do the electron 
components. Hence, besides the auroral electrons, it is probably responsible for solar radio emission, rather 
than the electron streams implied in current théories. 

Further, the process is probably the dominant interaction in shock fronts, particularly in astrophysical 
cases where neither direct collisions nor the existing weak magnetic fields can give sharp fronts. The char- 
acteristic thickness of a shock front in the solar wind is of the order of 104 cm due to the above plasma 
excitation whereas the Larmor radius of the ions, which would otherwise determine the shock thickness in 
the absence of collisions, is 100 km or more. 


I. INTRODUCTION 


WE have previously noted the common appearance 
in nature of charged particles with energies very 
much in excess of the general thermal background.! 


energies. More moderate examples are the primary 
auroral protons’ (with energies up to a few hundred 
kev) and the deuterons responsible for the neutron 
production observed in laboratory electrical dis- 


Cosmic rays from interstellar space and from solar 
flares? represent the most extreme case of high ion 


* Assisted in part by the Office of Scientific Research and the 
Geophysics Research Directorate, Air Force Cambridge Research 
Center, Air Research and Development Command, U. S. Air 
Force. 

1E. N. Parker, Phys. Fluids 1, 171 (1958). : 

2 Meyer, Parker, and Simpson, Phys. Rev. 104, 768 (1956). 


charges.*® The soft x-rays observed by van Allen® 


3 J. W. Chamberlain, Astrophys. J. 126, 245 (1957). 

4Thonemann, Butt, Carruthers, Dellis, Fry, Gibson, Harding, 
Lees, McWhirter, Pease, Ramsden, and Ward, Nature 181, 217 
(1958). 

5S. Colgate, Lockheed Symposium on Magnetohydrodynamics, 
Palo Alto, California, December 16, 1957 (to be published). 

6 Meredith, Gottlieb, and Van Allen, Phys. Rev. 97, 201 (1955). 
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above the atmosphere in the northern auroral zone, 
and by Winckler’? beneath an auroral arc at middle 
latitudes, indicate that 50- to 100-kev electrons are 
commonly abundant in the vicinity of Earth. The 
Crab Nebula* appears to be a more extreme case, in- 
volving electron energies of perhaps 200 Bev. 

We have collectively called! such ultra-speed particles 
suprathermal particles to indicate their appearance as 
a high-energy non-Maxwellian tail on the general ther- 
mal velocity distribution function. To understand their 
origin we have started with the simplest idealized case 
first. We have regarded the electrically conducting 
gases filling all of space, except for planetary atmos- 
pheres and interiors, as an ohmic-conducting fluid, so 
that the usual hydromagnetic condition obtains, 


E=—vXB/c, (1) 


relating the electric, magnetic, and gas velocity fields. 
Then the equation of motion of a particle with mass M, 
charge g, and velocity w reduces to 


dw/dt= (q/M)[E+ wX B/c] 
= (g/Mc)(w—v) XB. 


Forming the scalar product with w yields the energy 
equation 
d(4Mw*)/dt= (q/c)v- (wXB), (2) 


which tells us that in the presence of hydromagnetic 
fields defined by (1), the kinetic energy of a charged 
particle can be increased only by the fluid motion v 
working against the Lorentz force on the particle. This 
is the Fermi acceleration mechanism, of which the 
betatron effect is a special case.” 

Consequently we began our investigation by includ- 
ing the Fermi acceleration in the general Fokker- 
Planck equation for the velocity distribution func- 
tion." It seems, on the basis of our crude theoretical 
models, that Fermi acceleration can account for the 
high-speed ions of solar and galactic cosmic rays, for 
the primary auroral protons, and for the general heating 
and non-Maxwellian velocity distribution of high- 
density electrical discharges in laboratory plasmas. In 
order to establish experimentally the effectiveness of 
suprathermal particle generation in the simplest (hydro- 
magnetic) case, we have suggested" that laboratory 
discharges can be probed with high-speed particles to 
ascertain in a quantitative way the effectiveness of 
Fermi acceleration under various conditions of macro- 
scopic gas motions. 

But while it seems not unreasonable to suppose on 
theoretical grounds that the suprathermal ions can be 
accounted for in the hydromagnetic approximation, it 


7 J. R. Winckler and L. Peterson, Phys. Rev. 108, 903 (1957). 
8 J. H. Oort and T. Walraven, Bull. Astron. Soc. Netherlands 
ii 285 (1956). See also G. R. Burbidge, Astrophys. J. 127, 48 
1958). 
® E. N. Parker and D. A. Tidman, Phys. Rev. 111, 1206 (1958). 
10 E. N. Parker, Phys. Rev. 109, 1328 (1958). 
u E. N. Parker and D. A. Tidman, Phys. Rev. 112, 1048 (1958). 
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is certainly clear that the observed suprathermal elec- 
irons cannot be so accounted for. An electron is 
handicapped in at least two ways. The Larmor radius 
of a thermal electron of mass m is smaller by the factor 
(m/M)* than the Larmor radius of a thermal ion of 
mass M. Therefore, the electron generally does not 
penetrate very far across the gradients in the gas ve- 
locity field to experience “collisions” with the rela- 
tively moving magnetic field, with the result that the 
electron gains velocity by Fermi acceleration only very 
slowly, if at all. Also, apart from the difficulty of 
penetration across the magnetic field there is the fact 
that the Fermi acceleration process is essentially a 
velocity-increasing mechanism. A head-on “collision” 
of a particle, with a magnetic field moving with ve- 
locity v, results in a particle velocity increase of 2 
regardless of whether the particle is an electron or an 
ion. Thus at best we could hope to find electrons with 
the same velocity as the suprathermal ions, and this 
yields trivial electron energies. 

As a matter of fact, in auroral phenomena we find 
electrons with energies (up to 100 kev, or 6&0.3) 
comparable to the ion energies. Therefore, we believe 
that there is some mechanism other than Fermi ac- 
celeration which is available for suprathermal electron 
generation. The mechanism lies outside the hydro- 
magnetic approximation of (1). 

The fact that the suprathermal electron energies are 
comparable to the ion energies suggests an electrostatic 
interaction, though obviously a truly static electric 
field is ruled out by the high electrical conductivity of 
the gas. What we have in mind, then, are plasma 
oscillation effects, and it is the purpose of this paper to 
show that two interpenetrating streams of neutral 
plasma (such as the solar wind!!?-“ blowing against the 
outer terrestrial atmosphere) produces suprathermal 
electrons with energies comparable to the streaming 
kinetic energy of the individual ions. 


II. INTERPENETRATING PLASMA STREAMS 


It is well known'*-"’ that two interpenetrating elec- 
tron streams will convert the kinetic energy of their 
relative motions to plasma oscillations. It has further 
been pointed out!* that a single stream of electrons 
passing through a cloud of ions will also yield plasma 
oscillations, and Buneman™ has suggested that this 
may be of interest in current-carrying plasmas. But 
these processes can do no more than convert the initial 
kinetic energy of the electron stream into plasma 


2 E. N. Parker, Phys. Rev. 109, 1874 (1958). 

18 E. N. Parker, Astrophys. J. (to be published). 

4 E. N. Parker, Phys. Rev. 110, 1445 (1958). 

16 A. V. Haeff, Proc. Inst. Radio Engrs. 37, 4 (1949); Phys. Rev. 
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oscillations, and we know from the astrophysical ex- 
amples already cited that electrons actually achieve 
very much more energy than this. In particular it 
appears that the electrons have as much energy as the 
initial translational motion of the ions: Solar winds of 
the order of 2000 km/sec are responsible for the aurora 
in middle latitudes, with which are associated’ the 
bremsstrahlung of 50-100 kev electrons; the kinetic 
energy of a 2000-km/sec hydrogen ion is 20 kev (a 
2000-km/sec electron is only 10 ev) so that the observed 
electron energies prove to be of the same order of magni- 
tude. With this situation in mind we shall now under- 
take an investigation of the dynamics of two inter- 
penetrating streams of initially neutral plasma. 

Suppose that we have a stream of ionized hydrogen 
moving in the positive x direction with velocity U. We 
assume that the stream is initially of uniform density, 
being composed of No electrons and No protons per 
unit volume. Suppose that a similar stream is moving in 
the negative x direction also with velocity U. If U is 
sufficiently large, then the collisions by Coulomb inter- 
action may be ignored. 

We shall use the subscripts 1 and 2 to refer to the 
streams moving in the positive and negative x direc- 
tions, respectively, and we shall consider small devia- 
tions from the initial uniform streaming. Thus we let 
the ion velocities be U-++u, —U-+ 42, and the electron 
velocities be U+1;, —U-+12. The ion densities are 
No+N, and Not+Ns2, and the electron densities No+m 
and No+m2. Then if the electric field is E, we have the 
Poisson equation 


OE /dx=4re(Ni+N2—1— ny). (3) 
The linearized equations of motion are 
Ou; /dt+ Udu,/dx— (e/M)E=0, (4) 
Ou2/dt— Udu2/dx— (e/M)E=0, (5) 
00;/0t + Udv,/dx + (e/m)E =0, (6) 
Ov,/dt — Udv2/dx + (e/m)E =0, (7) 
and the linearized equations of continuity are 
ON, /dt+ UdN,/dx+NAu,/dx=0, (8) 
ON2/dt— UdN2/dx+ N 0u2/dx=0, (9) 
On;/dt + Udn,/dx + Nod0,/dx =0, (10) 
On2/dt — Udn2/dx +N Av2/dx =0. (11) 


As is well known, the large ion mass maintains the 
initially steady flow of the ions, with m=#=N, 
= N2=0, while the electrons quickly convert the kinetic 
energy of their relative streaming motion into plasma 
oscillations (amounting to 10 ev per electron for a 
2000-km/sec solar wind). The halting of the relative 
motion of the electron streams is illustrated, from (3), 
(6), (7), (10), and (11), in the appendix. The char- 
acteristic time is of the order of a few electron plasma 
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periods, (xm/Ne*)*. Thus, before the ions have time to 
respond, the two electron streams have come to rest to 
form a static (except for plasma oscillations of a few 
volts energy) electron gas of density 2No. We ignore 
the plasma oscillations and consider only the smoothed- 
out electron density 2N> to see if it will eventually be 
perturbed by the ion motions. If the perturbed electron 
density is 2No+m and the velocity is v, then in place 
of (3), (6), (7), (10), and (11) we have 


OE /dx=4re(Ni;+N2—n), 
0v/dt+ (e/m) E=0, 
On/dt+2N dv/dx=0. 


(12) 
(13) 
(14) 

We now consider the simultaneous solution of (4), 
(5), (8), (9), (12), (13), and (14) to determine whether 
the two oppositely moving ion streams will induce 
plasma oscillations in the electron gas in which the 
individual electrons receive a nontrivial fraction of the 
ion energy $M U?; thus in the case of the solar wind we 
are looking for 20-kev, rather than 10-ev, electron 
motions. 

We represent the solutions involving #1, u2, v, Ni, V2, 
n, E in the form exp(iw!+ikx) with amplitudes Aj, Ao, 
A, Bi, Bs, B, C, respectively. We put 2= kU and obtain 
the seven equations 

Aji(w+2)—Ce/M=0, 
Aoi(w—2)—Ce/M =0, 
Atw +Ce/m =0, 
A wVok+ B, (w+Q) sag Q, 
A2Nok+ B2(w—Q) =0, 
A2Nok+ Bu 0, 


B,+ Be— B—Cik/4re=0. 


(15) 
(16) 
(17) 
(18) 
(19) 
(20) 
(21) 


The determinant of the coefficients must vanish, yield- 
ing the dispersion relation 

O= (w?—2?)? (w2—w?) + ew Aw? (w? ++") (22) 
where e= m/M and w, is the plasma frequency for the 
electron gas of density 2Vo, 


we? = Sar N ce?/'m. (23) 


The dispersion relation is readily solved for Q, yielding 
the roots 


BU*=w2— ww du*/2(w2—w*) 


+1[ Sew Pw! (w2—w*) — bw Aw" ]!/2(w2—w?)- 


We see that we have complex roots when w*?<w,’, 
indicating exponentially growing oscillations. We note 
that the rate of growth over distance becomes infinite 
as w*— w,. It is shown in the appendix that inclusion 
of the thermal, or oscillatory, motion of the electrons 
eliminates the singularity as w? — w,’ and does not alter 
the general unstable character of the solutions. There- 
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fore we shall pass over this singularity in the cold 
plasma model by considering the rate of growth in 
time, which remains finite. 

Since «<1, it is possible to compute the roots of (22) 
by expanding w* in ascending powers of ¢. Discarding 
all terms third order in ¢, we obtain the two real roots 


i+1 
PMP. 90 
2(1—T1)? 
(141 (14+1211+31P) 
8(1—I1)* 


w=ste,f 1+ 





+0(¢') , (24) 


and the four complex roots 
1 IF+IP?+310—1 
€ +é 
2(1—)? 16(1—I) 
(1—11)(11+1) 
16(1—TII)* 





v= 1— 


ted [ 
af i+e 
24(1—m)aL 


where I1=0?/w,?. 

The expansion in powers of e« converges rapidly 
unless (1—II)? is small compared to one. When II=1 
it is obvious that (24) and (25) are completely invalid. 
We obtain instead 


w= $O[1 + e2/224 28/2784 ¢/244-0( 2) ], 





}rows } (25) 


and the complex roots 


o= +071 ~_ 8/258 2/8 /210/8 
de il /3 (31/2 /25/8) (1 os 3/228) 4 O(e)] (26) 
+01 0.97+10.042 ]. 


We see from (25) and (26) that we have complex 
roots provided II <1. To a useful degree of approxima- 
tion we may write the unstable roots of (25) as 


w= +0—iMet/2!(1—T1)!+-O(6), (27) 


noting from (26) that even at II=1 the real part 
of w is very nearly 2. Thus the amplitude grows as 
exp{Q¢«/2(1—TI1) ]!}. The ratio of the imaginary part 
to the real part of w is shown in Fig. 1 for I<1. The 
ratio reaches a maximum value of 0.044 at I=1 and a 
minimum of 0.016 at I=0. The approximate form (27) 
is invalid for 1120.8, as may be seen from Fig. 1, and 
numerical methods were used in 0.8<11<1.0. 

Now consider the mode for which + is — in (27). 
Then we have a wave propagating in the positive x 
direction with velocity U. From (15)—(17) we find that 


A,=A(m/M)[w/(w+2)] 
= —iA (m/M)#24(1—1)*{1+O(e)], 
A2=A(m/M)[w/(w—2)] 
= A (m/2M)[1+0(e4) ]. 


We note first that the ion stream moving in the nega- 
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tive x direction is hardly perturbed at all, its amplitude 
being smaller by (m/M)! than the stream moving in 
the positive x direction, 


| A2/A;|=[m/8M (1-11) }*. 


Thus, in this mode the exponential growth exp{Q 
xX [«/2(1—I1) }#} affects principally the electrons and 
the stream moving in the positive x direction. Note 
that the velocity amplitude of the electron oscillation 
is larger by the factor [M/2m(1—TII) ]* than the ve- 
locity amplitude of the positive moving ions. Thus the 
electrons receive the fraction 1/[2(1—TI1) ] of the initial 
kinetic energy of the ion stream, and this demonstrates 
that the electrons can be accelerated to energies com- 
parable to the initial ion energies in two interpenetrating 
streams of plasma. 

Hence we have shown that in a tenuous plasma there 
is rapidly (characteristic time comparable to the ion 
plasma period) achieved an approximate equipartition 
of energy between the electrons and the kinetic energy 
of the relative motion of the ions of two interpenetrating 
streams. This equipartition is expected in any irregular 
plasma motion in which transverse magnetic fields 
and/or small collision lengths do not prevent the inter- 
penetration of plasma clouds. 

We expect that the solar wind, impinging upon the 
tenuous gas” moving with Earth, would automatically 
yield ~20-kev electrons, which we would associate with 
the high-energy electrons of the aurora.®.7 

We suggest that in any tenuous “turbulent” body of 
ionized gas, such as the solar chromosphere and corona, 
or such as the Crab Nebula, the interpenetration of 
relatively moving bodies of plasma may yield sig- 
nificantly non-Maxwellian electron velocity distribu- 
tions. The effect may perhaps be important in the 
theoretical analysis of the observed optical spectra of 
such objects. Finally, we suggest that because it is the 
ions, rather than the electrons, in a stream which carry 
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Fic. 1. The solid curve represents the ratio of the imaginary 
to the real part of w for two interpenetrating plasma streams. The 
broken curve represents the approximate form (27) where it 
deviates significantly from the correct value. 


™L.R. O. Storey, Trans. Roy. Soc. (London) A246, 113 (1954). 
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the kinetic energy to excite plasma oscillations, it is 
high-speed ion streams which are responsible for much 
of the observed solar nonthermal radio emission. 

Going back to our remark concerning transverse 
magnetic fields, it is, of course, obvious that a magnetic 
field parallel to the direction of motion will have little 
effect on the plasma oscillations. It turns out that even 
a transverse magnetic field generally does not alter the 
over-all dynamical situation, because the principal 
effect of a weak transverse magnetic field is only to 
change the effective plasma frequency from «, to 
we(1+w?/w2)! where w, is the electron cyclotron fre- 
quency. In most cases of astrophysical interest the 
electron frequency is smaller even than the ion plasma 
frequency, and very much smaller than the electron 
plasma frequency. For instance at the interface be- 
tween the geomagnetic field and the solar wind, some 6 
or 8 Earth’s radii distant from Earth, the geomagnetic 
field is about 10~* gauss, yielding an electron cyclotron 
frequency of only 1.8X10*/sec. On the other hand, the 
ion plasma frequency in an enhanced solar wind of 
No= 10*/¢rn’, such as is presumed to be responsible for 
the energetic aurora, is 1.5X105/sec. In interstellar 
space where No= 1/cm* and B= 10~ gauss, the electron 
cyclotron frequency is 1.8X 10?/sec and the ion plasma 
frequency is 1.3X 10*/sec. 

We see then that in most cases the plasma inter- 
action dominates the effects of transverse magnetic 
fields. Suprathermal particle production is unhindered 
by the presence of the magnetic fields. The thickness 
of shock fronts is determined by the plasma interaction, 
which has a characteristic exponential rise time com- 
parable to the ion plasma period, (M/m)!/w,.. Thus 
the characteristic scale of a shock front is (U/w-) 
X (M/m)}. For the solar wind with No=10* ions/cm® 
the thickness of a shock front may be of the order of a 
few times 50 meters. 


III. CRITICAL CONDITIONS 


We can expect that when the collision period of the 
electrons is less than the characteristic time of the 
exponential growth of the plasma oscillation, the nature 
of the oscillations will be modified. 

Spitzer” gives the characteristic time ¢, in which a 
test particle of mass m and velocity w will be slowed 
down while moving through a region containing m 
field particles per unit volume, of mass m, and thermal 
velocity Ci, 


t,= m>w/ (1+ m/m)8re'n, InA 1°G (lw), 


where InA is the usual factor giving the increased colli- 
sion rate due to encounters of small deflection, discussed 


21 For a more complete discussion of the effect of-a transverse 
magnetic field, and of the role of the plasma interaction in shock 
fronts, see a forthcoming paper by E. N. Parker, Astrophys. J. 
129, (1959). 

“QL. Spitzer, Physics of Fully Ionized Gases (Interscience 
Publishers, Inc., New York, 1956), p. 79. 
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below. The function /,?G(J,w) is related to the error in- 
tegral ; we are interested in the case where the velocity w 
of the test particle is large compared to the thermal 
velocity of the gas (2000-km-sec motion through an ion 
field at 10°°K for which C;50 km/sec) in which case 
1?G (1,;w) ~1/2w*, and 


t<m?w*/(1-+-m/m,)4re*n, InA. 


We see immediately that the collision damping occurs 
first for the electrons, whose collision period is less than 
that of the ions by the factor (m/M)*. The problem of 
the modifications in the plasma oscillation which occur 
when electron-electron and electron-ion collisions are 
frequent is taken up in the appendix, where it is 
shown that, while we do not expect suprathermal elec- 
tron production, we do still expect the ions to interact 
with each other to give shock thicknesses of (U/w.) 
X(M/m)}. Only when the densities become so high 
that the ion slowing-down time becomes comparable 
to the characteristic time of growth do we lose the 
plasma interaction, and the shock thicknesses become 
determined principally by the mean free path of the 
ions. 

In order that the electrons may oscillate sufficiently 
freely to become suprathermal, then, we must require 
that the electron slowing-down time ¢, exceed the char- 
acteristic time of exponential growth, the ion plasma 
period (7M /Noe*)!. Hence we must require that 


U®> 16m*e6M No (InA)?/m*, 
upon equating m; to No and w to U. Since 
A= (3/2e) (k°T*/mN 0)*= 1.24X 10'T3/ No}, 
we have the numerical requirement 
U®>1.5X 10#No In? 1.24 1047 3/N ot] cm*/sec® 


for electrons streaming with velocity U through protons 
of density Ny and temperature 7. 

Consider the solar wind with density No=10* per 
cm’ and T)>=105°K. Then we must have U in excess of 
14 km/sec. Since U is actually of the order of 10° 
km/sec, so that ¢, is larger by a factor 3.5X10® than 
the plasma period, we conclude that collision damping 
will be entirely negligible so far as the initial exponential 
growth is concerned. And once the exponential growth 
has progressed very far, the electron velocity will exceed 
U, vastly increasing ¢,. 

Similar conclusions may be drawn for jets of gas in 
the solar corona where No<10°/cm* and T=10°°K. 

But now consider the solar chromosphere where 
N.&10"/cm’ and T is of the order of a few times 
10*°K. We require that U be in excess of 300 km/sec in 
order to excite the plasma oscillations. There are ob- 
served jets of gas with such velocities, but they are not 
commonly occurring. _ 

Finally, consider the solar photosphere, or a labora- 
tory shock tube, where No may be of the order of 10! 
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and T may be 10*°K. Then we must have U>10° 
km/sec, and conditions do not appear favorable for the 
generation of suprathermal electrons in such gases. As 
is observed, the principal effect is a classical shock 
wave in which collisions predominate over the other 
forms of interaction. 

We conclude, then, that suprathermal electrons are 
to be expected in the regions around, but not inside, 
stars and around any tenuous atmospheres subjected 
to the impact of high velocity stellar or solar winds. 
We suggest that the 50-kev auroral electrons originate 
in this way. It is probably high-speed plasma streams, 
rather than electron streams, which are responsible for 
much of the observed solar radio emission, since the 
ions in a plasma stream, with their greater transla- 
tional kinetic energy, can put 10° times more energy 
into the plasma oscillations. 

We probably cannot produce the suprathermal elec- 
tron in the laboratory because of the difficulty in 
achieving sufficiently high-speed streams of neutral 
plasma. The experiment has essentially been done in 
reverse,!* of course, exciting ions to plasma oscillation 
with high-speed electron streams; just a few volts will 
yield the necessary 10*-km/sec electrons. 


APPENDIX 
A. Deceleration of Interpenetrating 
Electron Streams 
Consider the well-known solution for the excitation 
of plasma oscillations in two interpenetrating streams 
of electrons. We have equations (6), (7), (10), (11), and 
the Poisson equation 
OE/dx= —4me(m+n2). 
Assuming solutions of the form exp(iw!+ikx), the dis- 
persion relation is 
(tw 2(u? +.) =0, 
where w, is given by (23). Two roots are real and, if 
02’ <w?, two are imaginary, 
w= +i(w./V2)[ (1+802/w2)!— 1—20?/w2}}, 
giving exponential growth of the oscillations, exp(|w7|?). 
If <w, so that the growth takes place over many 
plasma periods as our linearized equations tacitly 
assume, then 
wY+i0, 
and the growth is 2 expt. 
It is readily shown, then, that a solution of the 

initial equations is 

E=+ E> expkUt coskx, 

03= — Eo(e/V2mkU) expkUt sin(kx+}r), 

ve= +E o(e/V2mkU) expkUt sin(kx—}r), 

n= + No(Ee/2mkU*) expkUt coskx, 

n= — No(Eoe/2mkU?) expkUt coskx, 


to the order we are considering. 
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The mean kinetic energy density of the plasma 
oscillation is 


AN om((v,2)+ (032) =[_NoE’e?/4mk?U?] exp2kUt, 


and its time derivative is just [Noe?Eo?/2mkU ] exp2kUt. 
On the other hand, the work done by the streaming 
velocity U against £ has a mean value 


e{ U(E(No+m))— U(E(Not+n2))} 
=[Noe?Eo?/2mkU ] exp2kUt, 
which is, of course, just the rate at which the kinetic 


energy of the plasma oscillations is increasing. Thus the 
two electron streams are decelerated according to 


2d[4N omU?]/dtz— (Noe*Ex?/2mkU) exp2kUt. 


B. Effect of Electron Velocity Dispersion 


It is physically obvious that inclusion of an electron 
velocity dispersion, such as thermal motions, will result 
in a finite rate of growth over distance as w?—w,’, 
because each electron sees w Doppler-shifted by its 
own thermal motion. Only an infinitesimal fraction of 
the electrons can have their effective w exactly equal to 
we. To demonstrate this formally we suppose that 
initially there is an electron velocity dispersion ¥(v’) so 
that the number of electrons per unit volume with 
velocities in (o+0',v+0'+dv’) is WV(v')dv’. V(v') is 
normalized so that 


+00 
2No= f dv'V(v'). 


This distribution will be perturbed by the plasma 
oscillations so that subsequently it will be of the form 
W(v’)[1+f(0',x,t)]. The first-order equation of con- 
tinuity, or Liouville equation, is 
Of/dt+v'd f/dx+00/dx=0, 
and the equation of motion is 
0v/dt+0'dv/dx— Ee/m=0. 
Assuming solutions of the form 
v=A exp(iwl+ikx), 
S=B exp(twt+ikz), 
E=C exp(iwt+ikx), 


we have 


Ai(w+kv’)—Ce/m=0, 


Biwtkr’)+Ak =0. 
Thus 
B=—iCek/m(w+kv’)’, 


and the electron density is 
im dv'V (v’) 
-» (whe? 


— ek 
f dv'V (0')[1+-f(0',x,t) ]=2No—iC— 
i m 
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The Poisson equation for E becomes 


ek pt? dv'V(0’) | 


tkC = 4re 


Ni+N2+iC— erent 
m/_. (w+kv')? 


which we now must solve simultaneously with (15), 
(16), (18), and (19). 
The dispersion relation is 


4re? pt® dv'V(v’) 
eW@-i—f 1 
‘ | m f (w+hkv’)? 
+0? (m/M) (w+). 


Regarding the electron velocity dispersion as the 
thermal velocity due to some small temperature 7, so 
that kv’<w, we expand the integrand in a power series, 
discarding all terms third order and higher in kv’/w. 
If (v) is the mean square thermal velocity in the x 
direction, then m(v’?)=kT and we have 


O= (w?— 2?) w 2— ww? + 3M w 2RT /er*mU? 7] 
+ (m/M)w ew? (w?+0?). 


We see immediately that the coefficient of (w?—{)* 
does not vanish, and hence 1? remains finite, as w? > w,’. 
If we put w*=w,’, we obtain the finite roots 


C~tiw?2mU/(3MkT)} 


for small electron temperatures, and for sufficiently 
large electron temperatures that kT 2mU* we have 
the roots 
= —w?2mU/(3MkT)* 
and 
= w2[1i(2m*U*/3MkT)*}]. 


Thus high electron temperatures do not destroy the 
unstable character of the solutions. 


C. Collision Damping 


When the electron collision frequency becomes com- 
parable to, or greater than, the ion plasma frequency, 
then the electrons will make at least one collision in the 
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time that the oscillations would otherwise grow by a 
factor of e. We expect, therefore, that the oscillations 
will not proceed according to the free-electron equation 
(13). To obtain some rough idea as to what we might 
expect we represent the effect of electron-electron 
collisions as a viscosity term 60°7/dx? in the electron 
equation of motion (13). We represent ion-electron 
collisions by a drag term x(™-+2), so that in place of 
(13) we have 


00/dt+ Ee/m= 50"0/d2x?+«(ui+u2), 


to be solved simultaneously with (4), (5), (8), (9), (12), 
and (14). The vanishing of the determinant of the co- 
efficients yields the dispersion relation 


0= (w?—2")? (w2—w*) + ew Pw? (w? +2") 

+ ikbw[_ (w?—2*)? — ew? (w?-+2?) J+ 12€Kw Pw (w*—), 
which reduces to (22), of course, when the damping 
constants 6 and x go to zero. 

Consider the case where 6 and/or « are exceedingly 
large. Then we have just 


OL R5[ (w?— 07)? — ew? (w?-+ 0") J+ Zexw.? (w*?—?), 
Solving for w*, we obtain 
w= + Sew? (1— 2«/dk?) 
+4[8eMw 2+ Cw (1—2x/dk?)? }. 


We find that w? <0, so that we have exponentially grow- 
ing oscillations, for 


0? <w,2€(1+ 2«/5k*). 


Since & and 6 are both positive quantities, we see that 
it is sufficient to require that 


0? <w,7e. 


Friction and viscosity of the electron component do not 
alter the growth of the ion oscillations, though obviously 
it prevents the electrons from sharing the ion energy. 
The effect of 6 is to immobilize the electron gas so that 
the ion streams interact in a manner analogous to two 
interpenetrating electron streams. 
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Some new stationary expressions for the phase shifts and total amplitude by central force scattering are 
presented. As examples values of tand are given for the exponential and Yukawa potential, and compared 
with the results by other methods and with the exact values. 





HE phase shift for the /th partial wave is given by 
the integral! 


tané;= —k(u,v), (1) 
where » is given by the integral equation 
v—Kv=u. 
Our notation is the following: 
o(r)=rLU (r) PRi(r), 
u(r)=rLU (r) }ji(kr), 
K(ry')=17'(U) U(r’) FOr’), 


(u,v) = J ‘ u(r)o(r)dr, 


(u,Kv)= f dru(r) f dr'K (r,r')o(r'). 
0 0 
Schwinger’s variational principle is obtained by writing 


(u,2)? 


=—___._. (3) 
(2,0) — (v,K») 


(u,v) 


We may, however, deduce infinitely many new varia- 
tional principles by means of successive iterations of 
Eq. (2). Below we present the first two of these sta- 
tionary expressions: 


(u,Ko)? 


nearness 4 
(v,Kv) — (v,K20) ) 


(1,0) = (u,u)+ 


(u,K*v)? 
(u,v) = (14,u) + (u,Ku)+ 
(v,K°v) — (v,K*v) 





On the right-hand side, » may now be replaced by an 
un-normalized trial function. However, in order to 
simplify the integrations we may rather substitute a 
trial function for Ku=w. Hence Eqs. (4) and (5) yield 


*Part of this work was presented at the Conference of the 
Norwegian Physical Society, Bergen, May, 1958 (unpublished). 

1L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1955), second edition, p. 181. 


the following new stationary expressions : 
(u,w)? 
(w,K—w) — (w,w) 
(u,Kw)? 
(w,w)— (w,Kw) 


Equation (6) can be shown to have the explicit form* 





(u,v) = (u,4)+ 





(14,0) = (uu) + (u, Ku) + 


tand;= -if U(r) ji(kr)*r'dr 
0 


Af U(r) jlbr)S (opr) 


” , 6 
° @ (+1) 
f r51(0| +P uta |rsueddr 
0 dr r 





where 


Ri(r)= jilkr)+Si(r), 


corresponding to »=u-+w. 

Stationary expressions for the total scattering ampli- 
tude f(k,ko) are deduced in a similar manner from the 
equations 


4or f(k, Ko) =_— fev ov ekoas, 


Y(rsko)=e%*— f G(r) UO WC kode 
=citot+$(1,ko), 
G(r,r’)=exp(ik| r—1’|)/4r| r—1’'|. 


TABLE I. Values of tandy (/=0) for the potential U = —3e~* and 
k=1, calculated by different methods. 








Deviation 
from 
(tando)exact 
tando (%) 


1.200 43 
1.245 41 
1.935 8 
2.0780 1 
2.1069 0. 

0 

0 


Method Trial function 





1. Born approx. 

2. Born approx. 

Schwinger rR=sinxr 

Eq. 4 rS = e~" cosxr —cosr 
Eq. (4) rR=sinxr 

Eq. (7) rS =e~? cosxr—cosr 
Exact 


=| 
9 
RS) 
.12 


2.1159 
2.1185 








2 Note added in proof.—The expressions (6’) and (8) were found 
independently by M. Moe and D. S. Saxon, Phys. Rev. 111, 950 
(1958). Equation (8) was also found by H. E. Moses, 1956 
(unpublished, see same reference). 
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VARIATIONAL 


METHODS FOR SCATTERING PROBLEMS 


Below we give the variational principles analogous to (6’) and (7): 


fem Moakiar fe Mol, —k)dr 





4m f (kk) = — J eitko-®)-1U) (”)dr— 


b 


J $(x, —k)[V-+8—U (1) o(1ko)dr 


and? 


tx fllho)=— fee e-ynart ff G(,r)U QU (em te ded 


J feanvmume ocr koacir ff G(r UU eo, —k)drdr’ 


a 


(9) 





f $(1,ko)o(r, —k)U(r)dr— f f G(r,r')U (n)U (1')o(1,ko)o(2’, —k)drdr’ 


To compare these methods we present the results for 


tandy (J=0) for U(r) =—3e-" and k=1 in Table I. 
As a second example we consider the Yukawa po- 
tential 
U(r)=—1.5e"/r and k=0.8. 


With the trial function (A= variation parameter) : 
rSo=[1—e-°+A(e-"—€-*”) ] coskr, 





the variation principle (6’) yields 
tando= 1.109086. 
Numerical integration gives’ 


tando= 1.109103. 


3 P.-O. Léwdin and A. Sjélander, Arkiv Fysik 3, 11, 155 (1951). 
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Conductivity of Plasmas to Microwaves* 
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If one assumes that the effect of an alternating electric field on an electron in a slightly ionized gas is on 
the average an addition, in the direction of the field, of a velocity component, the magnitude of which is 
dependent on the speed of the electron, then it is possible to derive very simply the expression for con- 
ductivity obtained earlier by Margenau. In addition an alternative expression is proposed which is of 
interest because it avoids difficulties with negative conductivities encountered by Margenau’s formula. 


INTRODUCTION 


REVIOUSLY?” an expression was derived for the 

conductivity of a plasma to microwaves in which 
the electron distribution function is not restricted to be 
Maxwellian, and the collision frequency is not neces- 
sarily constant. In certain cases this expression leads 
to negative conductivities. If one assumes that the 
effect of an alternating electric field on an electron in a 
slightly ionized gas is, on the average, an addition, in 
the direction of the field, of a velocity component, the 


* Supported by the Office of Naval Research. 
1H. Margenau, Phys. Rev. 69, 508 (1946). 
2H. Margenau, Phys. Rev. 109, 6 (1958). 


magnitude of which is dependent on the speed of the 
electron, then it is possible to derive the conductivity 
formula very simply. In addition this method suggests 
an alternative expression which in most cases agrees 
closely with the earlier result, but which avoids the 
difficulties of negative conductivities. The present 
method differs from the former in two respects. First, 
instead of expanding the distribution function in 
spherical harmonics about the axis of the electric field, 
we allow the field to cause a change in the velocity 
component along its axis. Secondly, in the absence of the 
orthogonality properties of the spherical harmonics, we 
exploit the parity of different parts of the distribution 
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function, which makes the calculation even simpler 


than before. 
THE BOLTZMANN TRANSPORT EQUATION 


Consider a plasma in an oscillating electric field of 
strength E coswt. If the x axis is taken in the direction 
of the field, the Boltzmann transport equation may be 
written 


Of (2,0y,02,t) Of (02,%y,02,t) Df (v2,0y,02,t) 
+ = 
Ov, ei at Di 





» (I) 


Y coswt 


where /(v,,2y,02,4) is the electron distribution function, 
which we will consider to be normalized to one, Df/Dt 
is the change in f due to agencies other than the 
electric field and y=eE/m. Let 


Df D.f Daf 
—=—+ 


: 2 
Dt Dt Dt oa 
where D.f/Dt is the change in f due to collisions, and 
D.f/Dt is the change in f due to agencies other than 
collisions and other than the electric field. We now 
assume that D,f/Dt is a function of the absolute value 
of the velocity and not of its direction, viz., 


D.f/Di=G(2), (3) 


where G(v) is some unknown function of ». 

Let W(v,v’)dv'dt be the probability that an electron 
with velocity v will undergo a collision in time di 
resulting in a final velocity between v’ and v’+dv’. We 
then obtain for the change in f due to collisions the 
following expression: 


D. 
— fseawemar—s09 [wowav. 


The first term on the right side of (4) when multiplied 
by ndv represents the rate at which electrons are enter- 
ing the velocity range v to v+dv due to collisions. To 
calculate the average velocity of an electron immedi- 
ately after collision we would multiply this expression 
by v, integrate over all of velocity space, and divide by 
the average collision rate. We shall assume that this 
term is an even function with respect to 2z, i.e., 


fro W (v’,v)dv’ = H(0,,0y,0,,t) =H (—vz,0y,0,t). (5) 


The validity of this assumption is examined in the 
appendix. If (5) is true, then the average x component 
of the velocity of an electron immediately after collision 
is zero. The converse is of course not necessarily true. 
The integral in the second term on the right side of 
Eq. (4) is just the collision frequency v(v). We shall 
assume that this is a function of » only and not of 
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direction. We then have for this term 
sivs) f Weow)av'= flv.) 6) 


Combining Eqs. (1) to (6), we obtain for the Boltzmann 
transport equation 


of of 
¥ coswti—+—=G+H-— fr(v), (7) 

ov, dt 
where G+H is some unknown even function with 


respect to 22. 
When 
f:=43Uf (v2) + f(—22)], (8) 


f-=43U/(e2)— f(—22) ] (9) 


are substituted in (7), the Boltzmann equation takes 
the form 


and 


fe) ri) 
y cosww—[ f+ f-J+—(f++f-] 
Ov; ot 


=G+H—v(»)[f4+f_]. (10) 
On replacing », by —v, and subtracting the resulting 
equation from (10), one finds 


of, af 


af. 
—=—»(9) f-. (11) 
at 


Y coswt 
Vz 


BASIC ASSUMPTIONS 


Ignoring diffusion, the assumption will be made that 
for arbitrary a and b 


b b —g(b,vy,02,t) 
f f(02,%,%2,t)d02= f 
a @ —g(G,Vy,02,t) 


where fo(v2,0,,02) = fo(v) is the equilibrium distribution 
function and g=g(v,#). This is equivalent to assuming 
that all of the electrons which were in a given velocity 
range in the equilibrium distribution have been shifted 
by the electric field to a new range in which the 
x component of velocity differs from the original 
x component of velocity by an amount g, and the y and 
z components of velocity are unchanged. The physical 
argument for this assumption is that the effect on an 
electron of the field in the v, direction and of collisions 
is on the average an addition of a velocity component g 
in the v, direction. The magnitude of this component 
would be a function of the time only if there were no 
collisions. However collisions influence g, and since the 
collision frequency is a function of v only, it is plausible 
to assume g= g(1,4). 
Equation (12) may also be written 


f(22,0y,%2;4) = fo(vz— 8) Vy, V2) (1 = dg/dvz) : 


fo(v2,%,%2,t)dvz, (12) 


(13) 
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This can be seen by replacing v, on the right side of (12) 
by v,’—g(v,’). The occurrence of the factor (1— dg/dvz) 
in (13) arises from the fact that, although all of the 
electrons in a given region in the equilibrium distribu- 
tion are shifted to a new region, the volumes of these 
two regions are in general not equal, and consequently 
the density in velocity space, represented by the 
distribution function, changes in the shift. 
If | dg/dv,|<1, then 
f(02,0y,02,6) = folve—g, Vy, V2), (14) 


a result which recalls Langevin’s* original approach to 
the mobility problem. In this approximation Eqs. (8) 
and (9) become 


f= 4Lfo(vs—g) + folvet+g) J, 
f-=4fo(v2—g) — fo(vzt+g) ]. 


If f, and f_ are expanded in powers of g and one 
assumes rapid convergence of the resulting series, then 


I+= fo, (17) 


f-=— (0fo/dvz)g, (18) 


Substituting (17) and (18) in (11) and solving the 
resulting differential equation for g, we find 


(15) 
(16) 


and 


vv yw 
g= coswt+- 
w+r w+ 


sinwt. 


(19) 


CURRENT DENSITY 


To calculate the current density, we use the relation 


+00 
Jane f ff vfleatutatdrdede, 
+00 
=ne fff v.f-deatodr. (20) 


However there are several expressions one can use for 
the distribution function f. If we let 


f= fat f-= fo— (Afo/dv2)g, 


we obtain Margenau’s formula 


(21) 


Ofo Ofo 
J=- ine f g—sdv- — trne f gta. (22) 
ov 


Ov 


The use of (14) in (20) followed by a translation in 
which g(v,) is approximated by g(v,—g) leads to 


J =4nne ‘ [g+4vdg/dv ]v* fodr. (23) 


3 P, Langevin, Ann. chim. et phys. 8, 245 (1905). 


1439 


Equations (22) and (23) are identical since (23) can 
be obtained from (22) by an integration by parts. 

However, if we use (13) instead of (14) in (20), then 
by a translation of axes, on assuming g(v,) approxi- 
mately equal to g(v:—g), 

J =4rne f gv” fod. (24) 
In deriving this, one regards (17) and (18) as valid 
approximations for determining g, but not necessarily 
good approximations for determining dg/dv,. In fact 
it would be surprising if good values of dg/dv, resulted 
from this method, since approximations (17) and (18) 
are obtained by neglecting terms in dg/dv,. The 
accuracy of (24) depends on the accuracy of g only, 
whereas the accuracy of (23) depends on the accuracy 
of g and dg/dv,; hence one would expect (24) to give 
more reliable values for the current than (23), provided 
of course that (13) is judged to be a physically more 
reasonable assumption than (14) for the form of the 
distribution function. 

It is interesting to note that (24) could have been 
obtained by a simple physical argument from the 
Lorentz equation. The Lorentz equation yields the 
drift velocity < for an electron with collision frequency 
v through the differential equation 


méit+vmi=eE coswt. (25) 


Solving for z and identifying z with g, we obtain the 
result (19). Multiplying by e to obtain the current due 
to a single electron with collision frequency v, and then 
summing over all of the electrons, taking into account 
their velocity distribution, we obtain directly (24). 

If |4vdg/dv|<g, expressions (23) and (24) are 
approximately equal. This would be the case if » were 
constant. 

The nature of the approximations involved in the 
derivation of (23) and (24) makes it difficult to appraise 
the validity of each on purely mathematical grounds. 
We have therefore compared them for special forms of 
fo and v(v). Certainly (23) is in error when it predicts 
negative conductivities. This happens, for instance, if 
one uses the experimental values of the collision 
frequency for electrons in air and lets fo=4mv6(v—v’). 
Here Eq. (24) gives of course positive values for all 2, 
and it differs from (23) by 50% even at velocities where 
both expressions are positive. To be sure, this is an 
extreme example which may be only of academic 
interest, especially since for a delta function (18) is not 
a good approximation to (16). On the other hand, if one 
uses the same collision frequencies together with a 
Maxwellian distribution, then (23) and (24) agree 
within the accuracy of the saddle point method of 
evaluating the integrals. 


APPENDIX 


In this Appendix we shall examine conditions under 
which H in Eq. (5) may be expected to be an even 
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function with respect to v,. Using (8) and (9), we write 
H in the form 


H(y)= f face) w)av'+ f 7 Www). (26) 


If, as is generally true, 
W (v’,v) = W(v',v,v’-v), (27) 


then the first term on the right side of Eq. (26) is an 
even function with respect to v, because 


f te (v,’) W (vz’,v2)d0,’ 


—2 


-f fi (—02)W(—2/, 0z)dv,' 


-{ f+ (v2')W(0,', —vz)dv,’._ (28) 


—2 


Here use has been made of (8) and (27). In similar 
fashion, the second term on the right side of (26) is 
shown to be odd with respect to v,. Equation (26) may 
now be written 


H=H,+H_, (29) 


where 
H,= f fi (v)W (v,'v)dv’, (30) 


ae f fw) W (Ww y)dv’. (31) 


H_ will vanish if 
f-(r%)= f-(—»,), 
f-(v.)= f-(—1), 
W (v’,v)=W(v’, —v). 


MATTHYSSE, 


AND MARGENAU 
The sufficiency of these conditions is clear from the 
following : 


n= f ff poomemav 
- f f f f(-v)W(—-viy)dv’ 
aa f f f f.W)W(v,v)dv'=—H_=0. (35) 


Assumptions (32) and (33) follow from (18). Assump- 
tion (34) together with (27) imply that the probability 
of scattering at a deflection angle @ is equivalent to the 
probability of scattering at an angle r—9@. This would 
be true in the case of scattering from rigid elastic 
spheres. 

If H_ does not vanish, then it must be included as 
an added term on the right side of Eq. (11) whence it 
makes a contribution to Eq. (20). For the case in which 
the electrons are considered to be scattered elastically 
from rigid scatterers, inclusion of the term H_ in 
Eq. (11) will result in the collision frequency in (19) 
being replaced by the collision frequency for momentum 
transfer. In general H_ may be expected to be negligible 
when the average « component of velocity of an electron 
immediately after collision is much less in absolute 
value than the average x component of velocity before 
collision. 
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The hydromagnetic equation for a completely ionized gas of high density with a single isotope is given, and 
from it the two hydromagnetic equations with two isotopes is derived. The difference between the accelera- 


tions of the isotopes at any internal point is then equal to 5M/M times (1/p)[jXB], the force on the induced 


current per unit density due to the magnetic field. 


It is then shown that the ionic centrifuge gives almost no enrichment of the isotopes deposited, whereas 


the magneto-ionic expander gives a very high enrichment. 





I. HYDROMAGNETIC EQUATION FOR A COM- 
PLETELY IONIZED GAS CONSISTING 
OF A SINGLE ISOTOPE 


E shall take the hydromagnetic equation of 
motion of a completely ionized gas consisting 
of a single isotope as 


dv dv 
p—=nM—=-—divP+[jxB], (1) 
dt dt 


where the densities of ions and electrons are very high, 
so that |n.—n;|«Kn <n, where nn and n€&n are 
the electron and ion densities. p is the density, v the 
velocity, and dv/dt the acceleration of the gas at any 
internal point. P is the tensor pressure, j is the induced 
current density, and B is the magnetic flux density at 
that same internal point. M is the mass of the singly 
isotopic ion. We neglect the mass of the electron. 
Although various authors'~* give various detailed ex- 


1F, G. Cowling, Magnetohydrodynamics (Interscience Pub- 


lishers, Inc., New York, 1957), Chap. 1, gives the equation 
[their Eq. (1-5) ] 
p(dv/dt)= —gradp+pg+F+yjXH, 


where neglecting p (the gravitational force) and F (the frictional 
force due to relative motion of electrons), and setting «= 1, H=B, 
and for p the tensor P, and allowing for change i in units gives the 
Eq. (1) used in the text. 

2H. Alfvén, Cosmical Electrodynamics (Clarendon Press, Oxford, 
1950), gives in Sec. 4.2 the equation 


d 1ffi 
oa G+H{[s| —sradp}. 


Here G is the effect of the local distribution of charge upon the ions 
and electrons so that we may write pG—{gradp} = —gradP and 
allowing for changes of units used in [(i/c)B], we get Eq. (1) 
used in the text. 

3L. Spitzer, Jr., Physics of Fully Ionized Gases (Interscience 
Publishers Inc., New York, 1956), gives [his Eq. (2-11) ] 


dv . 
pay =iXB—Vp—pV6. 


Letting the gravitational potential ¢ equal zero and the scalar p 
become a tensor P, we get the Eq. (1) used in the text. 

4 Symposium on Magneto-hydrodynamics, edited by Rolf K. M. 
Landshoff (Stanford University Press, Stanford, 1957). In Sec. 1, 
Part 2, Walter M. Elsasser % the ve) [his Eq. (6)] 


St (v- Vv=ovp+= ~ (°XB)XB. 


Here, Pan p to the tensor P a setting (1/u»)(VB) equal 
to (1/p)i, we get Eq. (1) used in the text. 

5A. Schliiter, Z. Naturforsch. 5a, 72 (1950). In the section 
entitled Grundgleichungen are given the two equations (3) where 
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pressions for P and j, they agree that an equation such 
as (1) governs the motion at every internal point. 





Il. HYDROMAGNETIC EQUATIONS OF A COMPLETELY 
IONIZED GAS CONSISTING OF TWO ISOTOPES. 
RELATION OF DIFFERENCE OF ACCELERATIONS 
OF TWO ISOTOPES TO ACCELERATION OF SINGLE 
ISOTOPE DUE TO THE INDUCED CURRENT 


We shall write for the gas of each isotope of a two- 
isotope completely ionized gas of high densities the 
following equations: 


dv; dv; Pl nm). 

|. rae nM .—= cman divP+—]j xB], (2) 
dt dt p n 
dv» dv» p2 ne é 

pr = nM »—= eae divP+—]j xB]. (3) 
dt dt p n 


Here p; and p»2 are the densities, v; and v2 are the 
velocities, dv,/di and dv2/dt are the accelerations, 
mn, and nz (n=n,+m») are the ion and electron densities 
at any internal point respectively of the two gases of 
the two isotopic ions of masses M,; and M2, and the 
total density p=pit+p2=mM,+n2M2. 

These two equations (2) and (3) give for the differ- 


with the mass m, of the electron set equal to zero relative to the 
mass m; of the positive ion, we get 


qu; _ brne o ; 
mM; dq TLS ITH, 


0=—eE—{UH]+M.. 
Summing, we get 
du; 5 1 
my d *=R: +R.+-[(Us—U.) H, 
t c 
which agrees with the equation of the text upon making the 
appropriate changes in the symbols. 


6 Chew, Goldberger, and Low, Proc. Roy. Soc. (London) A236, 
112 (1956), gives the equations (E nqs. (27) and (28) ] 


‘i =curlB+5-(uyXB)-+u» div (mB), 
Gee. —divP +curlBxB+| $,(uoXB) 
Po at 0 at 


<B-+ (uo B) div(uoX B). 
Letting ji=j, Uo™V, po=p we get Eq. (1) of the text. 
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ence between the accelerations 


dv dv; 6M 1 
(—)- (—) =--— 5x8, © 

dt dt M p 
5M being the difference between the masses of the ions, 
M:— M,=86M. This tells us that the difference at any 
internal. point between the acceleration of the two 
isotopic gases is equal to minus the scalar 5M/M times 
the acceleration of the single-isotope gas in its equivalent 


motion, due to the magnetic field acting on the induced 
current. 


III. ISOTOPE SEPARATION OF ENRICHMENT 
ONLY LESS THAN 5M/M OBTAINABLE 
WITH THE IONIC CENTRIFUGE 


The “ionic centrifuge”’’—” denotes the discharge from 
a short arc of more than a few amperes from long elec- 
trodes into a cylindrical vacuum space bearing a 
parallel magnetic field. The discharge space is bounded 
by two circular end plates which are excited to a suffi- 
ciently high voltage negatively with respect to the arc; 
it is further bounded at radius R from the arc by an in- 
sulated cylindrical electrode. We have studied the ionic 
centrifuge for thirteen years, 1941-1954, and have 
obtained the following characteristics experimentally 
of the discharge with a single-isotope ion of mass M. 

The end circular plates carry a net constant positive 
current as their potential increases negatively; the in- 
sulated circular cylinder’s potential also increases 
negatively, but only till it has the potential 


Vi=— (e/8Mc) B’R? esu. (5) 


The potential of the end plates may then be further 
increased negatively with no change in Vz. 

When the arc is of metallic copper or uranium and 
presumably also of any other metal, a metallic deposit 
of the metal is found on both the sufficiently excited end 
plates and the insulated cylindrical electrode in approxi- 
mately equal amounts. The neutral copper or uranium 
deposited is negligible, less than five percent. 

There is no limitation of current carried due to space 
charge. If the potential of the circular cylindrical elec- 
trode is only at the value given by Eq. (5), a current 
of several amperes of positive ions (accompanied by an 
equal current of electrons) was frequently observed. 

The discharge voltage is 


V=— (e/4MC) Br’ esu, (6) 


at points within the circular cylindrical space, r being 
the radius from the arc electrodes. The excess voltage 
at the plates is concentrated in sheaths next to the 
plates. 

The circular cylinder floats at the negative voltage 


7 J. Slepian, Proc. Natl. Acad. Sci. U. S. 41, 451 (1955). 
8 J. Slepian, J. Appl. Phys. 26, 1283 (1955). 

* J. Slepian, J. Frank. Inst. 263, 129 (1957). 

1 J. Slepian, Nuclear Sci. and Eng. 3, 108 (1958). 


JOSEPH SLEPIAN 


(5). It receives one-half the positive-ion current 
emitted by the arc at the accelerating negative voltage 
(5), but it receives an equal negative current of electrons, 
accelerated against that opposing electric field. The 
circular end plates receive the other half of the positive- 
ion current from the arc, and almost zero electron 
current. 

In Fig. 1 is shown the approximate logarithmic 
spiral path traced by the mean of the velocities of the 
positive ions at each point. Likewise is shown the path 
traced by the mean of the velocities of the electrons at 
each point. The mean velocity of the positive ion varies 
directly with radius, and so too does the mean velocity 
of the electron, although the energy of the electron is 
little affected by such small mean velocity changes. 

The random energy of the positive ion goes up 
proportional to the radius. The random energy of the 
electron goes up similarly, but because of the smallness 
of its mass the random velocities increase enormously. 

Now in order to apply Sec. II of the paper to the 
ionic centrifuge we need to know the distribution of the 
current induced by motion in the magnetic field. We 
have seen that half the positive ions emitted by the arc 
and no electrons are received by the end plates. The 
floating cylinder receives zero current, that is equal 
number of positive ions and electrons. The velocities 
received by the gas by the magnetic field acting on this 
current will be proportional to the radius, r, and there- 
fore so also will be the accelerations. 

Hence when there are two isotopes present, Fig. 2, 
the mean path of each isotope will be about the same as 
for a single isotope, but one isotope will go a little 
slower, and the other will go a little faster along the 





PATH OF A 
MEAN POSITIVE ION 





Fic. 1. Ionic centrifuge. Mean ion velocity and mean electron 
velocity at any point. Paths traced by mean ion velocity and 
mean electron velocity. Mean random kinetic energy of ion and 
of electron at various points. 





TWO ISOTOPES IN IONIZED GAS 


common path. Hence a greater proportion of light ions 
will be caught on the end plates, and a greater portion 
of heavy ions will be caught on the cylinder, but the 
relative enrichment of the two will be less than 6M/M. 


IV. MAGNETO-IONIC EXPANDER AND A 
SINGLE-ISOTOPE GAS 


In the ionic centrifuge considered in the previous 
section, the acceleration dealt. with for the one-isotope 
ion due to the reaction of the magnetic field upon the 
induced current lay always in the same direction as 
the velocity. It turned out then that there was little 
separation of isotopes when a two-isotope gas was used. 

Now we consider the case for the one-isotope ion, 
where the acceleration due to the magnetic reaction 
upon the induced current, [j<B], is at an angle to the 
velocity at least for most of the time. This is the case 
for the “magneto-ionic expander” which has been de- 
scribed in many publications, but has not yet been 
given a test. 

The magneto-ionic expander is a tube in a transverse 
magnetic field bounded by electrodes which are in- 
sulated. In the open small end there enters a gas, which 
we shall first take to be a single-isotope gas, with a 
velocity vo, and a temperature 347=}MuZ}Mv-(. 
The gas may come from an arc nearby and be brought 
to the entrance of the tube by an ionic centrifuge dis- 
charge. But it does not matter how it is brought there. 
It is there at the entrance to the magneto-ionic ex- 
pander tube. Two of the four walls of the expander 
tube are parallel to the magnetic field and two are 
perpendicular to the magnetic field. The two walls 
parallel to the magnetic field are continuous, and have 
impressed upon them a continuous sufficiently large 
potential difference of the proper sign. The two walls 
perpendicular to the magnetic field are segmented, 
each segment being insulated so that they receive zero 


Fic. 2. Ionic centrifuge. Mean of the accelerations 
of ions at various points. 





Induced 
Currents 


Fic. 3. Magneto-ionic expander containing induced currents. 
Closed curves are induced currents. Arrows from currents are 
hydrodynamic forces [jXB_]. Tensor forces are nearly equal and 
opposite to these hydrodynamic forces. 


current from the discharge, that is, equal positive-ion 
and electron currents. 

The tube after expanding in the magnetic field is 
closed by insulated slats. 

As is shown in the previous publications,’ the side 
expander walls take but little positive-ion or electron 
current. The discharge is accelerated up the tube by 
the magnetic field acting on the induced currents 
flowing from the positive toward the negative ex- 
panders. See Fig. 3. However, these accelerating forces 
are greatly reduced by the tensor pressure gradient 
acting downwards on the gas. 

Similarly, at the top of the figure, where the currents 
reverse their direction and flow from the negative 
towards the positive expander, the magnetic mechanical 
force is reversed and acts downward along the paths 
of the mean ion. But the tensor pressure has reversed 
its fall, and its pressure gradient acts upwards there, so 
that the gas continues to accelerate upwards there. 

The net effect is that the gas receives an expansion 
during all of its motion, and its mean velocity ap- 
proaches a constant value as the area presented by the 
depositing slats increases, entirely similar to a gas 
undergoing adiabatic expansion without a magnetic 
field. See Fig. 4. 

Now looking at Fig. 3, at the course of the induced 
currents parallel to the expander walls, it is evident 
that there will be a magnetic mechanical force [}XB] 
acting on the gas directed away from the expander 
walls. But this acceleration will be almost completely 
compensated for by the rise in tensor pressure towards 
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Arrows along paths ore approx- 
imotely the net accelerations 
along paths, due to compensation 
of tensor pressure with [jx8] 


Arrows perpendicular to paths 
ore opproximotely the net occ- 
eleration perpendiculcr to 
paths, due to compensation of 
tensor pressure with [}x8] 








nder with single ion gas. 
of mean ions. 


Fic. 4. Magneto-ionic e 
Curves are pat 


the center. The net result is that there will be left a mean 
perpendicular acceleration that will vary from one 
mean ion path to another. The acceleration will be 
strongly outward on the mean ion path next to the one 
expander plate. See Fig. 4. It will diminish to zero as 
we take a mean ion path at the center, and will increase 
in the other direction, outwardly toward the other 
expander plate. 

Thus we see that the gas undergoes a simple adia- 
batic expansion in the magneto-ionic expander, the 
tensor pressure compensating for the magnetic action 
on the induced currents. The high electric field, 
E=(1/c)[vXB], perpendicular to the magnetic field 
and to the motion of the ions there, makes a high- 
voltage filed with zero currents there, and is an outward 
manifestation of this compensation. 


V. MAGNETO-IONIC EXPANDER AND 
TWO-ISOTOPE GAS 


We see now from Fig. 4 what the net accelerations are 
for a mean ion of a one-isotope gas. We use our Eq. (4) 
to determine the acceleration and subsequent motion 
of the ions of a two-isotope gas. We see that although 
ions travel together up the tube, the lighter ions will 








Fic. 5. Magneto-ionic expander with two isotope ion gas. 
Lighter ions move toward negative expander; heavier ions move 
toward positive expander. 


move toward the more negative expander, and the 
heavier ions will move toward the more positive ex- 
pander. Thus we will really get separation of the 
isotopes. 

Figure 5 shows an expander with a gas of two isotopes 
where the separation for the two extreme slats at either 
slat is five to one, and one to five. The enrichment 
obtained at the extreme slats is (6M/M)l,s/lo where Io 
is the initial span of the expander, /, is the final span of 
the expander, and s is the length of the expander. The 
enrichment is independent of the magnetic field if it is 
high enough. 


VI. LOW ENRICHMENT AND HIGH POWER FOR 
IONIC CENTRIFUGE. HIGH ENRICHMENT 
AND LOW POWER FOR THE MAG- 
NETIC-IONIC EXPANDER 


The ionic centrifuge was worked on experimentally 
with a uranium arc of about ten amperes and an ion 
current to the circular cylindrical electrode of one-half 
to one ampere. An enrichment of less than 6M/M was 
always obtained. The magneto-ionic expander was not 
investigated experimentally ; however, it promises high 
enrichment and low power for the separation of isotopes. 
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This paper defines an equilibrium coarse-grained probability density F(X, P, ©) in terms of the Liouville 
fine-grained density f(X,P,t) through the equation 


: 1 
ra, «)= fim, (<5) 


lim 


t+2 


- dXdP /(X,P,t), 
and points out that F(X, P, ©) is the density which determines the observable properties of a system at 
equilibrium. Given a sufficiently smooth initial density fo(Xo,Po,0), F(X, P, ©) is shown to exist and describe 
the equilibrium behavior of two one-dimensional systems. This equilibrium behavior is occasioned by the 
presence of nonlinear forces. Because of the nonlinearity, the Poincaré recurrence time, for a given accuracy 
of return, depends on initial conditions. It is shown that this dependence causes a Gibbs-type stirring of phase 


space which leads to equilibrium. 





INTRODUCTION 


HE statistical behavior of a classical physical 
system is described by the probability distribu- 
tion density f(X,P,/) where f(X,P,/)dXdP gives the 
probability of finding the system with its position 
coordinates X in the interval (X, X+dX) and its mo- 
mentum coordinates P in the interval (P, P+dP). The 
time rate of change of {(X,P,¢) is governed by Liouville’s 
equation which states that the total time derivative of 
f(X,P,é) is equal to zero. In any experimental determi- 
nation of the equilibrium value of f(X,P,/), two limiting 
processes are involved, namely 


1 
lim lim ( ~) f dXdP f(X,P,i). 
to AN-0 AQ Ag 


In general, the result of taking these two limits will 
depend on the order in which they are taken. We define 
the limiting fine-grained density, if it exists, by 


(1) 


1 
lim f(X,P,/)=lim lim (—) f dXdP f(X,P,t), (2) 
t+ to AN-0 AQ ag 


and the limiting coarse-grained density, if it exists, by 


1 
lim F(X,P,¢) = lim (—) iim f dXdP f(X,P,t). (3a) 
t-+00 40-+0 AQ/ ag 


The fine-grained density, of course, is the density 
satisfying Liouville’s equation. This function, in a sense, 
confines our view to a single point where we can watch 
the change in density as a function of time. The coarse- 
grained density, usually defined by the equation 


1 
F(X,P,) = (—) f dXaP f(X,P), (3b) 
AQ J x0 
confines our view to a nonzero volume AQ and allows us 


to watch the change in the average density as a function 
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of time. Equation (3a) defining the limiting behavior of 
F(X,P,t) is a slight generalization of Eq. (3b) in that 
after taking the time limit, the volume limit AQ-0 is 
taken. Clearly, however, if the limits involved actually 
exist, essentially the same results will be obtained for 
AQ merely small as for AQ-0; and hence the generaliza- 
tion is a natural one. 

Now it is the coarse-grained density which is physically 
observed and hence it is this density which determines 
all the observable equilibrium properties of a system. 
The fact that we observe only the coarse-grained density 
is due to the difficulty of measuring exceedingly small 
volumes and to the ease of letting the value of the time 
become large. The matter is easily illustrated by the 
example originally due to Gibbs of stirring two im- 
miscible liquids, one of which is transparent and the 
other colored. After stirring the liquid for a long period 
of time, one would expect to find the same average 
density, i.e., uniform coloring, for all volume elements 
not exceedingly small. Moreover, as one stirs the mix- 
ture for longer and longer periods, one would expect the 
same average density over smaller and smaller volumes. 
Since experimentally we never look at vanishingly small 
volume elements, we usually see the liquid tend to a 
uniform color throughout its volume. In short, we 
effectively let the value of the time tend to infinity and 
then determine the density in a very small volume 
element. This method clearly leads to the determination 
of the coarse-grained density. 

Finally, the example of the stirring of two immiscible 
liquids illustrates the fact that the fine-grained density 
need not tend to a limit as ++ even though the coarse- 
grained density does. Indeed, because of Poincaré re- 
currences, the fine-grained density for a finite physical 
system tends toa limit as ++ only if the initial density 
is a function of the constants of the motion. 

Very little in the above discussion is new and most of 
it has been said previously. The above statement of it, 
however, emphasizing that the experimentally observed 
density can be precisely defined in terms of the Liouville 
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fine-grained density, is new. The above viewpoint was 
the outcome of a series of discussions between the author 
and Green, and it was he who suggested the appropriate 
mathematical form.! 

The preceding discussion is of value only in so far as 
it can be used to yield information on the equilibrium 
behavior of physical systems. The following anharmonic 
oscillator section discusses a simple one-dimensional 
system and uses a moment-method to develop an ex- 
pression for the equilibrium coarse-grained density. 
Using a procedure previously given by Frisch? in a paper 
written in much the same spirit as the present one, we 
show that the coarse-grained density assigns equal 
probability to states of equal energy, thus yielding a 
justification for this standard type Stosszahlanzats. 
Finally, the anharmonic chain section attempts to 
generalize the results of the previous section and con- 
siders a system of one-dimensional coupled anharmonic 
oscillators. Because the equations of motion for an 
anharmonic chain are difficult to express in closed form, 
certain approximations are made. Within the limits of 
these approximations, we show that the equilibrium 
coarse-grained density for the chain exists and that the 
reduced densities for position and momentum are 
Gaussian. 

The procedures used in this paper emphasize the role 
played by nonlinear forces in causing a Gibbs-type 


stirring of phase space. This stirring arises due to the’ 


dependence of the Poincaré recurrence time on initial 
conditions. The following example illustrates the central 
idea. Assume that the momentum and position coordi- 
nates for a simple harmonic oscillator are plotted as 
rectangular coordinates; the curves of constant energy 
are ellipses. The representative point for an oscillator 
with given initial conditions moves about its constant- 
energy ellipse with a period independent of where on the 
energy ellipse it started. Moreover, this period is also 
independent of the particular energy curve upon which 
the representative point moves. Thus, the representa- 
tive points for an ensemble of noninteracting harmonic 
oscillators rotate about the origin with uniform angular 
velocity. The situation is quite altered for an anharmonic 
oscillator. Here the energy curves form a sequence of 
nonoverlapping simple closed paths enclosing the origin. 
And while the period of oscillation for the representative 
point of the anharmonic oscillator is independent of 
where on the given energy curve it starts, the period 
does depend on which energy curve the representative 
point lies. Thus if we consider the representative points 
for an ensemble of noninteracting anharmonic oscil- 
lators, we will observe phase shifts, as the value of the 
time increases, between points on differing energy curves 
as the points move along their respective constant 
energy paths. These phase shifts are the stirring of phase 
space caused by nonlinear forces; and it is this stirring 


1B. A. Green (to be published). 
? H. L. Frisch, Phys. Rev. 109, 22 (1958). 
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which brings about the equilibrium coarse-grained 
density. 

Perhaps one final note should be added to this 
introductory section. All the foregoing remarks are 
concerned with classical physical systems. It is certainly 
reasonable to assume that a satisfactory basis for clas- 
sical statistical mechanics, once established, could be 
extended to cover quantum statistical mechanics. 


ANHARMONIC OSCILLATOR 


In this section we consider a single anharmonic 
oscillator without specifying the particular potential in 
which the oscillator moves. We are here interested only 
in exposing a method which can be used to calculate the 
equilibrium coarse-grained probability density for the 
oscillator; and for this purpose, knowledge of the exact 
form of the potential is irrelevant. Finally, since we shall 
specify an initial fine-grained probability distribution 
density, one may just as well assume that we are dis- 
cussing an ensemble of noninteracting anharmonic 
oscillators. 

Let fo(Xo,Po0,0) be the normalizable fine-grained in- 
itial probability distribution density for an anharmonic 
oscillator having unit mass. For the statistical discus- 
sion, we use the following approximate equations of 
motion®: 


X=Xpo cosw(X o,Po)t+ (Po/w) sinw(Xo,Po)t, 
= — Xw sinw(X0,Po)t+ Po cosw(Xo,Po)t, 


(4a) 
(4b) 


where w(Xo,Po) is the correct period of oscillation for the 
anharmonic oscillator with initial position Xo and mo- 
mentum P». In the phase plane, the above approxima- 
tion means that the anharmonic simple closed path is 
replaced by an ellipse while the period of oscillation is 
still given its true value. Thus Eqs. (4) retain the 
information which causes the Gibbs’ type stirring of 
phase space even though they have the general form of 
the harmonic oscillator solutions. 

The moments of the fine-grained density are defined 
through the equation 


(xeps)= f f dXdP f(X,P)X™P". (Sa) 


In the following paragraphs, we shall show that these 
moments exist and are bounded for all ¢, including the 
limit as + . These moments thus define‘ a probability 
distribution function ¢(X,P,t) which can be written 


tust 
(X,Pi)= f f dUdV f(U,V,t) (Sb) 


and which approaches a limit as t+. Since 
*For a discussion of the approximation used here, see N. 
Kryloff and N. Bogoliuboff, Introduction to Nonlinear Mechanics 
(Princeton University Press, Princeton, New Jersey, 1947), p. 14. 
4H. Cramer, Mathematical Methods of Statistics (Princeton 
University Press, Princeton, New Jersey, 1954), pp. 176-177. 
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limi+.0(X,P,t) exists, limi../S° /aa dUdV f{(U,V,t) also 
exists. But this means that the equilibrium coarse- 
grained density F(X, P, ©) as defined by 


F(X,P,) = lim 


0 


1 
(—) tim f dXdP f(X,P,t) (5c) 
AQT * Yao 


will, in general, exist. We now calculate the moments of 
F(X, P, ©). When F(X, P, ©) exists, the following 
steps can be made rigorous by standard methods. We 
have, using Eq. (5c), 


faxar F(X,P,«0)X™P* 


1 @ a 
= lim (—) lim f f dXdP X™P* 
a0, b+0 ab tro a Oe 


X+a P+b 
x f dU f dV f(U,V,2). 
x P : 


Interchanging the order of integration, we find 


foxap F(X, P, o©)X™P* 


1 co) c) 
= lim (—) im f f dUdV f(U,V,t) 
a-+0, b-+0 ab t+ ~~ 


«af 
xf f dXdP X™P*. (7) 
U-a~V—b 


Finally, taking the limit as a—0 and 6-0 and renaming 
the dummy variables, we have 


fexap F(X, P, ©)X™P* 


= lim 
t+ 


f dXdP f(X,P,)X™P*. (8) 


2 


Thus, the moments of F(X, P, ©) are determined by 
the limiting moments of the fine-grained density 
f(X,P,). Equation (8) can also be written 


lim(X"P*)=lim f dX od Po fo(Xo0,P 0,0) 


XX"LXo0,Po,t |P"LX0,Po,t]. (9) 


Hence, a knowledge of fo(Xo0,P0,0) and the equations of 
motion suffice to determine the moments of F(X, P, ~). 


5 For the two systems discussed in this paper the limit as AQ--0 
can be shown to exist, and this is expected to be the case for more 
general systems. In the event that the limit as AQ-0 does not 
exist, equilibrium behavior will still be completely characterized 
by the distribution function o(X,P,t) given in Eq. (5b). 
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Since we are here interested only in illustrating the 
moment method for determining F(X, P, ©), we as- 
sume that fo(X0,P0,0) = go(X0)6(Po). Before concluding 
this section, we shall show that no essential generality is 
lost by making the above assumption. With this as- 
sumption, Eq. (9) becomes 


lim(X™P*) =lim f dXo g(Xo) 
t+ t+ 
x X"(X0,0,t]P*LX0,0,t]. (10) 


Using approximation (4), we have 


lim(X™"P") = lim f dXo g(Xo0)Xo0"(—Xo)" 
tra ta 

Xcos"w(Xo)t sin*w(Xo)t. 
We now make the physically reasonable assumption that 


the energy of the oscillator is bounded and denote the 
bound on X by the letter Z. Thus 


L 


lim(X™P*)=lim f dX g(Xo)(—1)*(Xo)"*" 
t+ ta 
-L 


Xcos™w(Xo)t sin*w(Xo)t. (11) 


It is now clear that 
[\(X*P*)| <L**. (12) 


Moreover, if we expand the product cos"w(Xo)tsin"w(Xo)t 
in a finite series of imaginary exponentials, we see that 
the moments (X™P*) given by Eq. (11) would exist if 
we could show that 


(13) 


L 
lim f dXo H(Xpei*o(XOt=, 
t+ J” 


where & is an integer and where H(X») is absolutely 
integrable on (—L, L). But this follows immediately 
from the Riemann lemma‘ since the interval (—L, L) 
can be broken into a finite number of subintervals where 
w (Xo) is a monotonic function of Xo. Finally, the above 
approach is a straightforward method for actually 
calculating the moments (X™P*). 

We have now shown that the moments of F(X, P, ~), 
exist and are bounded as specified by Eq. (12). This 
means‘ that F(X, P, ©) is uniquely determined by 
these moments. Thus, we have demonstrated that the 
anharmonic oscillator with initial fine-grained density 
fo(Xo,P 0,0) = go(X0)6(Po) attains an equilibrium charac- 
terized by a probability density F(X, P, ©) calculable 
from the moments of Eq. (11). 

We now develop an expression for F(X, P, ©) with- 
out assuming fo(Xo0,P 0,0) = go(X0)5(Po). Make a canoni- 
cal change of variables so that the state of the anharmonic 


§ W. Rogosinski, Fourier Series (Chelsea Publishing Company, 
New York, 1955), p. 21. 
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oscillator is given by specifying its action variable J and 
its angle variable ¢. The equations of motion are 


J=constant, (14a) 
¢= gotw(J)t. (14b) 


We now assume that fo(J,¢0,0) can be expanded in a 
Fourier series. 


fol, ¢0,0)= Le fon(J)eir. (15) 
By Liouville’s equation, 
SS,e)= Le fon(Jeite-o4, (16) 


But now, 


42-40 


1 
FJ, ¢, ©) = lim (—)rim f dJde f(J,e,). (17) 
AQ/ **° Jao 


Using Eq. (16), 
1 x 

F(J, 6, ©)= jim (— ) > lim 
AQ n=—o [+0 


xf dJdey fon(Jeime-4, (18) 
AQ 


The integrals over J can be brought to the form of 
Eq. (13); hence, only the n=0 term of the sum con- 
tributes and we find 


(19) 


1 2 
F(J, Y, 0) =— f dgofo(J,¢0,0). 
2r 0 


Hence, the anharmonic oscillator with initial fine- 
grained density fo(J,¢0,0) attains an equilibrium charac- 
terized by the density of Eq. (19). It is shown in 
theoretical classical mechanics that J is a function only 
of the energy £. Thus Eq. (19) can be written 


F(E, g, ©) =(1/2n) f dvofolE,eo,0). (20) 


Hence, the final distribution is a function of the energy 
alone which means that states of equal energy are 
equally probable. This assignment of probabilities is a 
standard, @ priori assumption in dealing with isolated 
systems. Equation (20) is thus a justification of this 
type assumption for the anharmonic systems considered. 

In conclusion, we remark that the equilibrium density 
given by Eq. (19) occurs because of the stirring of phase 
space generated by the dependence of the Poincaré 
recurrence time on initial conditions. The following 
section applies this central idea to develop an approxi- 
mation for an anharmonic chain which leads to equi- 
librium behavior. 
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ANHARMONIC CHAIN 


Consider now a finite, one-dimensional chain of NV 
particles with nearest neighbor interactions. If we as- 
sume that the interaction is linear, i.e., proportional to 
the first power of interparticle displacement, we obtain 
the usual coupled harmonic oscillator expressions for 
particle velocity and interparticle displacement. If the 
interaction also includes nonlinear terms, then in a first 
approximation and in analogy with the case of a single 
oscillator, we may use the solution to the linear problem 
but with the normal mode frequencies chosen to match 
the Poincaré recurrence time’ of the anharmonic system. 
The question of how to choose these frequencies? is one 
which will not be considered here and is to be the object 
of a subsequent investigation. Statistically, the inter- 
esting fact is that nonlinearity may make the Poincaré 
recurrence time for a single system depend on initial 
conditions. We here use only a reasonable guess to 
estimate the effect this dependence may have in causing 
that stirring of phase space which leads to an equi- 
librium coarse-grained density. 

In particular, we consider a chain of N particles with 
free ends, and let Y, and Z, denote particle velocity and 
interparticle displacement, respectively. We place the 
origin of our coordinate system at the initial position of 
particle number one, and we require that the center of 
mass of our chain be at rest. The expressions for Y, and 
Z,, in the case of a linear, nearest neighbor interaction 
can be written 


2 N-1 N-l jne jmmr 2 
ZA(Q=— Y Zn® > sin— sin— coswt—— 


N m=1 i=] N N N 


N Y,°N-1  jnw 
xr>— x sin—— cos 
k= Kt N 


(21) 


sinw jt, 


N-1 = j(2m—1)x 
ettea: > K4Z,,° )/ cos———— sin 


N m=1 j=l 2N N 


j(2n—1)m 


m jn 


N-1 


x sina > Y,° > cos 


k=] j=l 


j(2k—1)m 


X cos cosw,t, (22) 


where Z,,° and Y,° are the initial values of Z,,(¢) and 
Y,(t), K is the ratio of the interaction spring constant 
to the mass, and 


w;= 2K! sin(jr/2N). (23) 
We approximate the solution for the anharmonic 
chain by retaining Eqs. (21) and (22) and by letting the 
constant K of Eq. (23) be a function of the initial 
7That the normal mode frequencies determine the Poincaré 


recurrence time for a linear system has been pointed out by H. L. 
Frisch, Phys. Rev. 104, 1 (1956). 





ONE-DIMENSIONAL 
conditions. The exact form of this function need not 
concern us. We note, however, that the value of K would 
be expected to be almost insensitive to a variation in the 
initial conditions when the linear interaction term 
dominates. 

Let u(Z)",---,Yn°,0) be the normalizable, initial fine- 
grained probability distribution density for the anhar- 
monic chain; we shall use Eqs. (21) and (22) in the next 
paragraph to show that all moments of the fine-grained 
density tend to limits as ++. Moreover, we assume 
that the total energy of the system is bounded and, 
hence, that yu(Z,°,---,Yn°,0) is. zero outside some 
bounded region of phase space. This means that the 
moments of u(Z;",---,Yy°,t) are bounded for all values 
of ¢. 

Using the same type argument as given in the previ- 
ous section, we may show that the limiting moments of 
u(Z1,:-+,Yy,t) as +> are the moments of the coarse- 
grained equilibrium density F(Z, ---, Yn, ©); thus we 
see that F(Z;, ---, Yy, ©) is uniquely determined by 
its moments. 

The general 
u(Zi,--+,¥n,t) is 


expression for the moments of 


(Z."- ‘ *-Zy_y"N-1Y y™- is Yy™) 
is f az. dV n° w(Z1°,- + -¥°,0)Z1"!---Yw™, (24) 


where Z;, ---, Vw under the integral are to be expressed 
in terms of the initial variables. By using Eqs. (21) and 
(22), Eq. (24) can be expressed as a sum of integrals. A 
typical integral of this sum has the form 


faze. --dVy u(Z)°, >> Vy°,O)H(Z,°- -- Vy") 
XII cosweit [] sinwejt, (25) 
i i 


where H is a function of the initial variables. This ex- 
pression is the many-particle generalization of the 
similar expression in Eq. (11). Thus the integral (25) 
would exist in the limit as ++ if we could prove that 


lim | dZ,°---dY y° M(Z;°,---,Yw°) 
t+ 


Xexp[iw(Z°,---,¥w)t]=0, (26) 
where M (Z;,°,---,Y n°) is absolutely integrable over the 
region in which yu(Z,°,---,Yy°,0) is nonzero. Equation 
(26) is the generalization of Eq. (13). Since we have 
previously assumed that w is a function of the initial 
variables, the validity of Eq. (26) follows from Riemann’s 
lemma provided that M (Z,°,---,Yy°) is not a 6 function 
which is nonzero only on surfaces of constant w. Thus 
Eq. (26) is valid as long as u(Z,",- ++, y°,0) is not such 
a 6 function. Hence, we see that any time-dependent 
terms in Eq. (24) vanish as +>, and, therefore, that 
the moments given by Eq. (24) tend to limits as >, 

This shows that the limiting moments of u(4,- - - ,Yw,/) 
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as to exist and hence that the equilibrium coarse- 
grained density F(Z,, ---, Yn, ©) not only exists but 
is calculable. Thus, the dependence of the Poincaré 
recurrence time on initial conditions leads to equi- 
librium behavior. Again the actual form taken by 
F(Z,, ---, Yn, ©) will depend on the form of 
u(Z,°,---,Y nv°,0). However, if one makes restrictions on 
u(Z;°,- ++, y°,0) dictated by the physics of the approxi- 
mating system and which are discussed below, one can 
show that, aside from these restrictions, the reduced 
equilibrium density for a single variable is independent 
of the initial density. 

Our approximation to the anharmonic chain is linear 
in certain essential respects. Making K a function of 
initial conditions still does not cause sharing of energy 
between the normal modes. Sufficient restrictions are 
needed to insure that the energies in all the normal 
modes are initially identical and, hence, always identical. 
We thus require that® 


N-1 N 
u(Z,°,---,¥°,0)= II fi(Z;) IL gs(¥3), 


j=1 j=l 


((Z;°)?)=(Z0"), 1, (27) 


((¥;°)?)=(¥e), 


where Z,? and Yo" are constants independent of 7. With 
these restrictions, we shall show that the reduced 
equilibrium coarse-grained density for any single vari- 
able is a Gaussian for large NV and as (>. It should be 
noted here that some equilibrium density is reached as 
tc regardless of the value of NV; for large N, the 
equilibrium density approaches a Gaussian. 

In order to prove these points, we turn our attention 
to the (2V—1) marginal or reduced probability densi- 
ties, e€.g., 


(Z;°)=0 for 
(Y;)=0 for 


j=1,---,N—- 


j=1,--+,N 


’ 


falZad= foo f dey +-d2ysdZ dV y--d¥ 


Ku(Z1,°++,¥ nt). (28) 

We shall show that for large N and in the limit as 
to, the limiting moments of f,(Zn,/) are those of a 
Gaussian. Thus the corresponding marginal equilibrium 
coarse-grained density F,(Z,, ©) is a Gaussian. We 
write Eq. (21) as 


N-1 
Z,()= i A; cosw t+ B; sinw jt, 


j=l 


(29a) 


2 = njw N-1 jmr 
A;=— sin— >> Z,° sin— 
N N m=! N 


* Actually one should require (K(Z;)*)=(KZ,*). The above 
condition is used in order that the final distribution density be 
written in its standard form. Trivial changes would be needed if 
the correct condition were used. 
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2 ajc w Y,° Pssst 
B;=— sin— (29b) 
N WN m= i an 


It is convenient to write Eq. (29a) as 


SF sealed) (30) 


j=—N+1 


Z,(t)= 


where 
E;=}3(A j-1B;), j= E_;=E;*, E,=0. 
Now the rth moment of f,(Z,,/) can be written 


—~@W— jy 


N-1 


Z))= 2 


f1,++>, r= N41 


(Ei: + - Ei, 


Xexp[i(wiit---+wj,)t]). (31) 


A term in this sum will be nonzero as t+ only if the 
argument of the exponential is identically zero by virtue 
of Eq. (26). The argument of the exponential can be 
zero only if r is even and the terms of the sum 
[wii+-+-+wi,] add out in pairs. This follows when NV 
is prime from the following theorem®: the sequence of 
numbers {sin(jx/2N)} ;~1.— is linearly independent on 
the integers for N prime; i.e., 

N-1 

> C;sin(jxr/2N)=0 

j=l 
implies that each integer C; is zero. For simplicity, we 
restrict ourselves in what follows to systems having a 
prime number of particles. Since it is felt that the need 
for N being prime arises only because of the nature of 
the approximate solution used here, no attempt has been 
made to sharpen this theorem. 

Thus, we have immediately that 


lim(Z 9!7**(1)) = (32) 


while 
N-1 


Z.27())= DL 


f1,+++Jar=—N+1 


XexpLi(wirt - - -+wi2r)t]). 


(Ej: + Ejor 
(33) 


As the only terms which will contribute to the sum are 
those for which the w’s add out in pairs, we have 


lim(Z,,2"(0)) 


N-1 
=A; > ((E;E;*)’) 


j=l 


N-1 = 


+A, D> (Enki*)(Ei2Ei*)+:- = 


ji, jr=l 
ivéje 


((EinEj1*)- ++ (Ej,Ej,*)). (34) 


* Bruce Buzby (private communication). 


The coefficients A;, Az, -++ are independent of V. One 
may show in a straightforward way that all terms, ex- 
cept the last one, are at greatest of order N~ using 


assumptions (27) and the fact that 
N-1  jmn jnr 

sin sin—=4N bmn. 

j=l i " N 


(35) 


Thus, for large N we have 
lim(Z,,2"(2)) 
t+r00 
_(2n! N-1 
2 AAI + Bi): 


rl22" fi... 


-(AjP+B;,)). (36) 


We may drop the restriction j:* j2* --- J, since the 
sum of these terms is of order no greater than V~. 
Substituting for the Aj; and B;;, we obtain 


lim(Z,,?"(t)) 


(2r)! N—-1 rf 4 nj 
712?" jy---jrmt Lim VN? N 


sm jude 


N . j 

xX 2 1 (z: Ze? sin—— sin—— 

oa N N 
Sit++Ss = 


Vif¥s? he ced ol ji (2b. —1)x 
+ cos - a )), (37) 
K 2N 2N 


where Z,°=0. By using assumptions (27) and orthogo- 
nality relations of which Eq. (35) is typical and dropping 
terms of order equal to or less than V~, it can be shown 
that 


lim(Z 9?" (#)) = [(2r) 1/112?" }{ (Ze?) +(Ve/K)}". (38) 


But this means 
F(Z,, ©)=[o(2r)*}" exp[—KZ,?/207], (39) 


where 


o=}[(KZ?)+(¥ 0). 


Also we observe that F(Z,, ©) is a Gaussian whose 
standard deviation is independent of n. In the same 
way as above, we may show that 


F(Yn, ©)=[o(2n)*}* exp[— 
CONCLUSIONS 


Y,2/207]. (40) 


This paper points out that the coarse-grained proba- 
bility distribution density for a system with a finite 
number of particles as defined by Eq. (3a) may ap- 
proach equilibrium even though the Liouville fine- 
grained density does not. For the simple one-dimensional 
systems considered in this paper, the above possibility 
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is actually shown to occur using two essential as- 
sumptions : 

1. The initial fine-grained density is a reasonably 
smooth function of its arguments, i.e., while it may have 
discontinuities, it is not a 6 function in all its variables. 

2. The linearized equations of motion are valid for a 
statistical calculation as long as the dependence of the 
Poincaré time on initial conditions is included in the 
approximation. 

Assumption (1) implies that the present theory is a 
statistical one which refers to ensemble rather than time 
averages. It might be mentioned, however, that the 
initial distribution can be made as close to a 6 function 
as we please. Assumption (2) is the key assumption 
made in the paper. For a single anharmonic oscillator, 
it can be proved. It is the suggestion of this paper that 
it may be true for more general systems. 
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The dependence of the Poincaré recurrence time on 
initial conditions is the essential source of irreversibility 
here. Because of this dependence some equilibrium 
distribution is approached whether or not the system is 
quasi-ergodic. Of course, if the equilibrium distribution 
is to depend only on the energy of the system, then the 
system or its representative ensemble must have a 
quasi-ergodic character. 
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The surface energy Es of a system of interacting particles is Es=f“.. dz{e(z)—es[p(z)/pa ]}, where 
e(z) and p(z) are the energy and particle densities along the axis normal to the surface. eg and pz are the 
corresponding quantities in the bulk. Alternatively one may formulate an exact expression for the surface 


tension defined as y= (0//dS)y, with the result that 


vf" as{ 20408) )—t(2) 1+; faee—sra)—5 


“9 (s, z+r,) }. 


t;(z) are the components of the average kinetic energy density and p) (r,r2) is the pair distribution function. 
In the ground state y=Zs. We have applied these formulas to liquid He‘ and He’ assuming that p“) = p(z) 
Xpe(z+r,)ga(r). The bulk radial distribution gg(r) is obtained from x-ray data. Use of the thermodynamic 
data eg and p=0 gives ¢g and checks ga(r). Further we assume a free-volume form of the kinetic energy 
density t(s) =ta[_p(z)/pex }** and an exponential density fall-off p(z) =pse~*/*. Calculated values of Es show 
a minimum at a=2.0A. Eg and y differ by 20% at this value, with y being 0.38 erg/cm? for He‘. The experi- 


mental value of y is 0.35 erg/cm?. 


I. INTRODUCTION 


HE purpose of this paper is to describe a simple 
method of calculating the surface properties of a 
quantum mechanical fluid, when the bulk properties 
are theoretically or experimentally known. Several 
quantum-mechanical approaches have been used'~* to 
calculate the surface properties of the ground state of 
nuclear matter, whereas, for molecular fluids, the use 
of classical statistical mechanics has been found 
adequate. + 
. we Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 
1C. F. von Weizsicker, Z. Physik 96, 431 (1935). 
2.W. J. Swiatecki, Proc. Phys. Soc. (London) AG4, 226 (1951). 
°R. Berg and L. Wilets, Phys. Rev. 101, 201 (1956). 


. G. Kirkwood and F. P. «" J. Chem. Phys. 17, 338 (1949). 
. P. Buff, Z. Elektrochem, 56, 311 (1952). 


Starting with Swiatecki’s expression for the surface 
energy of a system in a single quantum state, we derive 
an alternative expression, which gives the surface 
energy directly in terms of the anisotropic part of the 
pressure tensor. The canonical ensemble average then 
gives the surface tension, identical in form to the 
classical expression of Kirkwood and Buff.‘ 

If approximate wave functions are used, these two 
expressions for the surface energy will give different 
estimates. A parameter 6, describing the skin depth, can 
thus be chosen at that value for which these expressions 
are closest. Moreover, if we consider the ground state, 
the surface energy should have a minimum as a function 
of 6, according to the variational principle. In all cases, 
it is, of course, required that the bulk data be adequately 
fitted. 
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We have applied this procedure to a calculation of 
the surface energy of liquid Het and He’, where the 
interaction potential is well known and simple. In spite 
of the roughness of the approximation used, good agree- 
ment is found with the experimental value of the surface 
tension. In fact, our calculation yields a minimum in 
surface energy as a function of 6, despite the fact that 
we did not use an explicit wave function. We expect 
that this technique can also be applied successfully to 
the nuclear surface. 


Il. THEORY 


We present a derivation of Swiatecki’s expression for 
the case of a finite system of N identical particles each 
of mass m. We assume that the Hamiltonian can be 
written in the form 


#2 


w 
R=) —-—V?24+ U(r: + -4y). (1) 
i-1 2m 


Let (11: --rw) be the normalized ground-state wave 
function of the system, and E the total binding energy. 
Then 

y= Ey. (2) 


Multiplying each side by y¥‘ and integrating over all 
coordinates, we obtain 


E= fe (r)d*r, (3) 


e(r)=N f v(t) HY (ride, 


nh? 1 


H=——V?+—U(r,f). 
2m N 


¢ denotes the V—1 variables rer3---ry and 
d= rq: + - dry. 


e(r) is the energy density of the system. We shall also 
need the particle density p(r), given by 


o(t)=N f vt (rev (rE) At. (6) 


Over most of the volume occupied by the system we 
expect that «(r)= es and p(r)=pz, where eg and pz are 
the constant energy and particle densities in the bulk. 
The volume contribution to the total energy per particle 
is therefore ¢s/pz and consequently the surface con- 
tribution per particle must be E/N—es/pz. Substi- 
tuting Eqs. (3) and (6) we obtain for the total surface 


energy 
Es= f [<9 -ocn fo (7) 


PB 
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It is clear that the integrand vanishes in the bulk. 
Swiatecki points out that whereas the surface energy 
and the bulk energy density are uniquely defined, this 
is not true for the energy density ¢(r). Instead of Eq. 
(4) for e(r), the form 


h? . 
e()=v f —vyt-tydt + | y'Uypdt (8) 
2m 


has also been used. Of course, this form still leads to the 
same value of £,. 

We proceed now to derive an expression for the 
surface energy of the ground state in terms of the aniso- 
tropic part of the pressure tensor. For this purpose we 
divide the skin region into cylinders normal to the 
surface which extend from the bulk to infinity (see 
Fig. 1). 

For each cylinder we choose a frame of reference with 
the z axis along the axis of the cylinder. The origin is 
located so that the volume V enclosed by the x-y plane 
through the origin and the base of the cylinder contains 
the same number of particles at the bulk density pz as 
the average number of particles in the cylinder, that is 


f asf f dxdy o(r)=paV. (9) 
v/s 


The integration over x and y is confined to the area S$ 
of the base of the cylinder. 
The total energy E(V,S) in the cylinder is given by 


BV,S)=f as { f axay e(r). (10a) 
_v/S 


Taking partial derivatives with respect to S at constant 
V and substituting Eq. (9) gives 


(2), foo] 


The lower limit of integration has been extended to 
—« since the contribution comes only from the skin. 
It is assumed that S is sufficiently small so that varia- 
tions of «(r) and p(r) along x and y can be neglected. 
Comparing this expression with Eq. (7) we find that 
(8E/AS)y is the contribution per unit area to the total 
surface energy, as expected. 


Fi 


(11) 











Q 


4 


x 





Fic. 1. Schematic diagram of the volume occupied by the 
system showing one of the cylinders referred to in the text, and 
corresponding frame of reference. 
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All of these considerations apply equally well for any 
excited state y, and corresponding energy E, of the 
system. We may then form the statistical mechanical 
expression for the surface tension y by noting that 7 
is the canonical ensemble average of (0Z£,/0S)y: 


pa (GE »/ AS) ve #68? 
1= ma (12) 
Each (dE,/0S)y is given by an expression of the form 
(11) where all averages are taken with W,. It is under- 
stood that the unbound states are constrained to a 
fixed volume. At zero temperature the surface tension 
and surface energy are equal, a well-known fact in 
thermodynamics. 

An alternative expression for (0E/0S)y may be 
developed by making the following change in the 
variables of integration®: 2’=2/\/S, y’=y9/V/S, 2 
= §2z/V, then 


E(V,S)= vf dz’ sf dx'dy' e(S4x’, Sty’, Vz'/S), 
1 


unit surface 
(10b) 


and 


(13) 


OE ° de 
(—) = vf av { favay —. 
dS Fy 1 as 


Using Eqs. (4) and (5), we can write 


de 


ay" oy 
a vf [vo ~~ +—Hy+y'H— Jar. (14) 
as. as as 


of 
dx? dy? Ax? 


0H h? {= eo @& ] 
OS mS 


10U au 


171 aU 
Co gam a 
SNl2 ax Yody dae 


oy =-2 oO y—| (16) 
as Sl2 ox 2ay ost 


Returning to the original variables, we note that 


f ds f J dxdy f 


The variational principle cannot be invoked to prove 
Eq. (17) since H is not the total Hamiltonian and the 
region of integration over the variable r is confined to 
the interior of the cylinder. A proof is given in Appendix 


oy" oy 
a mv+vH— liso. (17) 
as as 


6 This change of variable was carried out on the classical par- 
tition function by F. P. Buff (reference 5). 


THEORY OF SURFACE ENERGY AND TENSION 


I. Equation (13) then becomes 


dE . dH 
(—) anit f il f w(ens—v(rra| (18a) 
aSJy I» as 


a f del per} (best Pon) ) (18b) 


Pzz, Pyy, and p., are the diagonal components of the 
pressure tensor, defined by 


pez(r)= v for “[-— 


with similar expressions for p,, and p.2. Again the 
contribution of the integrand in (18) comes entirely 
from the skin region so that it is possible to extend the 
integration (18b) over the whole sphere for large radius 
of curvature, viz., 


x 0U 
— urea, (19) 
2m 0x2 N Ox 


(88/@S)v= { CPan— Pull e-n), (18c) 


where n is the unit vector normal to the surface. E and 
S are now the total energy and surface, respectively. pe: 
and pan are the tangential and normal components of 
the pressure tensor. 

Equation (18) is completely analogous to the clas- 
sical expression for surface tension obtained by Kirk- 
wood and Buff.‘ 

If the potential U is of the form 


U= 3 Lis v(755), 


where v(r) is spherically symmetric, we find that for a 
plane surface 


OE e 
(—) ; = f i| [2t,(z)—tz(s) —t,(z) ] 


1 1 dv 
~ fares) —p)(z, +10) ; (21) 
4 rdr 


(20) 


hy? 3? 
Lie) =N fee] -— — erst (22) 


is the x component of the kinetic energy density, with 
corresponding expressions for the y and z components, 
and 


p (11,r2)=4N(N—1) f W(n-+-ty)|%dta-«-dry (23) 


is the pair correlation function. Equation (21) is valid 
only if the range of v(r) is smail compared to the radius 
of curvature of the system, since we have neglected 
contributions of the N—1 variables when any of these 
is outside the cylinder. 
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Another interesting relation can be obtained in the 
following manner. Assume that the system occupies a 
sphere of radius R and volume V. Using Eq. (3) for the 
energy E and a coordinate transformation which 
reduces all variables by R, we find 


dE 
eu f [pee(8)+Poy(t)+pee(t) Mer; (24) 
dR Vv 


also 


dE aE, dS /0E\ dV 
—= (—) r—+(—) R—=2yS—3psV. 
dR \as/y dR \av/s dR 


Using (24) in conjunction with (18b), we see immedi- 


ately that 
pa =f Poadr, 


where the subscript indicates the direction normal to 
the surface. For the ground state ps=0 and we find 
JS pnndt=0. This condition could be used to determine 
a parameter in the theory if desired. We have not found 
this practical, since fan is an extremely sensitive 
function of the skin depth. 

Equation (25) resembles the classical condition that 
Pnn= pr. This is not so, however, owing to the definition 
of V, V=S[p(r)/ps |dr. Apparently, the difference 
arises from the fact that we are constraining the “‘con- 
densed”’ phase. The usual thermodynamic theory deals 
with the “condensed” phase in equilibrium with its 
vapor. We have not yet resolved this question. Of 
course, for the ground state pg=0 in any case and this 
question is not of importance. 


(25) 


III. CALCULATION OF THE SURFACE TENSION 
OF LIQUID He‘ AND He’ AT T=0°K 


To calculate the surface tension of liquid He* at 
zero temperature, we used the Slater-Kirkwood poten- 
tial 


1.49 
v(r)= | 770-+"——=] 10“ erg (26) 


r 


between two helium atoms, and the bulk radial dis- 
tribution function gz(r) obtained by Goldstein’ from 
x-ray analysis. 

The bulk energy density eg can be written in the form 


(27) 


ep=tptvp, 
where 


(28) 


a dv 
tones [ ga(r)—rdr, 
9 dr 


a= 2rpe f ga(r)v(r)r'dr; (29) 


7 L. Goldstein, Phys. Rev. 98, 857 (1955). 
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ty and vg are the kinetic and potential energy densities 
in the bulk. To obtain Eq. (28) we used the virial 
theorem, noting that in the ground state the pressure 
is zero. By slight adjustments of gz(r) at small r where 
it is not well known and where dv/dr is very large, we 
were able to compute ¢g and 0g so as to give approxi- 
mately the observed value* of —14 cal/mole to eg. We 
find tg= 28 cal mole, »g= — 40 cal mole. 

For preliminary calculations, of y we have made 

several simplifying assumptions : 
M (a) We have assumed that the radial distribution 
function ga(r) is independent of the position of the 
pair with respect to the surface. In all probability the 
error introduced here is not serious as evidenced by the 
classical calculation of Kirkwood and Buff on liquid 
argon. 

(6) We have assumed that the kinetic energy is 
isotropic, i.e., t-=t,=t,. The assumption of isotropy is 
very poor if the surface turns out to be relatively sharp. 
However, on physical grounds alone one expects the 
surface region to be at least one interatomic distance 
in depth, which one hopes will be sufficient to smooth 
out anisotropy. A method which would allow for aniso- 
tropy in ¢ would be to assume an independent-particle 
central potential of varying steepness related to 6 in 
an obvious way in the manner of Swiatecki. 

An alternative method, applicable at higher tem- 
peratures, has been worked out by Oppenheim’ who 
estimated the anisotropic contribution of the kinetic 
energy to y in liquid Hz at about 20° K by using the 
first-order quantum corrections to the Wigner dis- 
tribution function. He has found a very small effect of 
less than 10%. In view of the above results, one may 
hope that anisotropy in / will play a relatively unim- 
portant role. 

(c) The functional form we have used for ¢ is ¢(z) 
=tp[p(z)/pe }**. A more correct form is given by the 
free-volume expression ¢(z)=(z)A {[/p0/p(z) }!*—1}~* 
which was found by Rosenbluth to give a density 
dependence in good agreement with the Monte Carlo 
calculation of the ground-state energy of a Bose gas 
of hard spheres.’ After adjusting the constants A and 
po, to fit the bulk properties, this form did not yield 
results noticeably different from the more simple ex- 
pression. It is of course understood that these functional 
forms only make sense for sufficiently diffuse surface 
regions. 

(d) Finally we have assumed for analytical con- 
venience that p(z) drops off exponentially, assuming of 
course that /<;p(z)dz=psL. 


8 W. H. Keesom, Helium (Elsevier Publishing Company, New 
York, 1942), p. 231. 
I. Oppenheim (private communication). We are grateful to 
Dr. Oppenheim for informing us of his results. 
10M. Rosenbluth (unpublsihed). We thank Dr. R. Mazo for 
this communication. 
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Summarizing our assumptions below, we have set 
p®)(z, z+7,)=p(2)p(2+r.)ga(r), 
tz=t=1,= {i= ital p(2)/pe }*”, 
p(z)=pe for z<6 
= ppe‘*+9)/8 for 2>>6. 


With these assumptions we have calculated the surface 
energy Es(6) from Eq. (11) and the surface tension 
v(6) from Eq. (21) as a function of the skin depth 
parameter 6. In the exact calculation, there will be a 
value of 6 for which these are the same. The results 
are shown in Fig. 2. 

The observed surface tension of the He‘ extrapolated 
to T=0° K is 0.35 dyne/cm." The two curves come 
closest at about d9>=2 A which corresponds also to the 
minimum of the surface energy Es (6). This is somewhat 
less than the range of the potential between helium 
atoms. For this value the calculated value of y is 0.38 
in good agreement with experiment. The calculated 
value of the #s(é) here is 0.5, indicating that y is 
probably a more reliable function to calculate surface 
energy than is £s(6). We computed the binding energy 
and surface tension of He* by. replacing the bulk 
particle density of He‘ by that of He’, leaving all other 
quantities the same. We found es= —5 cal/mole and 
y=0.18 dyne/cm. Experimentally ¢,;=—5.05," and 
y=0.152," again indicating good agreement with 
experiment. 


IV. CONCLUSION 


The encouraging results of this paper indicate that 
a thorough knowledge of the bulk properties of a 
basen one seems to be ni eerie to estimate gurtace 


depe ramet of fihalte a energy based on sbevihied 
arguments, when employed in the formal expression 
developed here, seem to lead to fair quantitative 
estimates on surface energy and probably also on 
surface depth. 
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Fic. 2. Calculated values of the surface energy Es(5) and the 
surface tension y(5) for He‘ as a function of skin depth 4. 


APPENDIX I 


To prove Eq. (17) we sum the contributions of all 
cylinders into which the skin region was divided. Then 


. ay! ay 
dz 4 — ‘H— 
> f a f f daly f [a+ ular 
ay! ay 
™ f d'y f [a+ va li 
os os 


Hamiltonian H 
(5) ] by 1/N times the total Hamiltonian 3¢ [Eq. 
1) ]. Since 5¢ is Hermitian and is an eigenstate, we 


We can replace now the “one-particle”’ 


[Eq. 
obtain 


we (] 
E =f as [ f dxdy f —(p'y)de. 
= os 


Using Eq. (16), we integrate by parts and find 


|- Vert [ asf f dxdy o(r)|=o, 
-V/s 


according to Eq. (9). 
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Plasma Oscillations with Diffusion in Velocity Space 
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A model of plasma oscillations in the presence of small-angle collisions is presented which admits of exact 
analytic solution. Certain features of the true collision terms are preserved. Namely, the effect of collisions 
is represented by a diffusion in velocity space, which makes the distribution function tend to the Maxwell 
distribution, and which conserves the number of particles. In the limit of infrequent collisions the results 


of Landau are recovered. 





F importance in the physics of fully ionized gases 

is the question of the effect of small-angle col- 
lisions on longitudinal plasma oscillations. A proper 
treatment of the problem requires solving for the elec- 
trons the linearized Boltzmann equation! with a 
Fokker-Planck collison term? representing electron- 
electron and electron-ion encounters. This has not 
proven mathematically feasible, and it is of interest to 
investigate a qualitatively similar problem which is 
amenable to exact solution. 

Those features of the Fokker-Planck terms which 
one would like to preserve are the following: the 
property of conserving the number of electrons; the 
property of representing a diffusion in velocity space; 
the property of yielding the Maxwell distribution for 
the equilibrium state. An equation which achieves this* 


Of; 
[enter] (1) 


OV 


dv OV 


where f=fo+/1 is the joint distribution in position and 
velocity divided by the equilibrium density NV, and 
0/dv means the gradient in velocity space; 


fo= (2x0¢?)*? exp —3(2/00)"], (2) 


e is the magnitude of the charge on the electron, m is 
the electron mass, & the electric field, 8 an effective 
collision frequency,‘ and 9 the root mean square speed 
corresponding to the equilibrium distribution fo. The 
perturbed distribution function f; is assumed to be 
very much smaller in magnitude than fo, of the same 
order of smallness as &. As usual in the theory of longi- 
tudinal plasma oscillations, Eq. (1) must be solved 
jointly with the appropriate Maxwell equations which, 


1L. Landau, J. Phys. (U.S.S.R.) 10, 25 (1946). 

2 Rosenbluth, McDonald, and Judd, Phys. Rev. 107, 1 (1957). 

3 The greatest defect of this model of small-angle collisions is 
that the “diffusion coefficients” v and 2° do not fall off with 
increasing velocity, as do those given by Fokker-Planck equation. 
This particular form for the Fokker-Planck terms is essentially 
the same as that used in the theory of Brownian motion [S. 
Chandrasekhar, Revs. Modern Phys. 15, 1 (1943), Chap. IT]. 

4 The order of magnitude of 8 can be obtained by a comparison 
with the true Fokker-Planck equation of reference 2. One gets 
approximately B=4re*N /m*o,'. 


neglecting induction effects, are 


0 

or 
re) 

—-&=—4neN | dv fi. (4) 
or 


It is convenient to solve this system of equations by 
means of a Laplace transform with respect to time, and 
Fourier transforms with respect to velocity and position. 
That is, one defines 


Fkes)=[ dt cu fa ean f dke**** f,(r,v,t), 
Seat hese es (5) 
E(k,s)= f dt" f @k &(1,/). (6) 
0 2 
Equations (1), (3), and (4) then read on transformation 
dhilivencn tail exp (— 307n") 


oe mM 


OF 
=fio: [i+ iver | (7) 
de 


ikx E=0, (8) 
ik- E= —4reNF(k,0,s) =—4xreN Fo, (9) 
where 


G=G(ko)= fa om fee eo" f,(r,v,0). (10) 


It follows from Eqs. (8) and (9) that 
E=—4rNeF k/P, 
whence Eq. (7) can be written 


(Bo—k)- (AF /de)+ (s+Boe'o*)F 
=G— (w,?/k)k- oF 9 exp(— no”). (12) 
In solving Eq. (12) it is convenient to choose units 


such that m=1, 8=1, to define the plasma frequency 
wp= (4rNe/m)!, and to set 


F(k,o,s) = ¢(k,o,s) exp(— }0?— ov k), 


(11) 


(13) 
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whence Eq. (12) reads 


(o—k)- (0¢/d0)+ (s+#)o 

=G exp(}o?+o-k)— (w,?/k*)k-agdoe®"*. (14) 
It simplifies matters to write ¢ as the sum of two scalars 
which will later admit of simple physical interpretation. 
To this end, choose a Cartesian coordinate system with 
its z axis along k, and define ¥(k,c,,s) and x(k,e,s) such 
that 


(o,—k) (Op/do,)+(st+k)p=A 
=G(k, (0,0,0,)) exp(}o7+ ko) 
— (wz*/k)o ep (k,0,5), 
(o—k) - (dx/de0)+(s+h)x=B 
=G(k,e) exp(4o?+k-o) 
—G(k,(0,0,0,)) exp(402+ho,). 


(15A) 


(15B) 


Equation (15B) can be readily integrated by intro- 
ducing the variable p=a—k. Observe that F is the 
Fourier transform of a distribution function which for 
large v behaves like exp(—const v*). It must thus be an 
entire function of #, with corresponding properties in @. 
Hence Eq. (15B) reads 


p(dx/dp)+Sx=B, (16) 


where, for convenience, we define S= s+. The solution 
of Eq. (16) is 


x= (eris—ayiprs f dp’ pS) B(p’), (17) 
1 


where the contour of integration is chosen as indicated 
in Fig. 1. 

Observe that x(k, (0,0,c,),s)=0, since the factor B in 
the integrand of Eq. (17) vanishes identically for this 
choice of o. Thus $(k,0,s)=y(k,0,s) (essentially the 
perturbed electron density appropriately transformed) 
and the solution of Eq. (13) can be written 


o=v+x. (18) 


Note that Eq. (15B) is effectively Eq. (13) with the 
coupling to the electric field deleted. It thus describes 
the relaxation due to collisions of an initially nonequi- 
librium distribution. Also observe that Eq. (15A) is 
essentially Eq. (13) with the o, and o, dependence 
deleted. It thus describes the behavior of a one-dimen- 
sional distribution of electrons in the presence of col- 
lisions and electrical coupling. 

Observe that if the function B is entire, as is physi- 
cally reasonable since one anticipates that 


f(v)Sexp(—1*/2), 


then x as given by Eq. (17) is an analytic function of s 
except for simple poles at the points S=s+?=0, —1, 
—2, ---. Those points S=+1, +2, +3, --- for which 
the function e***S—1 vanishes are not poles, for at these 
values of S=s+#*® the numerator also vanishes. Thus 


p' plane 





~ 
a Ee 





Fic. 1. Path of integration ¢; in the complex p’ plane. 


if one inverts the Laplace transforms in terms of these 
poles in S or s, there results for the contribution of x 
to the double Fourier transform of f; terms of time 
dependence 


exp{ —[(F’00?/8)+n8 }t}, 


where we have restored the units. Now 1/1 is the time 
required for an average particle to move the distance 
1/k characteristic of the spatial variation of the Ath 
Fourier component, while 1/8 is the time characteristic 
of relaxation via collisions. Thus expression (19) is in 
accord with the physical picture that a distribution of 
particle tends to become smooth via convection, owing 
to the proper motion of the particles, in competition 
with relaxation via collisions. 

Return to Eq. (14) and suppress the subscript z. The 
solution can then be written — 


n=0,1,2,---, (19) 


y= (er8—1(e—B)-8 f do!(o'—D1A(0), (20) 


where the contour ¢ is taken in the o’ plane in analogy 
with the contour ¢; in the p’ plane of Fig. 1. Equation 
(20) can then be empioyed to solve for ¥(&,0,S) which 
occurs as a coefficient in A. The result is 


¥(k,0,s)=C(S)/D(S), (21) 


where S=s+? and 


C(S)=(e"8—1)-(—B)s f da'(o’—) CTA, (0,0.01)} 


(22) 
D(S)=1+w,'(e*'S—1)-(—2)-S 


x f do’(o'—W)0'/Be (23) 


Observe that ¥(&,0,s) has no poles in s at the points 
S=s+k=0, +1, +2, ---, since both C and D have 
simple poles simultaneously. Moreover, when Eq. (21) 
is substituted in Eq. (20) to solve for (k,o,s), it is 
readily demonstrated that ¥(k,o,s) also has no poles 
at the points S=0, +1, +2, ---. Rather, ¥(k,c,s) is 
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an analytic function of S everywhere except at those 
points where D(S)=0. There it has simple poles. 

Let us now derive certain general properties of the 
roots of the secular equation (dispersion relation) 
D(S)=0. First it is possible to show that there are no 
roots for which Re s>0. In order to effect this latter 
demonstration, observe that inversion of the Laplace 
transform of f; in terms of its poles is equivalent to an 
expansion of the solution of Eq. (1) in normal modes 
of space-time behavior e*‘*'*'', if we identify the 
eigenvalues A with the roots s of D=0. Thus if one 
writes in units in which 7=1, B=1 

filt,v,t) =exp(Ai+ik- r—43z*)g(v), (24) 


then it follows from Eqs. (1), (2), (3), and (4) that g 
satisfies 





fe exp(— 32”) | dg/dv 


h=— 


Wy? a y 7 i ; 
fe Jel} any-a9| fav exp(—}0)g| 
~ | | 


Clearly Re A<0, as was to be proved. 

In order to proceed it is convenient to derive a dif- 
ferent representation of D(S) than that of Eq. (23). 
Namely if Re s>’, Eq. (23) can be written in terms 
of an integral over the upper lip of the branch cut, 
namely 


1 
D(S)=1+u, f dx x5—1(1—x) exp[#(1—x)], (28) 


0 


where we have set 1—o’/k=x. But 


1 
f dx x8 exp[#(1—-x) ] 
0 
exp[ #?(1—x) ] 


jl 
ii evtineli 75| 


2 fag 0 
- 1 
+ f dx x5— exp[k(1—x) ] 
Rk? J, 


1 Soy 
=-<+— ff dre texplH-2)]}, (29) 
RP Rv, 


Thus Eq. (28) can be written 


Ww, Wy 1 
D(s)=14———s f dx x8 exp[#(1—x)]. (30) 


0 


If one expands exp(—#*x) in its power series and 
integrates term by term, there results 


e Re ao (—k*)" 
—P'S)= 1+—— s exp(#’) > 


2 
Wp Wp 


(31) 





P+n 


n! § 


“ike fa v exp(— 40’) |g? 


I. B. BERNSTEIN 


(A+ik- v) exp(— $0”) g+ (w5?/k*) (29) -4tk- v 
Xexp(— J) f dv exp(—Ie)g 
0 Og 
-—[exp(-1¥)—| (25) 
OV OV 
Integrate Eq. (25) over all v. There results 
rf ae exp(—3v*)g= —ik- fae vexp(—}v*)g. (26) 


Multiply Eq. (26) by g* and integrate over all v. There 
results, on employment of Eq. (26), 





The series above and all its derivatives converge uni- 
formly for all values of s except about the points 
s+#=0, —1, —2, —3, ---, where the function D(S) 
has simple poles. Thus, if one restores the dimensions, 
the equation D(S)=0 reads 


koe? S$ co) 1 Rk? v0" 
sis ata — exp(kn,?/6*) >> —( -—) 
B 


Wp n= n! B 


1 


—=Q+1. (32) 


s/B oa k?v¢" /s8° 4- n 


Observe from Eq. (32) that as w,?—+0, the other 
parameters being kept fixed, the left-hand side ap- 
proaches «. Thus roots can occur only in the vicinity 
of the poles of the left-hand side, namely when s/8 
= — (kv /6?)—n; n=0,1,2,---. Thus, as expected, 
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Fic. 2. Plot of Q vs —s/8 for k*v/s?=0.1. 
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Fic. 3. Plot of Q vs —s/B for k*vo?/8? = 2.0. 


the roots reduce to those found in the case of no coupling 
with the electric field. 

In order to see what happens as one increases w,”, 
consider Fig. 2 or 3 where Q is plotted vs —s/8 real for 
some representative values of 0?/6*. Any real roots 
are given by the intersection of the Q curves with the 
horizontal line 0= k?0¢?/w,*. For small w,”, the roots are 
clearly given by the asymptotes s/B+#’0°/s?=0, —1, 
-. As w,” increases, one acquires a pair of complex 
conjugate roots whenever kv 7/w,? drops below a 
positive minimum of Q. It is physically reasonable to 
believe that for small k’vg/f (frequent collisions) the 
roots found in this way are all the roots. 

When #2,7/6?=0, it is possible to find readily the 
root with the smallest real part, for in this case Eq. (28) 
can be approximated by 


-~ oe 


1 


Wp” 
0=1+— dx(1—x)x*/" 
6? 


0 


wp f i 1 
Shank 
s/B s/B+1 


whose solutions are 


s 1 4w?\ 4 
== —-{14(1- ) ; 
B 2 B° 


Equation (34) shows clearly the coalescence of the two 
real roots and their bifurcation into two complex con- 
jugate roots near w,”= }6*. 


(34) 
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In the limit of weak collisions, 8 — 0, one expects to 
recover the result of Landau.' This is indeed so as: can 
be seen by making in Eq. (28) the transformation 
x=e~% and restoring the dimensions. There results for 
the dispersion relation 


dl exp — (s+ kv,7 B)t 
0 


Wp 
0=1+— 
B 


+ (02/8) (1— e-F*) ](1—e-8*) 
= Ito, f dt exp[ — st— 40°? +0(8) ][t+0(8) j. 
‘ (35) 


When Re s>0, in the limit B=0, Eq. (35) above can 
be written 


0 . in 
0=1-we— f aren f dv(2r)"? 
Os 0 —2 


Xexp[ — 3(v/v9)?—ikot } 


ws ¢° dv 0 
=1+— f ——— —{ (2r)-"? exp[ —3(v/v0)?]}. (36) 
ik J_, s+ikv dv 


Equation (36), apart from notation, is Landau’s result. 

The collisional correction to the usual long-wavelength 
plasma oscillation result can be readily obtained by 
integrating Eq. (28) by parts in such a way as to 
develop a series in descending powers of s. There results 
from the first of Eqs. (35) 


wer B® B® BY 3k oe? 
1+—}—-—+ 
els 8 st 


(37) 


whence, solving by successive approximation, one 
obtains 


S= ttwyp— BE3ik* 007 /wy. (38) 


Equation (38) is the usual result modified by a col-. 
lisional damping term. 
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The indices of refraction of circularly polarized microwave signals propagating along the magnetic field 
direction within a high-temperature ionized gas are computed by use of a new conductivity tensor. It is 
found that phase changes and Landau diffusion damping resulting from electron drift become important 
for certain ranges of the parameters. These effects are enhanced by the resonance that occurs near the 
electron-cyclotron frequency. The refractive indices depend sensitively upon electron density and temper- 


ature. 





1. INTRODUCTION 


HE purpose of this paper is to apply a new 

conductivity tensor! to the solution of a special 
problem of microwave propagation in a high-temper- 
ature plasma in a magnetic field. The importance of 
this study lies in the rather large temperature depend- 
ence that is found. In some cases the usual results for 
low-temperature plasmas’ have to be severely modified 
for the high-temperature cases. 

The special case considered here is for propagation 
along the axis of a uniform, static magnetic field. The 
case of propagation normal] to this axis has been given 
in I. This led to predictions of bands of abnormal 
transmission which depend upon electron density and 
temperature. This results from phase changes due to 
the partial spanning of a wavelength by the electron 
cyclotron orbits. The sensitivity of the effect to small 
values of electron temperature was limited by the fact 
that no resonance in refractive index occurs in the 
zero-temperature theory for this propagation direction. 
However, for the present case, such a resonance does 
occur for right-hand polarized waves near the electron- 
cyclotron frequency. As will be shown, this makes the 





9- 


16riwe? ¢? 
D(w)=1+—— f ete») P (5) (1—cosw,s)ds, 
0 


MC ¢ 





Cu(w)= r 
iL We 


ml hi ia w’—Ck,;? 
0 


m C 








effects of thermal electron drift through the very short 
axial wavelengths become important at just a few 
electron volts of mean kinetic energy. 

The previous and present choices of propagation axes 
greatly simplify the analysis by making z, x and z, y 
elements of the conductivity tensor given in I equal to 
zero, and hence making the formalism of the usual 
theory® applicable even though the remaining tensor 
elements differ from the usual ones. For the special 
case chosen the indices of refraction are to be computed 
retaining only the first-order temperature effects given 
by the conductivity tensor in I. 


2. BASIS OF THE CALCULATIONS 


The basis of the calculations in the present paper is 
the conductivity tensor derived in I. For a static 
magnetic field Hy directed along the z axis, the con- 
ductivity tensor is 


Cii/D 
c= C,/D Cu/D 


Ory 


(2.1) 


Cyz 
Cz 


—C,/D “| 


Orzz 


k? k? 


COsw~s— so cos2as) —f.(s) cones eed, 


—4ré p°rP(s) ki? : , 
Ci(w)= f ; years sin2w,s)+ f.(s) sins fn, 
m 0 


L We 


— ane? f s(1—cosw,s) F,(s)e*-”*ds 
0 





6g" "eae 
87iwe? 
mod + 


MW °C 


: f s sina sP (see?) 
0 


yds 


* This work performed under the first Poulter Research Fellowship. 

t+ Now at Boeing Scientific Research Laboratories, Office of the Director of Research, Seattle, Washington. 
1J. E. Drummond, Phys. Rev. 110, 293 (1958). Hereinafter referred to as I. 

2 See the review article by Lyman Mower, Sylvania Laboratory Report MPL-1, 1956 (unpublished). 
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ane f s(1—cosw,s) F,(s)e#-”)*ds 
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9 





Cys= —Cxy= 
Sr7iwe* 
mo + 


mw C* 


a 
f s sina sP.(s)e->ds] 
0 


—Ire p® a ; Sriwe? r* “es 
on= f ced (——b2—but) Ps) 2448) fos /| 1+ f eens Bas], 
m wo re mo’ oo 


axdz 


(2.7) 


with f.(s) and F.(s) combined Fourier cosine and Hankel transforms of the symmetrical unperturbed electron 


distribution function fo(v*), 


= _ - 2ki% 
ji f f faltyatol sin (hos) do C0S(Ry,0))5)d0, 
0 0 ¢c 


w 


F.(s)=- 


In these equations the usual symbolism is used. The 
symbols e and m stand, respectively, for the charge and 
mass of an electron, c is the speed of light in vacuum, 
w- the electron cyclotron frequency (eHo/mc), and v the 
frequency of momentum transfer collisions between an 
electron and neutral particles. This frequency is 
assumed to be very small compared to w. The symbols 
k, and kj, are the wave numbers of the electric field 
“normal mode” parallel and perpendicular to the z axis, 


(2.10) 


eo e 
( +—) B. (1) +k2B.(1)=0, 
ay? 


Ox" 


a 
—E. (1) +h,7E.(r) ==(), 


oe 
~ 


(2.11) 


Detailed assumptions and conditions underlying the 
conductivity tensor are given in I. In addition the 
following restrictions will be imposed for convenience 
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Fic. 1. Index of refraction for circularly polarized microwave 
signals propagating along the magnetic field in plasmas at 0°K.* 


3 After Drummond, “A microwave thermometer for millions of 
degrees,” Proceedings of the Conference on Extremely High Tem- 
peratures, March, 1958, edited by H. Fisher and L. Mansur (by 
permission of John Wiley and Sons, Inc., New York). 
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Fic. 2. Index of refraction for circularly polarized microwave 
signals propagating along the magnetic field in plasmas at 
5.8X 10*°K.3 
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Fic. 3. Index of refraction for circularly polarized microwave 
signals propagating along the magnetic field in plasmas at 
5.8X 10°°K.5 
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Fic. 4. Index of refraction for circularly polarized microwave signals propagating along the magnetic field in plasmas at 5.8 X 10°°K.* 


ki2KT/mo® S01, 
0.1>v/w>0, 
KT/m2<0.01, 
fo(v®) = no(m/2xKT)! exp(—mv?/2KT). 


Equation (2.13) permits the retention of only first-order 
terms in k,*KT/mw* except for w=—w, as will be 
discussed below. 

After the conductivity tensor is obtained for these 
conditions the indices of refraction will be plotted using 
this result with selected small values of the collision 
frequency v. 


(2.13) 
(2.14) 
(2.15) 
(2.16) 


3. SPECIALIZED CONDUCTIVITY TENSOR 


With the help of condition (2.16) the integrations in 
Eqs. (2.8)—(2.9) can be performed.‘ 


2 


no 4k 1 


. KT 
jes) =™ exp] -——( huts sint(was/2)) | (3.1) 
4a 2m 


w?2 


4G. N. Watson, Theory of Bessel Functions (Cambridge Uni- 
versity Press, Cambridge, 1944), p. 394. 


therefore, by Eq. (2.12), 

No KT 
f.(s)=— exp( -—n's). 
4r 2m 


va —nNo KT KT 
F.(s) - — exp| -——( ht? 


2r m m 


4k? 
tn sin*(aas/2)) | (3.3) 
ae 


ce 


therefore, by Eq. (2.12), 


—n KT ( vist ) 
= —exp{ —-— ’ 
2x ™m 2m : 


(3.4) 


Asymptotic expansions in inverse powers of 
mo*/k,?KT for the integrals in Eqs. (2.2)-(2.6) may 
now be obtained by means of successive integration by 
parts.® This expansion has been checked by numerical 
integration and found valid in the low-frequency limit 


5 A. Erdelyi, Asymptotic Expansions (Dover Publications, Inc., 
New York, 1956), pp. 26-29, 35. 
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Fic. 5. Index of refraction for circularly polarized microwave signals propagating along the magnetic field in plasmas at 5.8X 107°K, 


and up to a little less than w=|w,| for right-hand 
polarization. Near this resonance, severe divergences 
occurred and the numerical integration alone sufficed. 
Beyond this point, a power series expansion was 
checked by the numerical integration and found valid. 
These two expansions and useful forms of the integrals 
are given by Born.* When the asymptotic expansion 
is valid, it leads to a particularly simple form of the 
conductivity tensor. 
2ww KT 

D(w,) =1— . 

me(w+iv)[ (wtiv)?—w } 


(iw— v)w,” 
C22 
4 D(w.)[(wtir)?—w2] 
kit®KTT 3w2+ (wtiv)? 
| 
m ([(wtiv)?—w? P 


+ : (3.6) 
(w+iv)? | 


6M. Born, Optik (Verlag Julius Springer, Berlin, 1933), pp. 
482-486. 
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kiPKT[Lw2+3(w+iv)? ] 
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x| 1+ , (3.7) 
(3.8) 
(3.9) 

(tw— v)w,? 

| 1 (3.10) 


C5, 
4x (w+iv)?D(0) 


KT 3k; 
425) 
m l(w+iv)? 
Using Eqs. (3.5)—(3.10) in the conductivity tensor 
(2.1), one notes that all the elements o;; except o., 


contain a common denominator, D(w,). Thus, for 
polarizations of E normal to Ho, the denominator D(w,) 
may be considered as affecting the average electron 
density, mo. Likewise the correction terms in C),(w) and 
C,(w) involving &,? and k,,? can be incorporated as 
changes in the effective values of w,? and w,. This can 
be done most simply for the special propagation 
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conditions considered in the manner shown in the next 
section. For propagation either directly along, or 
directly across the magnetic field o,,=022 and ¢ys= Oey 
are zero and the basic equations’ for the propagation 
constants are unchanged in form. 


4. INDICES OF REFRACTION 


Two different indices of refraction occur correspond- 
ing to left- or right-hand circular polarization. The 
square of the propagation constant is given in Mower’s 
review article.? In Gaussian units and for right-hand 
polarization it is 

w 4rriw 
ky=—+ 


Ce ce 


(Grrt+io zy). (4.1) 


The result for left-hand polarization can, of course, be 
obtained from this by replacing w, by —a,. 

Substituting o,, and o,, from Eqs. (3.6)—(3.7) into 
Eq. (4.1) and neglecting &, and v, one obtains for the 
index of refraction, , the following formula: 
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r= 


» (4.2) 





(“) 1+w.'—w?— 20wy”/(1—w-’) 
deg tala !/(1u’)? 
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where the following dimensionless variables have been 


used : 
eHy | eHo| 
wo, =—= — |} 


mew 


> (4.3) 
| mous 


(4.4) 


Wy =— 


e€ —) 


m 


1/KT\} 
r=-(—) 
c\ m 


Equation (4.2) is an explicit expression for the index of 
refraction in terms of the three independent variables, 
w.', wy, and v’. It is easily tabulated by a digital 
computer. As mentioned earlier it is valid for we2 1.5w. 
This was used to obtain the right-hand parts of the 
graphical representations given in Figs. 1-5.’ In the 
region of the resonance, the integral for the conductivity 
components was evaluated numerically and used in an 
iteration procedure which converged fairly rapidly for 
both the real and imaginary parts of n=k,c/w in Eq. 
(4.1). To the left of the resonance a power series 
expansion was used to evaluate the integral in the 
iteration procedure. 

It will be noticed that the onset of attenuation is 
considerably altered by temperature. An important 
thing to note is that over several orders of magnitude 
the ratio of the microwave to oscillation frequencies at 
which the attenuation begins depends almost entirely 


(4.5) 


7 Reference 2, Eqs. (2.16) and (2.24). 
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upon £,, the ratio of electron kinetic energy density to 
magnetic energy density. This dependence is shown in 
Fig. 6 where 


s.= 8rnoKT/H,?. (4.6) 


5. CONCLUSIONS 


Indices of refraction for circularly polarized micro- 
waves propagating along the magnetic field in a plasma 
have been calculated. Because of the resonance in 
refractive index that occurs when the frequency of a 
right-hand polarized wave is approximately equal to 
the electron gyro-frequency, the wavelength becomes 
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Fic. 6. Frequency at which attenuation begins for right-hand 
circularly polarized waves propagating along the magnetic field 
in a plasma. 


very small in this case. Thus the thermal drift of 
electrons along the magnetic lines of force introduces 
significant transit-time phase changes in the response 
of the medium to the wave. This alters the real part of 
the refractive index. The statistical spread in the 
thermal drift times causes mixing of the phases and 
hence entropy production which removes energy from 
the organized oscillations and heats the electrons. This 
power transfer is indicated by the existance of the 
imaginary as well as the real parts to the index of 
refraction in the neighborhood of |w,/w|~1. Of course 
thermodynamics indicates the limit of the inverse 
process for the material radiating energy into this band. 
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Using recently obtained data on various thermal properties of liquid He’, the constant-volume heat 
capacity of the saturated liquid has been evaluated. This elementary heat capacity C,(T) was found to 
exhibit at least three inflection points over the temperature interval extending to the critical temperature. 
Of these, the one at the lowest temperature was shown to originate with the partial heat capacity of spin 
disorder. The inflection point at the approach of the critical temperature 7, is imposed by the thermodynamic 
result that C,(7') should reach its finite limit C,(T.) from below with positively infinite first and second 
temperature derivatives. The laws governing the pressure dependence of the partia! spin heat capacity 
over the liquid region of the He’ phase diagram have been deduced. The remarkable pressure effects displayed 
by the spin system of liquid He? through its heat capacity may be expected to manifest themselves through 
the observable pressure dependence of the total liquid heat capacity at low enough temperatures where the 
spin heat capacity is dominant. A purely heuristic and indirect approach toward the problem of the existence 
of phonon type of partial excitations in liquid He* yields a negative answer, without, however, a definite 


exclusion of such symmetrical excitations in this antisymmetric liquid. 





1. INTRODUCTION 


HE fundamental problem raised by the application 

of the two kinds of statistics to the description 
of the thermal properties or the two liquid helium 
isotopes is, in principle, susceptible of solution. This 
requires first the determination of the characteristic 
energy spectrum of the N-atom system formed by 
these liquids, V being a number of the order of magni- 
tude of Avogadro’s number. With the available spectra, 
the canonical ensemble formalism, duly adapted to 
these quantum systems, should lead to a complete 
description of the equilibrium statistical thermo- 
dynamics of these systems. The difficulties of physical 
and analytical nature arising in the systematic attack 
on the problem of liquid helium appear to justify an 
indirect approach, grounded on the empirical knowledge 
of the various thermal properties of the liquid helium 
isotopes. Studies of these thermal properties within 
the framework of the formalism of statistical thermo- 
dynamics should lead to a description of these quantities 
which could be precise enough to reappear essentially 
unmodified in their formulation resulting from the more 
fundamental approach. 

In the present paper we should like to give an account 
of an analysis of the thermal excitations in liquid He’. 
The nature of these excitations has been studied on 
the basis of the simplest macroscopic conditions 
imposed on the liquid, that is under constant volume. 
Hence, the physically simplest heat capacity of the 
liquid, that is its constant-volume heat capacity, had 
to be obtained first, since this quantity is the tempera- 
ture rate of variation of the sum total of all its interna] 
thermal energy of excitation at a given temperature of 
the liquid. This constant-volume heat capacity may 
then be submitted to an analysis in terms of the 
excitations referring to various types of degrees of 
freedom of the liquid. In liquid He’ the partial orienta- 


tional spin excitations introduced previously' will 
appear to emerge clearly as the dominant thermal 
excitations at low temperatures. Other partial excita- 
tions failed to be describable, without considerable 
reserve, in terms of phonons. Several arguments of 
elementary physical character will be shown to deny 
the very existence of such partial symmetric excitations 
in liquid He*. These same arguments used in connection 
with liquid He‘I cast doubt also on the unreserved 
validity of the assumption which allows phonon-type 
excitations to be effectively present in the high-temper- 
ature phase of liquid Het. 

In the course of the present work, a major effort was 
also made toward a complete clarification of the 
properties of the spin system in compressed liquid He’, 
that is throughout the whole liquid region of its phase 
diagram. These investigations have disclosed a series 
of remarkable properties of the spin heat capacity of the 
liquid under external pressure. The experimental 
determination of the pressure dependence of total 
liquid heat capacity at low temperatures should lead 
to a clear recognition of the influence of the spin system 
on this and other thermal properties of liquid He? in 
this low-temperature range, where it becomes dominant. 


2. VARIOUS TYPES OF HEAT CAPACITIES 
OF LIQUID He’ 


The experimentally measured heat capacity of 
liquids refers, in general, to that of the saturated 
liquid. The same remark applies to other thermal 
properties such as the density, for instance, and the 
associated volume expansion coefficient. The saturated- 
liquid heat capacity is a fairly complex property, since 
a displacement along the saturation line in any one of 
the representative planes of the thermodynamic 
variables involves simultaneous changes in all the 
variables of state. The saturated-liquid heat capacity 
C,(T) is thus a function of three variables such as 


1 L. Goldstein, Phys. Rev. 96, 1455 (1954); 102, 1205 (1956). 
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(p,V,T). The more elementary heat capacities such as 
the constant-pressure heat capacity C,, or, above all, 
the constant-volume heat capacity C,, are not expressed 
usually in terms of the more easily accessible C,(p,V,T). 
It seemed thus of interest, even necessary, to derive the 
expressions for C, and C,, and their ratio C,/C, or y, 
in terms of C,, and other properties of the saturated 
liquid, such as the density p, the associated expansion 
coefficient a,, the velocity « of low-frequency sound 
waves in the saturated liquid, and the vapor pressure 
~(T), all of which quantities are directly accessible to 
measurements. 
One may start with the thermodynamic relations 


Cp=C,+T (00/0T) ,(dp/dT), (1) 
Cy =C,—T (0p/0T),(dv/dT), (2) 


where the c’s are specific heats; v is the specific volume 
of the saturated liquid or p-'. The partial derivatives 
are to be obtained with the help of the equation of 
state; the total derivatives are the slopes of the phase 
separation lines in the (p,7) and (2,7) thermodynamic 
planes, respectively. The derivative dp/dT is thus the 
slope of the vapor pressure line, while dv/dT is a,v. 
Equations (1) and (2), and the additional thermo- 
dynamic relation 


Cp—Cy= T(0p/0T),(00/9T) », (3) 
together with the equation of state, yield 


ap=v1(00/0T), 
=a,t+xr(dp/dT) (4) 
=a,+ (y/pu*)(dp/dT), 


the normal expansion coefficient, under constant 
pressure, of the saturated liquid. The last of Eqs. (4) 
makes use of the expression of the velocity of small- 
amplitude sound waves in terms of the density and 
adiabatic compressibility x, or xr/y, xr being the 
isothermal compressibility of the liquid. Combining 
the above equations, one obtains, after some algebra, 


Y¥=Cp/C 
=[1+A(1+B")]/[1—A(1+B)], (5) 
A= (Ta,/pc,)(dp/aT), 
B= (dp/dT)/(pw’a,). (6) 
Using again (1) and (2) with (4) and (5), one obtains 
¢p=c,/[1—A(1+B)], (7) 
@=6,/[1+A(1+B>)]. (8) 


The more elementary specific heats c, and ¢,, and their 
ratio y, have now been expressed in terms of the 
properties, p, a, ¢, u, and dp/dT, all relative to the 
saturated liquid whose knowledge is necessary for its 
complete thermodynamic description. The specific 
heats c, and ¢, refer to the saturated liquid along isobars 
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and isopycnals starting at the liquid saturation line 
and in its geometrical vicinity. 

In He’, densities of the saturated liquid and vapor,? 
vapor pressure,’ heat capacity C,, and sound velocity® 
have all been measured over fairly wide temperature 
intervals. The thermodynamic relations (5), (7), and 
(8) yield with these data the heat-capacity ratio y, 
and the elementary heat capacities C, and C, from 
about 0.5°K to temperatures close to the critical 
temperature, with a temperature gap to be discussed 
below. 

The procedure followed in the evaluation of these 
quantities was to fit, by the method of least squares, 
the density p(T), heat capacity C,(T), and sound 
velocity u(T), by analytic expressions in the tempera- 
ture T. These analytical fits reproduced with good 
approximations the observed data and, with the 
exception of the critical region, they have been used 
to extrapolate these properties somewhat outside the 
temperature range of the data. Actually, this type of 
extrapolation involved mainly the heat capacity C,, 
which has only been measured with sufficient precision 
between about 0.4 and 2.0°K by the Los Alamos and 
Argonne workers.‘ Very recently these heat-capacity 
data have been extended* down to about 0.10°K. 
However, these results are somewhat of preliminary 
character and their full discussion could not be justified 
at the present time. 

The observed liquid and vapor densities as analyzed 
by Kerr* clearly suggest that the rectilinear diameter 
law is fairly well obeyed by He*. A new discussion of 
these data shows that the average densities of the 
liquid and vapor, 3[p1(7)+pvap(T)_], were distributed 
around the mean of these with small standard devia- 
tion.’ This mean value is the calculated critical density, 
which was found to be 0.04124 g/cc. The various types 
of least-square fits* of the density curves p,(T) and 
Pvap(T), of the liquid and vapor, as a double-valued 
function of the temperature, along the lines suggested 


2 E. C. Kerr, Phys. Rev. 96, 551 (1954); Grilly, Hammel, and 
Sydoriak, Phys. Rev. 75, 1103 (1949); W. E. Keller, Phys. Rev. 
98, 1571 (1954). 

3 Sydoriak, Grilly, and Hammel, Phys. Rev. 75, 303 ee 


Abraham, Osborne, and Weinstock, Phys. Rev. 80, 366 (1950); 
S. G. Sydoriak and T. R. Roberts, Phys. Rev. 106, 175 (1957). 

*G. de Vries and J. G. Daunt, Phys. Rev. 92, 1572 (1953); 
93, 631 (1954); T. R. Roberts and S. G. Sydoriak, Phys. Rev. 93, 
1418 (1954); 98, 1672 (1955); Osborne, Abraham, and Weinstock, 
Phys. Rev. 98, 551 (1955). 

5 Laquer, Sydoriak, and Roberts, Symposium on Liquid and 
Solid He* (Ohio State University Press, Columbus, Ohio, 1958), 
p. 15, and to be published. In a more restricted temperature 
range, similar measurements have also been reported by H. 
Flicker and K. R, Atkins, Symposium on Liquid and Solid He’, 
(Ohio State University Press, Columbus, Ohio, 1958), p. 11. 

* Brewer, Sreedhar, Kramers, and Daunt, Bull. Am. Phys. 
Soc. Ser. II, 3, 133 (1958). We wish to thank here Dr. J. G. Daunt 
for communication of these results before publication. 

7Dr. R. K. Zeigler of this Laboratory was kind enough to 
look into the statistical analysis of the density data. 

8 These types of least-square fits with double-valued functions 
have been studied by Mr. Paul E. Harper of this Laboratory. 
His cooperation was most appreciated. 
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by Kerr,? have all led to location of the critical tempera- 
ture in the close vicinity of 3.4°K, with critical densities 
very near the above-mentioned value. The latter is 
practically the same as the one obtained by Kerr.’ 
These studies all suggest that the saturated liquid and 
vapor density data were complete enough to enable one 
to obtain their satisfactory analytical approximate 
description, which in turn, yielded fairly good approxi 
mations of the liquid, or vapor, expansion coefficient 
a,. The latter is anomalous at the approach of the 
critical point, where it becomes infinite. 

The Los Alamos sound velocity data® extend over a 
wide temperature interval. However, the use of their 
analytical fit u(7) to the close vicinity of the critical 
point, and to the critical point itself, is necessarily of 
unknown and somewhat questionable accuracy. 

With the various limitations which are involved in 
the use of the data entering into the rigorous thermo- 
dynamic expressions (5), (7), and (8), whereby the 
temperature derivative (dp/dT) of the vapor-pressure 
curve is known with fair accuracy,’ we are now prepared 
to discuss the calculated elementary heat capacities 
C,(T) and C,(T) and their ratio y(T). 

The calculated molar heat capacities,’ C,/R, C,/R, 
their ratio y, as well as the graph of the analytical fit 
to the experimental molar saturated-liquid heat 
capacity C,/R, are given in Fig. 1. Because of the 
extrapolated character of the C,/R function beyond 
2.0°K, this graph should be considered as divided 
essentially in two parts. The one extending up to 2.0°K 
represents a fairly well-established group of results. 
The region above 2.0°K is based on an analytical type 
of assumption on the functional behavior of C,/R, and 
will have to be revised more or less depending on the 
degree of approximation achieved by the assumed shape 
of the extrapolated C,/R function when compared with 
future data on this quantity. 


Fic. 1. Various molar 
heat capacities and the 
C,/C, ratio of liquid He* 
vs the temperature. The 
portions of the curves 
above 2.0°K are based 
on extrapolations (see 
the text). 














20 
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® Special thanks are due to Mrs. J. E. Powers for the major 
part of the numerical calculations. Mrs. B. Fagan and Miss D. 
Cooper have kindly cooperated through various numerical work, 
and Mrs. A. S. Luders and Mrs. B. M. Hindman through the 
drawing of the graphs. 
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It is evident on the graph of y that this ratio rises 
above unity, a little above 1.0°K. Actually, of course, 
y is always larger than unity at finite temperatures, but 
its excess over unity is not accessible experimentally 
below some temperature. In liquid He’*, this temperature 
appears to be about 1.0°K. The constant volume heat 
capacity C,(T) thus distinctly detaches itself from C,(T) 
or C,(T) at about 1.1-1.2°K, falling necessarily below 
the values of the latter. While below 1.0°K these heat 
capacities, being coincident practically, are all concave 
upward, that is 


#C,/dT*>0, (j=5,2,p), TS1.0°K, (9) 


two of them are such that 


&C,/dT?>0, @C,/dT?>0, 0.5°KK TET, (10) 
that is, these are concave upward over the indicated 
temperature interval, increasing monotonically toward 
infinity at T., together with the ratio y. 

Since this ratio y is always larger than unity, we 
obtain with (5) or (6) a lower limit of the saturated- 
liquid specific heat c,, by requiring the denominator of 
(5) to be positive. This lower bound of ¢,, or ¢,,y, is 
such that 


€s,.= (Ta,/p)(dp/dT)+[T/ (pu)? ](dp/dT)*. (11) 


This lower bound of c, may thus be said to be composed 
of two partial heat capacities, the first of which, 


6s,» = (Ta,/p)(dp/dT), (12) 


is connected with the expansion of the saturated liquid 
through its linear dependence on the expansion coeffi- 
cient a,, while the second term is independent of this 
expansion and is actually the constant-volume part 
of ¢s,,, OF 


Cov, x»= LT / (pu)? }(dp/dT)*. (13) 


As the temperature of the liquid increases toward the 
critical temperature T., the latter partial heat capacity 
tends toward a finite limit, so that 


lim ¢,,.2 (T/p)(dp/dT)a,, 


T>Te 


(14) 


and in the close vicinity of T., c, itself tends to become 
identical with c,,,, becoming infinite at 7, with a,. 
The lower bound ¢,,,, by Eq. (8), depends on the 
sound velocity «4, which quantity has to be extrapolated 
beyond about 3.20°K, if this lower bound is to be 
evaluated numerically. The study of ¢,, appeared to 
be instructive enough in the critical region, even 
though it could only be obtained with some approxima- 
tion through the extrapolated sound-velocity values. 
Using one of the least-square fits of u(T) and p(T), 
whereby the latter density expression locates the critical 
point at somewhat below 3.40°K and the critical 
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TaBLeE I. Calculated sound velocities, expansion coefficients, 
and lower bounds of the component and total heat capacity in 
liquid He? in the critical region. 








CAM/R  Ca/R 


1.863 
2.478 
3.537 
4.231 
5.259 
7.018 
11.23 
19.37 


u a 
(m/sec) (°K)™ 


99.0 

94.73 
90.25 
88.36 
86.43 
84.48 
82.48 
81.47 
80.96 
80.76 
80.73 


Cw/R 


0.397 
0.508 
0.667 
0.754 
0.861 
0.998 
1.194 
1.344 
1.466 33.88 
1.563 99.88 
1.615 oo 


T 
(°K) 
3.20 
3.25 
3.30 
3.32 
3.34 
3.36 
3.38 
3.39 
3.395 
3.397 
3.3973 


T/Te 


0.9419 
0.9566 
0.9714 
0.9772 
0.9831 
0.9890 
0.9949 
0.9978 
0.9993 
0.9999 
1.000 














density” at 0.04127 g/cc, which is almost identical 
with the mean value of 3[2(T)+pvap(T)] discussed 
above, we give in Table I the calculated values of u, 
Qe, Cov,r/R, C,,x/R, and the sum of these two partial 
lower bounds, C,,,/R, or the lower bound of C,/R, in 
the vicinity of the critical point, that is between 
0.94T, and T,. It will be seen that, compared with 
normal values of expansion coefficients, a, is already 
enormous at 0.947... 

Using the lower bound c¢,,, Eq. (11), with Eq. (2), 
we obtain a lower bound of the constant-volume 
specific heat ¢,,,, given by 


Co,n=LT/ (pu)? ](dp/dT)? 
— (Ta,/p)[ (0p/8T),— (dp/dT) }. 


In the vicinity of the critical point, 


dp/dT S (0p/dT)», 


lim G,.=[T/(ou)?](dp/dT)?. 


TTe 


(15) 


(16) 
(17) 


and 


At the critical point itself, the difference [(0p/87), 
— (dp/dT) ] vanishes rigorously, so that 


G(T.) = {T-/Locu(T.) P}L(dp/dT)r =7- F, 


is the rigorous expression of the constant-volume 
specific heat at the critical point of any monatomic 
fluid. This formula was derived some time ago" along 
somewhat different lines. 

As far as the heat capacity C, is concerned, the 
development of its anomaly appears to be restricted to 
a temperature region of a few percent of T.. Between 
about 0.947, and T., the partial lower bound C,,,,/R 
increases by about a factor of four. The other lower 
bound C,,,/R, being linear in the expansion coefficient 
a,, exhibits fully the expected anomaly at the approach 
of 7.. It should, of course, be remembered that the 
various thermal properties included in Table I are 
numerically only approximate; their temperature 
variation should, however, be qualitatively correct. 

10 The critical data are quite close to those estimated ios 


by V. Peshkov, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 833 (1957 
4 Curtis, Boyd, and Palmer, J. Chem. Phys. 19, 801 (1951). 


(18) 
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3. SOME QUALITATIVE FEATURES OF THE 
CONSTANT-VOLUME HEAT CAPACITY 


We should like to discuss now some general character- 
istics of C,. As noted above, Fig. 1 shows that in the 
interval 0.5°K <7 <1.1°K, where the various heat 
capacities all coincide practically, the heat capacities 
are concave upward in the (C,7) representative plane. 
However, C, has definitely an inflection point between 
about 1.5-1.6°K, with C, becoming concave downward 
beyond this temperature. 

Before discussing the temperature region 7> 2.0°K, 
where the calculated c, values are based on extrapolated 
c, values, as mentioned above, we should like to study 
the behavior of c, at the approach of the critical 
temperature. We have seen above that the lower 
bound ¢,,, Eq. (15), is the closer to the actual specific 
heat c,, the nearer T is to 7,. One finds with Eqs. (15) 
and (17), with T near T., 


dy,» du| 


dT 


Cv,d d |n(dp/dT) 


dT 


Ta|[/op\ dp d Ina, 
AG ae | 
p aT/, dT dT 


mat. aie 


On going over to the limit T — 7,, one obtains 


de, dc,(T) 
lim (—)- lim ( ) 
T=Te \ dT T=T¢ dT 


=¢,(7.) | 2 lim a,(T) 
T=T- 


T 
= {27a.+1+2—|—| +27 
T u\dT| 


+T.7+2[u(T.) }? 


Pex. 


d \n(dp/dT 
+f r =| , (20) 
dT T =T; 


because the second term with the curly brackets or 
the right-hand side of (19) vanishes rigorously, since 
the function [(0p/0T),—(dp/dT)] vanishes together 
with all its temperature derivatives at T7,. Hence, 
(cpT) approaches its finite limit ¢,(7.) with a positive 
infinite temperature derivative, through the latter’s 
linear dependence on a,(7). One can now study d°c,/dT? 
near and at 7, through d*c,,,/d7?. One thus finds 


dt, ac, 
lim (—)- lim (—)-+<, 
T+Te \ dT T+Te \dT? 


or the constant-volume specific heat of monatomic 
liquids reaches its finite limit ¢,(7.), Eq. (18), at the 


(21) 
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critical temperature with positive infinite first and 
second temperature derivatives, a rigorous thermo- 
dynamic result valid in all monatomic liquids. Its 
extension to molecular liquids will be considered 
briefly below. 

Experimentally, as pointed out above, the second 
derivative d’C,/dT*? vanishes at about 1.6°K. In 
approaching the critical point, we have just proved 
that this second derivative must become positive again. 
Hence, it must have at least one other zero between 
about 2.0°K and 7., or C, must have at least one 
additional inflection point in this higher temperature 
range. If the C, curve calculated with the analytically 
extrapolated C, values, exhibited in Fig. 1, could be 
taken at face value above 2.0°K, then the inflection 
point of C, would appear between its apparent sharp 
maximum at about 2.4°K and a sharp minimum beyond 
3.0°K. The latter would have to follow the maximum, 
assumed real for the moment, because the finite limit 
of c, at T, can only be reached from below, according 
to Eq. (21). We wish to emphasize again that, at the 
present time, the C, curve of Fig. 1 has to be regarded 
with all due reserve beyond 2.0°K, on account of the 
extrapolated C, values used in its calculation. However, 
the inflection point around 1.6°K is essentially an 
empirical result, and, furthermore, with the apparent 
maximum in C, occurring by about 0.4-0.5°K beyond 
the experimentally established C, values, this maximum 
could well be associated with the actual behavior of 
C,. At any rate, it is seen that measurements of C, are 
needed beyond 2.0°K in order to decide empirically 
whether the anomaly in C, displayed by the apparent 
maximum at about 2.4-2.5°K is real or spurious, 
caused, in the latter case, by the failure of the analytical 
fit of C,(T) to represent an acceptable approximation of 
this heat capacity at T>2.0°K. 

It seems of interest to return again briefly to the 
consideration of the C,,,,/R values included in Table I. 
Since this partial constant-volume heat capacity is 
also an approximate lower bound of the actual constant- 
volume heat capacity, by Eq. (15), it is seen that these 
lower bounds are fully compatible, as they should be, 
with the directly computed extrapolated C,/R values, 
given in Fig. 1. In particular, the apparent sharp 
maximum of the latter heat capacity does not conflict 
with the approximate lower bound values of Cye,./R, 
which are better approximations to C,/R, the closer 
the temperature is to 7T,. It is worth noting that the 
extrapolated C,/R becomes equal to C,.,,/R somewhat 
below 3.25°K, so that if the maximum of the former 
were real, its minimum would develop at about 3.0 
~3.25°K, beyond which it would increase smoothly 
toward its finite limit C,(T7.). 

The present, essentially thermodynamic, discussion 
demonstrates that the elementary constant-volume 
heat capacity of liquid He* is not a monotonically 
increasing function of the temperature, and this may 
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TABLE II. Qualitative behavior of the second temperature 
derivative dC,/dT? of the constant-volume heat capacity of 
liquid He’. 








Approximate 
temperature 
or interval 
(°K) 


(0-0.4) ( 


Sign or value 
of d°C,/dT? 





) 


(0.5)-(1.5-1.6) (+) 
16<T (— 
0.95 T-—T. 
T. 


) 
(+) 
(+) 








be one of the results of the present work. We have, so 
far, refrained from considering the low-temperature 
behavior of this heat capacity, which, of course, becomes 
identical with C, and C, at these low temperatures and 
to which we shall return in a moment. Clearly, the 
possible minimum of C, at about 3.0-3.25°K is already 
a manifestation of the approaching critical region, 
which imposes the temperature behavior of C, through 
Eq. (21). This latter result, of great generality, will 
now be extended to molecular liquids. In the latter, 
the limiting value C,(T.), Eq. (18), is only a fraction of 
the total constant-volume heat capacity at T.; another 
fraction of this property arises from the temperature 
rate of excitation of the internal energy levels of the 
molecules. Since the latter is hardly affected by the 
peculiar behavior of the liquid around the critical 
temperature, it will be realized that the development 
of the infinite slope of C,(T) as T, is being approached 
is of purely intermolecular origin. This anomalous 
behavior is thus independent of the internal constitu- 
tion of the molecules of the liquid, and the rigorous 
macroscopic thermodynamic results on the constant- 
volume heat capacity, Eq. (18), as a fraction of the 
total constant-volume heat capacity, and its anomalous 
temperature derivatives, Eq. (21), remain valid in all 
liquids at the critical temperature. 

In attempting to complete the graph of the C,(T) 
function toward the absolute zero, one is led to a heat 
capacity which becomes concave downward in the 
(C,,T) plane, as indicated by Roberts and Sydoriak‘ 
on the C,(7) function. With this extended graph one 
obtains the qualitative temperature dependence of 
C,(T), dC,/dT, and @C,/dT?, over almost the whole 
temperature interval from the absolute zero to the 
critical temperature 7,. At the present time, the 
behavior of C,(7T) is uncertain between about 2.3 to 
3.2°K, as discussed above. It seemed, nevertheless, 
instructive to give in Table II the qualitative behavior 
of @C,/dT* Of the various temperature regions limited 
by the zeros of this second temperature derivative, the 
one close to 7, is similar in all liquids, as discussed 
above. Disregarding the latter region, Table II and 
Fig. 1 disclose the multiple alternations of the sign of 
the curvature of C,(7). These alternations suggest, 
perhaps, the complexity in the thermal excitations of 
liquid He*, whereby various types of excitations could 
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possibly cooperate in the sense that they become 
individually dominant in the various temperature 
intervals. That at the lower temperatures this is 
effectively the case will be demonstrated in the next 
section, 


4. ANALYSIS OF THE CONSTANT-VOLUME HEAT 
CAPACITY OF LIQUID He* IN TERMS OF 
ELEMENTARY THERMAL EXCITATIONS 


4.1 Temperature Region Affected by the Heat 
Capacity of Spin Disorder 


One of the main purposes of the present work 
consists in an attempt at a possible decomposition of 
the constant-volume heat capacity of liquid He’ 
into its more elementary components. Such an analysis 
should enable one to recognize, possibly, whether the 
thermal excitations of the liquid could be described 
approximately in terms of known excitations and 
whether certain types of excitations could, to some 
reasonable extent, be shown to be more likely absent 
than present in this liquid. 

As mentioned in Sec. 1, the fundamental approach 
to the problem of liquid He? is to follow the systematic 
investigation of the N-atom system, interacting 
according to a poorly known interaction law, of which 
even the pairwise interaction part is known incom- 
pletely, at best, at the present time. The solution of the 
characteristic-value problem associated with such a 
collection of N interacting atoms, subject to antisym- 
metric statistics, yielding its energy spectrum, is 
needed, in principle, for the rigorous statistical- 
mechanical description of such a system. The magnitude 
of the difficulties encountered in such a direct approach 
to the theory of liquid He* appears to be considerable. 
This state of affairs tends to justify, it seems to us, 
the use of indirect methods which should, nevertheless, 
yield the description of certain properties of the system 
in a manner not too different from that resulting 
eventually from the fundamental approach. 

In this sense, the asymptotic limiting ideal Fermi-gas 
model of liquid He*, associated with the switching off 
of the interatomic couplings, while at the same time 
keeping the density at its value prior to the switching 
off process, was of some limited use. This model applied” 
thus to the liquid phase required the smooth variation 
of its various thermal properties as a function of the 
variables of state. In addition, the model was capable 
of giving, at lower temperatures, 7S 2.0°K, the order 
of magnitude of the entropy of the system. An improve- 
ment of the model through introduction into its 
formalism of the approximate pair potential energies 
of the He*® atoms was again capable of yielding, to some 
degree of approximation, the binding energy of the 
system in the ground state and the exchange energy, 
using plane de Broglie waves for the individual wave 
functions of the atoms.'* This has led, to within the 


2 L, Goldstein (unpublished calculations). 
13 L, Goldstein and M. Goldstein, J. Chem. Phys. 18, 538 (1950). 
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approximations of the calculations, to the exclusion of 
the ferromagnetic behavior at the absolute zero, and 
to the definition of a characteristic energy |¢€0| or 
temperature |¢o|/k, & being Boltzmann’s constant, 
of the order of magnitude of 1.0°K, which could be 
expected to play a role in the nuclear paramagnetic 
behavior of the liquid! The ferromagnetic ground 
state being excluded, the system was capable of 
reaching its ground state with vanishing total spin 
moment. Clearly, for this state to be reached the system 
has to develop a kind of an internal field, the energy 
of which, per atom, appeared to be well approximated 
by the absolute value |¢o| of the exchange energy in 
this spin configuration.' Empirically,'* 7, the character- 
istic temperature | €o|/, appears to be close to 0.5°K. 
Hence, at T>T>o, the nuclear paramagnetic suscepti- 
bility of liquid He*, x(7), a smooth, continuous, and 
monotonic function of 7, would be expected to be less 
than but also close to that of an ideal paramagnet, 
whose susceptibility xo(7) is that given by the law of 
Langevin.!® At T<7 o, the susceptibility x(7) should 
fall below its ideal limiting Langevin value, at the same 
temperature and density, and should approach smoothly 
and asymptotically a finite limit, its maximum value, 
accessible only at the absolute zero. We have shown! 
that, under conditions which could be well specified, 
the molar entropy of orientational spin disorder was 
given, for liquid He* whose atoms have spin #/2, by 


S.(T)/R= (In2)[x(T)/xo(T)], (22) 


and, under the conditions stated, valid apparently in 
the case of saturated liquid He’, since 


x(T)/xo(T) <A, (23) 


the full spin entropy of R In2 can only be reached by 
the system asymptotically from below, when its 
susceptibility x(7) approaches the Langevin-Brillouin 
limit!® xo(7). Stated in other words, when a system of 
atoms or molecules of spin sh, and given magnetic 
moment, exhibits the limiting Langevin-Brillouin 
susceptibility law, then its entropy of orientational spin 
disorder is complete, that is it is equal to R In(2s+1), 
per mole of the system. Or, vice versa, if a paramagnetic 
system has achieved the orientational spin entropy of 
R In(2s+1), then, ipso facto, its paramagnetic suscepti- 
bility must be given by the limiting Langevin-Brillouin 
law. Or, as pointed out and discussed in detail pre- 
viously,!!? the ratio of the actual susceptibility x(T) 
of the system of No atoms, to the limiting susceptibility 
xo(T) of the same system, at the same temperature 
and density, is 


x(T)/x0(T)=N(T)/No, (24) 


4 Fairbank, Ard, and Walters, Phys. Rev. 95, 566 (1954). 

16 P. Langevin, Ann. chim. et phys. 5, 70 (1905). 

16 L. Brillouin, J. phys. radium 8, 74 (1927). 

17L. Goldstein, Symposium on Liquid and Solid He® (Ohio 
State University Press, Columbus, Ohio, 1958), p. 57. 
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the fraction of those atoms N(T)/No of the system 
which are available for magnetization by a small, 
external, uniform magnetic field, in presence of which 
the V(T) atoms distribute themselves over the available 
magnetic spin sublevels of the atoms according to the 
Boltzmann distribution. If there are (2s+1) such 
levels, that is if the degree of spin degeneracy is (2s+1), 
then by Boltzmann’s entropy theorem the partial 
orientational spin entropy per “available” atom is 
In(2s+1), or (No being Avogadro’s number) per mole, 
[x(T)/xo(T) ]R In(2s+1). For s equal to 3, this 
reduces to (22). The component entropy S,(7) defines 
the whole thermodynamics of the spin system arising 
from the orientational or directional behavior of the 
atomic or molecular spins of the collection of atoms 
or molecules exhibiting the above-stated magnetic 
susceptibility behavior. 

By the smooth, continuous, and monotonic character 
of the susceptibility function x(7T) of liquid He’ 
throughout the whole temperature interval 0.1 < T < T., 
as established experimentally,!** the development of 
the partial spin entropy (22) from its vanishing value, 
by the Nernst law, to its maximum limit of R In2 per 
mole of liquid He*, is accompanied, according to 
thermodynamics, by the development of a partial heat 
capacity of spin disorder, through 


C,(T)/R=T{d(S,/R)/dT] 
= (In2)T (d/dT)[x(T)/x0(T)). 


The entropy of spin disorder expressed by Eq. (22) 
can be proved rigorously within the formalism of the 
ideal Fermi gas of atoms of spin #/2. We have given!” 
a series of arguments of precise physical significance 
which showed that, under the conditions specified, the 
spin entropy expression (22) could be considered to be 
valid in a system like liquid He*. Using for x(T) the 
experimentally determined susceptibility values,’ it 
was shown! that the partial entropy of spin disorder S, 
tended to become the dominant part of the total entropy 
of liquid He* below about 0.8-1.0°K. The heat capacity 
of spin disorder C, was expected to become the dominant 
part of the total heat capacity of the liquid at still 
lower temperatures. In particular, a sharp decrease of 
this total heat capacity could not occur before the 
characteristic anomaly of the partial spin heat capacity,' 
through its peculiar maximum, was reached from the 
high-temperature side. At very low temperatures, the 
empirical values of the susceptibility, which, of course, 
are a complete representation of all possible interactions 
within the liquid yielding the observed x(T) values, 
suggested that C,(T) should vanish, asymptotically, 
linearly with the temperature. This asymptotic linear 
region of C, could only be reached at T<0.05°K. 

The thermodynamically evaluated constant-volume 
heat capacity of liquid He* was decomposed into two 

8G. K. Walters and W. M. Fairbank, Phys. Rev. 103, 262 


(1956); and Symposium on Liquid and Solid He* (Ohio State 
University Press, Columbus, Ohio, 1958), p. 1 of the Supplement. 
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Fic. 2. Analysis of the 
constant volume molar 
heat capacity of liquid 
He® in terms of the 
constant-volume spin 
and nonspin heat capac- 
ities. 











parts, the constant-volume spin heat capacity and its 
complement, the nonspin heat capacity at constant 
volume. Inasmuch as the decomposition of the total 
heat capacity of the saturated liquid 
Ce=CeetCne,s; 


is justified on the basis of the decomposition of the 
entropy of the saturated liquid, we may also write 


G - Cost hae, wv) 


(26) 


(27) 


and using Eq. (8) so as to connect the molar heat 
capacities, one obtains 


C,,»/R= (C.,./R)1+A(1+B4) }, (28) 
with A and B defined by Eq. (6). The calculated heat 
capacities C,/R, Cs,o/R, and Cyo./R are given in 
Fig. 2. Of these, C,/R and Cys,./R are only available 
above 0.5°K, as the various heat capacities of Fig. 1. 
Figure 2 shows that the partial heat-capacity curves 
Cz,» and Cy,» intersect at about 0.35-0.40°K, below 
which temperature C,,, becomes the dominant part of 
the total heat capacity. The apparently roughly linear 
character of Cys,.(T) at low temperatures resembles of 
course the similar behavior of C,,.,,. The approximate 
linearity of the latter partial nonspin heat capacity in 
the temperature interval 0.4-2.0°K has been pointed 
out by Roberts and Sydoriak.‘ To the approximation of 
our calculations, the degrees of freedom of liquid He’* 
responsible for the constant-volume nonspin heat 
capacity of the saturated liquid yield an approximately 
vanishing curvature for this Cy.,.(7) function, that is 
a constant positive temperature rate of increase 
(d/dT)(Cno,»/R) of about 0.4/°K below about 1.0°K. 
We give in Table III the calculated C,/R values of 
the saturated liquid, omitting the subscripts, whose 
accuracy is determined essentially by the empirical 
susceptibility values, together with its approximate 
first and second temperature derivatives, (¢d/dT) (C,/R) 
and (d*/dT*)(C,/R). Since, below about 1.0°K, C, and 
C,,» are identical for all practical purposes, the heat 
capacity C,,,/R and its derivatives are replaced by 
C,/R and its derivatives, Table III being limited 
between the absolute zero and 0.55°K. The graph of 
the partial molar spin heat capacity C,/R has been 
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TABLE IIT. The molar spin heat capacity C,/R and its approximate 
first and second temperature derivatives. 








(d/dT)(Cg/R) 
(°K)"! 


(a*/aT¥) (Ce/R) 
Ce/R (°K) 
0.0 2.31 
0.112 
0.195 
0.235 
0.243 
0.234 
0.219 
0.201 
0.183 
0.167 
0.152 
0.139 





0.00 

— 10.8 

—14.7 

—12.3 
—7.21 
—3.28 
— 1.08 
0.00 
0.42 
0.56 
0.62 
0.60 








given previously in terms of the dimensionless variable 
T/To, To being the empirical apparent degeneration 
temperature which seems to enter into the approximate 
analytical representation of the susceptibility data! of 
saturated liquid He’. 

Table III shows that the minimum value of (d/dT) 
X (C./R) is reached at about 0.35°K, where its value 
is close to —0.35/°K. If, at this temperature, the 
extrapolated temperature derivative of the linear C,,/R 
is still about 0.4/°K, then at about this temperature 
the total liquid He* heat capacity has an inflection point, 
since (d*/dT*)(C,/R) vanishes there. The tangent of 
the total heat-capacity curve at this temperature has 
an almost zero or very small positive slope. In other 
words, the existence and location of the first, low- 
temperature, inflection point of the total heat capacity 
of liquid He* is well accounted for, as intimated 
previously,’!” through the opposing trends of tempera- 
ture variation of the component spin and nonspin heat 
capacities. At very low temperatures, the increasing 
total heat capacity C(T) has to have negative second 
temperature derivatives, since it is concave downward 
toward the temperature axis. Beyond the inflection 
point, about 0.35-0.40°K, the total heat capacity 
becomes concave upward, that is toward increasing 
C(T) values. 

These results distinctly show the role played by the 
partial spin heat capacity in the behavior of the total 
heat capacity at the low temperatures. We have called 
attention previously! to the possibility that the peculiar 
maximum of the spin heat capacity might become 
observable indirectly through the total heat capacity 
of the liquid, which, of course, is alone observable. It is 
now clearly demonstrated that the existence of this 
maximum is responsible for the slowing down of the 
temperature rate of decrease of the total heat capacity. 
Furthermore, we are now in a position to appreciate 
fully that the downward trend of the total heat capacity 
could not start at temperatures above 0.35-0.38°K. 
Indeed, as the negative slope dC,/dT increases toward 
zero below that temperature, the decreasing trend of 
the nonspin heat capacity ceases to be cancelled or 
compensated by the increasing trend of C, with 
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decreasing temperatures. That is, the total heat 
capacity will start decreasing slowly below about 
0.35-0.38°K, down to about 0.2°K, where the maximum 
of C, is located. On the low-temperature side of this 
maximum of C,, the positive slopes dC,/dT and dC,,,/dT 
become additive. As a result, an accelerated downward 
trend of the total heat capacity can only occur below 
the temperature of the maximum of C,(T). This 
appears to be in agreement with the still preliminary 
experimental results of the Ohio State University 
group.® 

Since the real and accelerated downward trend of 
temperature variation of C(7) starts only at about 
0.19-0.20°K, one would expect the total heat capacity 
to exhibit a finite curvature through its C,(7) compo- 
nent down to rather low temperatures, that is low in 
comparison with 0.20°K. This state of affairs is rather 
well illustrated by Table ]II. It is seen there that the 
asymptotically lineat region of C,(7) has not been 
reached yet at 0.10°K. Had one assumed that C,/R is 
essentially linear in JT below 0.10°K, then the slope of 
this linear extrapolation, wrongly interpreted as the 
slope of C,(T)/R at the absolute zero, would have 
been about 1.95/°K, or lower by about 0.35/°K than 
its correct limit of about 2.30/°K, that is by some 18% 
of this apparent slope of 1.95/°K. It will be seen that 
(d/dT)(C,/R) is, at 0.025°K, approximately, about 
2.24/°K, or, still, by some 3% lower than the correct 
limit. Clearly, the preceding numerical values of C,(T), 
or those of its temperature derivatives, are completely 
tied to the empirical values of the nuclear paramagnetic 
susceptibilities of the liquid. Should these be revised 
to some extent, then the above numerical values of the 
spin heat capacity and its temperature derivatives will 
have to be modified accordingly. The theory! of the 
properties of the nuclear spin system of liquid He* has 
no adjustable constant or constants whatsoever in its 
formalism, so that the numerical values of some of these 
properties such as the spin entropy and spin heat 
capacity are defined solely by the nuclear paramagnetic 
susceptibility function x(7), or the susceptibility ratio 
x(T)/x0(T). 


4.2 Nuclear Spin System of Compressed 
Liquid He*® 

The partial spin heat capacity has to play a role in 
the determination of the total heat capaacity of 
liquid He* under pressure as well as in the solid phase, 
at low enough temperatures, provided that the applica- 
tion of external pressure does not lead to an anomaly in 
the nuclear paramagnetic susceptibility as a function 
of the temperature. Experimentally,'* the spin disorder 
increases with increasing pressure p, because the 
susceptibility function x(p,7) or the susceptibility ratio 
x(p,T)/xo(p,T) is such that 
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where the right-hand side corresponds to the ratio of 
the saturated liquid at the same temperature. The 
susceptibility xo(p,7) is the limiting Langevin-Brillouin 
ideal susceptibility associated with the density or 
atomic concentration achieved by the isothermal 
compression (p,,7)—> (p,7), p, being the saturated 
vapor pressure at 7. The theory of the partial spin 
entropy! is based strictly on the Boltzmann entropy 
theorem and should thus be fully valid in liquid He’* 
under pressure or in solid He* provided that the 
conditions specified for the behavior of the paramagnetic 
susceptibility! are fulfilled. Hence, 


So(p,T)/R= (1n2)[x(p,T)/x0(p,T) ], 


and, the empirical observations then require, according 
to (29), that 


(30) 


S.(p,T)>S.(T), (31) 


S.(T) denoting the spin entropy of the saturated 
liquid. Since, furthermore, the total entropy of the 
liquid is 


S(p,T) =So(p,T)+Sno(p,T), (32) 


and that since S,.(p,7) 20, one sees that 


So(p,7) = (R 1n2)[x(p,T)/x0(p,T) ] 
¢5(p,T), 


or the partial spin entropy can never become larger 
than the total entropy. If at some low temperature 
x(p,7) near the melting line is considerably larger than 
x(T) associated with the saturated liquid at the same 
temperature T7, still x(p,T) <xo(p,T), since this 
susceptibility cannot become larger, paramagnetism 
being permanently assumed, then the ideal limiting 
susceptibility xo(p,7) at this same temperature and 
pressure. If the latter value is reached, then S,(p,T) 
must be equal to its upper limit of R In2 per mole, as 
discussed above, and the total entropy of the liquid 
S(p,T), at the pressure p and temperature 7, must 
satisfy the inequality (33). By Eq. (29), the spin heat 
capacity is now such that its peak value is now displaced 
to temperatures lower than where it occurs in the 
saturated liquid. However, again, the peak value of 
this partial heat capacity C,(p,T) cannot exceed 
0.24R, per mole, as it appears clearly on the invariant 
representation of C,(7)/R given previously.’ It is 
assumed here that the susceptibility of the compressed 
liquid is still describable analytically, to some degree 
of approximation, as appears to be the case with x(7), 
the susceptibility of the saturated liquid. The analytical 
description depends on one empirical parameter 
To(p)<To, To referring to the saturated liquid. 

There is here an aspect of the spin heat capacity 
‘ which is worth considering. Namely, it may possibly 
occur that at low temperatures and under pressure, the 
spin and nonspin heat capacities would behave in 
sufficiently different ways so that the spin heat capacity 
anomaly through its maximum would become much 
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Fic. 3. The molar spin entropy of staturated liquid He’, 
S,(T)/R, curve 4, vs the ratio (T/T), To being the empirical 
apparent degeneration temperature, and the S,(p,7)/R curves 
of compressed liquid He’, curves 1, 2, and 3, »s the T/T o(p) ratio. 
To(p) values associated with these curves are, respectively, 
To/2, 3T 0/5, and 37/4. The abscissas correspond to the same T 
with the appropriate 7/To(p) values. 


more pronounced, with respect to the nonspin heat 
capacity, than in the saturated liquid. In the latter, it 
is seen on Fig. 2 and Fig. 1, the spin heat capacity is 
responsible for the plateau of the total heat capacity 
below about 1.0°K, and also for its sharp drop at the 
low temperature end of this plateau, at about 0.2°K. 
In the compressed liquid as well as in the solid phase, 
provided that the susceptibility functions of these 
modifications of the fluid satisfy the conditions specified 
above, at low enough temperatures, the partial spin 
heat capacity peak might become observable on the 
total heat capacity as a well-defined hump preceding 
its sharp drop on the low-temperature side of the 
anomaly. 

On the assumption that the observed nuclear para- 
magnetic susceptibility x(p,7) or the susceptibility ratio 
x(p,T)/xo0(p,T) is such that one still has approximately! 


x(P,T)/x0(p,T) = —F'[a(p,T) /Fla(p,T)], (34) 
F' (a) = dF /da, 


where F(a) is the function defined in the formalism of 
an ideal Fermi gas, one has 


So(p,T)/R= (In2)(—F’/F). (35) 


The right-hand side can be represented by an asymptotic 
type of series in terms of the ratio T/To(p) at T<To(p). 
At T2T»(p), the series representation is convergent 
throughout the interval (7o(p),). Now the ratio 
—F’(a)/F (a) is a decreasing function of the parameter 
To(p), and, hence, if To(p) is such that dTo(p)/dp<0O, 
then 

dS, (p,T)/dp=(dS./dT)(dTo/dp)>0, (36) 


as required by (29) and (31), which qualitatively express 
the observations.'* This state of affairs is illustrated in 
Fig. 3, where we give four entropy curves, S,(7/T») 
and S.(7/To(p)), with To(p) taken to be (27»), (27), 
and (7/2), associated with the compressed liquid. 
These Jo(~) values have been chosen arbitrarily, 
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inasmuch as, at the present time, the To(p) function is 
not known. In Fig. 3, an upward displacement along a 
line 7= const corresponds to an isothermal compression. 
A displacement along an S,=const line toward the 
left corresponds to a transformation at constant spin 
entropy. Since the isothermal compression yields, by 
(36), an increase in the spin entropy, a compression at 
constant spin entropy is seen to lead to cooling. 

The total entropy of the liquid is given by Eq. (32). 
In considering now the total entropy changes on 
isothermal compression, it will be seen that with 


[aS(p,T), 0p \r= [OS.(p,T)/dp |r 
+[OSno(p,T)/dp Jr, 


the entropy anomaly arising from the spin entropy, 
according to (36), could be enhanced, decreased or 
fully compensated by the abnormal, (0S,./dp)r>0, 
or normal, (0S,,/dp)r<0, behavior of the nonspin 
entropy, over part or the whole of the available pressure 
interval. At the present time, the pressure dependence 
of Sno(p,T) is unknown. At low temperatures and over 
some pressure interval the spin entropy with its 
pressure anomaly could become dominant. 

A direct thermodynamic consequence of (36) is, 
in virtue of 


(37) 


(38) 


[dS(p,T)/dp jr= — (dV /AT)>p, 


the relation 


V—(0V/0T) >= V(0V,/0T) p+ V7(0V,./0T)», (39) 


where, approximately, we have introduced the partial 
volumes V, and V,, and, through them, the partial 
expansion coefficients a, and ane, of the spin system 
and the normal degrees of freedom, respectively. 
Equation (39) may now be written as a relation between 
the expansion coefficients at constant pressure, 


ay(T)=aep(T)+ ane, p(T), (40) 


showing that the total expansion coefficient could become 
anomalous through a,,,(7). Depending, however, on 
the temperature and pressure, the negative spin 
expansion coefficient a,,,(T) could be reduced or 
eliminated through the normal behavior of ane, p(T). 
On the basis of the assumption stated above on the 
sole use of a unique parameter 7o(p), defined by the 
susceptibility measurements, in the approximate analyt- 
ical description of x(p,7) and S,(p,7), we are now 
fully prepared to map the liquid region of the phase 
diagram of He* in the (p,7) plane onto the (S,,7) 
plane. This mapping is, of course, closely related to 
the mapping of the phase diagram on to the (x(p,7),7) 
plane. It should be remembered, however, that the 
In our direct treatment of the spin system, in the second 
paper of reference 1, prior to the experimental work on the pressure 
effects on the susceptibility ratio, reference 17, a positive V, 
was used together with a positive dV,/dT, associated with the 
saturated liquid. With the recent Los Alamos data, reference 5, 


on the compressibility, a more complete quantitative study of the 
volume anomaly of the spin system became possible. 
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existence of a particular analytical approximation to 
x(p,T)/xo(p,T) is not needed at all. We have em- 
phasized this important point previously,’ in connection 
with the discussion of the saturated liquid. Indeed, once 
the susceptibility ratio has been obtained empirically, 
the definition of S,(p~,7) through Eq. (33) is complete. 
The assumption expressed by (34) is of purely auxiliary 
character, and is made for analytical convenience. 

The region of the (S,,7) plane is limited on the side 
of the low S,-values by the S,(p,(7),7) curve associated 
with the spin entropy of the saturated liquid, p,(T) 
denoting the saturated vapor pressure. For instance, 
the S,(T)/R curve of Fig. 3 is this saturated liquid 
spin entropy curve. The liquid region of the (S,,7) 
plane is thus limited by S,(7)/R and the asymptote at 
S,/R equal to In2, parallel to the 7 axis. In order to 
map now the liquid phase region of the (p,7) plane of 
He*, we have to make two possible assumptions 
concerning the shape of the melting line py(7). 

We shall consider first the case where pu(T) is 
normal or it is a monotonically increasing function of 7, 
from its lowest value py(0), at the absolute zero, 
upward, this value py(0) being necessarily reached with 
a vanishing slope. The melting line in question has 
thus a minimum at the absolute zero. In order to 
facilitate the mapping process, it is convenient to 
divide the liquid phase region of the (~,7) diagram 
into three parts, by the two isobars p= p,, that is the 
critical isobar parallel to the T axis and passing through 
the end point of the vapor pressure line at 7., and by 
the isobar p= pu (0), tangent to the melting line at the 
absolute zero. The three regions of the (~,7) diagram 
we shall map successively are, symbolically, 


O<p Specs Pe <P Lpm(0); p2pmu(O). (41) 


The isobar p=const with p<p,, in the (p,7) plane, 
intersects the vapor pressure line at a temperature 
T<T-., and, hence, this isobar extending from the 
absolute zero up to the temperature 7 is a finite 
segment. The associated susceptibility ratio x(p,7)/ 
xo(p,T) will also be a finite arc, extending from the 
origin of the ((x/xo),7) plane up to a point where this 
arc intersects the susceptibility ratio curve associated 
with the saturated liquid, which we denote by x(T)/ 
xo(7). Hence, S,(p,7)/R reduces also to a finite arc, 
starting at the origin of the (S,/R,7) plane, increasing 
first faster than the S,(7)/R of the saturated liquid, 
then slower, to curve around and intersect S,(7)/R 
with a slope necessarily smaller than the slope of the 
latter at the common temperature 7. That is, all 
isobaric spin entropy curves at p<, are such that 


Se(p,T) 2Se(T), P <des 
and, at the vapor pressure curve p= ?,(7), 
SA(p,T)=So(T); [ASe(p,7)/T]p<dS./4T; (43) 


the derivative on the right-hand side of the inequality in 
(43) is taken along the spin entropy curve of the 


(42) 
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saturated liquid. Hence, the smooth and monotonic 
S.(p,T) curve starts out at the absolute zero with 
a slope larger than S,(7), to end at S,(7) with a 
slope smaller than the latter, at their temperature of 
intersection. 

As p increases toward p,, the isobaric S,(p,T) 
curves tend to intersect the S,(7) curve at increasingly 
higher temperatures. Actually, the highest temperature 
of intersection, that is 7., is so high that, for all practical 
purposes, at pressures higher than one-half to three- 
fourths atmospheric pressure, these S,(p,7) curves are 
similar to S,(7), and they intersect only very close to 
their would-be common asymptote at R !n2. Clearly, 
S,(T) itself is of finite length since its end point is at T,. 

At pressures in the region p. <p < par (0), the S,(p,T) 
curves again start at the origin, their slopes at the 
origin increase with p, and they are, in principle, of 
infinite length, in constrast with the S,(p,7) and S,(T) 
curves, p<p., which are all of finite length. These 
high-pressure S,(p,7) curves have Rln2 as a true 
asymptote. The S,(p~,7) curves of Fig. 3 are typical 
representatives of these fully developed spin entropy 
curves. The S,(7°) curves of this graph, the lowest one, 
would in principle stop at 7., which is however so 
larger in comparison to 7) (~0.45°K) that this curve 
would be extremely close to the asymptote at tempera- 
tures well below 7, already. 

Finally, we have to consider the pressure region 
pb >pm(0). This region is, of course, limited in the 
(p,T) plane by the melting line py(T). Since, experi- 
mentally, increasing pressures yield increased suscept- 
ibility ratios in the liquid phase, it will be seen that the 
So(pu(T),T) curve will be located always higher than 
all the other isobaric spin entropy curves S,(p,7). 
Actually, S,(7) and S.(pu(T),T) both start at the 
origin, and at all 7, S.(pu(T),T) is larger than S,(T), 
both tending asymptotically toward R In2. Remember, 
however, what was said above about the finite length 
of S,(T). The area of the (.S,,7) plane included between 
these two spin entropy curves is associated with the 
liquid phase region of the (p,7) diagram mapped on to 
the spin entropy-temperature plane. Neither of these 
two limiting spin entropy curves belong to the family 
of the isobaric spin entropy curves. The latter fill up 
the region limited by the S,(T) and S,(pm(T),T) 
curves. The mapping is now complete, but we have to 
consider now in some more detail the pressure region 
p2pm(0). Any isobar of this liquid region of the 
(p,T) diagram starts at some finite temperature T of 
the melting line and extends, in principle, toward 
infinity or the high-temperature side. Clearly then the 
associated S,(p(7),7) curves start now at some finite 
temperature on the S,(f(7),7T) line, increase with 
increasing 7, but stay permanently below the preceding 
limiting spin entropy curve, and tend asymptotically, 
at high temperatures, toward R |n2, per mole. That is, 
while the S,(p,7) curves at p <p- were finite arcs 


BACETATIONS IN 


LIQUID He! 1475 
limited on the high-temperature side by the S,(T 
curve, in this high-pressure region p>pm(0), the 
S.(p,T) curves, though extending toward infinitely 
high temperatures, are limited on the low-temperature 
side by the S,(pa(T),7) curve. Since they are always 
below the latter, it is seen that 


[85.(p,7)/8T ]p<dSe(pu(T),T)/aT, 
p 2 pau (0). 


We have to turn now to the discussion of the mapping 
on the assumption” of a possibly anomalous melting 
line pu(7), which has a minimum py(Tmin) at some 
finite temperature 7ynin. Clearly the mapping just 
performed at pressures p £< pw(0) remains unchanged 
provided that the limiting isobar p= p(T min) replaces 
the isobar p=pu(0) of the normal case. The isobar 
p=pu(Tmin) in the (p,7) plane is tangent to the 
anomalous melting line at its minimum at Jin. 
Along this isobar we obtain the last normal S,(p,T) 
curve of the new set. This curve is normal because it 
starts at the absolute zero, increases monotonically, 
to tend toward the asymptote (R In2) in the limit of 
high temperatures. Actually, Tin might be already 
high enough at this p(T min) pressure. 

Let us turn now the the portion of the spin entropy 
curve associated with the anomalous arc of the melting 
line between the absolute zero and Tyin. All points of 
this branch of the melting line are at a higher pressure 
than the isobar p=p(Tmin), with the exception of 
their point of contact at Tin. In addition, this branch 
of the melting line has at least two extrema, a maximum 
at the absolute zero and the minimum at 7nin. Hence, 
this branch has at least one inflection point. The spin 
entropy curve associated with this branch of the 
melting line has to start at the origin, to increase over 
and above the S,(p(Tmin),7) curve, and then it will 
have to turn around to develop a contact point with 
the latter isobaric spin entropy at Tin. Beyond 
Tin, So(pu(T),T) increases again over and above 
So(p(Tmin),T), to tend finally, at high temperatures 
toward the asymptote of Rln2. Along the melting 
line then, one has 


dS.(pu(T),T)/dT=[dSe(pu,T)/dp \(dp/adT) >0, 
T < eee 


(44) 


(45) 


Below Tin, p decreases along the melting line, or 
dp/dT <0, and dS,/dp<0, hence the inequality (45). 
Above Timin, (45) is again valid automatically, since 
there dp/dT>0, and the positive pressure derivative of 
the spin entropy is likely to be valid along the melting 
line as it is valid below it, according to the observations. 
It is thus seen that as a consequence of the anomalous 
melting line, the associated limiting S,(pm(T),T) 
entropy curve is somewhat contorted. Now, the 

JT. Promeranchuk, J. Exptl. Theoret. Phys. (U.S.S.R.) 20, 


919 (1950); Osborne, Abraham, and Weinstock, Phys. Rev. 85, 
158 (1952). 
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isobars of the phase diagram in the pressure interval 
(pu (0),p(Tmin)) intersect the melting line at two points 
of temperature 7:<7Tmin and T:>T min, respectively. 
The isobaric spin entropy curves associated with one 
of these isobars in the above pressure interval, start 
at the origin and are included between the two entropy 
curves S,((Tmin),T) and S.(pu(T),T). These two 
curves form two loops, intersecting at the origin and 
forming a contact at Tin, and intersecting again in 
the limit of high temperatures asymptotically at 
R In2. It will be seen that, below 7 min, 


[0S.(p(T),T)/8T ]p>dSApu(T),T)/aT, 
pu (0) 2p 2 Pmin; 0 $s |; 
and, above Twin, 


[0S.(p,T)/OT ]p<dS.(pau,T)/aT, 
p > Pmin; T2 T win- 


This completes the mapping of the isobars and of the 
phase separation lines of the (p,7) diagram of liquid 
He’ on to the (S,,7) plane. It should be noted though, 
that, so far, there is no direct empirical evidence 
favoring the existence of an anomalous branch of the 
melting line of He’. 

It is worth noting finally that the region of the 
(S.,T) plane limited by the S,(ps(T),7) curve, the 
S, axis, and the horizontal asymptote (R |n2), is to be 
associated with the spin entropy of the solid phase of 
He*, under the same conditions as those satisfied by 
the nuclear paramagnetic susceptibility of the liquid 
phase. Data available so far on the solid'* seem to fall 
in this region of the (S,,7) plane. It is, however, not 
entirely clear if the set of susceptibility ratios given for 
the solid phase correspond to an isobar or not. 


(46) 


(47) 


4.3 Partial Heat Capacity of Spin Disorder of 
Compressed Liquid He’ 


The results obtained in the preceding section on the 
entropy of spin disorder of compressed liquid He* can 
now be further exploited to derive from them the 
constant-pressure heat capacities of spin disorder. 


To this effect, consider the family of spin entropy . 


curves of Fig. 3. These are obtained from the assumed 
invariant analytic approximation based on the formal- 
ism of ideal Fermi gases given previously,' by a change 
of the abscissa scale. The lowest member of the group 
of spin entropy curves is the S,(T) curve of the saturated 
liquid, the upper three curves correspond to the 
apparent degeneration temperatures To(p) of (37/4), 
(3To/5) and (T>/2), respectively. JT) is the apparent 
degeneration temperature of the saturated liquid, equal 
to about 0.45°K. The experimental results'* on the 
nuclear paramagnetic susceptibilities of compressed 
liquid He* seem to indicate that the isobaric ratios 
x(p,T)/xo(p,T) can indeed be derived from either of 
them by a change in the abscissa scale. This means 
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that the constant pressure parameter p associated with 
a given curve of the family appears to affect the shape 
of the ratio curves through a temperature parameter 
To(p), so that these susceptibility ratios appear to 
admit a universal expression in terms of the dimension- 
less variable 7/7 o(p). Since, at the present time, a 
proof of this invariant character of S,(p~,7) is not 
available, we shall have to assume, for analytical 
simplicity, that S,(p,7) is a universal function 
S(T/To(p)), with To(p) derivable approximately from 
the empirical x/xo ratios; the T»(p) curve in the (p,7) 
diagram is effectively an auxiliary critical line, starting 
at about 0.45°K on the vapor pressure line and increas- 
ing, with a negative slope, up to the melting line. 
The heat capacity of spin disorder is, rigorously, 


C.(p,T) =T(0S.(p,T)/8T) », 
so that with 


(48) 


So(p,T)=S(T/To(p)), (49) 
one must also have 


C.(p,T)=C.AT/To(p)), 
or the constant-pressure spin heat capacity is also a 
universal function of T7/To(p) if S.(p,7) is such a 
function. If the approximate analytic description of 
S.(T/To(p)) is taken to be the one resulting from the 
formalism of ideal Fermi fluids, with the empirical 
To(p) function, one has with (34), as shown previously,' 

F(a) -) 

F(a) F(a)’ 
F(a) = Fla(p,T) |= Fla(T/To(p))], 
F'(a)=dF/da, F"(a)=a@’F/do’. 


(50) 


C.(p,T)/R= (3 in) 


(51) 


Before turning now to the numerical evaluations of the 
C.(p,T)/R functions, with the help of (51), it seems of 
of interest to refer again to the S,(p,7) curves of Fig. 3. 
Consider a pair of these curves, one of the pair being 
the S,(T) curve associated with the saturated liquid, 
and which limits, as discussed above, the liquid phase 
region of the (S,,7) plane on the high-temperature side. 
Let T be some low temperature and imagine that we 
construct the tangents at the temperature 7 to S,(7) 
and to S,(p,T), located above S,(T). It is then evident 
that at these low temperatures, 


[0S.(p,T)/OT ]p>dS,(T)/dT. 


As the temperature increases, it will be seen that 
S.(p,T) tends to reach the asymptote (RK In2) faster 
than S,(T), and, beyond some temperature T,()), 
S,(p,T) becomes less steep than S,(T), or 


[8S.(p,7)/8T]p<dS.(T)/dT, T>T2(p). (53) 


Now the curves of the S,(p,7) family are all monoton- 
ically increasing functions of T, having a finite slope at 
the origin. The slopes (0S,/8T), are monotonically 


(52) 
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decreasing functions of 7, since (0*S,/0T*), is always 
negative, the S,(p~,7) curves being always concave 
downward in the (.S,,7) plane. The derivatives decrease 
thus from 


[0S.(p,T)/AT ] p, T=o to 


the latter limit being zero since the asymptote 
S.(p,T—>) or R |n2 is independent of T. It should be 
noted that while S,(7) has an end point at 7, and does 
not belong to the set of isobaric spin entropy functions 
S.(p,T), its end point is of such high temperature, as 
pointed out above, that, practically, S,(7) would have 
reached its asymptote well below 7.. Hence, by (52) 
and (53). the derivative functions (05,/d7T) intersect 
in the (0S,/07,T) plane at one and only one point. 
The intersections of the [0S,(p,7)/dT], curves with 
the (dS,/dT) curve of the saturated liquid occur at 
the temperatures 7,(p). It is easy to see that T,(p) is 
a decreasing function of the pressure p; that is, the 
higher the value of the pressure p, the lower is the 
temperature 7,(p) at which (AS,/dT), intersects and 
falls below dS,/dT. Similarly, any two of the derivative 
functions [0S,(p:,7)/8T |p; and [OS.(pe,T)/OT pe, 
intersect at a single point whose temperature is 
T,(p.,px). Again, the larger the pressure difference 
(pe— pi), the lower is the value of T,(pi,px). 

Multiplying both sides of the inequalities (52) and 
(53) by 7, we obtain 


C.(p,T)>C,(T), 
C.(p,T)<C.(T), 


[aS, (p, r) /d ri. T large, 


T<T(p), 


54 
T>T.(p). 4) 


The spin heat capacities vanish, of course, at the 
absolute zero; they also vanish at high temperatures 
where the spin entropy becomes equal to its constant 
asymptotic limit. Since they are defined as TL0S,(p,T)/ 
0T |p, or a product of T and the just-discussed mono- 
tonically decreasing functions (0S,/dT)p, they can 
have only one maximum. As shown above, the spin 
entropy curves as well as the spin heat capacity curves 
appear to have an invariant representation. With the 
030——--—— 
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Fic. 4. The molar heat capacity of spin disorder C,(T)/R, of 
saturated liquid He’, curve 4 vs (7'/To), and of C,(p,T)/R, of 
compressed liquid He® vs 7 /To(p), curves 1, 2, and 3. The 7o(p) 
values of the latter are the same as those of the corresponding 
entropy curves of Fig. 3. The abscissas correspond always to the 
same 7 values, with the appropriate (7/7) ratios. 
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analytical approximation based on the formalism of 
ideal Fermi gases for the susceptibility ratio x(p,7)/ 
xo(p,7), we have given previously! the C,(7/To) curve 
of the saturated liquid. We now give in Fig. 4, on the 
basis of the same approximation, the C,(~,T) or 
C,(T/To(p)) curves obtained by a simple change of 
of the abscissa scale. These C, curves of Fig. 4 are 
associated, respectively, with the S, curves of Fig. 3. 
They, of course, show their intersection points with each 
other. The intersections with the C,(7) curve of the 
saturated liquid occur at the temperatures T,(p;), and 
with each other, at the temperatures T,(p,,px). These 
temperatures of intersection are of course the same as 
those at which the spin entropy temperature derivative 
functions dS,/dT, (dS,/dT) i, (0S,/dT) », intersect. 

In virtue of the fact that the C,’s are invariant 
functions of 7/7 (p), their maxima occur always at! 


T max(p) _ 0.43To(p), 


(55a) 


and their values at the maximum are identical and 
equal! to about 0.24R, 


Co(T max(Ps)) = Co(T max (pi) )=Co(T max (pe)) 

=-+-=0,24R. (55b) 
At the present time the experimental data'® are not 
complete enough to derive from them the T7»(p) 
function, besides the result stated above in connection 
with Eq. (36), that dTo(p)/dp<0. 

For a clearer understanding and more thorough 
appreciation of the origin of the C,(p,7) curves of 
Fig. 4, and, with it. of the thermal properties of the 
spin system, it seems advisable to study the (C,,7,p) 
space to which the spin heat capacity sample curves 
of Fig. 4 belong. Consider a rectangular coordinate 
system of these three variables, and let the (C,,7) 
and (C,,p) planes be vertical, and the (p,7) plane 
horizontal. We assume that a positive rotation, through 
m/2, around the C, axis brings the p axis in coincidence 
with the T axis. In the physically meaningful octant 
of this coordinate system, 


> (C.,p,T) =9, (56) 


the spin heat capacity surface, is limited at the low 
pressures, starting at the origin, by a curved surface 


2i(C.,p,T)=0, (57a) 
perpendicular to the (p,7) plane, whose intersection 
with this plane is the vapor pressure line p(7), or the 
liquid-vapor phase separation line. The 2(C.,p,7) 
surface intersects the vertical curved surface ¥; in the 
C.(ps,7) heat capacity curve associated with the 
saturated liquid, whose perpendicular projection on 
the (C,,7) coordinate plane is the C,(T) curve. 

The 2(C,,p,7) surface is limited on the high-pressure 
side by a curved surface 


2n(C.,p,T) =0, (57b) 
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perpendicular to the (p,7) plane, intersecting the latter 
in the melting line py(7). The intersection of the 
=(C,,p,T) surface with the 2, surface is the C,(pu(T),T) 
line, which projected on the (C,,7) plane yields the 
limiting curve of the spin heat capacities associated 
with liquid He* along the melting line, as C,(T) is the 
other limiting spin heat capacity curve of saturated 
liquid He®. The = surface starts on the p axis, slopes 
sharply upward, and develops a continuous ridge-like 
line of constant altitude, that is of constant C,, equal 
to 0.24R, given by (55b). This ridge is the locus of 
contacts of the C,=0.24R plane, perpendicular on the 
C, axis, and the = surface. It will be seen, again by 
Eq. (55), that this ridge-like line of the = surface starts 
at the limiting 2; surface, Eq. (57a), at low pressures, 
at a temperature of about 0.437) or with To equal, in 
the saturated liquid, to about 0.45°K, at about 0.194°K. 
It then curves toward lower temperatures on the 
> surface to come to a stop on the high-pressure side 
of =, that is on the >, surface, Eq. (57). In our Fig. 4, 
we have taken (7)/2) for the apparent degeneration 
temperature of the limiting high-pressure C,(p,7) 
curve, along the melting line, with J») standing for the 
apparent degeneration temperature of the saturated 
liquid. Since the p axis belongs to the = surface, as 
mentioned above, this = surface starts on this line, 
slopes upward fast at the low temperatures toward the 
ridge, and then downward gently, on the high-tempera- 
ture side of the ridge, reaching only asymptotically, 
in the limit of high temperatures, the (p,7) plane. 
The low-temperature slopes of the = surface become 
steeper as one approaches the higher pressure regions, 
showing that the = surface slopes upward in pressure on 
the low-temperature side of the ridge. The opposite 
behavior is realized on the high-temperature side of the 
ridge, where the 2 surface slopes downward both in 
temperature and pressure. 

Consider now a series of planes perpendicular to the 
p axis, intersecting the = surface along the C,(p,T) 
lines. The lower the pressure, the higher is the tempera- 
ture at which the planes p=const intersect the ridge. 
In other words the maxima of the C,(p,7) lines, all of 
the same value or height, are displaced toward lower 
temperatures as the pressure p increases. The perpendic- 
ular projections of these intersections on the (C,,7) 
plane are the various C,(7/To(p)) curves of the Fig. 4. 
It is realized now that the C,(p,7) curves never intersect 
in the (C,,p,T) space, because they are located on 
parallel planes. Only their projections on the (C,,T) 
plane intersect. 

We are ready now to discuss the variation of C,(p,7), 
at a constant 7, as a function of the pressure p. For this, 
it appears convenient to consider three temperature 
regions : 


T2To(pi); Tol(pr) <T <To(pi); T <To(pr). (58) 


To(pi) is the highest temperature of the ridge of the 
> surface, associated with the saturation vapor pressure, 
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and To(p,) is the lowest temperature of the ridge, 
associated with the melting line, as discussed above. 
Let the three planes be perpendicular on the 7 axis at 
T=T,, T=T2 and T=7T;, respectively, with T)>To(pi), 
To(pr)<T2<To(pi), and T3<To(p,). The 7) plane 
intersects the Y surface on the high-temperature side 
of the ridge, so that the curve of intersection Co(p,7) 
falls uniformly with increasing pressure. Hence, 


[9C.(p,T)/dp |r <0, 


The trace of this plane on the (C,,7) plane is a straight 
line to the right of the last maximum associated with 
C.(T) or C,(T/T») in Fig. 4. An isothermal compression 
starting from the saturated vapor pressure, or the 
condition of the saturated liquid represented by the 
curve No. 4, Co(T/To), is this downward directed 
straight line, perpendicular to the T axis or the (7/T») 
axis. Clearly, as evident on Fig. 4, C, decreases with 
increasing pressure, the curves 3, 2, and 1, of increased 
p values, are intersected successively. 

Let now the plane 7=7, intersect the » surface, 
between the two end points of the ridge. Starting from 
the >, surface, or a point of C,(T) at 7», it is seen that 
the curve of intersection first increases toward higher 
values than C,(72), as the curve approaches the ridge, 
or 


T> To( pi). (59a) 


LOC. (p,T)/dp |r>0, (59b) 


on the low-pressure side of the ridge, the right-hand 
side of the second inequality being that pressure at 
which, for the chosen T value, C, has its ridge value, 
that is its maximum. At the ridge, 


dC. (p,T)/dp |r= 0, p= p(Ce, max,!), 


since C, is maximum there. On the high-pressure side 
of the ridge, the curve of intersection decreases mono- 
tonically, since the high pressure-high temperature 
(that is T> Tyiage) side of the 2 surface is sloping down- 
ward both along increasing temperature and pressure 
lines, as pointed out above. Hence, one has here 


[8C.(p,T)/Op \r<0, p> p(Co, maxyT), 
To(pr) ST <To(pr). mh 


Finally, in third or lowest temperature interval, the 
behavior of C,(p,7) is such that 


[dC,(p,T)/dp |r>0, 0<T< Topi), 


p< plCa, max, ), 


(59c) 


(59d) 


(59e) 


as the discussion of the 7= 7; planes intersection with 
the = surface of known shape on the low temperature 
side of the ridge, described above, would show. This 
state of affairs is again clearly visible on Fig. 4, where 
at temperatures lower than the maximum of curve 1, 
the assumed limiting curve, an isothermal compression 
follows a straight line, perpendicular on the 7 or 
(T/T>) axis, upward, showing a monotonic increase of 
C.(p,T) with p, as expressed by (59e). 

Finally, it may be shown easily that as a result of 
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the properties expressed by (43), (44), and (46), the 
partial spin heat capacities at constant pressure are 
lower by a finite amount than the C,(T) values along 
the vapor pressure line, at the same temperature. At 
the melting line, in the abnormal case, they are lower 
than along the melting line, and higher than along the 
latter line in the normal! region of this line, always at the 
same temperature. These differences in the spin heat 
capacities are actually discontinuities. 

We have seen above, Eq. (36), that 


(0S,/dp)r= —(0V./dT),>0, 0<T<x. (60) 


Since 


lim (AS,/dp)r=0, (61) 


T large 


lim (0S,/dp)r=0, 
T-+0 


it is seen that (0V,/dT),, being always negative, 
vanishes also at these two limits. Hence, it has at 
least one minimum. Now, at 0>7T>T»(p,), by (59c), 
C,(p,T) is a monotonically increasing function of the 
pressure, at all pressures in the liquid region of the 
phase diagram. According to thermodynamics, one has 


[aC.(p,T)/ap r= — T(8°V2/8T®) ». (62) 


Hence, in this low-temperature range, both (0V,/dT), 
and (0°V,/d7°), are negative, or V,(p,7) is a decreasing 
function of the temperature, being also concave 
downward there. Specifically, C,(7) associated with 
the saturated liquid is such that the preceding relation 
(62) is satisfied by it over the whole low-temperature 
side of its maximum, but (0C,/dp)r vanishes at the 
temperature of the maximum, to become negative on 
the high-temperature side of the maximum, as discussed 
above. At the position of the maximum of C,(T), 
(@V,/d7*), vanishes, or V,(p,7) has an inflection 
point at this temperature, (0V,/07), having a minimum 
there. Also, V,(~,7) becomes concave upward at 
temperatures higher than the one at the maximum of 
C.(T). These various thermodynamic conditions im- 
posed upon V, would allow, on the basis of the previous 
discussion” of the nuclear spin system of liquid He’, a 
more complete study of the volume anomaly arising 
from the spin system. This problem, however, falls 
outside the scope of the present work and its considera- 
tion will have to be reserved for subsequent work.* 

We should like, at this point, to close the present 
discussion of the remarkable properties of the spin 
entropy and spin heat capacity, and to return to a 
further analysis of the saturated liquid He’ constant 
volume heat capacity. 


4.4 On the Partial Constant Volume Heat 
Capacity of Liquid He* Associated with 
Its Normal Degrees of Freedom 


We have pointed out above that the C,,,y heat 
capacity appears to be a roughly linear function of the 


*L. Goldstein, accompanying paper, Phys. Rev. 112, 1483 
(1958). 
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temperature, in a limited temperature interval, 
Cnev/RYT, 
0.40/°K <7y<0.44/°K, 
0.4-0.5°K ¢ T ¢1.5-1.7°K. 


(63) 


The physical significance of the approximately linear 
region of Cy. might be connected with the following 
state of affairs. Inasmuch as we are dealing with bound 
atoms, it might be justified to some extent to associate 
$kT for the thermal energy of excitation per transla- 
tional and potential degree of freedom. Then Vo 
being the total number of atoms of the system and y 
the effective number of excited degrees of freedom, 
v <6, one may write 


NokyT = (v/2)N (Tk, 
N(T)/No=(2y/v)T, 


(64) 


giving the fraction of atoms [V(T)/No] which are 
thermally excited below about 1.5-1.7°K. The remain- 
ing atoms are in the ground-state configuration of the 
system. Clearly, this is a rather extreme interpretation 
whereby it is assumed that the atoms of the liquid are 
capable of taking on the full classical thermal excitation 
energy of 3&7 per effective degree of freedom. If some 
of these cannot be fully excited, » would decrease 
accordingly. This semiclassical picture is intended only 
to visualize the characteristic degeneracy in liquid He’ 
exhibited through its C,,,y partial heat capacity. Here, 
the lack of thermal excitations as compared with the 
full equipartition is tentatively described as a kind of 
division of the normal degrees of freedom into those 
fully excited and those which are in their fundamental 
state. As a result, the thermal energy of these normal 
degrees of freedom is 


Eno(T)=3vN (T)RT, (65) 
and the temperature rate of the thermal excitations is 
composed of two terms, assuming for simplicity that » 
is practically independent of 7, 


Casv= (dEne/dT)y 


=vk[T(dN (T)/dT)+N (T)], (66) 


which exhibits the qualitative constant-volume heat- 
capacity behavior of degenerate systems, whereby the 
thermal excitations result in removing atoms from the 
ground state and in increasing the thermal energy of the 
already excited atoms. This semiqualitative description 
of the thermal excitations of the normal degrees of 
freedom tends to enhance the autonomy of the two 
component systems of degrees of freedom, those 
associated with the spin system and those belonging to 
the former class of degrees of freedom. This autonomy 
is particularly emphasized at the low temperatures, 
where the spin entropy tends to become dominant 
together with the thermal energy of the system in 
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comparison with the corresponding properties localized 
on the collection of the normal degrees of freedom. 


4.5 Further Analysis of the Liquid He* Constant- 
Volume Heat Capacity in Terms of 
Elementary Equations 


This section will be devoted to the examination of the 
possible existence in liquid He* of partial phonon type 
of thermal excitations and their contribution to the 
constant volume heat capacity. Clearly, a rigorous 
solution to the problem of existence of phonon type of 
excitations can only be based on an approach governed 
by first principles. The problem in question may, 
perhaps, be restated as follows: let liquid He’, a collec- 
tion of bound atoms subject to the Pauli principle, be 
in its ground state; are there excited states in the 
spectrum of this system describable in terms of phonons 
which obey Bose statistics? 

In attempting to analyze the constant-volume 
heat capacity of liquid He*® in terms of a component 
phonon type of heat capacity, one should endeavor to 
justify that compressional waves of small amplitude in 
this liquid may indeed be considered to be quantized. 
That is, that their mean free path should be at least 
equal to, or larger than, a fair fraction of their wave- 
length, over the whole allowed spectrum." For more 
simplicity, we will assume that no transverse elastic 
waves are propagated in liquid He*. The problem is 
now to compare the mean free path of the small- 
amplitude compressional waves with their wavelength 
in as wide a region of their spectrum as possible. No 
measurements have as yet been made on the absorption 
of either low- or high-frequency ultrasonic waves in 
liquid He’*. In the absence of any data it would seem 
justified to estimate the mean free path of these waves 
with the help of the absorption laws derived on the 
basis of the classical dissipation processes arising from 
internal friction and heat conduction, first considered 
by Stokes and Kirchhoff, respectively.” In so doing, 
however, the limitations inherent in these arguments 
will have to be kept in mind. 

The absorption coefficients of compressional waves 
arising from viscous dissipation and heat conduction 
are given, respectively, by” 


a= (82°/3) (n/pud’), 
ax = 29K (y—1)/c,purd?], (67) 


where 7 and K are the coefficients of viscosity and heat 
conductivity, and is the wavelength of the sound 
waves, the other symbols have been used already. The 
. quantization of waves of wavelength \ may be said to 


21 A number of authors have used, in a purely ad hoc manner, 
the partial phonon constant-volume heat capacity in liquid He’ 
without any attempt at justifying it. See, for example, K. S. 
Singwi, Phys. Rev. 87, 540 (1952) and, more recently, Flicker 
and Atkins, reference 5. 

, for instance, Lord Rayleigh, The Theory of Sound 
(Dover Publications, Inc., New York, 1945), Vol. 2, pp. 312-322. 
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be justified if 
aAS}, (aytax)AS1. 
Defining the critical wavelengths 
Ag= (82/3) (n/pu), Ax=2e*K(y—1)/cypu, (69) 
the conditions (68) become 
AZ (AetAx), (70) 


or only waves of wavelength larger than (A,+ Ax) will 
have mean free paths longer than their wavelength, 
that is the length of their wave train will be at least one 
wavelength. If the classical absorption processes were 
operative throughout the whole compressional fre- 
quency spectrum of the liquid, then (70) states that 
only frequencies. 


v < verit= (ou? /2m*)[$n+ (K (y—1)/cp) J? 


can be propagated and, also quantized. The portion 
of the spectrum 


axv<4 


Ww 2) 


(68) 


(71) 


(72) 


Verit < v < Vmax 


cannot be propagated. The maximum frequency Ymax 
of the compressional waves which can be propagated, 
in a structure of identical atoms separated by a given 
distance d, is defined by the minimum wavelength of 
the spectrum Amin as 


2d= Amita; 


where u is the appropriate velocity of these waves and 
© the Debye longitudinal characteristic temperature 
associated with the structure. It should be remembered 
though that the very concept of structure in liquids, 
above all at increasingly high temperatures, is an 
uneasy one, at best. Hence, a clear-cut definition of 
Amin OF Vmax does not really exist in liquids at higher 
temperatures, even though a numerical definition is 
possible with the help of some average interatomic 
separation dy. 

The assumed extension of the validity of the classical 
absorption laws of compressional waves over the 
whole frequency spectrum of the liquid is based on the 
additional hypothesis that the viscosity coefficient 7 
and heat conductivity coefficient K remain independent 
of the frequency. Clearly, this hypothesis appears, at 
first sight, to be a highly fragile one, and its possible 
invalidity could remove, at high frequencies, practically 
all physical significance attached to the classical 
absorption laws. However, at the present time, there is 
good experimental evidence in liquid He‘I for justifica- 
tion of the validity of the classical absorption laws up 
to a frequency of 1.510’ cycles per second. 

First of all, the essentially static viscosity measure- 
ments” yield values of the viscosity coefficient which 
are in complete agreement with those resulting from 
measurements with a quartz cylinder performing 


Vinax=u/2d=kO/h, (73) 


%R. D. Taylor and J. G. Dash, Phys. Rev. 106, 398 (1957). 
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torsional oscillations” at a frequency of about 3X 10* 
cycles/sec. It is of great interest that these measure- 
ments agree also in the liquid He‘II range. In liquid 
He‘I, the kinetic relation connecting the coefficient of 
heat conductivity K with the viscosity coefficient 7 and 
the constant volume specific heat ¢,, 


(74) 


is fairly well verified,***> with the numerical coefficient 
a having an average value, over the explored tempera- 
ture interval, which is in fair agreement with the 
limiting gas-kinetic value of } of Maxwell. In liquid 
He’, the c, values obtained by us have been used to 
verify again with a fair degree of approximation the 
kinetic relation (74) with the recently measured 
viscosity coefficients* and heat conductivity coefficient 
values.” This state of affairs tends to suggest that in 
liquid He’ ‘also, the frequency range over which the 
transport coefficients remain independent of the 
frequency of the sound waves is as large as in liquid 
He‘I. In the latter liquid, there is, finally, indirect 
experimental evidence, through the measured absorp- 
tion coefficient of sound waves” of 1.5107 cycles/sec 
frequency, for the complete validity of the use of the 
static transport coefficients at this high frequency. 
This is a rather important argument in the present 
discussion of the possible division of the thermal 
excitations in liquid He® into phonon and other types 
of components. Indeed, this appears to prove that in 
liquid He‘I, and, indirectly, in liquid He’ also, that the 
classical sound absorption laws remain valid in the 
frequency range extending from zero up to 1.5107 
cycles/sec, a rather wide spectrum, and offers a rather 
solid basis for their assumed validity at even higher 
frequencies. To be sure, the use of the classical absorp- 
tion laws at frequencies higher than 1.510" cycles/sec 
rests, at the present time, on an extrapolation. 

The calculated critical wavelengths \, and Ax and 
their sum (A,+Ax), in liquid He’, are given in Table IV. 
They have been obtained in the temperature range 


K=ac¢yn, 


TABLE IV. Approximate classical short-wavelength limits of the 
allowed spectrum of the longitudinal elastic waves in liquid He’. 








AK (Ag +Ax) 
(angstrom units) 
0.76 
5.30 
18.1 
52.2 











® The kinetic relation (74) has been used in this calculation with the 
smoothed data of reference 25 extrapolated to 3.0°K. 





* B. Welber and S. L. Quimby, Phys. Rev. 107, 645 (1957). 

26 Lee, Donnelly, and Fairbank, Bull. Am. Phys. Soc. Ser. II, 
1, 64 (1957); and H. A. Fairbank and D. M. Lee, Symposium on 
Liquid and Solid He® (Ohio State University Press, Columbus, 
1958), p. 26. See also, L. J. Challis and J. Wilks, Symposium on 
of), -_ Solid He® (Ohio State University Press, Columbus, 

958), p. 38. 


26 J. R. Pellam and C. F. Squire, Phys. Rev. 72, 1245 (1947). 


EXCITATIONS IN 


LIQUID He! 1481 
1.0-3.0°K, using smoothed values of » and K, as well 
as the y and c, values calculated above. Since the 
calculated minimum wavelengths, using the average 
interatomic separations in liquid He®, amount, by (73), 
to about 10 A, Table IV shows that as the temperature 
increases, on the basis of the stated assumptions, the 
soundwave spectrum which can be propagated in the 
liquid becomes narrower. It will also be seen that the 
allowed shortest-wavelength limit of the spectrum 
increases rapidly toward very large wavelengths, that is 
very large in comparison with the structural limit of 
about 10 A. On the basis of these results, the validity 
of the assumption of a complete elastic frequency 
spectrum excited according to the Planck-Debye 
distribution and its use as a partial thermal excitation 
spectrum becomes questionable, to say the least. 
However, as pointed out at the start of the discussion 
of this problem, the above arguments and results 
tending to withdraw all physical significance of the 
phonon excitations and their contribution to the 
constant volume heat capacity of liquid He* are not 
absolute enough to allow a definite exclusion of phonon 
participation in the thermal excitations of this liquid. 

It seems of interest to invoke here a somewhat 
different type of semiquantitative but fairly general 
argument tending to oppose also the justification of 
phonon types of thermal excitations in liquid He* as 
weil as in liquid He*I. The directly computed apparent 
characteristic temperatures © in liquid He* between 
0.5 and 3.2°K are 13.8 and 6.8°K, respectively. In 
liquid He‘I, the © values at 2.2 and 5.0°K are, respec- 
tively, 18.3 and 9.2°K, approximately. Over these tem- 
perature intervals, the © values decrease by a factor of 
about two. This emphasizes the instability of the struc- 
tures to which one attempts to assign, in a highly ad hoc 
manner, phonon types of excitations. This instability 
manifests itself more strongly through the increasingly 
large values of the volume expansion coefficients at rising 
liquid temperatures. Both expansion coefficients, a,(7) 
and a,(7), tend smoothly toward infinity as T — T., 
a,(7) increasing faster than a,(T) by Eq. (4). Now if the 
whole or part of the large expansion coefficient were 
attributed to the anharmonic terms in the expression of 
the elastic energy of the liquid, then it seems inescap- 
able that the very large values of the expansion coeffic- 
ient would, at high liquid temperatures, tend to deny 
the dominance of the harmonic term in the elastic energy 
expression when compared with anharmonic ones. It 
would then follow that the very concept of harmonic 
oscillations has to lose its sharpness and with it a good 
deal of its significance, at these high temperatures. This 
argument based on the instability of the liquid structure 
at increasingly high temperatures, though not completely 
quantitative, seems to be of some potency in attributing 
only arithmetic significance to the phonon type of 
partial constant-volume heat capacity both in liquid 
He’ and in liquid He'T. 
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5. CONCLUDING REMARKS 


On the basis of the results obtained in the present 
work, it appears justified to state that the thermo- 
dynamic derivation of the constant volume heat 
capacity C,(T) of saturated liquid He’, from the various 
data accumulated recently on its thermal properties, 
had led us to recognize the existence of at least three 
inflection points of this elementary heat capacity. 
The data available at the present time were not 
sufficient to obtain precise values of C,(7T) beyond 
2.0°K. The C,(7) values given above at temperatures 
higher than 2.0°K are based on analytically extra- 
polated, approximate C,(7) or saturated-liquid heat 
capacity values. These extrapolations may become 
worse at increasingly high temperatures. In particular, 
the fairly sharp maximum of C,(7) at about 2.4°K 
could be spurious, to some extent. Of the three definitely 
established inflection points of C,(7), the first at about 
0.35-0.40°K coincides with the location of the inflection 
point of the component heat capacity of spin disorder, 
C,(T). The inflection point occurring at the highest 
temperature receives a thermodynamic explanation, 
through an investigation of the behavior of C,(7) at 
the approach of the critical temperature T,. It is thus 
shown that C,(7) reaches its finite limit C,(7.), at 7., 
with positively infinite first and second temperature 
derivatives. 


Besides the elementary partial heat capacity of spin 
disorder, the thermal excitations of the more conven- 
tional degrees of freedom of the liquid appear to 


correspond to those of a degenerate system whereby the 
number of frozen degrees of freedom is smoothly 
decreased with rising temperatures. This qualitative 
picture seems to remain valid approximately up to 
temperatures close to, or even higher than, that of the 
middle inflection point of C,(T7). 

It is felt that definite progress could be achieved in 
the understanding of the entropy and heat capacity of 
the spin system throughout the liquid region of the 
phase diagram of this substance. The C,(,7) spin heat 
capacity exhibits, as a function of the external pressure 
p, a series of remarkable properties, in various precisely 
defined temperature intervals. This behavior should 
manifest itself through the pressure dependence of the 
total observable heat capacity of compressed liquid He’, 
at the lower temperatures. On the basis of the rather 
meager data on the thermal properties of solid He’, it 
would appear that in this phase too, the spin system 
becomes dominant at low temperatures, through its 
entropy and heat capacity. The description of the 
thermal properties of the normal degrees of freedom 
in this antisymmetric solid appears to be a most 
interesting and challenging problem. 

Finally, various arguments, of qualitative or semi- 
quantitative character, have been advanced, all tending 
to exclude partial phonon type of thermal excitations 
in liquid He’, as well as in liquid He‘I. These arguments 
cannot yield, however, the rigorous solution to the 
problem of whether or not this antisymmetric collection 
of bound atoms can possess a group of partial element- 
ary excitations subject to symmetrical statistics. 
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The anomalous volume expansion coefficient of liquid He? derived in a previous work through a discussion 
of its nuclear spin system will be shown to be describable quantitatively within the statistical thermodynamic 
formalism attached to its nuclear spin degrees of freedom. The theory predicts, through the large partial 
negative spin expansion coefficient, a volume minimum or a density maximum of saturated liquid He* subject 
to the volume behavior determined by its non-spin degrees of freedom. The temperature at which the density 
maximum should occur is higher than about 0.2°K. At this temperature, or very close to it, the negative spin 
expansion coefficient has a sharp minimum and the total liquid density is expected to have an inflection point 
in the density-temperature representative plane. Since the whole anomaly depends directly on the liquid 
compressibility, it should be most pronounced in the saturated liquid and should decrease under the appli- 


cation of external pressure. 





1, INTRODUCTION 


N a previous work! devoted to the study of the 
various effects arising from the nuclear spin system 

of liquid He’ on some of its thermal properties, we have 
been led to predict a partial density or volume anomaly. 
The discussion was, however, restricted for several 
reasons. One of these concerned the method of evalu- 
ating the partial spin volume V,(7) and the somewhat 
arbitrary choice of the sign of this quantity. Also, the 
absence, at the time of our work, of liquid He* com- 
pressibility data allowed us to give only semiquanti- 
tative estimations of the actual magnitude of the partial 
spin volume and the associated partial spin expansion 
coefficient. Recent sound velocity measurements? in 
this Laboratory extended over a wide temperature 
interval do define the adiabatic compressibility values 
of liquid He’, even at the lower temperatures where 
direct density measurements are not available, although 
preliminary expansion coefficient measurements’ have 
been made at these low temperatures, 0.5< 7S 1.0°K. 
In this latter range, however, the compressibility values 
depend on extrapolated values of the directly measured 
liquid densities.‘ Since the expected density anomaly 
is rather moderate, the smoothly extrapolated density 
values should yield fairly well approximated com- 
pressibility values, in view of the highly precise sound 
velocity data.? Inasmuch as the nuclear spin system 
appears to dominate the entropy and heat capacity of 
liquid He’ at sufficiently low temperatures,® it seemed 
of interest to rediscuss the volume or density anomaly 
to be reasonably expected in a now experimentally 
accessible region, and to give the quantitative form of 
the theory outlined previously.' The theory could be 


1L. Goldstein, Phys. Rev. 102, 1205 (1956). 
2 Lacquer, Sydoriak, and Roberts, Symposium on Liquid and 
Solid He® (Ohio State University Press, Columbus, Ohio, 1958), 


p. 15. 

3R. D. Taylor and E. C. Kerr (to be published). 

*E. C. Kerr, Phys. Rev. 96, 551 (1954); Grilly, Hammel, and 
Sydoriak, Phys. Rev. 75, 1103 (1949). 

5 L. Goldstein, Phys. Rev. 96, 1455 (1954); see also Symposium 
on Liquid and Solid He’ (Ohio State University Press, Columbus, 
Ohio, 1958), p. 57. 


further stabilized through the consideration of some 
recent nuclear paramagnetic susceptibility measure- 
ments® of compressed liquid He*. The formalism of our 
theory is fully valid in the compressed liquid also, so 
that as soon as liquid compressibility and additional 
nuclear paramagnetic susceptibility values become 
available in the compressed liquid, new definite features 
of the phase diagram of liquid He* should appear, 
verifiable through experimentation. These features 
would correspond to the possible existence of two loci 
in the pressure-temperature or volume-temperature 
phase diagrams of this antisymmetric liquid. One of 
these is a locus of the points associated with the 
vanishing of the expansion coefficient of the liquid, that 
is the locus of density maxima or volume minima, a 
smooth line dividing the liquid region of the phase 
diagrams in two parts, associated, respectively, with 
the normal and abnormal, that is positive and negative, 
expansion coefficients of the liquid, on the high- and 
low-temperature side of the locus. The other locus is 
that of the inflection points of the liquid density or 
volume resulting from the vanishing of the second 
temperature derivative of the partial spin volume and 
its negative sign at low temperatures leading to the 
vanishing of the second temperature derivatives of the 
total liquid density or volume. We turn now to the 
description of the quantitative theory of the volume 
anomaly in liquid He’, discussed briefly previously' in 
a more qualitative fashion. 


2. THEORY OF THE VOLUME ANOMALY OF 
LIQUID He*® ARISING FROM ITS 
NUCLEAR SPIN SYSTEM 


The partial molar entropy of orientational spin 
disorder® in saturated liquid He* has been defined by 


So(T)= (R In2)[x(T)/X0(T)], (1) 


where x(7) is the observed and hence actual nuclear 
paramagnetic susceptibility of saturated liquid He’ at 


6G.K. Walters and W. M. Fairbank, Symposium on Liquid and 
Solid He* (Ohio State University Press, Columbus, Ohio, 1958), 
p. 1 of the Supplement. 


1483 





1484 LOUIS 
the temperature 7, and Xo(7) is the limiting Langevin 
susceptibility which the liquid would have at its actual 
density at 7, if it were an ideal paramagnet. We have 
shown previously’ that with the thermodynamics of 
the spin system being fully determined through the 
knowledge of its entropy, under saturation conditions, 
the equation of state of the spin system could be 
derived under the assumption that the partial volume 
derivative (0S,/8V)r was also available near the 
liquid-vapor saturation line. Using the approximate 
ideal Fermi gas formalism with the empirical suscepti- 
bility ratio function X(T)/Xo(T), the resulting partial 
derivative (0S,/0V)r was positive as well as p.(T,V), 
the partial spin pressure. Experimentally, however, this 
derivative was determined to have the negative sign, 
recently,® so that 


T 
p(7,v)= f (0S,/8V)rdT <0. (2) 
0 


If the numerical values of the derivatives were still 
given, to some degree of approximation, by the for- 
malism of the ideal Fermi gas with the empirical 
apparent degeneration temperature, then, V being the 
liquid volume, 

p.(T,V)=—3E.(T)/V, (3) 


as shown previously. Here E,(T) is the spin thermal 
excitation energy defined through the spin heat capacity 
temperature integral. 

The existence of such a negative spin pressure is in 
its effect similar to the application of an external 
pressure, tending to reduce the volume of the system 
through compression. The negative spin pressure may 
be said to correspond to the existence of an apparent 
attractive type of potential energy responsible for the 
negative pressure in question. Physically, this seems to 
correspond, at finite temperatures, to a decrease, from 
the state of absolute zero, of the apparent repulsion 
existing between parallel spin atoms, or the formation 
of a compensating negative potential type of energy 
with the ensuing negative spin pressure p,(7,V). If we 
denote by #.’, the apparent positive external pressure 
which could replace the effect of the negative p.(7,V), 
then the existence of such an external pressure yields a 
relative volume decrease which may be written, 


approximately, 
Ve/V=—pe' (T)x(T), (4) 


where «(T) is the compressibility of the liquid. This 
phenomenon resembles somewhat the phenomena of 
volume anomalies which are observed in ferromagnetic 
substances below their Curie point and whose theory 
was first discussed by Bauer.’ 

At the lower temperatures, the distinction between 
the various kinds of compressibilities may, of course, 

7 E. Bauer, J. phys. radium 10, 345 (1929) ; see also Pierre Weiss, 
Le Magnetisme, Proceedings of the Solvay Congress (Gautheir- 
Villars, Paris, 1932), pp. 325-345. 
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be omitted. Or, using Eq. (3) with 9,’ as defined above, 
one finds 
V6(T)=—§E.(T)x(T). (S) 


The definition of the partial spin volume V, through 
Eq. (4) is valid, provided that 


|V./V|<1. (6) 


That the latter relation has to be fulfilled results from 
the fact that Eq. (4) is actually a differential type of 
relation, with V, standing for a small volume change 
5V,. Now, in Eq. (3) we know! that E,(T) tends toward 
a finite value in the limit of high temperatures. In the 
approximate formalism discussed previously,' this 
limit is }R7» per mole, 7» being the apparent-empirical 
degeneration temperature of the spin system.’ But 
x(T), the compressibility of liquid He’, is a fairly 
rapidly increasing function of the temperature, so that 
V.(T) defined by Eq. (4) is a fairly rapidly decreasing 
function of the temperature, and Eq. (4) could thus 
lose its validity at higher temperatures if (6) were not 
satisfied. It is, however, possible to recast the above 
basic relation in a more rigorous form. Indeed, let 


6V..(T)/V=—«(T)6p.'(T), (7) 
(8) 


where at the lower temperatures the variation of the 
total volume V may be neglected. Then, the total 
molar spin volume is 


with 
bps (T)~36E,(T)/V, 


T 
V.(T)= -if x«(T)6E,(T) 


af on( 2 


T 
wide f «(T)C.(T)AT, (9) 


C.(T) being the molar spin heat capacity of the satu- 
rated liquid. It is seen now that in order for V,(T) to be 
small or moderate, it is necessary that x(7) should not 
increase too fast with temperature so as not to com- 
pensate for the slow decrease of the spin heat capacity 
C.(T) with temperature. If «(7) is the adiabatic com- 
pressibility, then the integral relation (9) should remain 
valid up to the critical temperature 7., since then over 
the whole temperature range V,(7) will stay moderate. 
From (9), we obtain 


dV ,/dT=—}(T)C.(T), 
and the partial spin expansion coefficient is 


a,(T) = Y-! (dV ,/dT) 
=—3V-k(T)C,(T). (11) 


It is seen that, as is the case with V,, the partial spin 


(10) 
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expansion coefficient a, is always negative. It vanishes, 
of course, at the absolute zero and since «(7) is expected 
to have only a moderate variation at the low tempera- 
tures, 7<1.0°K, a.(7) will exhibit the characteristic 
temperature variations of [—C,(T) ]. In particular, its 
minimum value will occur at about the position of the 
maximum of C,(7). Indeed, (11) yields easily 


dae/dT = —c0te—4V—C,(dx/dT) 


—32V—x(T)(dC,/dT). (12) 


Now aa, is a rather small number, a being the total 
expansion coefficient; also (dx/dT) is expected to be 
quite small at low temperatures, where x(7) reduces 
essentially to its limiting value xo, the compressibility 
at the absolute zero. Hence, the right-hand side 
essentially vanishes close to the temperature at which 
dC,/dT vanishes. Hence, a,(T) has its minimum at a 
temperature close to the one at which C,(7) is maxi- 
mum. At this same temperature, V,(7) has an in- 
flection point, since from (10), d?V,/dT? vanishes at 
about the same temperature where a,(7) is extremum. 
Let then T, be the temperature where V, has its in- 
flection point. Then, at 7<T,, where a, is a decreasing 
function of 7, dV ,/dT? is negative, and V, is thus 
concave downward in the (V,,7) plane, that is toward 
decreasing V, values. At temperatures T>T,,, a, is an 
increasing function of 7, d°V,/dT? is positive, since 
dC,/dT is negative at these temperatures. Again, we 
have 


PV ,/dT* = — ¥x(T)dC,/dT—3C,(T)dx/dT, (13) 


resulting from (10) ; the first positive term on the right- 
hand side outweighs the second negative term which is 
proportional to the small (dx/dT). Hence, at T>T,, 
V, has to become concave upward in the (V,,7) plane. 
These results are fully displayed in Fig. 1 which is a 
graph of both V,(7) and a,(T). It will be seen that 
V.(T) decreases from zero at the absolute zero, para- 
bolically in T at low enough temperatures as shown 
previously! as far as its T dependence was concerned. 
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Fic. 1. The partial spin volume V, (cc/mole) and spin expansion 
coefficient a¢(°K)~, as a function of the temperature 7 (°K). 
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V, has an inflection point at about 0.2°K, beyond 
which it becomes concave upward. 

We wish to consider now briefly the thermodynamic 
aspects of the above results on the partial spin volume 
V.. We have proved rigorously*® that at temperatures 
T<T., T. being the temperature at which C,(7) is 
maximum,° and near the saturation line, 


(14) 


[0C.(p,T)/dp jr= —T(#V,/dT*),>0, TST, 


or, in this range, 
(PV ,/dT*) <0; (15) 


while 


[aC.(p,T)/dp r= —T(#V./8T2)<0, T>T., (16) 


or, at these higher temperatures, 
(2V,/dT?),>0. (17) 


But these rigorous thermodynamic results are identical 
with those discussed above in connection with Egs. 
(12) and (13), derived within the formalism of the 
theory of the spin system. The complete thermodynamic 
self-consistency of the theory of the partial spin volume 
V.(T) is thus fully apparent through Eqs. (14)—(17). 

What is there to be expected experimentally? 
Clearly, the present theory of the liquid He* volume 
anomaly deals strictly with the spin system only. 
Hence, it cannot locate the actual position of the 
expected density maximum because the presumed 
positive or normal expansion coefficient determined 
by the normal degrees of freedom of the liquid is of 
unknown form, at the present time. Indeed, the total 
expansion coefficient is® 


a(T)=a,(T)+a,.(T), (18) 


and the vanishing of a(7) originates with the opposite 
signs of a,(T) (<0) and an.(T) (>0). At any rate, 
below the temperature of the expected density maxi- 
mum, @ve is numerically smaller than a,, and should 
continue to decrease smoothly toward zero from above, 
in the limit of the absolute zero. With an, or dVn-/dT 
being quite small, dV ,,/dT*, while positive is expected 
also to be quite small at low temperatures. Hence, the 
approach of the total liquid volume toward its limiting 
value at the absolute zero would be dominated by a,, 
da,/dT or dV ,/dT*. The change of the latter from 
negative to positive values, as shown in Fig. 1, with its 
vanishing at the minimum of a,, cannot but impress 
itself on the temperature behavior of the total liquid 
volume. The latter has thus to exhibit an inflection 
point at some temperature lower than but close to the 
minimum of az, where d*V,/dT* has essentially its 
inflection point. Hence, beside the density maximum 
or volume minimum, saturated liquid He* is expected 
to exhibit also an inflection point at a temperature 
somewhat below but close to that of V,(T), at about 
0.19°K. In other words, the saturated liquid density 


*L, Goldstein, preceding paper [Phys. Rev. 112, 1465 (1958) ]. 





1486 


p(T) is first concave upward in the (p,7) plane, has an 
inflection point close to T,, defined above, and then 
becomes concave downward beyond 7,. Or, the molar 
volume V(T) decreases first from its value at the 
absolute zero, being concave downward, because it is 
reasonable to expect that 


&V /dT’~dV ,/dT*<0, 
?V /dT’~#V ,/dT*=0, 
PV /dT?=€V,/dT’+@V,./dT?>0, T>T,, 


This is visible on Fig. 1, where it is sufficient to displace 
V.(T) parallel to itself into the positive region of the 
(V,T) plane, so that V(7) would approach from below 
a limiting volume line V (7 — 0) parallel to the T axis, 
at about 37 cc/mole, the liquid volume at the absolute 
zero. That is, at very low temperatures where x(7) is 
-essentially constant and equal to «(7 — 0) or x(0), one 
has 


r<T,, 


lim V(T)=V,.(T > 0)+V,(T) 
T<T, 


x 
=Va(T 0)- «of C,(T)dT 
0 


= Vne(T — 0)—(RTo/2)[x(0) ](In2) (T/T)? 
X[1—4$22(T/To)*], (20) 


where use has been made of the approximate analytical 
expression of C,(7) given previously,'* as well as of 
Eq. (9) above. To the above approximation, the 
approach of V(7) toward its limit denoted by 
Vne(T — 0) at the absolute zero is thus parabolic in 
T and from below, as mentioned above in connection 
with Eq. (13). Or, since the density is (V referring to 
the molar volumes, and M being the molecular weight) 
lim p(T)=M{Vne(T — 0)—4RT oLx(0) ](1n2)(T/T>)? 
T<T, 
X(1—$9?(T/To)*}}", (21) 

one obtains, with 

|dV,./dT|K|dV,/dT|, 


T<T, (22) 


the results: 
lim dp/dT = (p?/M)Rx(0) (1n2)(T/To) 


T <T, 
<[1—392(T/To)*] (23) 


and 


lim d*p/dT*= (2/M*)p(dp/dT)? 


T<T, 


+ (p?/M)Rx(0)(1n2)To[1—$2?(T/To)*], (24) 
showing that the density approaches its limit at the 
absolute zero from above, being concave upward at 
these low temperatures. 

We are now prepared to extend the preceding 
discussion to the case of compressed liquid He’. Since 


TXT,, (19): 
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the. compressibility of the liquid decreases with in- 
creasing pressure, while C,(p,7) changes only by 
shifting its maximum toward lower temperatures,® it 
will be seen that a,(p,7) increases algebraically toward 
zero, with its minimum displaced simultaneously 
toward lower temperatures. This also means that the 
inflection point of V.(p~,7) is shifted toward lower 
temperatures, and with it the inflection point of V(p,7), 
the total volume of the compressed liquid. This con- 
clusion is, of course, subject to the condition mentioned 
above that |d?V.(p,7)/d7T?| remains large in com- 
parison with [d?V,.(p,7)/d7?] associated with the 
normal degrees of freedom. Hence, there is a locus of the 
inflection points in the phase diagrams of liquid He’, 
which locus starting on the liquid-vapor phase sepa- 
ration line would be sloping toward lower temperatures. 
Examination of the experimental data® in the com- 
pressed liquid He*® nuclear paramagnetic susceptibilities 
indicate that this locus would start at about 0.18- 
0.19°K on the liquid-vapor phase separation line, to 
end at about 0.05°K on the melting line. 

The discussion of the locus of the liquid density 
maxima or volume minima is much less straightforward, 
since the above theory cannot locate these extrema, 
but explains only their origin through the interplay 
of the anomalous spin system and the expected normal 
behavior of the non-spin degrees of freedom. The locus 
in question is thus defined through the equation 
(25) 


a(p,T)=0, or —ane(p,T)=ac(p,T). 


Let then T, be the temperature of the minimum of the 
saturated liquid volume or that of its density maximum. 
Consider the (V,7) phase diagram. In this plane, the 
locus can be a line of negative slope, that is a line 
reaching the melting line at a temperature higher than 
T,. Or, this line could, conceivably, be one of positive 
slope, ending on the melting line at a temperature lower 
than 7,. If of the inequalities 


| (Bane/OP)r| 
<|(da./dp)r|, 


| (Oane/Op)r| > | (ae /Ap)r| ’ 
(26) 


the first prevails, whereby an.(p,7) decreases with 
increasing pressure faster than a,(p,7) increases toward 
zero, then in the (V,7) plane, the locus of the maxima 
is expected to be directed toward increasing tempera- 
tures at increasing pressures. The opposite situation 
would develop with the second inequality in (26). At 
any rate, according to Eqs. (9) and (10), the partial 
spin volume V,(p,7) and expansion coefficient a,(p,T), 
cannot but decrease in magnitude with increasing 
pressure as a result of the decreasing liquid com- 
pressibility values «(p,7) with increasing pressure. 
Hence, the application of external pressure will tend 
to decrease the sharpness of the density anomaly, 
which would be expected to be the most pronounced 
in the saturated liquid. 
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The location of the locus of the inflection points T,(p) 
resulting from the minimum of the partial spin ex- 
pansion coefficient allows one to give a qualitatively 
fairly complete picture of the pressure dependence of 
C,(p,T), the constant pressure heat capacity function 
of liquid He* over the whole liquid region of the phase 
diagram of this substance. This picture depends, indeed, 
uniquely on the locus of the inflection points of the 
liquid volume or density. 

Consider the (p,7) phase diagram of He’. In this 
plane, the locus of the points 7,(p) starts at about 
0.18-0.19°K on the liquid-vapor phase separation line, 
at a very low pressure, and decreases with increasing 
pressure, to reach the melting line at about 0.05°K, as 
discussed above. Draw two lines parallel to the pressure 
axis through the two limiting points of the locus 7,(p), 
extending between the two phase separation lines. 
These two constant temperature lines together with 
the locus 7,(p) define three regions of the (p,7) plane. 
At TST.(P), where T,(P) is the melting line endpoint 
of T,(p), that is about 0.05°K, we have at all points of 
this region 

(#V/dT?) <0, (27) 
and, hence, by the thermodynamic relation 


[8C,(p,T)/dp r= — T(#2V/8T?) », (28) 


C,(p,T) will increase from its value on the saturation 
line at a chosen T value, monotonically, until the 
melting line is reached, where this constant temperature 
heat capacity arc stops in the (C,(p,7),p) repre- 
sentative plane. 

In the region between the two constant temperature 
lines, 7,(P)<T<T,(p), starting at the saturation line, 
the constant temperature heat capacity arcs start to 
increase with pressure first until the locus 7,(p) is 
reached; they then have to turn around, since on the 
high pressure side of the locus, (6°V /d7*), is positive 
at all points of the phase diagram, and by (28), C,(p,7), 
at the chosen constant 7, cannot but increase there with 
increasing pressure, until the melting line is reached, 
where again this finite constant temperature heat 
capacity arc ends, exhibiting thus a maximum. 
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Finally, at T>T7.,(p), that is T20.18-0.20°K, the 
finite constant temperature heat capacity arcs always 
decrease throughout the whole pressure interval 
available at the chosen T between the liquid-vapor line 
and the melting line. 

A comparison of these heat capacity behaviors of 
liquid He* with application of external pressure with 
our recent studies® on the spin heat capacities in com- 
pressed liquid He’*, shows the complete parallelism 
between the pressure effects on the spin heat capacity 
and the total liquid heat capacity. This parallelism 
comes about through the fact pointed out previously'>* 
that as far as the liquid heat capacity is concerned, this 
quantity is dominated by the spin heat capacity below 
the temperature of the maximum of the latter, that is 
below T,. At T<T,, the qualitative pressure dependence 
of the total liquid heat capacity has to be essentially 
that of C,. Above T,, the derivatives (0?V,/dT?), and 
(0?V ,./07), are both of the same sign, they are both 
positive, and this explains the similar pressure de- 
pendences of C, and (C,+C,.) or the total liquid heat 
capacity over the whole liquid region of the He*® phase 
diagram. 

The preceding result on the pressure effect of the 
liquid He* heat capacity was obtained independently 
by Hammel’ on the assumption of the existence of the 
volume minima. This assumption then leads, through 
the Nernst theorem, to the existence of inflection 
points on the low-temperature side of the minima, 
since the expansion coefficients have to vanish again 
at the absolute zero. However, the thermodynamic 
formalism cannot explain the origin of the volume 
anomalies. We have shown in this paper, in agreement 
with our previous semiquantitative description! of the 
partial spin volume and expansion coefficient, that 
these anomalies arise from the peculiar thermal proper- 
ties of the nuclear spin system of liquid He*, tending 
to oppose the normal behavior determined by the 
degrees of freedom other than spin. These results also 
suggest that solid He® might also exhibit properties in 
which the nuclear spin system could play a major role. 


® Hammel, Sherman, and Edeskuty (to be published). 
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This paper is concerned with the problem of distinguishing 
between amplifying and evanescent waves. These have, in the past, 
been distinguished by considerations of energy transfer or of the 
initial and boundary conditions with which a wave must be 
associated. Both procedures are open to criticism. 

The problem is here interpreted kinematically: we investigate 
the classes of wave functions which a given propagating system 
may support, without inquiring into the way these disturbances 
may be set up, and postponing inquiry into the boundary con- 
ditions necessary. In this way, we may distinguish between 
amplifying and evanescent waves by determining whether a wave 
function which may be analyzed into “‘real-frequency” waves 
may also be analyzed into ‘real-wave-number” waves. This 
question may be answered by means of a certain diagram, which 
may be constructed from knowledge of the dispersion relation. 

Interchange of the roles of time and space leads to the statement 
and solution of a further problem. If a propagating system is 
unstable, the instability may be such that a disturbance grows, 
but is propagated away from the point of origin: this is termed 


“convective instability.” On the other hand, the instability may 
be such that the disturbance grows in amplitude and in extent, 
but always embraces the origina! point of origin: this is termed 
“nonconvective instability.” The statement that the system 
supports amplifying waves is synonymous with the statement that 
the system exhibits convective instability. A system which 
exhibits nonconvective instability may not be used as an ampli- 
fier, but may be used as an oscillator. It is possible to distinguish 
between convective and nonconvective instability by a further 
diagram which also may be constructed from knowledge of the 
dispersion relation. 

Our theory enables us to make the following assertions. If w 
is real for all real k, then any complex &, for real w, denotes an 
evanescent wave. Conversely, if & is real for all real w, then any 
complex w, for real k, denotes nonconvective instability. 

The theory is illustrated by certain simple examples and by 
discussion of the result of weak coupling between certain types of 
waves. 





1. INTRODUCTION 


N many branches of physics, one is interested in the 

propagation of waves through a complex medium. 
In some instances, such as the propagation of radio 
waves through the ionosphere or the production of 
electromagnetic power in electron tubes, these waves 
represent the physical phenomenon of interest. In other 
cases, notably in problems concerned with stability,'” 
the waves which appear in the mathematical analysis 
are not accorded individual but rather “collective” 
significance in the sense that it is supposed that any 
real disturbance may be represented by a combination 
of such waves. One of the problems which, it has seemed, 
could not be resolved by this procedure, which is known 
as “substitution analysis,’ is that of distinguishing 
between amplifying and evanescent waves. 

The principal difficulty which one faces in ap- 
proaching this problem is that the terms “amplifying”’ 
and “evanescent” are never defined: they are normally 
used as if their meanings were intuitively obvious where- 
as they have in fact been vague. It would seem that 


* The research reported in this document was supported jointly 
by the U. S. Army Signal Corps, the U. S. Air Force, and the U. 
S. Navy (Office of Naval Research). 

t At present Visiting Scientist, European Organization for 
Nuclear Research, Geneva, Switzerland. 

1H. Lamb, Hydrodynamics (Cambridge University Press, 
Cambridge, 1932), Sec. 231. 

2M. D. Kruskal and M. Schwarzschild, Proc. Roy. Soc. 
(London) A223, 348 (1954). 

’ Substitution analysis has also been critized in its application 
to the problem of plasma oscillations in an electron gas of nonzero 
temperature [L. Landau, J. Phys. (U.S.S.R.) 10, 25 (1946); R. Q. 
Twiss, Phys. Rev. 88, 1392 (1952)], but the difficulty is not 
fundamental—it may be traced to the fact that the plasma- 
oscillation modes do not represent a complete set but should be 
supplemented by field-free modes. 


certain controversies concerning growing waves which 
have arisen are due primarily to a lack of understanding 
of the nature of these concepts. What attention these 
terms have received has been directed towards the 
statement of rules for recognizing these wave types 
rather than towards their definition. Our primary 
objective will be to elucidate the meaning of these 
terms, and our secondary objective that of deriving 
criteria for recognizing when a wave is amplifying and 
when it is evanescent. 

We shall see, in the course of this communication, 
that there is a second, hitherto unrecognized, problem 
concerning instabilities of propagating media which 
also admit classification into two physically distinct 
types, the nature of which will be discussed later. 

The first problem, that of distinguishing between 
amplifying and evanescent waves, may be expressed as 
follows. We suppose that the problem of wave propa- 
gation has been reduced to one-dimensional form; the 
“transverse boundary conditions” have therefore been 
taken into account. The variables in our problem, 
which we shall represent collectively as ¢, may there- 
fore be expressed as functions of one spatial coordinate 
z and time /, that is as $(z,/). If the medium is homo- 
geneous in z and ¢, one proceeds to look for solutions of 
the relevant equations which may be expressed in the 


form 
(1.1) 


If the system is periodic in z or in ¢, the right-hand side 
of (1.1) must include a term of this periodicity, for 
instance, 


o(z,t) = eilke—wt) | 


o(z,t) = f(z)e***-#, (1.2) 


wherein f(z) would be a function of the same periodicity 
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as the medium itself.‘ One normally finds that solutions 
of type (1.1) may exist only if w and & are appropriately 
related: the equation which determines permissible 
relations, 


D(w,k)=0, (1.3) 


is known as the “dispersion relation.” 

We shall restrict our attention to the case that the 
dispersion relation yields a finite, or denumerably 
infinite, number of solutions: these may be expressed 
either as 

w=2,(k), (1.4) 
or as 


k=K,(w), (1.5) 


wherein a will enumerate the “modes” of the system. 

It may be noted that there is some arbitrariness in 
analyzing the behavior of a propagating system into 
modes. Equation (1.3) represents a relation between 
two complex quantities, or between the four real 
quantities w,, w;, k,, ki, where 


(1.6) 
(1.7) 


wO=W,+1w;, 
k=k,+1k;. 


It therefore represents a set of two-surfaces in a four- 
dimensional space. These surfaces may have points, or 
curves, of contact, which may lead to some indeter- 
minacy in relating the functions 2,(&) which appear in 
(1.4) with the functions K,(w) which appear in (1.5). 
However, where such indeterminacy occurs, one will 
normally be considering two or more modes at a time 
{for instance, a function 2,(k) and its complex con- 
jugate function ] so that this indeterminacy is not likely 
to cause trouble in practice.® 

Suppose, now, that Eq. (1.3) is solved in the form 
(1.5), since, in the given problem, we are concerned 
with the propagation of waves of a definite (real) 
frequency. If the resulting functions K,(w) are real, 
there is no difficulty in interpreting our results: the 
wave propagates without attenuation, with a known 
phase velocity and with a group velocity®” which is 
given by the derivative of K.(w), 


ter = [dK (w)/dw}, (1.8) 


or, equivalently, by 


ter = d2(k)/dk. (1.9) 


However, now suppose that the function K(w) is 
complex for the value of w of interest. Two possible 
interpretations are known: either the wave is eva- 
nescent (the wave in a cut-off wave guide is of this 


‘L. Brillouin, Wave Propagation in Periodic Structures 
(McGraw-Hill Book Company, Inc., New York, 1946), p. 140. 

5 Generalization of the theory here presented will nevertheless 
involve further analysis of the topology and interpretation of 
these “‘mode surfaces.” 

® Lord Rayleigh, Theory of Sound (MacMillan and Company, 
Ltd., London, 1894), Vol. I, p. 301 ff. and appendix. 

7 See reference 1, p. 357 ff. 
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category), or the wave is amplifying (one of the waves 
in a traveling-wave tube is of this category). 

In some analyses which have followed the lines 
indicated, the distinction between amplifying and 
evanescent waves has been ignored completely. In 
some cases, this gap in the mathematical analysis was 
filled by experimental evidence®*; in other cases, it 
was not/°? 

Among those who seek to distinguish between ampli- 
fying and evanescent waves, one may distinguish two 
schools, which may be labeled the “energetics” school, 
and the “boundary-condition” school. The criteria 
adopted by these schools will be reviewed in the next 
section. The point of view of the energetics school is, 
briefly, that one should distinguish between amplifying 
and evanescent waves by determining whether or not 
one may extract energy from the wave.'* The point 
of view of the boundary-condition school is that one 
should distinguish between amplifying and evanescent 
waves by determining what wave form will be set up 
by prescribed initial and boundary conditions.’**! The 
first school is open to the following criticism: in setting 
up the dispersion relation, all conservation laws have 
implicitly been taken into account; one would therefore 
expect that whatever information is to be derived from 
the law of conservation of energy is already contained 
in the dispersion relation. The second school is open to 
this criticism: one may seek to classify a wave as 
“amplifying” or “evanescent” by making statements 
which are independent of any particular choice of 
boundary conditions or initial conditions, for instance, 
that waves of the first type may, with appropriate 
boundary and initial conditions, lead to the design of 
an amplifier, whereas waves of the second type cannot, 
with any choice of boundary and initial conditions, lead 
to the design of an amplifier; one would therefore expect 
—or at least hope— that the distinction between these 
two waves might be arrived at by some procedure other 
than the explicit analysis of a specified variety of initial 
and boundary conditions. 

The rationale of the present treatment of this problem 
is that it should be possible to distinguish between 
amplifying and evanescent waves without introducing 
arguments of energetics or of Laplace-transform 


8 A. V. Haeff, Proc. Inst. Radio Engrs. 37, 4 (1949). 

*R. G. E. Hutter, Adpances in Electronics, edited by L. Marton 
(Academic Press, Inc., New York, 1954), Vol. 6, p. 372. 

0 J. R. Pierce, J. Appl. Phys. 19, 231 (1948). 

uJ. A. Roberts, Phys. Rev. 76, 340 (1949). 

2 J. Feinstein and H. K. Sen, Phys. Rev. 83, 405 (1951). 

138 J. R. Pierce, Bell System Tech. J. 33, 1343 (1954). 

4V_ A. Bailey, Phys. Rev. 78, 428 (1950); 83, 439 (1951); 106, 
1356 (1957). 

LT. J. Chu and H. A. Haus, Massachusetts Institute of 
Technology Internal Report, 1957 (unpublished). 

16, Landau, J. Phys. (U.S.S.R.) 10, 25 (1946). 

17R. Q. Twiss, Phys. Rev. 88, 1392 (1952). 

18R, Q. Twiss, Proc. Phys. Soc. (London) B64, 654 (1951); 
Phys. Rev. 84, 448 (1951). 

J. R. Pierce, Bell System Tech. J. 30, 626 (1951). 

® R. W. Gould, IRE Trans. on Electron Devices 2, 37 (1955). 

1 J. R. Pierce and L. R. Walker, Phys. Rev. 104, 306 (1956). 
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analysis. It is believed that the distinction may be 
looked for in what is here called ‘“‘wave kinematics,” 
by which we mean the study of the space-time distri- 
bution of wave amplitude of free waves or combinations 
of free waves. We shall consider, in particular the 
existence and nature of wave packets in media which 
support growing waves. The term “growing waves” is 
here used as a neutral term for a wave described by 
complex K(w) for real w, when it is yet to be decided 
whether this wave is amplifying or evanescent. 

Our view of what constitutes wave kinematics is such 
as to lead to the following consequence: all statements 
which may be classed as “‘wave kinematics,” which one 
may make with reference to a particular medium and a 
particular wave type, may be derived from the dis- 
persion relation characterizing that wave. The aim of 
this paper will therefore be seen to be that of deriving 
a criterion for distinguishing between amplifying and 
evanescent waves which requires knowledge only of 
the dispersion relation, requiring no explicit knowledge 
either of energy transfer or of the influence of initial 
and boundary conditions. 

In Sec. 2, we shall review the criteria which have 
previously been proposed or used for distinguishing 
between amplifying and evanescent waves. In Sec. 3, 
we shall give a kinematic interpretation of the dis- 
tinction between amplifying and evanescent waves, and 
so derive a criterion for the distinction of these wave 
types which involves only the dispersion relation of the 
system. We shall find, in Sec. 4, that our kinematic 
interpretation of the distinction between amplifying 
and evanescent waves leads naturally to a corresponding 
distinction between two types of instability of a propa- 
gating medium, which we term “convective instability” 
and “nonconvective instability.” It will be seen that a 
medium which exhibits convective instability may be 
used as an amplifier, whereas a medium which exhibits 
nonconvective instability is self-oscillatory, and so may 
not be used as an amplifier. We shall derive a criterion, 
involving only the dispersion relation, for distinguishing 
between these two types of instability. If, as seems 
likely, energetic considerations offer no simple way of 
distinguishing between the two types of instabilities 
which we shall be led to introduce, this fact constitutes 
a further objection to the energetic approach to the 
problem of growing waves. 

Section 5 will be devoted to a discussion of certain 
mechanical models which are simple enough for one to 
understand intuitively the dynamical nature of their 
characteristic wave patterns. Section 6 will discuss 
certain complications of the theory which may on 
occasion arise, and certain more interesting examples. 


2. EARLIER AND DIFFERENT APPROACHES 
TO THIS PROBLEM 


It was stated, in the Introduction, that earlier 
approaches to the problem of distinguishing between 
amplifying and evanescent waves have turned upon 
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arguments of energetics or of boundary conditions; 
certain general objections to these approaches were 
registered. In this section, we shall review these, and 
certain other, methods in a little more detail. 

In attempting to classify waves by arguments of 
energy transfer, we should first notice that such a 
classification is impossible if one considers only the total 
energy transfer of a given pure wave, characterized by 
a real value of w and complex value of &. The reason for 
this is that, if the system is conservative (and it is only 
if the system is conservative that one expects arguments 
of energy transfer to be fruitful), the mean energy flow 
(or “power’’) in the direction of the wave must be zero. 
This follows from the following simple argument: the 
energy density FE and the energy flow S are related by 
the conservation equation 


dE/dt+dS/ds=0. 


(2.1) 


For a wave which is sinusoidal in time, (2.1) implies 
that S(z), the mean energy flow, satisfies 


dS/dz=0, (2.2) 


so that S is constant. However, E and S are quadratic 
functions of the field variables ¢, so that 


Sa ethiz, (2.3) 


Since we are assuming k; to be nonzero, it follows from 
(2.2) and (2.3) that 


It is an immediate consequence of the argument of 
the preceding paragraph that if we are to distinguish 
between amplifying and evanescent waves by energy 
considerations, it will be necessary to divide the total 
energy flow into components which are to be assigned 
to the various “carriers” which constitute the propa- 
gating system. The necessity of such an analysis repre- 
sents a further objection to the energetics method. 

Let us now suppose that the propagating medium is 
subdivided into carriers which we enumerate by a 
suffix 7. The total energy density and the total energy 
flow may thereby be analyzed as follows: 


E=>;E, S=D:S.. 


Note that we cannot assume, in advance, that each 
energy component is essentially positive; it is, indeed, 
a characteristic of conservative amplifying systems 
that one of the carriers admits of negative-energy states. 

Assuming that the energy and power have been 
subdivided as in (2.5), how is one to distinguish between 
amplifying and evanescent waves? In many problems, 
one is concerned with the interaction between streams 
of charged particles and electromagnetic fields, and one 
is looking for mechanisms for converting particle 
energy into electromagnetic-field energy. Some writers" 
have therefore adopted as the criterion for a genuine 
amplifying wave that the Poynting vector should be 
parallel to the direction in which the wave-amplitude 


(2.5) 
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is growing, since this seems to imply a progressive 
transfer of energy from particles to the field. However, 
this argument is not valid, as we may see from the 
schematic diagram shown in Fig. 1. This diagram 
indicates that it may be necessary to inject, at some 
boundary to the right of the growing wave, energy into 
the electron beam which is transferred, as shown, to the 
electromagnetic field and so appears as a growing 
Poynting flux parallel to the direction of growth. If 
energy must be injected at the high-amplitude end of 
the propagating system, the wave must be classed as 
evanescent rather than amplifying. Note also that it is 
not sufficient to adopt, as the criterion for amplification, 
that the energy transfer from the beam to the field 
should increase in the direction in which the wave grows. 

A more persuasive criterion, based upon energetics, 
is obtained only by supplementing the analysis of 
energy and energy flow represented by (2.5) by an 
assumption about the “direction of flow.’* If, in 
some sense which should be clarified but usually is not, 
the disturbance is propagating in the direction of 
growth, and if the Poynting vector is parallel to the 
direction of growth, then one would believe that the 
wave is amplifying rather than evanescent. However, 
there remains the problem of clarifying what is meant 
by the “direction of flow” and of giving a rule for 
determining this direction in any particular system. 
One might at first be tempted to identify this direction 
with the direction of the “group velocity,” but one 
immediately faces the difficulty of fitting the idea of 
group velocity into the framework of growing waves.” * 
The simple rule represented by (1.8) and (1.9) clearly 
cannot be valid since the expressions on the right-hand 
sides of these equations are complex. 

In physical systems, one can often form a definite 
idea as to what the direction of flow must be, even if 
one cannot be precise as to what exactly is “flowing.” 
For instance, if there are a number of interacting 
electron streams, all of which are moving in the same 
direction, one has the intuitive idea that disturbances 
represented by growing waves are, in some sense, being 
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Fic. 1. Evanescent wave with nonzero Poynting flux 
in direction of growth. 





2A. Sommerfeld, Optics (Academic Press, Inc., New York, 
1954), p. 114 ff. 

2%. A. Wainstein, paper presented at the Union Radio- 
Scientifique Internationale Twelfth General Assembly, Boulder, 
1957 (unpublished). 
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propagated in the direction of the beam velocities. This 
assumption, which seems plausible but really calls for 
clarification and analysis, is usually an explicit or 
implicit ingredient of criteria employed by the energetics 
school. 

The above argument may be given a particularly 
persuasive form by interpreting growing waves as 
being due to a ‘weak coupling” between the constituent 
carriers of the propagating system. Assuming that the 
individual carriers, when uncoupled, propagate un- 
attenuated waves, and that the group velocities of these 
waves is in the same direction, it is reasonable to 
assume that, if the carriers are only weakly coupled, 
waves in the resulting system are propagated in the 
original direction, even if the waves so obtained are no 
longer unattenuated. It is seen that this argument, 
which underlies the “coupled mode” theory of electron 
tubes," should lead to a reliable distinction between 
amplifying and evanescent waves, but only at the 
expense of analyzing the energy flow into constituents, 
and of appealing to the weak-coupling hypothesis. 

The case in favor of distinguishing between ampli- 
fying and evanescent waves by calculation which takes 
the boundary and initial conditions explicitly into 
account—for instance, by Laplace-transform analysis— 
has been forcefully presented by Twiss.'* There can be 
no objection to carrying through the mathematical 
analysis which duplicates precisely the physical process 
which occurs when an electron tube is switched on, and 
so arriving at the steady state which would be set up, 
except that this may prove a discouragingly laborious 
calculation, and except that one may have the suspicion 
that the distinction which we seek may be arrived at 
more simply. This means that we cannot take exception 
to the results of the transient calculation carried through 
by Laplace transformation in the ¢ coordinate. If the 
medium were infinite in extent, so that there were no 
spatial boundary conditions to be considered, such a 
calculation might show certain waves to be evanescent, 
since their amplitude decayed away from the point of 
origin, or it might show the system to be amplifying, 
since the disturbance is propagated away from the 
origin but grows in amplitude, or it may prove the 
system to be unstable in the sense that the wave- 
amplitude in the neighborhood of the origin grows 
indefinitely. 

However, since the preceding calculation leads more 
naturally to an analysis in real wave numbers than in 
real frequencies, it is sometimes proposed that a 
Laplace-transform calculation in the z variable should 
be carried out. It may seem that the validity of this 
procedure stands or falls with the validity of the 
Laplace-transform calculation in time, but this is not 
so. There is an important physical distinction between 
the two cases, in consequence of which Laplace- 
transform calculation in the z variable may lead to 
erroneous conclusions. 
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Fic. 2. Contour of integration for Laplace-transform 
analysis in time. 


In applying Laplace-transform theory in time, one 
assumes that the system is undisturbed up to time /=0, 
when a disturbance is initiated by “forcing terms.” 
Laplace-transform calculation, based on the equations 
of motion, will then lead to an expression of the fol- 
lowing type for the wave amplitude'®: 


Fj ;(k,w)p;(kw) 
o(st)=e f de GO eee = 
D(kww) 


For simplicity, we consider a disturbance which is 
sinusoidal in the space coordinate z. In the above 
equation, ¥;(kjw) characterizes the forcing term: the 
consideration of impulse-like forcing terms would 
enable us to interpret ¥;(k,w) alternatively as deter- 
mined by the initial values of the potentials ¢,;. The 
coefficients F;;(k,w) are characteristic of the propagating 
medium: the denominator D(k,w) is identical with the 
function appearing in (1.3), and appears in Laplace- 
transform theory as the determinant of the matrix F,;: 


D(kww) = | Fi;(kyw)|. (2.7) 


The integral (2.6) may be analyzed into contributions 
arising from the poles of the integrand, that is, from the 


zeros of the dispersion function D(k,w). However, in 
order to obtain a definite answer, it is necessary to 
specify the contour of integration. In the case we are 
considering, this is determined uniquely by the require- 
ment that ¢;(z,/)=0 for <0. The contour must be that 
shown in Fig. 2, that is, it must be a curve which passes 
above all zeros of the function D(k,w). This curve may 
be displaced in the direction w;—>+ ©, which ensures 
that ¢;(z,4)=0 if t<0. For positive values of ¢, the 
contour may be closed by a return path for which 
w;=— ©, which shows that every zero of D(k,w) then 
contributes to the wave. 

Now suppose that we attempt to repeat these argu- 
ments, interchanging the roles of z and ¢. We may 
imagine that we are considering the modulation of a 
beam incident from z=— © at the plane z=0, the 
modulation being periodic in time. The resulting wave 
function may again be written in a form similar to 


(2.6), 
_Fislkwilhw) 
‘ = iwt dk e’ —_—_—_—_—_, 
— faves D(kyw) 


(2.8) 
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where the function y,;(k,w) now characterizes the 
external force applied at the plane z=0. The problem 
still remains of choosing the appropriate contour of 
integration. If it could be asserted that ¢,(z,f)=0 for 
z<0, then the contour would be analogous to that 
appropriate to the integral (2.6), that is, the integral 
shown in Fig. 3. (This contour now runs below the zeros 
of D(kw) since (1.2) gives different signs to the space 
and time exponents.) However, the important point to 
which we wish to draw attention is this: in the previous 
case, in which forces were applied at time ¢=0 to a 
system which was undisturbed for ‘<0, our under- 
standing of causality led to the unmistakable conclusion 
that ¢;(z,1)=0 for <0; however, it is impossible to 
deduce from the principles of causality that, in the case 
we are considering, the wave functions ¢,(z,t) should 
vanish for z<0. There is no reason why unattenuated 
waves (for instance, electromagnetic waves traveling 
with approximately the velocity of light) should not 
propagate “upstream,” in the negative z direction. 
Indeed, it may be that in some recalcitrant cases it is 
impossible for the wave function even to remain finite 
for negative values of z, since an amplifying wave 
propagates against the direction of the electron stream. 
There is also the more likely possibility that an eva- 
nescent wave will extend upstream from the modulating 
plane z=0, a sort of “bow wave.” (A careful analysis 
shows that such space-charge bow waves exist in 
klystron amplifiers.) If we now suppose that such bow 
waves exist, it is clear that the contour of integration 
should not be that shown in Fig. 3: it should instead 
be that shown in Fig. 4, the contour running below all 
zeros of D(kw) except those representing evanescent 
waves which fall off in the negative z direction, that is, 
with negative values of k;. Note, however, that there 
may be also genuine amplifying waves which will also 
have negative values of k;: it is clearly necessary that 
the contour should run below the zeros of D(kw) 
representative of these modes, as shown in Fig. 4. We 
now see that, in carrying out Laplace-transform theory 
in z, the following basic difficulty has arisen: the con- 
tour may not be assumed to run below all poles of the 
dispersion function D(k,w) ; moreover, in order to know 
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Fic. 3. Incorrect contour of integration for Laplace-transform 
analysis in space. 
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just what contour is appropriate, it is necessary to have 
some means of classifying waves which grow expo- 
nentially in the +2 direction into “amplifying” and 
“evanescent” waves. Hence the application of Laplace- 
transform theory in the z coordinate by no means leads 
to a classification of growing waves into amplifying and 
evanescent types: on the contrary, such a classification 
must be obtained by other methods if Laplace-transform 
theory in the z coordinate is to be employed at all. 

It may be noted that the above difficulty is not 
alleviated by interpreting the integral (2.8) as giving 
the wave function due to prescribed initial values at the 
plane z=0 (which is, of course, the conventional in- 
terpretation of the Laplace-transform integral). The 
reason is that it may be physically impossible to set 
up the prescribed initial values of ¢;(z,t) at z=0 by 
operations at the plane z=0. For instance, if there is 
an evanescent wave with a negative value of ;, this 
wave can be excited only by an appropriate forcing 
term at some positive value of z. 

An unusual approach to the problem of resolving the 
distinction between amplifying and evanescent waves 
has been proposed by Piddington.* Piddington shows 
that it is possible to misinterpret waves which are 
known to be evanescent as amplifying, but deduces 
from this fact the unwarranted conclusion that all 
waves for which w is real and & complex must, in fact, 
be evanescent. However, Piddington’s contributions 
are valuable in emphasizing the relationship between 
amplification and instability: Piddington clearly in- 
terprets amplification as a kind of ‘“‘convective insta- 
bility,” a point of view which our investigation leads 
us to endorse. 

A new approach to the problem we are discussing 
has recently been proposed by Buneman.” The pro- 
cedure here is to investigate whether or not it is possible 
to draw energy from a given growing wave by means of 
an appropriate probe. Since this theory is quite new, 
it is impossible to give a critical account of it here. It 
must suffice to observe that the theory, as at present 
proposed, makes it necessary to divide the system under 
consideration into independent components, and to 
study the interaction of these components with a 
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Fic. 4. Correct contour of integration for Laplace-transform 
analysis in space. 


% J. H. Piddington, Phys. Rev. 101, 9 (1956); 101, 14 (1956). 
28 Q, Buneman (to be published). 
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“virtual probe.” The results of this theory agree with 
our own insofar as they demonstrate that amplifi- 
cation is associated with instability. 


3. KINEMATIC FORMULATION OF THE PROBLEM 


The principal thesis of this communication is the 
assertion that the distinction between amplifying and 
evanescent waves may be interpreted within the frame- 
work of wave kinematics. This term is intended to 
denote the space-time “geometry” of wave functions, 
and to exclude all specifically dynamical concepts such 
as energy, momentum, etc. In this section, we derive a 
kinematic classification of growing waves into two types, 
and adopt this classification as defining the terms 
“amplifying” and “evanescent.” This kinematic classi- 
fication will lead us to a criterion for distinguishing 
between these wave types which requires knowledge 
only of the dispersion relation. 

We consider the relation (1.5), characterizing a 
particular mode of a propagating system. We suppose 
that, for some value wo of w, the quantity &, which is 
given by K (wo) if we drop the suffix a, is complex. We 
wish to find out whether this wave is amplifying or 
evanescent without looking into the energetics of the 
system and without explicit discussion of the boundary 
conditions necessary to excite this wave. This means 
that we must consider a ‘free’ wave function which is 
not necessarily limited to any finite region of space and 
time. If this wave is monochromatic, there is no way of 
telling whether it is amplifying or evanescent. 

It is proposed that we consider a wave function which 
is quasi-monochromatic. That is, we consider a wave 
which is expressible in the form 


(3.1) 


(a= f dw f(w)eitK()s-we) 


where the integration is here assumed to run over all 
real values of w, and it is assumed that f(w) has a sharp 
peak at w=wo and is negligibly small elsewhere. For 
definiteness, we shall consider the following functional 
representation of f(w): 


f(w) -ex| - (—) | 
Aw 


where V takes some positive integral value and Aw 
may be made arbitrarily small. 

We first observe that the wave function represented 
by (3.1) is a “time-like packet” in the sense that, for 
any value of z, the wave function is bounded in extent. 
This follows at once from Riemann’s Lemma.”* Pro- 
vided that K,;(w) is bounded, the function f(w)e* 
is bounded for all real values of w. Hence, by Riemann’s 
Lemma, 


(3.2) 


o(z,t) +0 as toto, (3.3) 


2%*E. C. Titchmarsh, Fourier Integrals (Clarendon Press, 
Oxford, 1937), p. 11 ff. 
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Fic. 5. Time-like packet also a space-like packet. 








It is in this sense that we describe $(z,/) as a “time-like 
packet.” 

The important question which now arises is the 
following: Is the wave function (3.1) also a space-like 
packet? If it is, then a “contour diagram” of the ampli- 
tude of the wave function over the z-¢ plane must be 
as shown in Fig. 5; on the other hand, the contour 
diagram might be as shown in Fig. 6, in which case the 
wave function could not be interpreted as a space-like 
packet. It is clear, from Fig. 5, that a wave function 
which may be interpreted as both a time-like packet 
and a space-like packet represents a disturbance which 
is being propagated in the medium: we might say that 
such a wave function is “launchable” since if it were 
generated, at some time, in a localized region of the 
z axis, the disturbance would be “launched” from this 
region since the disturbance in the neighborhood of 
this region ultimately vanishes. We may conceive that 
such a disturbance could also be generated by an 
appropriate time-varying signal applied at the plane 
z=0. Wave functions of the type shown in Fig. 6, on 
the other hand, do not represent propagated disturb- 
ances of the medium, since they are at no time localized 
in space. In order to realize a wave function of the type 
shown in Fig. 6, one would expect that it would be 
necessary to apply appropriate signals at fwo points, 
with large positive and negative z coordinates. 

It is clear that wave functions of the type shown in 
Fig. 6 are those which we expect to arise in systems 
which support only evanescent waves, whereas we 
expect that wave functions of the type shown in Fig. 5 
will arise in systems which support amplifying waves. 
We propose to adopt this classification as our kinematic 
formulation of the distinction between amplifying and 
evanescent waves. We therefore assert that if a quast- 
monochromatic spatially growing wave which is, by 
construction, a time-like packet is also a space-like packet, 
then the wave under consideration is amplifying; if, on 
the other hand, the time-like packet is not a space-like 
packet, then the wave is evanescent. 

It follows from the above definition that in order to 


determine whether or not a growing wave is amplifying, 
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we should determine whether the function defined by 
(3.1) is such that, for arbitrary /, 


o(z,t) +0 as (3.4) 


27+, 


If this condition is satisfied, then the wave function is 
a space-like packet and the wave is amplifying; if this 
condition is not satisfied, the wave function is not a 
space-like packet, and the wave is evanescent. 

If $(z,t) is to be a space-like packet, it is necessary 
that, for arbitrary ¢, @ should be expressible as 


(3.5) 


(c= f dk g(k,l)e'*, 


where the integration is to run over real values of k. 
By Riemann’s Lemma, in order that ¢$(z,t) should be a 
space-like packet, it is sufficient that it should be 
expressible in the form (3.5), in which the integration 
runs over all real values of k, and, for arbitrary ¢, g(k,t) 
is a bounded function of k. 

The problem is now to decide how investigation of 
the dispersion relation will enable us to see whether or 
not the wave function defined by (3.1) may be expressed 
in the form (3.5). The information which we seek is 
given by a certain diagram. We construct, in the w,-w; 
plane, the locus I which is traced by the function (1.4), 
appropriate to the mode under consideration, as k takes 
all real values between — © and &. This curve will not 
pass through the point w=wo since, by hypothesis, this 
value of w corresponds to a complex value of k. We shall 
suppose that K(w) is real for real w outside the range 
w, to we. The path of integration of the integral (3.1) 
therefore corresponds to integration over real values of 
k, except for the contribution to the integral between 
the limits w; and we. However, we remember that, by 
appropriate choice of {(w)—for instance, by making 
Aw in (3.2) arbitrarily small—we may make the con- 
tribution to the integral (3.1) outside a small neighbor- 
hood of wo negligibly small. If the functions occurring 
in (3.1) are analytic, we are entitled to displace the 
path of integration of (3.1) so that the integration 
runs from w=— ® to w= by some path other than 
the real axis. The question which interests us is this: 
Is it possible to displace the contour of integration in 
such a way that the integral (3.1) then represents 
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Fic. 6. Time-like packet not a space-like packet. 
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integration over real values of k? This will be possible 
if and only if the curve I’ “bridges” the gap between 
w, and we. If I has the form shown in Fig. 7, it is clearly 
possible to re-express the integral (3.1) as 


*.. ge 
$(2,!) = J dk —f(Q(k))eil*-2)4, (3,6) 
a 


where & runs over all real values. 

If $(z,t) is to represent a space-like packet, it is 
certainly necessary that I’ should so bridge the gap 
between w; and we that the integral (3.1) may be 
re-expressed as (3.6). Hence we may immediately 
assert that if we find the contour I to be of the form 
shown in Fig. 8, then the mode under consideration 
represents an evanescent wave over the band a to w». 
In fact, the situation shown in Fig. 8 necessarily involves 
a complication which was referred to in the Intro- 
duction. In analyzing media which support growing 
waves, we shall normally consider modes in groups of 
at least two: for instance, the waves characterized by 
K(w) and by K*(w), where K* denotes the complex 
conjugate of K. We expect, of course, that all the modes 
of one group will be of the same type—either eva- 
nescent or amplifying, although some of the amplifying 
modes might prove to be uninteresting since they 
represent negative amplification. 

Let us now assume that the contour I is of the form 
shown in Fig. 7, so that the integral (3.1) may be 
expressed in the form (3.6). We shall consider two 
questions: With what range of the curve I’ is the 
dominant contribution to the integral (3.6) associated, 
and what further conditions must be satisfied in order 
that the integral (3.6) should represent a space-like 
packet? The first question is easily answered if we 
consider the particular functional form (3.2). By making 
Aw arbitrarily small, we may insure that the contri- 
bution to the integral arising from that part of the 
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Fic. 7. Frequency band corresponding to growing waves bridged 
by locus of frequencies corresponding to real wave numbers. 
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Fic. 8. Frequency band corresponding to growing waves not 
bridged by locus of frequencies corresponding to real wave 
numbers. 


contour for which 

(3.7) 
is made negligibly small, where a is the smallest real 
root of the equation 
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If N=1,a=1; if N=2, a=[(3—2v2) ].1 It is clear that, 
whatever form the function f(w) may take, the domi- 
nant contribution must come from that portion of the 
curve I for which w,;+<0. 

We may now turn to the second question. It follows 
from Riemann’s Lemma that the integral (3.6) will 
represent a space-like packet, for which (3.4) is satis- 
fied, provided that (dQ/dk) f(Q(k))e*%™* is bounded 
for all real k. However, the consideration of the pre- 
ceding paragraph indicates that it is, indeed, sufficient 
that this function should be finite over the range of 
values of k necessary to bridge the gap in the real 
w axis, excluding the points of intersection with the 
axis. If we restrict our attention to functions f(w) 
which do not happen to have poles on the curve I, 
this condition is satisfied provided that [ remains in 
the finite part of the plane, and provided that the 
complex function dQ/dk is bounded over the relevant 
part of the curve I’ and has no singularities between 
I and the rea! axis. 


W;| <a|W,— wo! 


-+(—)*%a2" =0. (3.8) 


4. CONVECTIVE AND NONCONVECTIVE 
INSTABILITY 


We now pass on to the consideration of a new 
problem. By considering wave functions which were 
defined in such a way as to be time-like packets, and 
then enquiring into conditions necessary for these 
functions to be also space-like packets, we have arrived 
at a classification between amplifying and evanescent 
waves, and a criterion for distinguishing them. What 
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Fic. 9. Space-like packet not a time-like packet. 
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analogous information may we obtain by interchanging 
the roles of space and time? 

We now begin by considering modes as characterized 
by the form (1.4) of the dispersion relation. We shall 
consider that, for a particular value ko of k, 2(k) is 
complex. Clearly, we are now considering the problem 
of instability of the given medium for, if 2;>0, the 
component of the disturbance characterized by po will 
grow in time. We may therefore anticipate that the 
analysis given in Sec. 3 will enable us to define a 
classification of unstable modes into two types, and 
that we shall be able to obtain a criterion for dis- 
tinguishing between these types. 

We now consider, in place of the expression (3.1), 
the integral 


(4.1) 


6(0,)= f ak g(keitte-2@) 0 


in which we assume that the function g(k) is sharply 
peaked at k=ko. Hence, if 2;(k) is bounded, (4.1) 
represents a space-like packet. 

We may again distinguish, for the functions defined 
by (4.1), two possibilities: the function $(z,t), which 
is by hypothesis a space-like packet, may or may not 
also be a time-like packet. In order to see the significance 
of this distinction, we may draw diagrams for the two 
possibilities. If the wave function represents a time-like 
packet, we obtain once more contours of the form shown 
in Fig. 5. If, on the other hand, the space-like packet 
is not a time-like packet, we obtain the set of contours 
shown in Fig. 9. These two diagrams represent two types 
of instability: it is suggested that that shown in Fig. 5 
be termed “convective instability,” and that shown in 
Fig. 9 be termed “nonconvective instability.” Hence 
we arrive at the following definition: if a wave function 
growing in time, which is composed of a narrow spectrum 
of wave numbers, and which is therefore a space-like 
packet, is also a time-like packet, then the instability 
represented by this wave is convective ; if, on the other hand, 
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the space-like packet is not a time-like packet, then the 
instability is nonconvective. 

The classification of instability which we have so 
easily arrived at is instructive and illuminating. The 
theory of dynamical systems of a finite number of 
degrees of freedom leads one to expect that any system 
which is shown to be unstable cannot persist in a 
quiescent state if random disturbances, no matter how 
small, must be supposed to be present. This simple 
view suggests that a propagating system characterized 
by a dispersion relation which admits complex values 
of w for real values of k must be supposed to disrupt 
some time after an arbitrarily small disturbance is 
admitted. However, electron tubes such as the traveling- 
wave tube and the two-stream amplifier are represented 
by dispersion relations with this property, but it is 
known that the tube is not unstable in the sense indi- 
cated. This paradox, to which Twiss has drawn at- 
tention,'* is resolved by our classification of instability. 
If a propagating system exhibits convective instability, 
a finite length of the system may persist in a quiescent 
state, even in the presence of small random disturb- 
ances, since these disturbances, although amplified, are 
carried away from the region in which they originate. 
Such systems may be used as amplifiers, and the 
traveling-wave tube?’ and two-stream amplifier® are of 
this type. If, on the other hand, a propagating system 
exhibits nonconvective instability, an arbitrary per- 
turbation of the system will give rise to a disturbance 
which grows in amplitude at the point at which the 
perturbation originated; we also expect that the dis- 
turbance will spread until it extends over an arbitrarily 
large region of the system. If an electron tube were to 
exhibit nonconvective instability, it could not be used 
as an amplifier; it would be said to be “unstable” or 
“self-oscillatory.” 

We may distinguish between convective and non- 
convective instability by constructing diagrams analo- 
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Fic. 10. Band of wave numbers corresponding to instability 
bridged by locus of wave numbers corresponding to real fre- 
quencies. 


27J. R. Pierce, Traveling-Wave Tubes (D. Van Nostrand 
Company, Inc., Princeton, New Jersey, 1950). 
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gous to those shown in Figs. 7 and 8. We construct, in 
the k,-k; plane, the curve A which is the locus of points 
k=K(w), where K is the function (or functions) ap- 
propriate to the mode under investigation, and w takes 
all real values. We are assuming that, for k=ko, w is 
complex: hence the curve A may not pass through the 
point ko. The two types of curve which we may expect 
to obtain are shown in Figs. 10 and 11. If the curve A 
bridges the interval 2; to ke, for which w is complex, 
the space-like packet (4.1) may be rewritten in the form 


dK 
$(z,t) _ fa —g(K (w) eitX@)s-et), 


dw 


(4.2) 


in which the integration is over real values of w, so that 
the packet is time-like; the instability is therefore 
convective. If, on the other hand, the curves A, A’ 
representing a pair of modes have the configuration 
shown in Fig. 11, the integral (4.1) may not be re- 
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Fic. 11. Band of wave numbers corresponding to instability 
not bridged by locus of wave numbers corresponding to real 
frequencies. 


expressed as an integral for a time-like packet, so that 
the instability is nonconvective. 


5. DISCUSSION OF MECHANICAL MODELS 


In order to compare the kinematic classification of 
wave types which has been set out in the preceding 
two sections with one’s more intuitive dynamical ideas 
about growing waves, it is convenient to discuss simple 
examples. In this section we shall consider a mechanical 
device which is flexible enough to display nongrowing 
and growing waves of all types. We shall find that, for 
this model, it is easy to decide on mechanical grounds 
whether a spatially growing wave is amplifying or 
evanescent, but not at all easy to decide whether a 
wave growing in time represents convective or non- 
convective instability. Hence, even in this simple case, 
the kinematic theory confirms what one knows dynami- 
cally and also adds something which one did not know 
dynamically. 
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Fic. 12. Mechanical model of simple propagating system. 


We consider a linear array of oscillators, such as 
pendula vibrating in planes transverse to the z axis. 
The equation of motion of each oscillator is then of the 
form 


@o/d?= — dd, (5.1) 


where ¢ might measure the angular displacement of the 
pendulum. If we now suppose that each pendulum bob 
is connected to its neighbors by elastic strings, the 
equation of motion of the mth pendulum is of the form 


Pb | 
= —Adba— A(bnayi— 2ont Gn-1); 
dt 


(5.2) 


which becomes, in the limiting case of infinitely short 
separation between oscillators, 
ao Cy 
—=—Adotph 


(5.3) 
df? 2 


If we now suppose that the whole assembly, shown 
schematically in Fig. 12, is translated in the z direction 
with velocity v, the total derivative in (5.3) may be 
re-expressed as 
0 ey' ao 
(<+-—) o=—Aotu 
Ot az 


(5.4) 


02? 


We see at once that the dispersion relation derivable 
from (5.4) is 

(w—vk)?=\+uk?. 

If, as we have implicitly assumed, the pendula are 

hanging in their stable positions and the connecting 


links are under tension, \>0 and u>O0 so that (5.5) 
may be rewritten as 


(w—vk)?= we?+ ck’. 


(5.5) 


(5.6) 
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Fic. 13. Wave pattern for low-frequency evanescent wave. 
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Fic. 14. Diagram characterizing waves known to be evanescent. 


(This equation is identical with the long-wave approxi- 
mation to the dispersion relation of a drifting electron 
plasma of nonzero temperature.”*) We know that if 
spatially growing waves appear in such energetically 
passive systems, these are evanescent waves (see Fig. 
13). Equation (5.6) leads to complex values of &, for 
real w, only if c>|v| and |w| <(1—2*/c?)4wo. Within 
this range, 
Dw [(A—v*)wo?— cw? i 


k= —_— : k= . (5.7) 
e—r eC—r 





In order to compare our conjecture with our kine- 
matic criterion, we construct the curves T from the 
formula 


w= vkt (wP?+ck?)}. (5.8) 


This diagram is found to be as shown in Fig. 14, which 
is of the type shown in Fig. 8 and so denotes evanescent 
waves, as we expect. Since w is real for all real k, the 
system is of course stable so that no investigation of 
instability is required. We may, indeed, notice that the 
fact that the dispersion relation admits of no complex 
values of w for real values of k is sufficient reason for one 
to class any spatially growing waves which may occur as 
evanescent. 

We now rearrange the model in such a way that it is 
clear, from a dynamical point of view, that it will act 
as an amplifier. We first assume that the coupling 
between pendula is removed and that the pendula are 
initially in their positions of unstable equilibrium: thus 
\<0O and u=0. If w is real, k is complex so that the 
system will again support spatially growing waves. 


O—O——2- 
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Fic. 15. Simple mechanical amplifier. 


28D. Bohm and E. P. Gross, Phys. Rev. 75, 1851 (1949). 
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This device is an amplifier in the sense that more energy 
may be extracted from the wave than is used to modu- 
late the wave. The initial modulation may be accom- 
plished by arbitrarily small disturbances given to 
undisturbed pendula as they pass a given plane whereas 
one may, sufficiently far down the line, extract a finite 
amount of power from the system by arranging for the 
bobs to strike massive resonators such as large pendula 
suspended in their stable positions. (See Fig. 15.) 

We now apply the kinematic criterion to this system, 
relaxing the condition that the connecting strings should 
be removed. The dispersion relation may now be 
written as 

(w—vk)?= — +R’. (5.9) 

We must distinguish between the cases |7|>c and 

v| <c; the former is relevant to our above model of 

an amplifier. Equation (5.9) leads to the following 
formulas for K (w): 


ah 


-y = MS -1v 














. 16. Diagram characterizing waves known to be amplifying. 


tw [(?—c)r— cw} 
k= “Spit dial 


J 
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if [w| <(v?/c?—1)!», 
tw (ew? — (v?—c*)*]} 


k- , k&=0 
r—- 


(5.10) 





if |w| > (0*/@—1)dy. 


Hence the system admits growing waves only in the 
band |w|<(v?/c?—1)!v. In order to determine the 
nature of these growing waves, we derive the functions 
Q(k), 
wp=vk, w=t(r’—ck*)!, if 
w,=vkt(CR—vr*)), w,=0, if 


|k| <v/c, 


\k|>v/c, (5.11) 


and so construct the curves I’ which are as shown in 
Fig. 16. These curves are of the type shown in Fig. 7, 
and so confirm that the growing waves are amplifying. 
If |v| <c there are no spatially growing waves. 

It is clear from dynamical considerations that the 
above model is unstable, and it is also clear that this 
instability is convective if c=0, »#0, and noncon- 
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vective if c#0, »>=0. We now consider the question of 
stability kinematically, first for the case |v|>c. 
Formulas (5.11) show that this instability is restricted 
to the range |k|<»/c. The nature of this instability 
may be determined by constructing the curves A by 
means of formulas (5.10), which are as shown in Fig. 
17. Our expectation that the instability is convective 
for the case c=0 is confirmed, since this diagram is of 
the type shown in Fig. 10; however our kinematic 
arguments have given us more information (for c¥0) 
than could be deduced dynamically. 

We now consider the instability exhibited by the 
system when |v|<c. The band of instability is as 
before, but the curves A are now determined by the 
formulas 

—tw+t[(?e—2*)r+ cw? }! 
k, = —________—_—_—__, k= 0. 
gus 


(5.12) 
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Fic. 17. Diagram characterizing convective instability in 
mechanical model. 


These curves are as shown in Fig. 18. Since they are of 
the type shown in Fig. 11, we conclude that the in- 
stability is now nonconvective, in agreement with our 
earlier conjecture concerning the particular case »=0, 
c#0. This result may be regarded as a special case of 
the following general assertion: if the dispersion relation 
admits only real values of k for real values of w, then any 
instability must be nonconvective. 


6. DISCUSSION 


In Sec. 3, we considered a mode for which the function 
K (w) is real outside the finite band between frequencies 
w; and w.; a similar simplification was made in Sec. 4. 
This assumption is appropriate to the discussion of 
systems composed of lossless elements, except that one 
of the frequencies w; and w, might be supposed to be 
infinite, a point which we shall return to in a later 
paragraph. However, many physical systems involve 
lossy elements for which we must assume that it is the 
exception, rather than the rule, for K(w) to be real. It 
is interesting to note briefly modifications which must 
be made in our theory in this case. 

It is easy to see what effect a small amount of loss or 
dissipation will have upon the curves I’ determined by 
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Fic. 18, Diagram characterizing nonconvective instability in 
mechanical model. 


the functions 2(&) in the w,-w; plane. We see from (1.1) 
that the function 2(k) will generally have a small 
imaginary part which is negative in sign. This will have 
the effect of displacing the curves [ slightly in the 
negative w,; direction. Hence the typical diagrams, 
shown in figures 7 and 8, for amplifying and evanescent 
waves will be replaced by those of Figs. 19 and 20, 
respectively. In looking for amplifying waves, it is 
clear that we should look for ranges of values of w, 
which correspond to complex &, and which are “bridged” 
by a curve T which enters the upper half-plane, for 
this is essential if disturbances are to grow in time. It 
follows that a system will cease to be amplifying if the 
losses are so great that the curves I’ are depressed 
entirely below the w, axis. These minor facts apart, 
the analysis of Sec. 3 is unaffected. 

The analysis of stability given in Sec. 4 will also be 
affected slightly by dissipation terms. However, we 
find that the sense of the displacement of the curves A 
depends upon the value of the derivative dw/dk. 

Let us now ignore dissipation, but suppose that one 
of the frequencies w;, wy—say w:—is infinite. The 
analysis of Sec. 3 would now be affected in a significant 
way if 2;/Q, tends to a nonzero limit as k > & . Suppose, 
for instance, that 2;/2,— 0.5. We now find that wave 
functions of the type (3.1) may be re-expressed as 
integrals over real values of & if, in (3.2), N=1. This 
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Fic. 19. Displacement of diagram characterizing amplifying 
waves due to small losses. 
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Fic. 20. Displacement of diagram characterizing evanescent 
waves due to small losses. 


may be seen from Fig. 21, in which the region of the 
w,-w; plane which contributes to the integral (3.1) is 
shown shaded. However, if we now consider the function 
f(w) defined by (3.2), with V=2, we find that the 
integral (3.1) may not be expressed as an integral over 
real values of k, since the area of the w,-w; plane con- 
tributing to the integral is now that shown in Fig. 22, 
which is not crossed by the curve I’. Hence a system 
characterized by such a curve I would have the curious 
property that certain types of disturbance are amplified 
and propagated, whereas other types of disturbance 
must be classed as nonpropagating. Since the k,-k; 
diagrams would be similar to Figs. 21 and 22, we should 
conclude that the nonpropagating disturbances repre- 
sent nonconvective instability. Hence, if 2;/Q, tends to 
a nonzero value as k->+ &, or if, equivalently, K,/K, 
tends to a nonzero limit as w ~-+ ©, we should conclude 
that the system is “essentially” unstable, since dis- 
turbances represented by functions of the type (3.2) 
will, if V is sufficiently large, be associated with non- 
convective instability. 

It may happen that, in setting up a model for a given 
physical system, one will arrive at dispersion relations 
which lead to the curious situation noted in the pre- 
ceding paragraph. However, it seems likely that this 
will happen only for models which must be classed as 
inexact or incomplete. The writer believes that it is 
unphysical to assume that 2/2, tends to any limit other 
than zero as k++. The rationale of this conjecture 








Fic. 21. Example of time-like wave packet which is space-like 
for given asymptotic behavior of the dispersion relation. 
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is as follows. The complex media which we are describing 
are composed of a number of discrete “carriers,”’ such 
as the electromagnetic field, electron beams, etc. 
Amplification or instability can occur only by virtue of 
cooperative interaction between these carriers. Now 
consider a disturbance applied very suddenly to any 
one of these carriers. At the moment of this disturbance, 
the other carriers will be unaffected due to the inertia 
of their components, and possibly also to the finite 
velocity of propagation of signals. Hence the cooperative 
interaction necessary for growth of this disturbance 
will not follow immediately, but after a time determined 
by the finite inertia and finite signal velocities of the 
system. This suggests that, for very high frequencies, 
the dispersion relation separates into a number of terms 
which characterize each carrier of the system, inde- 
pendently of the other carriers. The point which we 
wish to make is well demonstrated by the dispersion 
relation representing the interaction, by electrostatic 








Fic. 22. Example of time-like packet which is not space-like for 
same asymptotic behavior of dispersion relation. 


forces, of a number of superposed electron streams”: 
Dd: [w?/(w—0,k)?]= 1, (6.1) 


in which 2; is the velocity of the ith stream, and wo, 
is the plasma frequency of the stream. We see at once 
that, ask ©, the roots of (6.1) tend to w=2,k, taken 
twice over for each stream. The point is not well 
exemplified by mechanical models, such as_ those 
considered in Sec. 5, since mechanical models usually 
involve such unphysical assumptions as infinite forces 
of constraint. 

This point deserves further study but, in this com- 
munication, we merely note that if our conjecture is 
correct, the classification of waves into “amplifying” 
and “nonamplifying” (or, more pertinently, the classi- 
fication of instability into “convective” and “non- 
convective’’) will be independent of the nature of the 
wave packet. 

In this paper we have noted that, in a system which 
supports growing waves, the behavior of a wave packet 


* G. Ecker, Z. Physik 140, 274 (1955). 
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Fic. 23. Mode coupling leads to simple propagating waves. 


will depend, to a large extent, upon the particular 
spectrum of that packet. However, there are certain 
important remarks which may be made which are 
independent of the nature of the spectrum, which 
underlies our classification of growing waves and of 
instabilities. Although we do not expect to be able to 
assign a definite velocity of propagation to a growing 
signal, we do expect that one may at least determine, 
from the dispersion relation, the direction in which a 
signal is propagated. This information should be con- 
tained in the diagram of Fig. 7, or in that of Fig. 10. 
It seems clear that the direction of propagation of 
disturbances is determined by the sense in which the 
curve I (or A) is traced as & (or w) runs through the 
range of values from — © to ©. If we consider that the 
coupling between the carriers responsible for the 
amplification is removed, then the curves I and A will 
lie upon the real axes of the appropriate planes. The 
sense in which these curves are traced is then deter- 
mined by the sign of dw/dk, which is now the group 
velocity. If we now assume that the original coupling 
between carriers is restored by degrees, the sense (i.e. 
the sense of traversal) of the curves I’ and A will be 
unaffected, and so will the sense of propagation of 
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disturbances. Hence the identification which we know 
to hold in the absence of amplification must still hold 
when there is amplification. 

It is proposed that, for simplicity, we return to the 
consideration of lossless systems which support ampli- 
fying waves only in a finite part of the spectrum. 

The reader has doubtless conjectured that the classi- 
fication of a mode as “‘amplifying” in Sec. 3 is synony- 
mous with its classification as a ‘‘convective instability” 
according to Sec. 4. This identification is in full accord 
with our ‘interpretation of the nature of “amplifying 
waves.” In order to pursue this point, it would be 
necessary to consider the topology of the two-surfaces 
represented by the dispersion relation in the four- 
dimensional space with coordinates k,, kj, wr, wi. 
However, the relationship between the classifications 
of Sec. 3 and Sec. 4 is clarified by the consideration of 
the possible modes which may arise due to the coupling 
of just two carriers, or due to the coupling of one mode 
from each of two propagating systems.%**® The 
consideration of this simplified problem will also enable 
us to relate the diagrams drawn in Secs. 3 and 4 with 
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Fic. 24. Mode coupling leads to amplifying waves 
(convective instability). 


-®J.R. Pierce, J. Appl. Phys. 25, 179 (1954). 
( 3 J. R. Pierce and P. K. Tien, Proc. Inst. Radio Engrs. 42, 1389 
1954). 

® H. Heffner, Proc. Inst. Radio Engrs. 43, 210 (1955). 
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the more familiar diagram relating w and k when both 
may be taken to be real. 

We first consider the coupling between two modes in 
which, for the uncoupled state, the group velocities of 
the two modes are in the same sense. The uncoupled 
modes are indicated by dashed lines in Fig. 23(a). 
When these modes are coupled, the curves character- 
izing the modes of the coupled system may be either 
of the form shown in Fig. 23(a), or of the form shown 
in Fig. 24(a). The case shown in Fig. 23{a) is that the 
coupled system supports two simple waves: there are 
no amplifying or evanescent bands, and there is no 
type of instability. The curves I therefore lie along the 
real w axis as shown in Fig. 23(b), and the curves A lie 
upon the real & axis as shown in Fig. 23(c). 

Now consider the more interesting case shown in 
Fig. 24(a). For values of k between k; and ko, w is 
complex ; for values of w between w; and we, k is complex. 
It is clear that the curves I’ and A cannot be of the forms 
shown in Figs. 8 and 11; the curves will be of the types 
shown in Figs. 7 and 10, as shown in Figs. 24(b) and (c). 
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Fic. 25. Mode coupling leads to evanescent wave. 
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Fic. 26. Mode coupling leads to nonconvective instability. 


We see that this model confirms our identification of 
the terms “amplifying wave” and “convective in- 
stability.” 

Let us now consider the coupling of two modes, the 
group velocities of which are opposite in sign. The 
modes may, upon coupling, take either the form shown 
in Fig. 25(a) or that shown in Fig. 26(a). If the curves 
are as shown in Fig. 25(a), all real values of k correspond 
to real values of w, so that there is no instability. On 
the other hand, some real values of w correspond to 
complex values of &. The appropriate curves ' and A 
are readily seen to be as shown in Figs. 25(b),and (c). 
Since Fig. 25(b) is of the type shown in Fig. 8, it is 
clear that the band w to w2 is evanescent. The loops 
appearing in Fig. 25(c) are reminiscent of Fig. 10, but 
it should be remembered that, for all real values of k, 
w is real so that the question of instability does not arise. 

Let us now consider the diagram of Fig. 26(a). In 
this case, & is real for all real values of w, so that there 
will be neither amplifying nor evanescent waves. On 
the other hand, w is complex if & is within the band k, 
to ke, so that the system is unstable. The I’, A diagrams 
are seen to be as shown in Figs. 26(b) and (c). Since 
there are no growing waves, Fig. 26(b) is of no interest. 
Figure 26(c) is of the type shown in Fig. 11, so that the 
instability represented by Fig. 26(a) is nonconvective. 
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We have seen that the types of behavior which may 
occur when two simple modes are coupled is restricted 
by the relative signs of the group velocities of the un- 
coupled modes. If the group velocities are such that 
the uncoupled carriers are propagating in the same 
sense, then coupling results either in two simple waves 
or in “convective instability,” which may otherwise be 
interpreted as the existence of an amplifying wave. If, 
on the other hand, the group velocities represent 
propagation of the uncoupled carriers in opposite senses, 
then coupling results either in a band of evanescent 
waves, or in a band of wave numbers associated with 
nonconvective instability. Hence we may construct 
amplifiers only by coupling modes, the group velocities 
of which are in the same sense. On the other hand, by 





Fic. 27. Dispersion relation for two-stream amplifier : 
stream velocities in same direction. 


coupling modes, the group velocities of which are in 
opposite senses, we are constructing a system which 
may form the basis of an oscillator. 

In constructing a traveling-wave tube,?’ we arrange 
for the interaction of an electron beam and a circuit 
wave which propagate in the same sense, and so arrive 
at the situation characterized by Fig. 24(a). If we 
arrange for the interaction of an electron beam with a 
circuit wave, the group velocity of which is in the 
opposite direction to the velocity of the beam, the 
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Fic. 28. Dispersion relation for two-stream “amplifier’’: 
stream velocities in opposite directions. 








resulting system is characterized by a diagram of the 
type shown in Fig. 26(a) : this represents the mechanism 
of the backward-wave oscillator.?7:* 

Let us, in conclusion, consider the w-k diagram 
representative of the interaction between two super- 
posed electron streams. The dispersion relation for this 
double-stream system is the particular case of (6.1): 


w1"/ (w— 01k)?+-w2?/ (w— 22k)? = 1. (6.2) 


If 2; and vs are in the same direction, the diagram is as 
shown in Fig. 27. We see that two of the four modes 
represent simple waves; the other two modes represent 
amplifying waves for frequencies below wo. If the 
velocities 2; and v2 are opposite in sense, the diagram 
is as shown in Fig. 28. The modes which were simple 
now lead to a band of evanescent waves, a point which 
has been noted by Gould.?° However, a more important 
characteristic of this system is that the pair of modes 
which before represented convective instability now 
represent nonconvective instability for all wave 
numbers below ko. This indicates that a two-stream 
system, in which the streams are moving in opposite 
directions, will disrupt or exhibit large-amplitude 
oscillations if the region of interaction exceeds the 
critical value m/ho. 


®R. Kompfner and N. T. Williams, Proc. Inst. Radio Engrs. 
41, 1602 (1953). 

* H. Heffner, Proc. Inst. Radio Engrs. 42, 930 (1954). 

85H. R. Johnson, Proc. Inst. Radio Engrs. 43, 684 (1955). 





PHYSICAL REVIEW VOLUME 


112, 


NUMBER 5 DECEMBER 1, 1958 


Transverse Plasma Waves and Plasma Vortices* 


O. BUNEMAN 
Stanford Electronics Laboratories, Stanford University, Stanford, California 


(Received April 2, 1958) 


Plasmas at high-electron temperatures can carry transverse waves in which self-magnetic fields and 
relativistic effects become important. In this paper the relativistic perturbation equations for an isotropic 
uniform plasma are solved as an initial-value problem, i.e., by Laplace transformation, and the propagation 
or dispersal of both longitudinal and transverse perturbations is calculated. In both cases transients occur 
which have a continuous frequency spectrum. While transverse perturbations also yield pure persistent 
waves (with phase velocity exceeding that of light) of all wavelengths, longitudinal perturbations of very 
short wavelength will not be propagated as pure waves but will die out eventually with only longer wave 
lengths persisting. The transverse plasma perturbations discussed in the analysis are nonvortical and the 
dispersal of vortices is covered by a separate discussion. The vortices do not give rise to a new mode of 


propagation of perturbations. 





1, PLASMA PERTURBATIONS AS AN 
INITIAL-VALUE PROBLEM 


A GOOD deal of work has been devoted to longi- 
tudinal plasma oscillations, but for high-electron 
temperatures, transverse plasma oscillations become 
important also. In this paper, a unified treatment of 
both types will be given. A simplification of procedure 
is achieved if one separates out the plasma vortices and 
treats them differently. 

The study of plasma waves was, for a while, impeded 
by difficulties which arise when the wave velocity 
coincides with some of the electron stream velocities. 
These difficulties have been resolved by studying the 
appropriate initial-value problem, i.e., calculating how 
a given spatial perturbation develops in time. To 
anticipate a harmonic wave analysis of all perturbations 
is an oversimplification. (We shall see, for instance, 
that this anticipation automatically excludes plasma 
vortices.) 

A full treatment of the initial-value problem for 
longitudinal plasma perturbations was given by Willson! 
and our general treatment will follow Willson’s method 
closely. Instead of anticipating proportionality of all 
perturbations to exp (iw!—ik,x;—ikex2—ik3x3) and iden- 
tifying all the four operators 0/0x,, 0/dx2, 0/dx3, and 
0/dt with imaginary numbers —ik,, —ik2, —iks, and 
iw, one leaves 0/0t in the form of an operator and applies 
a Laplace transformation with respect to the time. 

For a Laplace-transformed function, the operator 
0/dt becomes, again, a pure number (usually denoted 
by s), provided the initial value of the function is Zero. 
It follows that one can retain the mathematical 
procedure of the harmonic wave analysis, replace iw by 
s, and adopt the interpretation of one’s results according 
to Laplace-transform theory, as long as the initial 
values of the quantities concerned are zero. This is 
the reason why it pays to reduce vorticity to zero before 
one starts. 

Whenever a function does not vanish initially, the 


* Prepared under U. S. Air Force Contract AF 33 (600)—27784. 


1A. J. Willson, Ph.D. thesis, Cambridge University, 1957 
(unpublished). 


rule is to write the initial value on the right side of an 
equation for every differentiation 0/d¢ which appears 
on the left (i.e., for every occurrence of s or iw on the 
left). In any physical situation some of the variables 
are bound to have initial nonvanishing perturbations : 
otherwise perturbations of an equilibrium state could 
not arise. Hence, we cannot take over the wave analysis 
right to the end. Our final equations for, say, the 
electromagnetic potentials a, will be of the form 
F(s)a,=I(s), where the function /(s) incorporates all 
the initial data while F(s) summarizes the differential 
equations governing the system. The wave analysis 
would have given F(s)a,=0 and hence F(s)=F (iw) =0 
which is the dispersion formula, connecting the propaga- 
tion constants k,, ke, ks with the frequency. But the 
actual behavior of the system is given by interpreting 
a,=I(s)/F(s) in the Laplace-transform sense. Our task 
is, not only to derive F(s) for both transverse and 
longitudinal perturbations (i.e., to get a transverse as 
well as a longitudinal dispersion formula), but also to 
get a representation of /(s) which will allow simple 
interpretation of the Laplace-transforms. 


2. RELATIVISTIC EQUATIONS OF MOTION 


Transverse plasma oscillations become interesting 
only when self-magnetic fields are having appreciable 
effects. These effects are smaller than electrostatic 
effects by a factor v*/c*, and when this is appreciable, 
we cannot ignore relativity effects. Thus a fully 
relativistic treatment becomes necessary, but the 
elegance of relativistic electrodynamics makes this a 
pleasure rather than a burden, and one need not 
apologize for introducing relativity even when all 
electrons retain small velocities. 

In fact, any fully smoothed-out Maxwellian velocity 
distribution does contain a few very fast electrons, and 
as the upper limit of velocities plays a significant role 
in the dispersion formula, there is some advantage in 
introducing a natural extreme upper limit by means of 
relativity effects. A relativistically accurate longitudinal 
dispersion formula was obtained by Clemmow and 
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Willson? and the results deduced below are in agreement 
with theirs. 

It is customary to begin the derivation of the plasma 
equations with Boltzmann’s equation for a velocity 
distribution function, and to ignore the collision term 
(but to take into account macroscopic Coulomb 
repulsions). This treatment is tantamount to solving 
the equations of motion and the conservation equations 
of the different electron streams that are superimposed 
on each other in their combined fields, and we shall 
here adopt the latter method. 

A suitable system of units is the “electron optical 
system.’”* In this system one can omit as multipliers 
the following quantities: the rest-mass of the electron, 
the charge of the electron (but for its sign), the 
velocity of light, the dielectric constant of free space, 
the permeability of free space, and the factors 4m of 
an unrationalized system. For instance, the relativistic 
equations of motion are 


dU,/dr=U,(0,a,—90,4,) (summation convention), (1) 


where the U, are the components of four-velocity, the 
a, are the potentials, 0, is short for 0/dx,, r is proper 
time, and the suffixes go from 1 to 4. The fourth 
component is imaginary: x,=i. The components U, 
obey the “kinetic” condition U,U,=—1 while the 


components a, obey the Lorentz condition 0,a,=0. 
The equation of conservation of mass or charge is 


aNU,=0, (2) 


where JN is the number density of a stream measured in 
its own rest-frame. The field equations are 


40,= X NU,—J,*, (3) 


streams 


where the summation extends over all the superimposed 
electron streams (not over u) and where J,* is the total 
four-current density of the ions. In future, the sign }> 
shall always indicate a summation over all streams, not 
over suffixes. Repeated suffixes are always understood 
to be summed over. We shall be interested in the 
problem of vortices, and in electrodynamics one means 
by vortices not those of the velocity field U, but those 
of the “generalized momentum” P,=U,—a, where 
U, is the kinetic four-momentum (in our units) and 
—a, the potential four-momentum of electrons (in our 
units). Since 


d/dr=Ud,, (4) 
we can write the equation of motion (1) as 


dP,/dr+U,0,a,=0, (5) 


2P. C. Clemmow and A. J. Willson, Proc. Roy. Soc. (London) 
A237, 117 (1956). 

8 See, for instance, P. A. Sturrock, Static and Dynamic Electron 
Optics (Cambridge University Press, Cambridge, 1955), Part 1, 
Chap. 1.2. 
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and convert the continuity equation (2) to the form 
U,0,N+N0,U,=dN /dr+N0,P,=0, (6) 


by using the Lorentz condition 0,a,=0. The field 
equations (3) read 


= NP,+(o N—8,0,)a,=J,*. (7) 


We shall make reference to the persistence of vortices: 
by subtracting the identity 


U,0,U,=0 (8) 


(see the kinetic condition U,U,= — 1) from our equation 
of motion (5), we obtain 


U,(0,P,—90,P,)=90, (9) 


and by an application of Stokes’ theorem in four 
dimensions this equation can be integrated into the 
statement that the “circulation” of P,, i.e., the line- 
integral £§ P,dx,, is conserved when the circuit is 
carried along by the electron stream.‘ If there is no 
vorticity to begin with, none will arise, the line integral 
vanishes around all circuits, and P, is derivable from a 


‘ potential: P,=0,f. 


3. SMALL PERTURBATIONS OF A UNIFORM 
MULTISTREAM PLASMA 


In the unperturbed state U,, P,, and .V are independ- 
ent of space and time coordinates and the operators 
0, produce nothing when applied to them. The total 
electron current density }> VU, just balances that of the 
ions, J,*, and there are no fields: a,=0, so that P,= U,. 

Let the perturbations cause small modifications 4,, 
p», and n of the unperturbed quantities U,, P,, and V. 
The field is purely a perturbation. We have p,=,— 4). 

The field equations (7) become 


DY Nat nP,t+ (X N—34,0,)a,=0, 
where it is permissible to employ unperturbed values 
for quantities denoted by capital letters, ignoring 
products of perturbation terms. The equations of 
motion (5) and continuity (6) are perturbed to 


dp,/dr+ U,0,a,=0, 
dn/dr+N0,p,=0, 


(10) 


(11) 
(12) 


where the proper-time derivative d/dr may be taken 
along unperturbed paths (electron worldlines), with 
only a second order error. Hence we may put d/dr= U,@, 
and again employ unperturbed values for quantities 
denoted by capital letters. The Lorentz condition 
remains 0,a,=0 while the kinetic condition becomes 
U,u,=0. 

We solve by the method described in Sec. 1 above, 
ie., by writing 0¢,=—1k, and introducing initial values 
on the right for every occurrence of 0/dt, that is of 


*See, for instance, O. Buneman, Proc. Cambridge Phil. Soc. 
65, 77 (1954), Part I. 
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ks(=i04=10/0x,s=0/0t), on the left. Eventually we 
interpret by identifying ky with the customary s of 
Laplace-transform theory. 

We take initial conditions such that no terms 
appear on the right-hand side of the equations of 
motion (11). We justify this restriction later (Sec. 7). 
Then 

Uk pr+kU pa,=9, (13) 


pr= —k,Ua,/Uske, (14) 


just as in the harmonic wave analysis. (A change of 
dummy suffix is necessary in the denominator.) The 
continuity equation (12) becomes 


U,knt+ Nk, p,= Un(0)+N p,(0), (15) 
so that 


n= (Uan(0)+Np.(0)—Nk,p,)/ Usk, (16) 


while the field equations (10) become 


¥ Nptd nU,t+(& N+, )a,= kia, (0)+4, (0). 
(17) 


Here d,(0) are the initial values of da,/d/, and in the 
second term the U, have been substituted for the 
unperturbed P,. 

Finally, we substitute our explicit formulas (14) 
and (16) for p, and m into the field equations (17), 
changing dummy suffixes where necessary : 

— kya, > NU,/Usket+hykyd, > NU,U,/ (Usk)? 
+(> N+h,k,)a,=I,(ks), (18) 


where 
T(R4) = k4d, (0)+4, (0) 

—> U,LU n(0)+N ps(0) ]/ Uske. 
Here are four equations for the four unknown a,. They 


lead to expressions for a, which can be interpreted 
according to the usual Laplace-transform rules. 


(19) 


4. ISOTROPIC DISTRIBUTIONS 


The summations indicated by }> extend over all 
unperturbed stream velocities, i.e., over all triplets 
U,, U2, Us that characterize the superimposed unper- 
turbed streams. Us=i(1+U/+U2+U;")! is not an 
independent variable. In the rest-frame of the plasma, 
i.e., in the frame in which the ions (supposed too heavy 
to be perturbed) are at rest, one generally deals with 
isotropic distributions. 

This means that, for instance, the velocity component 
— U, occurs with the same frequency, i.e., the same J, 
as +Uj,. It also means that each component is con- 
tinuously distributed, and that our sums over all 
streams are, strictly speaking, integrals. The symbol 
> should be understood to imply this. 

Let us now place the space axes such that k,;=0, 
ko=0, ie., that “propagation” takes place in the 
direction of the x; axis. Then U,k,=Uskst+U«k, and 
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the following totals vanish because of the symmetry: 


L NU1/Uske, 

L NU 2/Uske, 

L NU WUs3/(Uske)’, 

LX NUW3/(Uske)’, 

DX NU WU 4s/ (Uke), 

LD NUW,4/(U.k.)’, 

DL NU WU 2/ (Usk). 
Thus the matrix of coefficients in the four equations 
(18) for a, is diagonal but for terms with suffixes (3,4). 


The transverse components @; and a2 are given by 
Eq. (18) in the desired form directly : 


Fi (ka)ai:=1,(Ra), Fo(hs)ao=J2(ks), (20) 


where 


Fy (ka) = (ke FRAEYAFL NU Y/(Usks t+ U sks)? +L N 
(21) 


and owing to symmetry, F;(k4)= F2(k,). 

For the longitudinal component one uses the Lorentz 
condition 0,a,=0, which becomes k3a3+4a,=0 if we 
take a “gauge” for which a,(0)=0. This can always be 
achieved: in fact, by adding to a, the four-gradient of 
suitable combinations of 


exp[iks(x3—?) ] exp[ik3(x3+2) ] 


we can always reduce a;(0) as well as a,(0) to zero. 
Then, incidentally, a,(0) vanishes also, since 


and 


04a4= <a 0303= tk3Q3. 


Moreover, we get the longitudinal field in the form 


E,= (—0304+0 403) i= kya4— kya3= (ke? +h? )ay k; 
=— (ke+k9?)as/ks. (22) 


On substitution of 
a3>-— ksE3 (ke? + ki?) 
and 


a4= k3E3/ (ke+ k?) 


into the fourth component of Eq. (18) for the a, derived 


in Sec. 3, one obtains 
Fo(ka)Es/ka=Ia(hs), (23) 


where 
Fo(ka)=hoP + Nhe (UP +U 2)/(RaU sth 5)’. 
In the discussion of the important functions F; and 
Fy one can employ the fact that under symmetry 
D NRSU 2 /(ksU sth 4)? 
+> NR3U3/ (k3U 3+ kyl 4) = 0. 
This is proved by integrating with respect to azimuth @ 


about the U» axis, ie., writing U;= (U+U?)! sing, 
U;=(U2+U?)' cos¢. The expression in question 


(24) 


(25) 
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[left-hand side of (25)] is then equal to 
EN (d/db)[RaU1/ (kU stk) ], 


and since our summation implies an integration with 
respect to ¢ from 0 to 27, this “‘sum” vanishes. 

It is also convenient to collect the contribution from 
the streams with +U; and —U; and to deduce 


> NU; (kg3U3 +k U2 => NU? (k2U 2—kU;") 


=-DNV#/(ke+ksV3'), (26) 


where V3;=1iU;/U, is a velocity component dx;/dt 
measured as displacement with respect to observer’s 
time, not proper time. With this identity, we get F; 
(and F») in the form 


F, => F,= kv+ k?+> N 
-—> N(kP+k2)V 3 (ke+k;?V;°) 


=keg+k2+> N(1- V3") 
-> N (1 _— V3)ReV 3? (ke+ks?V;*) 
=ketke+d N(1—V3)/(1+keV3/ke). (27) 


If ky? is positive, F; is also positive. If k? has an 
imaginary part, all contributions to F, have imaginary 
parts of the same sign and hence F; can vanish only 
when k,’ is negative, i.e., ks pure imaginary. There are 
no transverse plasma instabilities. Also, on putting 
k,=tw, we see that F; decreases monotonically from 
> NV to —@ as w” rises from k;? to + ©. There exists 
just one zero of F; in this frequency range, i.e., one 
natural transverse plasma resonance. The monotonic 
behavior extends to frequencies as low as kV max 
where Vax is the maximum velocity occurring in the 
distribution, and there can be no further resonance 
frequency in the extended frequency range between 
RsV max and ks. 

Similar arguments can be applied to Fo which, 
owing to the kinetic condition, can be written as 

Fo=hke— Do NRS(A+UL2+U 2)/ (kU sth 4). 
Here we transform the term kj? > N/(k3U3+h U4)? 
while using the identity (26) already established for 
the remaining sums. We introduce polar coordinates 
about the axis of U3 and we average over all angles, 
which means we average over the cosine of the polar 
angle between —1 and +1. This is easily done and 
leads to \ 
> N/(RsU sth 4)? 

=D N/[RPUP— ke (UP+U2Z+U3)]. 
If we let V be the speed measured as displacement 
with observer’s (rather than proper) time, i.e., 
V=i(UPt+US+U8)/U, 
and hence U,=i/(1—V*)!, this sum becomes 


—> N(l—V?)/(kRe+k2V?). 


(28) 


(29) 
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Altogether, therefore, 


Fo=k2+X. Nke(1—V2)/ (ke +keV?) 
+20 NkeV#/(ke+keV2). 


Again, if k¢ is positive or has an imaginary part, Fo 
cannot vanish and hence there are no longitudinal 
plasma instabilities. Also, if ky=iw, Fo increases 
monotonically up to k;? as w* increases from k3’V max” 
to 2, so that there is at most one longitudinal plasma 
resonance within this range. 

Explicit forms of the dispersion laws F,(w,k3)=0, 
F(w, k3=0) are obtained by giving w as a function of 
the phase velocity W=w/k;, and by averaging over the 
polar angle in all the terms of F; and Fo: 


(30) 


Ww? W V 
v=W?> n(—_—- tanh7! ). (transverse) (31) 
W?-1 V W 


i-V? W V 
w= W?>: v(- —_—+ 2— tanh"! -2) 
W-V? W 


(longitudinal). (32) 


Since W>Vimax, one can develop in powers of V/W. 
Omitting terms of the order V4/W, one gets 
w/> N=W?/(W?—1)-8, 
w/X N=1-0(1-3/W?), 


(transverse) (33) 


(longitudinal) (34) 


where 6= >> 4.VV?/>- N is the temperature, in units of 
6X 10° degrees. 

When comparing these formulas with nonrelativistic 
approximations, one must define a ‘‘plasma frequency” 
w, for reference. It is customary to use the square root 
of the ion density: w,?= >> VU4/i. For low temperatures 
(Us/i=14+34V?), this becomes w,?= >> V(1+36/2) and 
hence 
w—k? 
reer aad ial a RN aan to (}-W~@, 
ws" Ws 


(35) 
(36) 


(transverse) 


9 
4 


Ww 


—=1—(3-—3W~)é@ (longitudinal). 


Wp 


In transverse oscillations, W always exceeds 1, so that 
the temperature coefficient is never large. In longitudinal 
oscillations, W may go as low as Vmax which is close 
to 6! for some distributions [Vinax= (70)! for the 
parabolic distribution V « V nax’—V?]. Then there is a 
dispersive) effect even at low temperatures, known in 
nonrelativistic theories. 


5. WAVE VELOCITIES WITHIN THE STREAM 
VELOCITY RANGE 


So far, we have not yet discussed the frequency 
range — kV max <w<k3V max corresponding to a limited 
range on the imaginary axis of the &, plane. Outside this 
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range F, and Fp are finite and they are nonvanishing 
except possibly at two isolated conjugate points on 
the imaginary axis corresponding to plasma frequencies. 

The remaining frequency range corresponds to 
harmonic waves whose velocity w/ks coincides with 
that of some of the streams.’ If such waves did exist, 
we should have to have F=0 or J= somewhere in 
this range. We shall show that for continuous velocity 
distributions and continuous distributions of initial 
perturbations this is not possible. 

The proof that FO rests on the fact that the 
imaginary part of F does not vanish in the critical 
frequency range. At w=0, ie., ks=0, Fi:X0 and 
F #0 by inspection. We can therefore limit the sub- 
sequent discussion to the cases w~0. Of course, the 
integrals over all stream velocities become meaningless 
when k, is exactly on the imaginary axis between 
—tk3Vmax and +1k3V max, but we get finite answers 
when &, is just to the right or just to the left of this 
range (and w just below or just above the real axis). 

Now a typical “sum” in our expressions (27) and 
(30), such as }> VR2V32/(k32V 2—«@"*), can, because of 
symmetry, be written as >} VA3V3/(k3V3—w) or 
> N+wo > V/(k3V3—w), since V is the same for + V3 
as for —V;. Let us now suppose that w is just below 
the rea] axis and remember that the summation implies 
an integration over V3; between —Vimnax and +V max. 
If w/ks is just below a point in this interval on the real 
axis (see Fig. 1), then the integration amounts to 
describing half a clockwise circuit around the singularity 
and will produce a negative imaginary part in 


; N /(k3V3—w). 


This imaginary part does not vanish and will persist 
even as one lets w merge into the real axis, provided 
the integration with respect to V; and V» for fixed 
V3=w/k; produces a nonvanishing numerator. This it 
will do whenever |w| <sV max, for then there is bound 
to be at least a belt of streams whose V; has the value 
w/k;: the possibility of the distribution function, which 
depends upon (V’?+V2+V;*)! only, having gaps be- 
tween 0 and V max need not be excluded. 

A similar argument can be applied to the term 
> Nk? (i-—V?)/(k2V?—w*) in that the integration 
over V, normally taken only from 0 to Vmax, can 
equally well be taken from — Vmax to +V max because 
of the evenness of the integrand. However, this term 
would not contribute an imaginary part at a gap in 
the distribution function. Where it does contribute, 
the sign of the contributions is the same as those from 
the other term. 

; LN .—-V, 
max 





~ Vinox 
Fic. 1. Path of integration when w approaches 
the real axis from below. 


5D. Bohm and E. P. Gross, Phys. Rev. 75, 1851 and 1864 
(1949). 
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Furthermore, the term 
> Nl V2 )kPV 2/ (keV 2—w*) 

in F,; [Eq. (27) ] contributes a nonvanishing imaginary 
part, by the same argument as before, in the critical 
interval. We conclude that neither Fy nor F; can 
vanish when k, approaches the interval between 
—iksV max and +ik3V max on the imaginary axis. But 
the sign of the (nonvanishing) imaginary parts of 
Fo and F, depends upon the side from which k, 
approaches the interval. There is a cut in the complex 
plane along the interval for the purposes of representa- 
tion of the analytic functions Fo(ky) and F,(k,). 
Except along the cut, however, there is no ambiguity 
of Fo and F;. 

One can show, incidentally, that Fo and F; remain 


finite along the cut provided the density distribution 


has finite slope as a function of velocity and does not 
break off sharply at Vinax. A density .V proportional to 
(V max? — V?)dV :dV od V , for instance, would be adequate 
in order to insure that Fy and F, remain finite through- 
out the finite part of the complex plane. Likewise 
the relativistic Maxwellian density proportional to 
(i/U4) exp(iU4/0)dU dU dU; (6= temperature) and ex- 
tending to Vmax =1, leads to bounded Fo and F;.° Rela- 
tivity, of course, ensures a velocity maximum for all 
types of distribution law. 

Considerations of boundedness are important in the 
study of the numerators /,(k4) and /,(k4) of our Laplace 
transforms [ Eq. (19) ]. Here, too, we have integrations 
over all velocities with the denominators k3U3+k U4, 
proportional to k3V;—w, in the integrand. Provided 
the initial density perturbations (0), as well as 
Np,(0), have finite slope as functions of the velocity 
components and do not break off sharply at Vmax 
[note that (0) need not be isotropic with respect to 
velocity, and that it may cover a slightly wider range 
than NV, in which case one would modify the definition 
of Vinax ], these integrals will remain bounded even in 
the critical frequency range. 

To show that, say, 

SSS f{ViV2V3)dV dV dV 3/(V3—w/ks) 
is bounded, we obtain, first, 
g(Vi)=S f(Vi,V2,V3)dV dV 2 


and write the integral in the form 


4+V bin 
f g(V3)dV3/(V3—w/ks) 


Vmax 


rm f [e(Vs)— g(w/ks) dV 3/(Vs—w/ks) 


+¢(w/ks) f dVs/(Vs—w/k). (37) 


Here the first integral is nonsingular since g(V3) has 


6 See J. L. Synge, The Relativistic Gas (Interscience Publishers, 
Inc., New York, 1957), Chap. 4, paragraph 14, for this distribution 
law. 
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finite slope at V;=w/k; and the integrand remains 
finite, while the second term is 
g(w/ks){In(V max—@/k3)— In (V max t+w/ks)+ it} . 

If g(w/ks) tends to 0 with finite slope when w/k; tends 
to +Vmax, this term also remains finite. The sign of 
the imaginary part depends, of course, upon the direc- 
tion of approach to the critical range of w in the complex 
plane. 

To summarize: subject to reasonable conditions of 
smoothness of the density distribution and the initial 
perturbations, the Laplace transforms of a), a2, and E; 
have the following properties : 

(a) They are bounded throughout the complex 
plane except, possibly, at an isolated pair of conjugate 
poles representing real logitudinal or transverse plasma 
waves. 

(b) They are discontinuous across a cut along the 
part of the imaginary axis between —ikjV max and 
+tk3V max; 

(c) They tend to zero like 1/4 as k, tends to infinity. 

The latter feature is readily verified separately for 
T1(ks)/Fi(Ra) and I4(ky)/Fo(ks), using the fact that 
a,(0) and d,(0) vanish and that |U4| exceeds unity 
always, so that ky always has a nonvanishing multiplier 
in the combination &,U, [see Eqs. (19), (20), (23), 
(27), and (30) }. 

6. INTERPRETATION OF THE LAPLACE 
TRANSFORMS 

Since our Laplace transforms are well behaved 
everywhere to the right of the imaginary axis, we could 
use the inversion formula’ 


e+ 1% 
(27) if [11(Rs)/Fi(ks) } exp(kat)dky (38) 


for a, and the corresponding formula for longitudinal 
fields. The path of integration runs parallel and just 
to the right of the imaginary axis [see Fig. 2 (a) ]. 

However, owing to the property (c) explained 
above, this path can, for />0, be closed around a 
large semicircle [see Fig. 2(b)]. It can then be con- 
tracted to two circles about the poles (if any) and a 
contour skirting the cut from —ik3V max to +ik3V max 
[see Fig. 2(c) ]. 

The circles around the poles at ky= +-iwo lead to gen- 
uine plasma waves, proportional to exp(--iwof— ik x3). 
The contour around the cut represents a disturbance 
having a continuous spectrum with frequencies up to 
ksV max, for we can convert the integral by changing to 
the variable of integration w, and taking the right-hand 
limit of the Laplace transforms on the up-stroke, the 
left-hand limit on the down-stroke: 

+k3V max 


{(71(iw)/F 1 (iw) Jright 
— [1 (iee)/F (ica) Jett} exp(iwt)deo, (39) 


+6. Doetsch, Laplace Transformations (Dover Publications, 
Inc., New York, 1957), Chap. 6, paragraph 5, 


(23) 


—k3V max 
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A disturbance having a continuous spectrum represents 
a pulse, not steady oscillations. After a long enough 
time no perturbation will be left, because of destructive 
interference between neighboring frequencies. 

There may, of course, be some almost periodic 
behavior in the pulse while it lasts. The spectrum, given 
by the square bracket, may have pronounced maxima. 
If such a maximum occurs at w=» and the logarithm 
of the amplitude behaves like [const—37\?(w—wo)? 
in the vicinity, then the disturbance is approximately a 
Gaussian pulse of duration 7». 

Maxima in the spectrum can be due to maxima in J 
or minima in F. More precisely, let us put 


= L—inrM on the left, 
=G—irH on the left 


I=L+inxM on the right, 
*=(G-+irH on the right, 


(note that G and H are real, but Z and M need not be 
real); then the spectrum is i(MG—LH)/(@+7H?") 
and we look for maxima of MG—LH and minima of 
G+7rH*. There is a maximum of M at frequency 
k3V;° when the initial perturbations predominantly 
occur in streams whose velocity component V; lies near 
some particular value V;°. This is as might be expected, 
since these streams will, in the first instance, carry 
their own perturbations along with them. But even- 
tually the perturbations get communicated, by electro- 
magnetic effects, to other streams and the initial 
perturbations will disperse. 

More interesting are the minima of G’+7°H?. Their 
nature does not depend upon the initial conditions. 
Minima of G?+2°H? occur when, in taking &, along the 
imaginary axis, one comes close to a zero of F=G+irH. 
There are no such zeros off the imaginary axis on that 
sheet of the complex plane which we have employed 
so far. But we can, when studying the vicinity of the 
cut, continue the function which is valid on one side 
analytically across the cut on to the other side, thereby 
reaching a different Riemann sheet. 

Suppose now that a zero of F exists on this normally 
concealed Riemann sheet at ky=two—vy, and let us 
approximate to F by 


F « ky— (iao—), 


k4- plane 


i 
| 
pole ' 
| 


ik max 


_} real_oxis 
“ik Vmax! 
| 

pole t 
| 

| 








(a) (b) 


Fic, 2. Successive changes of the path of integration 
for Laplace-inversion. 
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Fic. 3. Distortion of cut 
leading to Landau’s damped 
exponentials. 





F « if w—wotty ]. 


Then |F/?«1+(w—wo)*/y? and, according to our 
earlier remarks, the decay time will be of the order y~". 

This type of result was obtained by Landau in a 
study of nonrelativistic longitudinal plasma oscillations 
without velocity cutoff.* The discussion is taken up by 
Berz.? Landau’s technique is, however, not readily 
adapted to the case of a velocity cutoff, in that his 
deformation of the path of integration in the inversion 
formula would have to be taken around the branch 
points at kg= +ikgV max. 

The link between Landau’s method of integration 
and that presented here can be established by distorting 
the cut from a straight line connecting ky=+ik; with 
k,=—ik; leftward into a semicircle connecting these 
points (Viax=1 for a Maxwellian distribution). In 
pulling the right-hand branch of our path of integration 
up to the new semicircular edge (see Fig. 3), one moves 
in the lower Riemann sheet where there may be poles: 
their residues contribute Landau’s damped exponentials. 
The left-hand branch is pushed leftwards in the upper 
Riemann sheet where there are no poles. In the non- 
relativistic approximation the new cut appears, by 
comparison, infinitely distant and the difference between 
the Laplace transforms on its two edges may be ignored. 

That one finds “damped oscillations” in following 
Landau, as zeros of F on a different Riemann sheet, 
does not contradict our spectrum of purely real fre- 
quencies, since both results are valid only for />0. 
Landau’s solution is E;=0 for <0, E3« exp(iwo—vy)t 
for ¢>0, not for all ¢. The Fourier spectrum of such a 
pulse is, indeed, proportional to (w—wo—ty)™". 

Summarizing, we can state that transverse plasma 
perturbations propagate eventually as pure harmonic 
waves with a phase velocity exceeding that of light. 
But there are transients in the form of a pulse whose 
spectrum is continuous, covering all frequencies up 
to kV max. 

Longitudinal plasma perturbations will be entirely 
of the transient variety when the wave number is 
large. But for low wave numbers (large-scale perturba- 
tions), a pure harmonic wave will persist, after an 
initial accompaniment by transients. All longitudinal 
transients have a spectrum which terminates with the 

§ L. Landau, J. Phys. U.S.S.R. 10, 25 (1946). 

°F. Berz, Proc. Phys. Soc. (London) B69, 939 (1956). 


upper frequency k3Vmax. These results concerning 
relativistic longitudinal plasma waves agree with 
those obtained by Willson. 

The critical wave number above which persistent 
waves do not occur is given by putting ky=ik3V max in 
»=0 [Eq. (30) ], 
k?=>> N(1—V?)/(Vimax?— V?) 

+2300 NV3/(Vinax?—V3?). (40) 
For nonrelativistic velocities and the parabolic distribu- 
tion law mentioned above, one obtains 
Vinaxtke=5 > N/2. 

If the distribution is changed from the parabolic 
to the long-tailed Maxwellian distribution (extending 
to V=1), one obtains k= )> NV for the critical wave 
number under nonrelativistic conditions. This is 
much smaller than before. The larger wave numbers 
have been drawn into the range which is damped, 
owing to the presence of synchronous streams. Estimates 
(see Landau, reference 8) show the damping to be 
slight. Under relativistic conditions one obtains a 
critical k; slightly above the reference plasma frequency. 
At most it is 2% more, viz., at =} approximately 
(see Appendix). 

In a nonrelativistic analysis of the Maxwellian 
distribution, persistent waves do not appear: lack of 
relativistic cutoff allows streams to be synchronous 
with waves of arbitrarily high phase velocity. These 
streams (in cooperation with their neighbors) cause 
Landau damping.’ In relativity, waves with phase 
velocity greater than that of light escape such damping. 


7. REMOVAL AND DISPERSAL OF VORTICES 

Up to now our analysis of transients has been 
restricted to a particular set of initial conditions, 
namely those which leave the equations of motion in 
the form given by the wave analysis in spite of the 
adoption of Laplace transform technique. 

In Sec. 3 we took the equations of motion (13) in 
the form 

Uk py tk,U,a,=0, 

implying specific initial conditions. For general initial 
conditions, one must put initial values on the right 
for every occurrence of k, on the left. For u.=1, 2, 3 
this means that we ought to write U4p,(0), Usp2(0), 
U4p3(0) on the right. For .=4 we should write U4p,4(0) 
+U,a,(0). Since 4,=u,—p, and since U,u,=0, the 
right-hand side of the equation for u,=4 can be written 
—U;p:(0)— U2p2(0)— Usp3(0), and we see that there 
are only three arbitrary initial values in the four 
equations, owing to the restriction imposed on the 
initial velocities by the kintetic condition. 

The specific choice that we made in section 3 is 
consistent with this requirement and amounts to 
taking p:(0)=2(0)=);(0)=0, from which ,(0)= 
— U,a,(0)/U, follows automatically. 

In the discussion of longitudinal plasma oscillations, 





TRANSVERSE 


moreover, we committed ourselves to a specific gauge, 
namely a;(0)=0, a,(0)=0. Thus our initial conditions 
yield U4p4(0)= — Ua, (0)— U2a2(0) and we see that in 
the longitudinal formulas (19) and (23) the “‘initial” 
term 1[,(ky) reduces to D> n(O)UP/(k3Ust+hkiU 4) by 
virtue of the isotropy of the velocity distribution .V. 
For 1; (ky) we get [see Eq. (19) ] 


D> n(O)U WU 4/ (RU sth 4) 
—a,(0) > NU? (RsUstkhyU aU. 


If n(0) is also isotropic, the first term disappears here, 
leaving the excitation of a transverse field entirely to 
its own initial value. As regards the velocities, we 
start our streams with #;=4), u2.=d2, u3;=0. 

Since we have taken the initial generalized momenta 
pi(0), p2(0), p3(0) equal to zero, our distribution 
contains no vortices initially. This continues to be 
the case (as it should), for let ¢ be a quantity which is 
initially zero and which obeys d{¢/dr=—U,a,, so that 
its Laplace transform is —iU,a,/U.k, (remembering 
that d/dr=U,0,, transforming to iU,k,). Then the 
four-dimensional gradient of {, 0,¢, has the transform 
—k,U,a,/U,k, which is just py [see Eq. (14)]. The 
momenta form a gradient, i.e., they have no vortices. 

We see immediately that the harmonic wave analysis, 
in which the formula (14), p,=—AuU,a,/U.k,, would 
be used without reservations, can never account for 
vortices in the plasma. 

As regards purely transverse initial perturbations 
(i.e., perturbations for which u;=0 initially) we may 
say that the absence of vortices is sufficient to justify 
our initial conditions. For, since we have chosen the 
gauge a;(0)=0, we get p;(0)=0 immediately while the 
condition of zero vorticity yields 03f;=—k3p,=0, 
O3p2= —1k3p2=0 (which are not operational equations, 
k; being a real number), so that p,(0)=0 and p.(0)=0. 

We may say, therefore, that among the transverse 
perturbations our analysis has just covered all the 
nonvortical ones. The longitudinal analysis has been 
restricted also, in that we have assumed u;(0)=0. 

Now it is easy to justify the assumption of zero initial 
velocities. We have treated the electron cloud in a 
plasma as a superposition of streams. The unperturbed 
cloud has a definite isotropic distribution law, given in 
terms of the number density of a stream J, as a function 
of the stream velocity components U;, U2, U3. The 
latter remain permanent attributes of the streams in 
the absence of perturbations, and there is a unique way 
of labelling each electron according to the stream to 
which it belongs: its velocity components serve as 
labels. 

When such an electron distribution is perturbed by, 
say, giving each electron a small impulse and also 
displacing it slightly, we can describe this by saying 
that the initial velocity components, as well as the 
initial density of the electrons with the label U,U.U;3, 
have been changed to U;+m, Usottme, U3+us, 
N(U,,U2,U3)+n, respectively. But another way of 
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describing the perturbed initial situation is to say 
that each electron has changed its label: it has been 
removed from the stream (U;,U2,U3) to the stream 
(U,;+m, Ustu2, Ust+us3) as well as displaced. This is 
certainly the way one would go about it if one used a 
Boltzmann distribution function. If the unperturbed 
velocity distribution is continuous, then it will certainly 
be possible to “pigeonhole” each electron in this way. 

The perturbed electron cloud is then described as 
an assembly of streams with a density depending upon 
stream label and position, and this density is caused to 
deviate from the uniform ion density initially both 
by swelling one group and depleting another when 
imparting initial velocity changes, and by displacement 
in space. The groups are now labelled according to 
initial velocities U,, Us, U3. The electrons in each 
group would retain the velocities indicated by their 
labels if the density distribution were the same as the 
isotropic equilibrium distribution (i.e., that of the 
ions). Otherwise, the electron velocity components will 
deviate from the original U’,U U3 by amounts %, ue, U3 
as time proceeds. But initially these deviations are zero. 

In other words, the stream analysis implies an 
arbitrariness of labelling and this can be used to 
establish initial conditions such that the initial velocities 
vanish. In going from one description of the initial 
state to another, one changes, of course, the distribution 
n{0). 

From this argument we see that there is no loss of 
generality in assuming u;(0)=0 as we did for the 
longitudinal perturbations. But one would be led to 
the natural choice ,(0)=0, w#(0)=0 instead of 
u,(0)=a,(0), u2(0)=a2(0) as required in our analysis. 

There are several ways around this difficulty. One 
is to use “;(0)=0 and u2(0)=0 as initial conditions and 
modify the analysis of Sec. 3 accordingly. One readily 
sees that this procedure leads to squared denominators, 
(U3k3t+U sks), in J,(ky) and without rather careful 
checking it is not possible to make sure that they do 
not indicate oscillations of increasing amplitude [the 
Laplace-inverse of (ky—iw:)~ is ¢ exp(iwyf) ]. 

The second method is to use superposition. (This 
method resulted from discussions between the author 
and Dr. P. A. Sturrock of Stanford Microwave 
Laboratory.) It amounts to removing the vorticies but 
creating initial longitudinal velocities. We describe 
the initial state u,=0 as a superposition of three states: 


u3;=0, 
initial potentials as given; 


u,=4;(0), u2=a2(0), 


u3= bs, 
initial potentials zero; 


u,= by, U2= be, 


u.=0, 43> —bs, 
initial potentials zero. 
The constants 5; and b of the second state (which has 


no initial potentials) are then equated to the negatives 
of the initial potentials of the first state; 6; is chosen 
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such that U3(Uyb; + Uebe) + (UP4+-U 2)b;=0. The way 
in which one distributes the density perturbations 
among the three states is arbitrary, but we choose this 
in such a way that the second state is particularly 
simple. 

The first state is nonvortical and covered by our 
previous analysis. The third state is also nonvortical 
but there is an initial longitudinal velocity which 
could be removed by relabelling. The second state is 
vortical and if we take its density perturbations zero, 
no fields are ever created. This occurs by virtue of our 
specific choice of 63: in the absence of fields, the equa- 
tions of motion are U,0,u,=0, giving u,=U,4b,/ 
(U3k3t+ Usk) where by= — (6,U 1 +52U2+53U3) U, 
=6;U,/U;3 in accordance with the kinetic condition 
and our choice of 63. We show that the flow is “incom- 
pressible,” i.e., that 0,4,=0. Indeed, the Laplace 
transform of this equation, k3U/3+ku4=),, is readily 
checked to be true. Since dn/dr=— N0,u,, we see that 
no density perturbations, and hence no fields, are 
created as time proceeds. 

The field-free solution of our equations which we 
have here described can be used to remove initial 
vortices. The expressions for u, are readily Laplace- 
inverted, leading to u,=b, exp[—ik3(xs— V3) ]. Each 
group of streams carries its own wave of velocity 
perturbations with it: the latter are (and remain) 
incompressible, hence no fields arise, and one has 
no occasion for studying the superposition of per- 
turbations with a continuous spectrum of different 
time-dependences. 

The removal of vortices by the superposition method 
is simple and instructive. But it introduces an initial 
transverse velocity that has to be dealt with by relabel- 
ling. This raises the question: why not remove the 
second solution, u,(0)=b, by relabelling also? This 
procedure amounts to yet another method of dealing 
with initial conditions that do not conform with those 
of our earlier analysis. The previous method shows up 
in detail how the relabelling and the calculation with 
general initial conditions are equivalent. In fact, our 
perturbation equations possess a whole class of solutions 
which are “trivial,” in the sense that they amount 
merely to a relabelling of the unperturbed state. 

But perhaps the most elegant approach to the 
problem of awkward initial conditions and initial 
vortices is to use the initial generalized momenta 
P;, P2, P3 as labels for the streams. This requires 
preliminary investigation of small magnetic fields 
created by anisotropies in the electron velocity distribu- 
tion, and construction of potentials a), a2, a3 (with 
arbitrary gauge). After surveying the electron density 
as a function of momenta P;, P2, P3 and space co- 
ordinates x, x2, x3, one subtracts off a closely fitting 
uniform isotropic distribution, representing the “un- 
perturbed” state, and analyzes the balance as outlined. 
In unperturbed conditions the initial momenta remain 
unchanged and are identical with the velocities. In 
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perturbed or nonequilibrium distributions the momenta 
will change from their initial values to Pi+-p:, P2+ po, 
P;+ ps3. But initially. we have ~:=p~2=p3=0, the 
condition required for our analysis of Sec. 3. 

This method removes vortices simply by relabelling. 
If vortices have been stirred up in some of the previously 
unperturbed streams, we regroup the streams until in 
the new grouping no vortices are apparent. 

This discussion suggests that in a fully relativistic 
treatment of the problem by a Boltzmann distribution 
function one should also employ generalized momenta 
in place of velocities. Such a procedure might prove 
helpful even when collisions are taken into account. 


APPENDIX. CRITICAL WAVE NUMBER FOR THE 
RELATIVISTIC MAXWELLIAN DISTRIBUTION 

The critical wave number beyond which longitudinal 
waves fail to be propagated undamped is given by 
putting ky=tksVmax, ie., ky=ik; in the Maxwellian 
distribution and solving the dispersion formula Fo=0. 
Putting V;=uV, where yu is the cosine of the polar 
angle, we find, from (30), 
k?=)) N+2)0 NwV?/(1—-wV?) 

=> N{2/(1-2V2)—-1}. (Al) 

Averaging with respect to u over its interval between 
—1 and +1 leads to 

k?=>- N(2y cothy—1), (A2) 

In terms of y, we have Uy=icoshy, (VY+U?+U?)3 

=sinhy, and hence dU dU .dU3= 4 sinh*yd(sinhy) for 
spherical symmetry. 

In the Maxwellian distribution, V is proportional to 
(i/U4) exp(iU4/0)dU dU dU, , i.e., to exp(—@" coshy) 
Xsinh*ydy, and our object is to compare &;’ with the 
square of the plasma frequency, >); N coshy. Their 
ratio is 


y=0 
f exp(—é@~ coshy) 


y=0 
yun 
X (2y coshy—sinhy)d(coshy) / f exp(—@"'coshy) 
y=0 
Xsinhy coshyd(coshy). (A3) 


Integrations by parts allow the conversion of the 
integrals into combinations of 


where y=tanh"'V. 


Koo)= f exp(—@" coshy)dy, (A4) 


and 


Ky(o)= f exp(—@' coshy) coshydy, (AS) 
0 


where Ky and K, are Bessel functions (see Synge, 
reference 6). One finds the ratio to be 


(Ki+20Ko)/ (Kot 20K1) 


which is 1+46 for small 6, reaches a maximum of 1.04 
at @-'=5 approximately, and goes to zero for large 8. 
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Multiple Quantum Transitions in Paramagnetic Resonance* 
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At high rf fields the normal paramagnetic resonance spectrum of Mn** in cubic MgO is found to be modi- 
fied by the appearance of additional absorption lines which occur at the frequencies: (E,—Ex-2)/2h. These 
are interpreted as double quantum transitions (AM =2) which occur between nearly equally spaced energy 
levels at high rf power. The transitions M = —} — +4 and M=—}-— § have been observed at both room 
and liquid nitrogen temperatures for a number of orientations of the crystal with respect to a dc magnetic 
field of 3400 oersteds. At 77°K evidence of the triple quantum transitions —} — $, —} — 4 was observed. 

Second order time-dependent perturbation theory yields a formula for the ratio of the absorption intensity 
of the double quantum transition to the absorption intensity for a first order transition. The predicted ratio 


agrees with the experimentally observed ratio. 





1. INTRODUCTION 


} ying quantum transitions occurring in the 
presence of a strong perturbing radiation field 
have been observed and discussed in connection with 
molecular beam experiments,'~’ and also in a few 
nuclear resonance experiments.*-* Theoretical work 
has been done on the general topic of multiple quantum 
transitions." In the present note it is pointed out that 
multiple quantum transitions account for the presence 
of additional absorption lines which appear in the 
paramagnetic resonance spectrum of Mn** in cubic 
MgO at high rf powers. 

The paramagnetic resonance spectrum of manganese 
has been measured many times. In particular, its 
spectrum as an impurity ion in the MgO host lattice 
was recently measured by Low.” In the case of divalent 
manganese the paramagnetism is due essentially only 
to spin (spin S=$). The ground state is an S state. 
There is present a hyperfine interaction with the 
manganese nuclei (nuclear spin J also $), and in the 
case of the MgO host lattice the fine structure splitting 
is considerably smaller than the hyperfine splitting so 
that the paramagnetic resonance spectrum appears as 
six distinctly separated groups of five lines each. 


2. EXPERIMENTAL DATA 


For a given pentad group of the Mn** spectrum and 
for a given orientation of the crystal with respect to the 
dc field Ho, each of Figs. 1, 2, and 3 is a sequence of 
absorption curves that shows the modification of the 
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normal paramagnetic resonance of Mnt+ by the 
appearance of additional lines as the amplitude of the 
rf field is raised."* The absorption curves were obtained 
directly from a modified Varian Associates Electron 
Spin Resonance Spectrometer. Data similar to that 
presented in Figs. 1, 2, and 3 have been obtained for 
various orientations of the MgO crystal at temperatures 
of 4.2°K, 77°K, and 300°K. The magnitudes of the rf 
field, needed for the comparison of theory and experi- 
ment, were determined by a procedure which involved 
the measurement of the loaded and unloaded Q’s of 
the cylindrical TEo., cavity. 


3. DISCUSSION 


The appearance of the additional lines can be ex- 
plained in terms of multiple quantum transitions whose 
relative probability of occurrence increases as the 
magnitude of the rf perturbing field is increased.® 
Figure 4 is a diagram of the almost equally spaced 
energy levels of Mnt* in MgO. Transitions between 
adjacent levels give rise to the maximum of five normal 
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Fic. 1. Appearance of double quantum transitions in the 
paramagnetic resonance absorption spectrum of Mn**+ in MgO 
for [110] direction (lowest field pentad) as microwave power is 
increased (temp.=293°K). Curve (a) gain=1.25; curves (0, c, d) 
gain = 1.00. 

‘8 The appearance of additional lines for Mn** in MgO at high 
rf powers has also been seen recently by G. Watkins (private 
communication). 
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Fic. 2. Appearance of double quantum transitions in the para- 
magnetic resonance absorption spectrum of Mn** in MgO for [100] 
direction (highest field pentad) as microwave power is increased 
(temp.=77°K). Curve (a) gain=0.375; curves (b,c, d) gain= 1.00. 
(The absorption at the lowest magnetic field overlaps the outer 
components of the next pentad of lines.) 


lines seen at low rf powers. (For some orientations of 
the crystal with respect to the dc field some of the 
spacings between the levels may be identical so that 
the normal spectrum may consist of three instead of 
five absorption lines; for example, Figs. 2 and 3.) 
Assume that a strong rf field is applied at the frequency 
corresponding to half the energy difference between 
two levels (k, m) differing in the M quantum number 
by 2. Although this rf field is off resonance for first 
order transitions between the levels (m, n) and (n, k), 
it is possible® at this particular frequency to cause a 
transition in which the electron spin M value jumps 
by 2, and 2 photons are simultaneously absorbed from 
the rf field. This effect will only start to be evident when 
the energy of the rf field starts to be comparable to the 
energy difference: }(Ei:—En)—(En—E,). Thus it is 
understandable that a paramagnetic resonance spec- 
trum of Mn** in MgO should show these extra lines 
since 3 the closest separation of the lines of a normal 
pentad is relatively small (3.7 oersteds in Fig. 1). 
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Fic. 3. Appearance of multiple quantum transitions in the 
paramagnetic resonance absorption spectrum of Mn** in MgO 
for [110] direction (highest field pentad) as microwave power is 
increased (temp.=77°K). Curve (a) gain=0.500; curves (0, c, d) 
gain = 1.00. ne. x 
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These transitions for which AM=2 should be dis- 
tinguished from the usual AM=2 maser-type 
transitions of paramagnetic resonance which occur 
when the frequency of the radiation field is set to 
correspond to the energy difference E,—E;~2. The 
latter transitions are allowed by virtue of a mixing of 
the states whereas in the double quantum transitions 
the states may remain completely unmixed. A formula 
for the ratio of absorption intensities, 


Ty A ratH(Qvw|Sint|*ISentl? 


is 2 (Wnm— 5Wiem)*(Av)em| Se’ mt | 2 





is derived in the appendix in the form of the ratio of 
transition probabilities [Eq. (2A)]. In Eq. (1) Js is 
the absorption intensity for the double quantum 
transition m—> n-— > k when the rf field is set at the 
frequency (E,—E£,,)/2h. I, is the absorption intensity 
for the usual first order transition m’— k’ when the 
rf field is set to correspond to the energy difference 
between these latter levels. Both absorption intensities 
are, of course, for the same magnitude of the rf field. 
The Av’s are line widths and Avy», in particular, is the 
observed line width of the double quantum transition 
absorption line. S* is the usual raising operator with 
nonzero matrix elements 


Se m—1 = [(S+m)(S— m+ 1 ) i. 


Equation (1) is for the ratio of absorption intensities 
and is thus a factor of 4 greater than the ratio of 
transition probabilities, one factor of 2 coming from the 
fact that the population difference in the case of the 
double quantum transition is twice that involved in the 
single quantum transition, the other factor of 2 coming 
from the fact that in the double quantum transition 
2 quanta are absorbed instead of one. 


2 
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Fic. 4. Energy levels of Mn** 
in 





MULTIPLE QUANTUM TRANSITIONS 


In a given recorder trace, such as Fig. 1(c), one can 
measure roughly the height of the double quantum 
absorption line and the height of the central —}— 3 
first order transition, correct the latter height for 
saturation, and thus experimentally determine the 
ratio J2/J,. In the case of Mn** in MgO the saturation 
effects are extreme as the curves of Fig. 5 show. These 
curves were obtained from measurements of the 
saturation of Mnt* resonances as the rf power was 
increased. A microwave bridge arrangement similar to 
the one described by Portis'* was used. With this 
arrangement the height # of the recorded absorption 
curves can be shown to be proportional to H,x’’. In 
Fig. 5 the ordinate, which is proportional to h, is plotted 
on a logarithmic scale. The abscissa is the cavity power 
in db. For a first-order transition the low-power 
asymptote to the saturation curve should be a straight 
line which satisfies A(logh)=4A(logPeavity), while for 
a double quantum transition the low power asymptote 
should satisfy A(logh)= $A log(Peavity). These asymp- 
totes are drawn in Fig. 5. The points are experimental. 
It is clear that the ratio of absorption intensities is 
really quite small; for example, in Fig. 2(d) this ratio 
is only about 1/550 as can be seen from Fig. 5. 





t t | 
BILOG h)=2 4 (L0G Proy) 
ee ae 


| 

| 

7 
| | 








Hy¢~! OERSTED- 
al | 
5 10 5 


a ce 





POWER ATTENUATION (db) 


Fic. 5. Curves showing saturation of first- and second-order 
transitions of Mn**+ in MgO for [100] direction (highest field 
pentad) as a function of microwave power into the cavity 
(temp.=77°K). The experimental points were obtained from a 
series of recorder traces, four of which comprise Fig. 2. The 
straight lines are drawn with slopes which would theoretically be 
exhibited by unsaturated first and second order transitions. 


~ 4A, Portis, Phys. Rev. 91, 1071 (1953). 
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The experimentally determined ratio was compared 
with the theoretical value using Eq. (1) with the rf 
field magnitude (H,;=2H,) being determined from 
measurements of cavity Q’s and power levels in the 
transmission line. There is good agreement between the 
predicted ratio of absorption intensities and the 
experimentally determined ratio. As an example, the 
theoretical ratio estimated from Eq. (1) for the case 
of Fig. 2(d) is 1/400, compared with the experimental 
ratio of 1/550. The agreement is within the accuracy 
to which H,; was measured. The perturbation calcu- 
lation should be expected to be valid in this comparison 
because of the small value of the ratio J2/J,. In the 
limit aS Wam —> Wem, the formula for /:/J, diverges but 
the absorption spectra will remain finite, the per- 
turbation approach being no longer valid. 

In the special case shown in Fig. 3 there appears a 
hint of the triple quantum transitions: —43— 3, 
— $— } at the frequencies (Ey— Ex_3)/3h. 
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APPENDIX 


Second-order time-dependent perturbation theory® 
is used here. The rf perturbation is 


KH’ = —yeiltSop* Hi = — FrahHi{S~et*'+Ste-**} 
= seiwtt 5/e—iwt, 


First- and second-order probabilities are 
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The former gives the first order probability that the 
state k’ is occupied at time /, given that the state m’ 
is occupied at ‘=0, and that the frequency w of the 
radiation is approximately w;’m’. The latter applies to 
the case of the two states k, m when the frequency of 
the rf field is approximately }a;,. Integrating over a 
normalized distribution g(v) of energy levels in the 
usual manner in each case makes the quantities 
lax (t)|?, |a,(¢)|? proportional to ¢, thus leading 
to time-independent transition probabilities W;, W» 
whose ratio is 

W. Yet AY? | Sen |?| Sum*|?(Av) erm’ 

W, of US WS 
Here (Av)m is the observed line width of the double 
quantum transition. It is therefore a factor of 2 smaller 
than the line width 1/gizm(0) associated with the spread 
of energy states about the levels m and k. 


(2A) 
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The Hall coefficients and the resistivity of Fe-Co alloys have been measured at 77°K, 169°K, and room 
temperature using fields up to 3.3 webers/m*. For up to 0.2% Co in Fe the ordinary Hall coefficient Ro is 
positive at room temperature but becomes negative at low temperatures; for all other compositions Ro is 
negative. Analysis with a simple model in which the (4s) conduction band consists of a parallel and an 
antiparallel sub-band shows that, for up to 20% Fe in Co, the parallel 3d sub-band is filled. It then empties 
as the Fe content increases, having about 0.2 holes per atom at 50% Fe, but at 65% Fe the bands apparently 
shift so that again the parallel 3d sub-band is filled. These conclusions remain unchanged if the analysis is 
based instead upon a model proposed recently in which the 3d electrons may be in nonconducting states as 
well as in the usual conducting-type states. The extraordinary Hall coefficient R; is positive for less than 
25% Co in Fe, but for all other compositions it changes from positive to negative as the temperature de- 
creases from 300°K to 169°K. R; and the resistivity p satisfy the relation Ri =a+dp?. 





INTRODUCTION 


T has been well established that in ferromagnetic 
materials the Hall effects satisfy the relation 


Vt/I=RywoH+RM, (1) 


where V is the Hall potential, ¢ is the sample thickness, 
I is the sample current, H is the magnetic field, M is 
the magnetization, Ro is the ordinary Hall coefficient, 
and R, is the extraordinary Hall coefficient.! Experi- 
mentally, Ro has been shown to correspond to the Hall 
coefficient for nonferromagnetic materials.? Thus, if 
conduction is due to a single band, Ro is given by 


Ro=—1/Nne, (2) 


where N is the number of atoms per m’, m is the number 
of conduction electrons per atom, and ¢ is the magnitude 
of the electronic charge in coulombs. 

The Hall effects of the Cu-Ni and Ni-Co alloys have 
been measured*-* at fields high enough that Ro could 
be determined accurately. The analysis based upon 
Eq. (2) with the 4s band assumed to be the only con- 
duction band gave values for m,, the number of 4s elec- 
trons per atom, within a factor of two of those deduced 
from magnetic data. The differences between the values 
of m, obtained from Hall data and from magnetic data 
as well as the positive values*:** of Ro for Fe, Mn, Cr, 


* This research was supported by the Office of Naval Research. 

{ Submitted by one of the authors (FPB) in partial fulfillment 
of the requirements for the degree of Doctor of Philosophy at 
Carnegie Institute of Technology. 

1 In this paper quantities are expressed in the rationalized mks 
system of units in which B=yoH+M. The units of B, wo/, and 
M are webers/m?, and Hall coefficients are expressed in the unit 
10-'m?/coul. In terms of units commonly used: 1 weber/m?= 10* 
gauss, and 10™m*/coul = 10-“v-cm/amp-gauss. 

2 Pugh, Rostoker, and Schindler, Phys. Rev. 80, 688 (1950). 

3A. I. Schindler and E. M. Pugh, Phys. Rev. 89, 295 (1953). 

4S. Foner and E. M. Pugh, Phys. Rev. 91, 20 (1953). 

5 P. Cohen, Office of Naval Research Technical Report, June, 
1955 (unpublished); thesis, Carnegie Institute of Technology, 
1955 (unpublished). 

6S. Foner, Phys. Rev. 101, 1648 (1956). 

7G. W. Scovil, J. Appl. Phys. 27, 1196 (1956). 

8S. Foner, Phys. Rev. 107, 1513 (1957). 


V, and Ti might be due to hole conduction in the 3d 
band. However, even on the basis of a two-band model 
(i.e., 4s electronic and 3d hole conduction) these differ- 
ences cannot be explained.’ 

A simple four-band model’ has proved more successful 
in explaining the discrepancies. The 4s band and the 
3d band are each described as being split into two sub- 
bands with the magnetic moments of the electrons in 
each sub-band either parallel or antiparallel to the field ; 
the conduction is attributed to the two 4s sub-bands, 
with different carrier mobilities in the sub-bands due 
to the difference in the probability of scattering into 
the unequally filled 3d sub-bands. For this model the 
expression® for the ordinary Hall coefficient reduces to 


Ro= — (2/Nn,e)[1—28/(1+8)], (3) 


where 8=¢,/¢y, o is the conductivity, and the sub- 
scripts a and » refer to the antiparallel and parallel 
alignment of the magnetic moments, respectively. 
Allison and Pugh” found that Eq. (3) described quite 
well the temperature dependence of three Cu-Ni alloys 
from 4°K to well above their Curie temperatures. Thus, 
apparently a simple model is available for the analysis 
of Hall data. 

Coles and Bitler™ studied the electronic configura- 
tions of the Fe-Co alloys by measuring their saturation 
moments after various amounts of Al had been added. 
The Al atoms contribute extra electrons which enter 
the 3d levels of the transition atoms and change the 
magnetic moment. The electronic configurations can be 
deduced from the way in which the magnetic moment 
per transition atom changes with Al content. In order 
to study further the electronic configurations in the 
transition elements, we have measured the ordinary 
Hall effect at 77°K, 169°K, and room temperature for 
a number of Fe-Co alloys. 

The origin of the extraordinary Hall effect has long 


¥E. M. Pugh, Phys. Rev. 97, 647 (1955). 
1 F. E. Allison and E. M. Pugh, Phys. Rev. 102, 1281 (1956). 
1B. R. Coles and W. R. Bitler, Phil. Mag. 1, 477 (1956). 
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been under investigation.” In 1954 Karplus and Lut- 
tinger™ derived a relation between R; and the resistivity 
p on the basis of the spin-orbit interaction, and similar 
results have been obtained by other authors.® (The 
theory of transport phenomena and, in particular, of 
the Hall coefficients is now being studied by Luttinger 
and Kohn.!*) Since these results were published many 
investigators have measured both R; and p, and the 
agreement between theory and experiment has varied 
greatly from one material to another. In order to pro- 
vide more information about the relation between these 
quantities, we have measured them as functions of 
temperature for the Fe-Co alloys. 


EXPERIMENTAL METHOD 


The samples used were homogenized and annealed in 
hydrogen for a week at 1200°C and then cooled at less 
than 1°C per minute. They were reheated to 700°C in 
vacuum, held at that temperature for two hours to 
remove hydrogen, and again cooled at less than 1°C 
per minute. This treatment should have produced well- 
ordered samples’? which were free of hydrogen."® 

A sample (a flat plate 2 cm wide, 6 cm long, and 1 mm 
thick) and wires were made from each alloy. The edges 
of each sample were then machined to leave four lugs 
about 0.035 inch wide which protruded about 7 inch 
from the sample. After the sample was annealed a piece 
of the alloy wire was spot-welded to each lug; and the 
junctions of the alloy wires and the copper leads were 
placed inside a copper box to eliminate thermal emf’s 
and, consequently, any errors due to the Ettingshausen 
and Righi-Leduc effects. Two of the lugs, on the center 
line of the sample, were used to measure the Hall po- 
tential; the two others, located 2 cm apart on one side 
of the sample, were used to measure the resistivity. 
Two thermocouples were clamped independently to the 
sample about 4.5 cm apart; and the central part of the 
sample was clamped between two brass sheets (insulated 
from the sample with mica) to improve rigidity and 
reduce thermal gradients in the bath. 

The high saturation magnetization of the Fe-Co 
alloys and the (magnetically) unfavorable sample geom- 
etry necessitated the use of the A. D. Little magnet” 
with 53-in. diameter pole pieces and the smallest gap 
practical (} in.). Fields up to 3.3 webers/m? were used. 
To provide for measurements at low temperatures and 
to thermally isolate the Hall samples at room tempera- 
ture, a special double-walled brass dewar was used. 
The cylindrical upper part of the dewar was simply a 


2 See for example E. M. Pugh and N. Rostoker, Revs. Modern 
Phys. 25, 151 (1953). 
8 R. Karplus and J. M. roa Phys. Rev. 95, 1154 (1954). 


4 P. N. Argyres, Phys. Rev 334 (1955). 

18 J, Smit, Physica 21, 877 (1955); 24, 39 (1958). 

16 W. Kohn and J. M. Luttinger, Phys. Rev. 108, 590 (1957); 
109, 1892 (1958). 

17W. C. Ellis and E. S. Greiner, Trans. Am. Soc. Metals 29, 


¥ rd , J. Iron Steel Inst. (London) 141, 243 (1940). 
1% F, Bitter and F. E. Reed, Rev. Sci. Instr. 22, 171 (1951). 
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liquid reservoir. The lower part was rectangular in 
cross section and fitted into the 3-in. magnet gap; it 
provided a working space inside approximately 4 in. 
high and 2} in. by ? in. in cross section. The sample was 
fastened vertically between rigidly mounted current 
electrodes and was in direct contact with the bath. The 
baths used were liquid nitrogen (77°K), liquid ethylene 
(169°K), and a silicone oil with high thermal conduc- 
tivity (room temperature). Liquid nitrogen boiled off 
at a rate less than 1 liter/hr while measurements were 
being made. 

A bias voltage was introduced into one Hall-potential 
lead to offset the reversal in sign of the Hall potential 
with magnetic field, and the total potential was measured 
with a Rubicon Thermofree Potentiometer and a Rubi- 
con Photoelectric Galvanometer Amplifier. Since the 
potentiometer setting can be varied continuously, this 
is a null system. The incremental method*-* was used to 
measure the Hall potential. One important advantage 
of this method has not been emphasized; the error in 
the measured value of Ro due to the temperature de- 
pendence of R; is eliminated. If only field reversals 
were used, a systematic change of 1°C in temperature 
could lead, in some cases, to an error in Ro of as much 
as 2X 10-"'m/coul. 


DATA ANALYSIS 


If the demagnetizing factor for a flat plate is taken 
into account, Eq. (1) may be written 


Vt/I=RoB+(Ri—Ro)M. (4) 


Usually the plot of Vi/I versus B for high B can be 
represented quite well by a straight line whose slope is 
R,* by definition. By differentiation of Eq. (4), then, 


Rot = Rot (Ri— Ro) dM /OB. (5) 


The apparent value of R;, denoted by R;*, is calculated 
from the high field data using Eq. (4) with M=M, 
and Ro= Ro*. 

For the Fe-Co alloys, most of the high-field data 
could be represented quite well by straight lines. How- 
ever, just as observed for Armco iron,*:* the Hall curves 
for the 0.1, 0.5, and 15% Co alloys did not saturate 
even at the highest fields. Thus, according to Eq. (5), 
0M/dB was still changing. Consequently, Eqs. (4) and 
(5) were solved simultaneously for Ro and Rj, and the 
magnetic data”’*! were used to estimate corrections to 
Ro* and R;* for all the alloys.” In most cases the cor- 
rections were less than 1%, while otherwise the ordinary 
Hall coefficients were such that the corrections were not 
important. Therefore, all corrections have been ignored, 


” P. Weiss and R. Forrer, Ann. phys. 12, 279 (1929). 

2 R. M. Bozorth, Ferromagnetism (D. Van Nostrand Company, 
Inc., Princeton, New Jersey, 1951) 

2 The effects of the approach to magnetic saturation on the 
Hall curves and on the measured values of Ry and R; were con- 
sidered in detail; the results are contained in another paper which 
has been submitted for publication. 
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and the values given for Ro and R; in this paper are 
those usually denoted by Ro* and Rj*. 


EXPERIMENTAL RESULTS 


Measurements were made on Fe-Co alloys containing 
0.1, 0.5, 15, 35, 60, 70, 75, 80, 85, and 100% Co. The 
Hall effects were measured at 77°K, 169°K, and room 
temperature for values of B between 1.2 and 3.3 
webers/m?. The values of Ro and R; are shown in 
Figs. 1 and 2. The results of Foner**®.* and Foner, 
Allison, and Pugh” are also shown in Fig. 1 for com- 
parison. As is usually observed, R; is strongly dependent 
on temperature while Ro is relatively temperature in- 
dependent. The resistivity is shown as a function of 
temperature and composition in Fig. 3. For the mid- 
range of composition the curves show the well-known 
minimum due to the ordering which occurs in these 
alloys. 

Attempts to separate the Nernst and Hall effects by 
the method of Allison and Pugh" were unsuccessful. 
Apparently the Nernst effect is too small in Fe-Co 
alloys to cause appreciable error in the values measured 
for Ro and Rj. 

On the basis of the uncertainty in sample dimensions, 
density, and magnetic field and the errors due to the 
approach to saturation and random variations from run 
to run, the values of Ro, Ri, and n* are known to ap- 
proximately 3% and the values of p to approximately 
1.5%. 

DISCUSSION 


The room temperature values of Ro for Co and the 
0.1% Co in Fe alloy agree quite well with Foner’s 
results for Co and Armco iron, and the values for 50% 
Co and the 55% Fe-45% Ni Permalloy fall nicely on 
the curve. The change in sign of Ro with temperature 
near Fe is not surprising since small values for Ro can 
result from many different electronic configurations, 
and small changes can easily lead to large changes in 
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Fic. 1. Ordinary Hall coefficients of the Fe-Co alloys. 
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Ro. Similar behavior has been observed in titanium,’ in 
which Ro changes from —2 at room temperature to 
+3 at 1100°C. 

If conduction is due entirely to n, electrons in two 
4s sub-bands and if each sub-band contains n,/2 elec- 
trons, then the ordinary Hall coefficient is given by 
Eq. (3). Since the effective number of conduction elec- 
trons per atom, m*, is defined by Eq. (2), it follows 
from Eq. (3) that 


1/n*= (2/n,)[1—28/(1+8)*]. (6) 


Mott* considered the resistivity of ferromagnetic ma- 
terials; and, using parabolic 3d sub-bands and simple 
assumptions about the scattering of the 4s electrons, 
derived the relation 

B= N,/Na, (7) 
where V, and NV, are the numbers of holes per atom in 


the parallel and antiparallel 3d sub-bands, respectively. 
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Fic. 2. Extraordinary Hall coefficients of the Fe-Co alloys. 


For an alloy in the 3d-4s transition series the quantities 
Na, Ny, ms, and the effective atomic number Z are 
related by 

2N p= n.— (Na—N,)+(28—Z). (8) 


Thus, if * and (V.—N,) are known from Hall and 
magnetic data, Eq. (6), (7), and (8) can be solved 
simultaneously to give m,, Np, etc. 

Values of m, and N, calculated from the Hall data 
on the assumption that the number of unpaired 3d 
holes per atom, (V.—JN,), is equal to the number of 
Bohr magnetons per atom, mo, are shown in Fig. 4 
with the curves Coles and Bitler deduced from mag- 
netic data. The results of calculations made with 
N.a—N,=0.9no, corresponding to a 10% orbital con- 
tribution to the magnetic moment, are also shown. For 
less than 65% Fe in Co the results agree; one half the 
3d band is filled for up to 20% Fe, and then holes appear 
in both 3d sub-bands. (The actual number of holes 


28 N. F. Mott, Proc. Roy. Soc. (London) A153, 699 (1936). 
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calculated from the Hall data depends critically upon 
the band shape assumed.) 

For the 35% Co-65% Fe alloy the magnitude of Ro 
is so large that, in terms of a band model, the explana- 
tion is practically unique.”* If each unpaired 3d electron 
contributed one Bohr magneton to the magnetic 
moment, the observed saturation moment of 2.46 Bohr 
magnetons per atom would require , to be at least 
0.81. On the other hand, according to Eq. (6), the Hall 
data indicate a maximum 2, (i.e., B=0) of 2n*=0.58. 
The discrepancy can be explained by assuming that 
10% of the magnetic moment is due to orbital motion. 
The magnetic data then require only 2.21 unpaired 3d 
holes per atom and a minimum », of 0.56. There seems 
to be no other reasonable explanation of this large value 
of Ro; apparently the g factor must be taken into ac- 
count, and one 3d sub-band is completely filled. Thus, 
the Hall data indicate that as the Fe content is in- 
creased to 65% the bands suddenly shift so that again 
one half of the 3d band is filled. 
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Fic. 3. Resistivities of the Fe-Co alloys. 


As is observed near pure Cu and Ni, for less than 
35% Co in Fe neither the magnetic data nor the Hall 
data lead to definite conclusions about the electronic 
configuration. Coles and Bitler had very few iron-rich 
alloys so that their magnetic data provide little in- 
formation about this region, and the positive value of 
Ry for Fe could be due to 4s hole conduction as well 
as to 3d hole conduction. 

Recently Mott and Stevens*’ described a new model 
for the electronic structure of the transition metals. In 
the usual description, the 3d and 4s bands overlap, and 
electrons in both bands can contribute to conduction. 
In the new model, the same description applies to the 
close-packed metals, but in the body-centered metals 
the 3d band is separated into two parts. One part, with 
a capacity of three electrons of each spin per atom, 


26Tn multiple-band models, the larger the magnitude of Ro the 
fewer are the combinations of numbers and mobilities of carriers 
that will lead to a given value of Ro, while the number of com- 
binations leading to a given value of Ro increases tremendously 
as the magnitude of Ry decreases. This behavior was discussed 
in reference 9. 

27 N. F. Mott and K. W. H. Stevens, Phil. Mag. 2, 1364 (1957). 
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Fic. 4. Saturation moment in Bohr magnetons per atom (mo), 
effective number of conduction electrons per atom (n*), 3d holes 
per atom (Na), number of holes per atom in the parallel 3d sub- 
band (N,), and 4s electrons per atom (n,) at absolute zero for the 
Fe-Co alloys. Solid circles (subscript 1) were calculated assuming 
the number of unpaired 3d holes per atom (N,z—N,) to be mo, 
open circles (subscript 2) were calculated assuming Nz— > to be 
0.9n», and solid lines (subscript 3) represent values given by Coles 
and Bitler. At 35% Co, values can be calculated for Na, m,., and 
N, by assuming Na—N, equals 0.9%) but not mo, as the dashed 
lines indicate. 


corresponds to the usual model; but in the other part, 
with a capacity of two electrons of each spin per atom, 
the electrons are in bound states and cannot contribute 
to conduction. In Fe the nonconducting bands are 
shifted so that one is completely filled and the other is 
empty, giving rise to two magnetic electrons per atom. 
The remainder of the magnetic moment is attributed 
to magnetization of the conduction electrons. 

If the new model is adopted, the relative contribu- 
tions of the parallel and antiparallel 4s electrons can 
be related in the same way as before to the numbers of 
holes in the conducting 3d sub-bands. Further, it is not 
unreasonable to assume that the 4s sub-bands are not 
shifted and that 3d conduction may be neglected. 
Therefore Eqs. (6), (7), and (8) provide a means of 
calculating the number of holes in the conducting 3d 
band. The new model leads to results essentially the 
same as those above, except that the number of 3d 
holes calculated is somewhat smaller. 

Spikes appear in the Ro versus composition curve at 
Fe, Cu, and Ni, as is shown in Fig. 5, though a peak 
at Co is much smaller and not as sharp. The hump in 
the curve for the Fe-Co alloys is unique, appearing in 
the region in which order-disorder transformations are 
observed. Coles** has pointed out that certain features 


*8 B. R. Coles, Phys. Rev. 101, 1254 (1956). 





F. P. BEITEL 





w 


Ro (10 m>/coul) 
6 


a 4 —f a 





n 
f 
= 





: © 

= ° 
A) ] 
” 


eG te ee 


N 


Fic. 5. Ordinary Hall coefficients for Fe-Co, Co-Ni, 
and Ni-Cu alloys at room temperature. 


of curves of Ro versus composition, in particular the 
peaks at pure metals, could be due to changes in the 
scattering mechanism rather than to changes in the 
number of carriers. Similarly, the hump in Ro for the 
Fe-Co alloys could be attributed to the change in 
scattering due to the absence of aperiodicity in the 
lattice. However, examination of Allison’s results for 
the 50% Fe-50% Co samples in various states of order 
shows that they are predominantly disordered, so that 
in the completely disordered alloys Ro apparently would 
have values corresponding to the “disorder” limit for 
the 50% alloy rather than the large negative value 
found for the 35% Co alloy. Thus, although the ordering 
of the lattice in the Fe-Co alloys might affect Ro through 
changes in the scattering mechanism, the hump would 
seem to be due mostly to shifts in the relative positions 
of the bands and the corresponding changes in the 
number and mobility of the conduction electrons. 
Figures 2 and 6 show an effect which has not been 
specifically noted before; R, for a given alloy changes 
sign as the temperature varies. This behavior actually 
occurred for the 60% Cu-40% Ni alloy measured by 
Cohen® and probably would have been found for the 
50% Cu-50% Ni alloy as well if measurements had been 
made below 14°K. In the Fe-Co alloys dR,/dT is posi- 
tive; in the Cu-Ni alloys® it is negative. The data for 
the Co-Ni alloys‘ cover only a small temperature range 
but indicate that dR,/dT changes sign at about 20% 
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Fic. 6, Extraordinary Hall coefficients for Fe-Co, 
Co-Ni, and Ni-Cu alloys. 


Co in Ni. The results in Fig. 6 indicate that for a given 
alloy R; is monotonic with temperature, but in some 
materials” dR,/dT changes sign at low temperatures. 

The existing theories for R;, based upon a spin-orbit 
interaction, have predicted either R,= Ap* (references 
13 and 14) or R;—Ro= Ap? (reference 15). Although 
a number of authors have found that these relations 
are approximately satisfied for various materials, the 
data Fe-Co alloys can satisfy neither relation since Ry 
and (R,— Ro) both change sign. However, the relation 
R,=a+ bp’, which includes both theoretical relations, 
is satisfied quite well for each alloy. The significance of 
this relation between R; and p is not known, and cer- 
tainly it cannot be valid in cases in which R, is not 
monotonic with temperature. 
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Antiferromagnetism of CuF,-2H,O 


G. S. Verma* AND K. TokUNAGA 
Western Reserve University, Cleveland, Ohio 
(Received August 13, 1958) 


The perpendicular and parallel magnetic susceptibilities have been calculated for CuF2-2H20 on the basis 
of Nakamura’s theory. The computed values of molar susceptibility for the same compound have been 
compared with the recent measurements of Bozorth and Nielsen and are found to be in good agreement. 


ECENTLY Bozorth and Nielsen’ measured the 
molar susceptibility of CuF,:2H,O from T= 1.3 to 
260°K. They found that it is antiferromagnetic with a 
Néel point of 0vy=26°K. Above T=6y the Curie-Weiss 
law, Xm=Cm/(T—8,), is obeyed with 6,=—37°K and 
Hett= 1.9. 

In the present paper the molar susceptibility as well 
as the perpendicular and parallel magnetic suscepti- 
bilities have been calculated for the above compound on 
the basis of Nakamura’s theory.” 

Assuming that the crystal lattice is divided into two 
sublattices, where a lattice point of the type 7 is sur- 
rounded by Z nearest neighbors of the type / only and 
vice versa, the parallel magnetic susceptibility is given 
by 

M, Neue 1 
=a) —exp(—2y) sechtaZ0), (0) 
H kT /B 
where 
M,= - $ Nguo((S*;+S1*)) a, 


H is the external magnetic field parallel to the sublattice 
magnetizations, i.e., the z axis, V is the total number of 
magnetic atoms, g is the Landé factor, wo is the Bohr 
magneton, & is the Boltzmann constant, 


B=Z sech?(yZé){exp(— 2y)+cosh[2y{1+(Z—1)*}*]} 
—2(Z—1) exp(—2y), 


y=J/2kT (yc=2.03 for S=} and Z=6), and ¢ is an 
antiferromagnetic ordering parameter. 
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R X,/ Xe 


Fic. 1. Variation of 
xu/xe and xi/xe with 
T/Tc for Z=6 and 
S=}. 
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1R. M. Bozorth and J. W. Nielsen, Phys. Rev. 110, 879 (1958). 

2 Tuto Nakamura, Busseiron Kenkyu No. 63, 12 (1953); No. 67, 
41 (1953). 


The perpendicular susceptibility along the x axis is 
given by 
M., Nguc tanh(yZé) 


— 
H ZJé 


1 
X—{ (1—sin2@)p:+(1+sin26) po}, (2) 
D 


where 
M .= > N gpo(Si*)w, 
1 


— exp(—y/kT) tanh(yZé) 
Jk 


D= 
— (Z—1){ (1—sin26)p:+ (1+sin24) po}, 
Pmn= {exp(— En/kT)—exp(— En/kT)}/(Em— En), 
Pix=pu=—pi, pis= pas= — pr, 


(m| UU | n) = Endmn; 


5= Hamiltonian of the antiferromagnetic spin system, 

(i 0 0 0 

U=|0 cosé —sinéd 0}, 

0 sin@é cosd 0] 

0 O 0 1| 

tan26= —1/(Z—1)é, 
exp(—y/kT) = 2{exp(—y) 

+expy cosh[2y{1+ (Z—1)*¢}!]}. 
The antiferromagnetic ordering parameter & is ob- 
tained from the self-consistent normalization conditions 
of the density matrices corresponding to the local 
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Fic. 2. Variation of x/xc 
with T/T¢ in CuF,;-2H,0. 
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Hamiltonians of the spin system. It is evaluated from 


tanh(yZé) {exp(— 2y)+cosh[2y{1+ (Z—1)?£}*]} 


=cos26 sinh[2y{1+ (Z—1)*é}4#], (3) 


with the help of the relation tan2@= —1/(Z—1)£ quoted 
earlier. 

Utilizing this result, we can numerically obtain the 
parallel and perpendicular magnetic susceptibilities, x, 
and x, below the Curie point from Eqs. (1) and (2), 
respectively. The results for the case Z=6 are plotted 
in Fig. 1, from which we notice that the perpendicular 
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magnetic susceptibility decreases with decreasing tem- 
perature in contrast to other theories, which give very 
little temperature dependence. This is due to the 
existence of the anti-Curie point in Nakamura’s theory. 

The antiferromagnetic susceptibility below the Curie 
point has been calculated from the usual relation 
x= (xu+2x,)/3. Figure 2 shows the variation of x/xe 
with 7/T¢, according to both the present theoretical 
calculations and the experimentally obtained values of 
Bozorth and Nielsen. The two curves are in good 
agreement. 
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Isotope Effect on the Superconducting Transition in Lead* 
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Observations of the difference in critical fields of superconducting Pb specimens of different isotopic mass 
are described. Measurements are made using the Meissner effect and a ballistic induction method in the 
range from 7.2 to about 1.4°K. The results near T, verify the theoretical prediction that T.=const X M?, 
where M is the average isotopic mass, and yield a value of = —0.501+0.013. The measurements at lower 
temperatures are inconclusive in their implications for the isotope effect, since all specimens measured 
exhibit large deviations from the predictions of the similarity principle. The deviations are apparently 
not related to the isotopic mass of the specimens. The agency responsible for the observed deviations has 
not been isolated, but it is believed that the anomalous H, values are characteristic of thermodynamically 
irreversible transitions. Thus the present results are not believed to constitute genuine evidence of a deviation 


from the similarity principle. 


1. INTRODUCTION 


HE superconducting isotope effect refers to a 

displacement of the critical field curve for a 
superconducting element which is observed when 
specimens of different isotopic mass are measured. The 
earliest experiments seeking evidence for such an effect 
were made using specimens of naturally occurring lead 
which differed in average isotopic mass by about 3%. 
The sensitivity achieved in these experiments was 
insufficient to resolve the very small effect and negative 
results were reported.!? The isotope effect was first 
discovered in 1950 for the case of mercury,’* and 
subsequent work by a number of investigators has 
confirmed its existence for the elements, tin, thallium, 
and lead.® 


* Assisted by the Office of Ordnance Research, U. S. Army. 

¢ Present address: Atomics International, Canoga Park, 
California. 

1H. K. Onnes and W. Tuyn, Leiden Comm. 160b (1922). 

2 E. Justi, Physik. Z. 42, 325 (1941). 

3 E. Maxwell, Phys. Rev. 78, 477 (1950). 

4 Reynolds, Serin, Wright, and Nesbitt, Phys. Rev. 78, 487 
(1950). 

5 E. Maxwell, Phys. Today 5, 14 (1952), also B. Serin, Progress 
in Low-Temperature Physics, edited by C. J. Gorter (Interscience 
Publishers, Inc., New York, 1955), Vol. I, p. 142. 


The isotope effect is usually described by stating 
(1) 


where 7, is the zero-field critical temperature and M 
is the average isotopic mass of the superconducting 
specimen. According to recent atomic theories*’ of 
superconductivity, the exponent » should have the 
value —0.5, and this expectation has been reasonably 
well confirmed for all the elements which have been 
measured with the exception of lead, for which a value 
—0.73 has been reported.** In view of this situation it 
seemed to us that an experimental re-examination of 
the isotope effect in lead might be desirable. 

A brief preliminary account of our first measurements, 
made just below the critical temperature, has already 
appeared.” This article will cover these measurements 
in greater detail, and will also report some results 
obtained in additional measurements which extended 
from 7, down to about 1.3°K. 


T.=constX M?, 


6H. Frohlich, Phys. Rev. 79, 845 (1950). 

7 J. Bardeen, Phys. Rev. 80, 567 (1950), and most recently, 
Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 

8 M. Olsen, Nature 168, 245 (1951). 

* Serin, Reynolds, and Lohman, Phys. Rev. 86, 162 (1951). 

1 Hake, Mapother, and Decker, Phys. Rev. 104, 549 (1956). 
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2. EXPERIMENTAL 


a. Specimen Preparation 


The specimens used in these measurements were 
prepared from five samples of lead which were obtained 
on loan from the Stable Isotopes Division of the Oak 
Ridge National Laboratory. These samples were arti- 
ficially enriched in certain isotopes and were chosen to 
give uniform coverage of the available range of average 
isotopic mass. Specimens were also prepared from a 
sample of “natural” lead obtained from the American 
Smelting and Refining Company. An analysis of the 
Detroit Testing Laboratories of several of the natural 
lead specimens showed them to be about 99.998% 
pure. An indication of the chemical purity of the 
Atomic Energy Commission samples is given in the 
first column of Table I and is based on a detailed 
spectroscopic analysis supplied by Oak Ridge. Since 
the chemical analysis refers to the AEC samples prior 
to our reduction and crystallization, these purities can 
be regarded as lower limits which may have been 
improved in our specimen preparation. Chemical 
analysis of the actual measured specimens will be done 
later and any significant deviations from the situation 
described here will be reported. 

The lead samples from Oak Ridge were received in 
the form of oxides and chromates. The chromates were 
first converted to lead oxide, and then all samples were 
reduced by heating in an atmosphere of pure, dry 
hydrogen. The reduction was carried out in two steps. 
First, the sample was kept at 315°C for eight hours, and 
then the temperature was raised to 450°C and main- 
tained for another eight hours, leaving metallic spheres 
of lead and a small amount of black powder. The lead 
spheres were separated with tweezers and melted under 
vacuum in a Pyrex tube. By inclining the tube and 
shaking gently, the molten lead was caused to flow 
through two capillary constructions into an Aquadag 
coated tube and sealed off under vacuum. 

The small tube containing the lead was placed in an 
electric furnace which produced a temperature gradient 
of about 15 C°/cm over the specimen at the melting 
temperature of lead. The lead was remelted and then 
recrystallized by reducing the current to the furnace 
so that the temperature dropped at the rate of about 
20 C°/hr, crystallization occurring from the bottom 
to the top of the specimen. This procedure did not 
always produce single crystals, but the specimen always 
had a very large grain size. After cooling, the glass was 
etched from the specimen with concentrated hydro- 
fluoric acid and the Aquadag removed by gently rubbing 
the surface with gauze soaked with alcohol. 

Two specimens were formed from the FQ-704(a) 
isotope sample and one from each of the other Oak 
Ridge samples. One natural lead specimen, G1, was 
prepared in the same manner as the isotope specimens, 
while the other natural specimens, 9F and 4F, were 
simply melted in vacuo and crystallized in the gradient 
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furnace without the reduction and purification described 
above. The masses of the specimens ranged from about 
0.6 to 1 gram and all specimens were cast in cylindrical 
shape with a diameter close to 1.8 mm. Because of the 
differences in length the effective demagnetizing factors 
of the specimens varied from 0.015 for specimen 702 to 
0.0054 for specimen 9F. 

The isotopic mass analysis of each specimen is given 
in Table I. The analyses of the AEC specimens are those 
furnished by Oak Ridge while the analysis of our natural 
lead was made by the Lamont Geological Observatory 
from a piece of our specimen, G1. The average isotopic 
mass, M, of each specimen was computed from the 
relation 


M=> M;f,, (2) 


where M; is the mass of the ith isotopic species, and f; 
is the fraction of lead atoms in the specimen which are 
of the ith species. With M defined as in (2), it can be 
shown that 


5M=D AM Of+D. fdMi, (3) 


where AM ,;= M,—M, and the 6’s signify the uncertainty 
to be expected in the various parameters. According to 
Stanford et al.," the uncertainty, 6M;, in the masses 
of the pure isotopes is +0.001 amu for all of the species 
present in these specimens. Thus >> /;6M,=6M;> fi, 
and the total contribution to the uncertainty in M from 
the second term on the right of (3) becomes +0.001 
amu. A detailed calculation using the experimental 
5f’s in Table I? yields the uncertainties in average 
mass listed in the table. 

For the present experiment the most significant 
aspect of the error in average mass determinations is the 
magnitude of 6M for each specimen in relation to 
the total available range in average mass number 
(M inax— M min). The difference between the heaviest and 
lightest specimens in Table I gives (Mimax—M min) equal 
to 1.618 amu and the ratio, 6M/(Mmax—Mmin), is 
listed in the last column. These values show a sub- 
stantial variation from specimen to specimen which 
could undoubtedly be reduced if all the specimens 
could be analyzed at the same time and with the same 
instrument. Such a series of measurements is planned 
when all the low-temperature measurements on the 
specimens are completed. However, despite the varia- 
tion in 6M from the present data, the resolution within 
the available range of M is reasonably good for the 
present purposes. 

a Duckworth, Hogg, and Geiger, Phys. Rev. 85, 1039 
2 - a the 5M the following expression was used to 
relate the 5/; to the atomic percentages, 9;, listed in the first four 
columns of Table I: 


5f;:=([(6p2)+ (p2X 10) + (100—Z p,;)?}Xx 10°, 


where 5; is the uncertainty in p;. The bias error from known 
sources of systematic error is estimated by Oak Ridge as less than 
1% and is represented by the second *term in the brackets. (No 
bias error was included in the analysis of 9F which was not an 
AEC specimen.) The third term was used to account for specimens 
where > p;~100 (e.g., specimen 138). 
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TABLE I. Purity and mass analysis of the specimens. 
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Purity Isotope Isotope 
J Pb 204 206 


Isotope 
207 


Isotope 
208 M+5M 6M/(Mmaz ~M min) 





99.31 0.20 +0.08 5.30+0.20 
99.96 0.240+0.005 15.18+0.05 
99.998 1.347+0.004 25.21+0.03 
99.84 5.30 +0.04 36.46+0.05 
99.48 0.5 +0.2 71.3 +1.0 
99.88 25.70 +0.08 33.77+0.04 


11.42+0.20 
26.81+0.03 
21.18+0.04 
21.54+0.08 
5.1 +0.5 
14.30+0.03 


0.041 
0.005 
0.001 
0.007 
0.019 
0.008 


207.811+0.067 
207.460+0.008 
207.271+0.002 
206.884+0.011 
206.543-+0.030 
206.193 0.013 


82.10+0.5 
57.77+0.03 
52.26+0.08 
36.71+0.03 
23.1 +1.0 
26.230.08 








b. Superconducting Transition Measurements 


As described in the previous section, the total 
variation in M in the six specimens available to us is 
about 0.8% of the atomic weight of lead. If, for purposes 
of estimation, Eq. (1) is used with the value of p= —0.5, 
it is readily shown that the total variation to be expected 
in T, is about 0.4%. For these lead specimens all the 
critical temperatures would be expected to lie within a 
temperature range of about 0.028K° located near 
7.2°K. Since there are six specimens within this tem- 
perature range, the average temperature interval be- 
tween individual specimens is of the order of 6X 10-* K°. 
In view of the well known difficulties associated with 
precision thermometry, especially in the range above 
the critical point of helium, the accurate measurement 
of such small temperature differences is a formidable 
experimental problem, and it was not attempted in 
this work. 

The shift in critical temperature, AT., due to the 
isotopic mass implies a shift in critical field, AH., 
between two specimens when measured at the same 
temperature. The relation between AT, and AH, 
follows from the general relation 


dT. OH. 0H, 
So -( ) / ( ) - (4 
dM OM / T=T.(9F) OT / we (oF) 


The slope of the critical field curve near T., (0H./T), 
was recently measured by Decker, Mapother, and 
Shaw and reported to be 240+2 gauss/°K.” From (4) 
it follows that AT,=0.028°K corresponds to AH,= 6.76 
gauss, or an average fieldwise separation between our 
specimens of the order of 1.35 gauss when measured at 
a constant temperature near 7,. Field increments of 
this magnitude can be resolved with fairly high pre- 
cision. Magnetic measurements of the superconducting 
transition can be made with an absolute precision of the 
order of 0.02 gauss and so the crucial experimental 
consideration becomes that of maintaining the specimen 
temperature constant. 

Fortunately it is possible to utilize the great tempera- 
ture sensitivity of carbon resistance thermometers to 
achieve a temperature stability of the order of +10~* K® 
for the periods of time necessary to make the comparison 

18 Decker, Mapother, and Shaw, Proceedings of the Fifth 
International Conference on Low-Temperature Physics, Madison, 
Wisconsin, 1957. Edited by J. R. Dillinger (University of Wisconsin 
Press, Madison, 1958). 


measurements between superconducting specimens. 
This short-time stability is, in our experience, at least 
an order of magnitude better than the precision with 
which absolute temperatures can be measured in this 
temperature range using carbon thermometers. The 
problem in making absolute temperature determina- 
tions arises from the necessity to extrapolate the 
thermometer calibration curve into a region where 
direct calibration is very difficult. 

Pursuant to the general considerations outlined 
above, the measurements in this work consisted of a 
series of isothermal comparisons of H, values between 
the specimens of different isotopic mass. The techniques 
used were practically the same as were employed in the 
recent pressure effect measurements on lead by Hake 
and Mapother," to which the reader may refer for most 
of the experimental details. 

The specimen holder used in these measurements is 
shown in Fig. 1. This holder was suspended inside a 
vacuum-tight container called the inner can in an 
atmosphere of helium gas to promote thermal equilib- 
rium. The inner can, in turn, was suspended inside an 
outer can which was immersed in liquid helium. The 
pressure of helium gas in the space between the inner 
and outer cans was adjusted to provide the desired 
degree of thermal coupling with the liquid helium bath, 
and the temperature of the specimens was regulated by 
controlling the power to the heater on the specimen 
holder. The only important change in the present 
apparatus over that used in our previous work on the 
pressure effect was in the use of the massive copper 
yoke in the specimen holder shown in Fig. 1. This 
change increased the heat capacity, improved the 
thermal contact between specimens and thermometer, 
and provided a symmetrical location of the heating 
elements with respect to the thermometer, all of which 
factors contribute to easier temperature regulation and 
greater freedom from thermal gradients than was en- 
countered in the earlier apparatus. 

The applied magnetic field was aligned parallel with 
the long axes of the specimens and the transition from 
the superconducting to the normal state (always in 
this order to avoid difficulties with supercooling) was 
observed by using a sensitive ballistic induction method. 
The experimental quantity measured is the change 
in magnetic flux within the specimen for a known 


( “4 R. R. Hake and D. E. Mapother, J. Phys. Chem. Solids 1, 199 
1956). 
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incremental change in the applied field. The observed 
galvanometer deflections, which are proportional to the 
flux changes, may be combined to give a parameter 
which we call the effective permeability, u., of the 
specimen. The critical field of the specimen is obtained 
from a plot of u, vs applied field by extrapolating the 
Me Curve to the value u,.= 1. A detailed discussion of this 
measuring method has been published.!® 

As many as five specimens could be placed in the 
apparatus at one time, the sixth search coil being used 
as a dummy in our method. However, at low tempera- 
tures where large critical fields are encountered, only 
three specimens were measured at one time since the 
distortion in field around a superconducting specimen 
results in an appreciable perturbing effect on the field 
at the adjacent position in the holder. There will be 
occasion to refer to this question in later discussion and 
for brevity we shall designate this phenomenon as the 
field interference effect (FIE). It is most easily avoided 
by leaving every other site in the holder vacant, since 
the magnitude of the FIE at next nearest neighbor 
sites is small enough to be disregarded at all values of 
H, encountered in this work. At all temperatures the 
procedure was to make repeated measurements of 
H, for each specimen in the holder while the whole 
assemblage was held at constant temperature.“ Speci- 
men 9F was measured as a comparison specimen on all 
of the experimental runs. 

The measurements extended over a temperature 
range from about 7.2 to 1.3°K. The first measurements 
were made near 7°K since the nitrogen solenoid!® then 
in service had an upper limiting field of about 100 gauss. 
Because of the large critical field of lead at low tempera- 
tures it was necessary to construct a new solenoid 
capable of producing fields up to the order of 1000 
gauss. The new solenoid is based on the Garrett sixth- 
order system,!* and, like the old solenoid which it 
supercedes, it operates immersed in liquid nitrogen and 
serves the same purpose in our measuring method. The 
new solenoid has a high-voltage winding, being designed 
for operation from a Varian V-2200A power supply 
which provides a highly stabilized current. It produces 
a field of about 1000 gauss with a terminal voltage of 
708 volts and a power input of about 1 kw. The liquid 
nitrogen cooling has worked out very well.” The field 
distribution within the solenoid was measured with a 
pair of matched search coils and found to be homogene- 
ous to better than 0.1% over the entire region occupied 
by the specimens. A nuclear resonance measurement 


18 Cochran, Mapother, and Mould, Phys. Rev. 103, 1657 (1956). 

16M. W. Garrett, J. Appl. Phys. 22, 1091 (1951). 

174 minor problem worth mentioning is that the continual 
boiling of the liquid nitrogen tends to concentrate liquid oxygen 
in the bottom of the Dewar, since O2 is the usual impurity in 
liquid N». In addition to exerting a very small effect on the 
resultant field of the solenoid (due to the paramagnetism of Oz), 
the presence of oxygen creates a combustion hazard at the 
solenoid. A special drain line is provided in our nitrogen Dewar to 
dump the contents periodically. 
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Fic. 1. Specimen holder 
assembly. This unit is sus- 
pended within the vessel 
called the “inner can” in 
the apparatus described in 
reference 14. 


Inches 


also provided an accurate value of the gauss/ampere 
constant of the solenoid. 


3. RESULTS 


In presenting the results of these measurements we 
shall consider separately (a) the high-temperature 
data obtained at fields under 50 gauss near 7, and (b) 
the lower-temperature data obtained after the strong 
solenoid was installed. This happens to be the order in 
which the data were actually measured, but it will also 
develop that an orderly discussion of the results favors 
this order of presentation. 


a. Data at High Temperature 


The first experimental run involved the comparison 
of the critical fields of specimens 9F, G1, 704-1, 704-2, 
and 581. Specimens 9F and G1 were prepared from the 
natural lead sample, while specimens 704-1 and 704-2 
were from AEC lot FQ-704(a). The inclusion of two 
pairs of specimens of the same mass was done to provide 
a direct check on the over-all consistency and resolution 
of the measuring method in determining the small 
critical field shifts which were to be expected. The 
results of these measurements are tabulated opposite I 
in Table II which contains the H, value for the standard 
specimen (9F) and the differences in critical field AH, 
between 9F and the other specimens. Since the signifi- 
cant datum of the comparison measurement is the 
difference in the critical fields, the symbol AH.(X) 
=H.(X)—H.(9F) will be employed throughout the 
subsequent discussion to designate the difference in 
critical field between a specimen, X, and the standard 
specimen, 9, when both are measured at the same 
temperature. For brevity in the tabular values, H, is 
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TABLE II. Result of measurements near 7,. The numbers in parentheses following each value of AH, refer 
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the number of comparisons at each point. All these data were taken within 0.21°K of 7.(9F). 


4H-(258) 
gauss 


4H-(702) 
gauss 


H-(9F) 
gauss 


AH-(581) 
gauss 





5.52 +0.08 (9) 
5.42 +0.17(8) 
5.39 +0.03 (2) 
46.0+0.1 5.44 +0.11(2) 
1.66 +0.03 (15) 
1.63 +0.03(8) 
1.65 +0.06 (6) 
1.54 +0.05 (6) 


5.52 +0.02 (8) 3.19 +0.02 (12) 
5.52 +0.02 (5) 
S 


5.59 +0.08 (6) 


3.0+0.1 
12.9+0.1 
21.3+0.1 
49.8+0.2 


3.2+0.1 
10.1+0.1 
26.3 40.1 


1 
1 
1 
0 


II 3.14 +0.04 (19) 
II 3.15 +0.02 (9) 
II 3.11 +0.03(5) 


Average AH- at 5.55 +0.10(40) 3.16 +0.04 (65) 1.65 +0.05 (35) 


H-(9F) =0 


H-(704-2) 
—H.(704-1) 
gauss 


4H-(G1) 


gauss 


4H (704-1) 
gauss 


4H-(138) 
gauss 


—0.03 +0.04 (1) 
—0.05 +0.01 (1) 
0.06 +0.08 (1) 
0.05 +0.05 (1) 


0.05 +0.04 (4) 
0.03 +0.04 (2) 
0.00 +0.06 (1) 
—0,04 +0.08 (1) 


—0.65 40.05 (10) 
—0.64 +0.04 (9) 
—0.64 +0.08 (5) 
—0.69 +0.04 (3) 


—0.61 +0.03(7) 
—0.56 +0.01 (5) 
—0.59 +0.05 (8) 
—0.57 +0.03(5) 


—2.05 +0.05 (12) 
—2.00 +0.03 (6) 


—0.63 +0,06 (52) —2.06 +0.05 (18) +0.01 +0.06 (8) +0.01 +0.06 (4) 














given only for specimen 9F. As was to be hoped, the 
specimens of the same M showed very small differences 
in H, while significant differences in H, were evident in 
the case of specimens of different M. 

Runs II and III (also given in .Table II) involved 
comparisons between 9F and other specimens of 
different M as noted. Run III was made after the 
installation of the strong solenoid and the agreement 
between the results of runs II and III provides an 
additional check on the consistency of the two solenoid 
calibrations. 

To give an impression of the resolution achieved in 
the transition measurements, the experimental permea- 
bility curves at a particular temperature for all of the 
specimens have been shown in Fig. 2. As a consequence 
of the field homogeneity and temperature stability 
prevailing at the specimens, the transition breadth 
(with the exception of specimen 581) is in reasonable 
agreement with expectations based on the length to 
diameter ratio of the specimens. The accuracy of the 
determination of the slope of the u, cruves cannot be 
shown on the scale of Fig. 2, but it will be considered 
later in the discussion. The transition breadth in all 
cases is sufficiently narrow to permit a reasonably 
precise determination of AH,. 


H. (704) H 


" (OF) 


He (138) 


Since specimen 9¥ was measured on all runs and all 
isotopes were compared against it, the measured values 
of AH, for different specimens and different runs can 
be corrected to a single temperature as follows. A plot 
of AH, versus H,(9F) was made and the best straight 
line (consistent with the similarity principle) drawn 
through the experimental points. The value of AH, at 
the intercept of H.(9F)=0 is then the value of AH, for 
each isotope at the critical temperature of the 9F 
specimen. Figure 3 is such a plot and shows the linear 
dependence of AH, upon H,(9F). The values of AH, at 
T.(9F) are recorded in the last line of Table II and are 
plotted as ordinate against M as abscissa in Fig. 4. For 
each point the experimental uncertainty (mustly 6M) is 
indicated by horizontal or vertical lines through the 
point. With the exception of the point for specimen 
581 (which we shall ignore for the moment), the data 
fall along a straight line to within the accuracy of the 
measurements. From the slope of the line the value 
(0H ./0M)r= —4.17+0.11 gauss/amu is obtained. 

Using Eqs. (1) and (4) it is readily shown that the 
exponent, p, may be expressed in terms of the measur- 
able quantity 
M(0H./0M)r 


> 


pans ’ \ ) 
T.(0H./0T) 


H_(702) H, (258) He (58!) 
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Fic. 2. Magnetic superconducting to normal transitions of the lead isotope specimens at a temperature 0.012K° below 7, for 
specimen 9F. yu, is the effective permeability of the specimen. Small arrows above each transition denote the H. values determined 


for each specimen. 
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and substitution of 
M = 207.27 amu, 
T.=7.175+0.005°K,}® 
(0H./dT)m=240+2 gauss,” 
(0H ./8M)r=—417+0.11 gauss/amu 


gives p= —0.501+0.013. 

The foregoing calculation of the exponent, p, dis- 
regards the datum for specimen 581 on the grounds that 
its departure from the average behavior of the other 
five specimens is far outside the limits of the known 
experimental error. It will also be noted in Fig. 2 that 
specimen 581 has an anomalously broad supercon- 
ducting transition. This circumstance and also the fact 
that all the specimens except specimen 581 supercool 
slightly were noted early in this work. On the supposi- 
tion that the anomalies might be associated with some 
accident in the preparation of this particular specimen, 
it was run through the entire purification and recrystal- 
lization process a second time. Both the anomalies in 
AH, and in transition breadth were observed with 
excellent reproducibility following the second process- 
ing, indicating that the magnetic measurements for 
this specimen are correct. The possibility of an error 
in the isotopic analysis was also considered and Dr. C. 
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Fic. 3. Isotope shift near T.. AH. is the isothermal shift in 
critical field relative to specimen 9F. The lines shown represent 
the best fit to the experimental points consistent with the slope 
expected from the similarity principle. The intercept of each line 
at H.(9F)=0 gives the isotope shift for that specimen at the 
temperature corresponding to 7, for specimen 9F. 

( 18W. B. Pearson and I. M. Templeton, Phys. Rev. 109, 1094 
1958). 
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Fic. 4. Isotope shift, AH, vs average isotopic mass, M. AH, is 
the isotopic shift relative to specimen 9F and evaluated for 
T=T.(9F). Probable error in the determination of AH, and M 
for each specimen is indicated by thé horizontal and vertical lines 
through each point. As explained in the text, the point for speci- 
men 581 was disregarded in computing (0H ./dM)r. 


P. Keim of Oak Ridge kindly arranged for a new 
analysis of this specimen. The results essentially con- 
firmed the original analysis. Thus from all the experi- 
mental evidence available to us at present, specimen 
581, for obscure reasons, is clearly out of line with the 
other specimens, and we feel justified in leaving it out of 
consideration for the time being in interpreting these 
measurements. 


b. Data at Low Temperature 


The low-temperature measurements which have been 
made thus far consist primarily of comparisons between 
the three specimens 258, 9F, and 138. For the reasons 
mentioned in Sec. 2b it was decided to limit the number 
of specimens in the holder to three in order to avoid 
trouble from the field interference effect. Except for 
such complications as the FIE which are associated 
with the much larger values of H, encountered at low 
temperatures, the low-temperature measurements are 
the same in principle as those described above, and they 
were made by the same method. 

The results of these observations are listed in 
Table III. The data are remarkable in exhibiting a 
pronounced increase in AH, with decreasing tempera- 
ture, this being exactly opposite to the behavior to be 
expected on the basis of the similarity principle. In 
Fig. 5 the observed values of H, for the three specimens 
are plotted against the square of the temperature as 
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Fic. 5. Critical field, H., for three lead specimens of different average isotopic mass plotted against 7°. 
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TABLE III. Summary of results of low-temperature observations. 
Run IV differs from run ITI only in that the relative positions of 
the samples were altered. 








No. of 
obs. 


4H (258) 
gauss 


No. of 


obs. 


Run III 


— 2.77+0.04 6 
—2.33+0.04 6 
5 
5 


). 


H-(9F) 
gauss 


AH-(138) 
gauss 





2.74+0.03 
2.72+0.04 
320.4+0.2 2.53+0.14 
418.4+0.3 4A +0.3 
508.0+0.2 9.2 +0.1 
557.740.3 12.5 +0.2 
558.4+0.4 12.8 +0.3 
559.9+0.3 12.7 +0.1 
567.540.5 14.1 +04 
632.4404 16.5 +0.3 
684.4+0.4 19.3 +0.3 
718.5+0.4 21.9 +0.1 
720.5+0.4 22.1 +0.1 
720.6+1.0 22.4 +0.2 
739.2+0.3 23.2 40.2 
761.0+0.8 23.8 +0.4 
778.5+0.4 28.3 +0.2 
778.7+0.6 28.4 +0.2 
790.2+0.6 28.0 +1.5 


158.0+0.1 
240.3+0.1 
—3.11+0.09 ‘ 
—3.8 
—5.5 
—5.9 
—5.8 
—5.9 
—5.2 
—8.1 
—8.4 
—8.9 
—8.0 
—8.6 
—9.2 
—8.7 
—8.8 


1 

A 

* 
+0.1 1 aE : 
+0.1 4.50+0.01 
+0.1 4.14+0.01 
+0.3 4.14+0.01 
+0.3 4.12+0.01 
+0.2 4.04+0.01 
+0.5 3.51+0.01 
+0.1 2.98+0.01 
+0.1 2.56+0.01 
+0.2 2.53+0.01 
+0.2 2.53+0.01 
+0.2 2.28+0.01 
1.92+0.01 
1.56+0.01 
1.33+0.01 
1.29+0.01 


+0.1 


4.04+0.02 
3.20+0.02 
2.54+0.02 
1.3320.02 


13.5 
19.7 
23.4 
29.4 


+0.4 
+0.4 
+0.2 
+0.6 


567.8+0.9 
662.2+0.4 
719.5+0.4 
778.4+0.5 








determined from the carbon thermometer on the 
specimen holder. The increase in AH, with decreasing 
T is clearly in evidence. 

For comparison, the data of Daunt, Horseman, and 
Mendelssohn”: on the superconducting transition in 
lead have been plotted with a suitable correction to 
allow for the temperature scale used in the earlier 
work.” As can be seen in Fig. 5, the agreement with the 
earlier data is good in the temperature range below the 
boiling point of helium, and less good at higher tempera- 
tures. Since both the Oxford measurements and our own 
were based on direct calibration against the vapor 
pressure of helium in the range below 4.2°K, the 
temperature determinations in the two experiments 
would be expected to show the greatest harmony in 
this region. Considering that M was unspecified in the 
Oxford measurements, the agreement in this tempera- 
ture range between their data and the present work is 


19 The present temperature determinations involved the calibra- 
tion of the resistance of the carbon thermometer against the 
vapor pressure of liquid helium below 4.2°K, using the Tssz 
vapor pressure scale [Clement, Logan, and Gaffney, Phys. Rev. 
100, 743 (1955)]. The resistance-temperature relation was 
extrapolated to yield approximate temperatures above 4.2°K, 
since the initial purposes of this investigation did not require 
accurate knowledge of the absolute temperature. 

2” J. G. Daunt and K. Mendelssohn, Proc. Roy. Soc. (London) 
A160, 127 (1937). 

( —" Horseman, and Mendelssohn, Phil. Mag. 27, 754 
1939). 

2 The data of Daunt ef al., as originally reported, were based 
on the 1932 vapor-pressure scale. So far as we are aware, these 
are the only measurements of sufficient completeness and accuracy 
available on lead to afford a significant comparison. 
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Fic. 6. Critical field shift, AH7., vs H. for the comparison speci- 
men, 9F. This abscissa is approximately equivalent to a 7? scale 
but is independent of any inaccuracy in absolute temperature 
measurement. Dashed lines show the expected variation of the 
isotopic shift on the basis of the similarity principle. The large 
values of AH.(4F) show that the low-temperature shifts are 
unrelated to the isotope effect since specimens 4F and 9F have the 
same isotopic mass. 


considered quite satisfactory. The poorer agreement 
above 4.2°K is most probably associated with the 
determination of 7 in this experimentally difficult 
range. It is planned in future measurements to make a 
more serious effort to get better temperature deter- 
minations in this range. 

The scale of Fig. 5 is too coarse to exhibit the detailed 
nature of the differences observed between the speci- 
mens. To show this difference with greater resolution, 
the experimental AH, values are plotted against the 
critical field, H.(9F), as shown in Fig. 6. (This type of 
plot is independent of any error associated with our 
determination of the absolute temperature.) For com- 
parison, the dotted curves give the expected AH, 
assuming the validity of the similarity principle as 
explained in the caption of Fig. 6. The experimental 
results are in fair agreement with the similarity principle 
up to H, values of about 350 gauss (about 5.5°K), but 
for greater H, values (i.e., lower temperatures) the 
difference curves diverge rapidly down to the lowest 
temperatures of observation. 

A number of the actual experimental transitions from 
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Specimen 258 
e H.=!3.) gauss 
+ H.=29.4 gauss 
© H-=242.9 gauss 
© H_=582.4 gauss 
4 H-=8!5.0 gauss 
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Specimen 9F 
e H.=10.| gauss 
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© H-=240.2 gouss 
° H-=558.7 gouss 
4 H.=788.5 gauss 
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© H=8.0  gouss | 
* He=24.2 gouss___| 
© H=2379 gauss | 
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Fic. 7. Superconducting to normal transitions of three lead 
specimens at various temperatures plotted against reduced field, 
h=H./H-,. Note the expanded scale of 4. Dashed lines indicate the 
transition shape for an ideal ellipsoid having the same length to 
diameter ratio as the actual specimen. 


which the above critical-field shifts were obtained are 
shown in Fig. 7 where the effective permeability of the 
specimen, ue, has been plotted as a function of the re- 
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duced field, A=H./H,.. H, is the applied external 
magnetic field and H, is the critical field of the specimen 
determined by extrapolating the linear portion of the 
Me curve as discussed by Cochran, Mapother, and 
Mould.!® For each specimen a representative sampling 
of transition curves at various values of H, (i.e., various 
measuring temperatures) are shown. A noteworthy 
feature of the transitions when plotted against the 
reduced field is that they cluster about the slope to be 
expected on the basis of each specimen’s demagnetizing 
factor. The inference from this observation is that over 
most of their volume the specimens are macroscopically 
homogeneous in their superconducting properties. (For 
example, gross inhomogeneities due to such causes as 
nonuniform strain would produce substantial broaden- 
ing in the magnetic transition.) 

The variation in relative transition width of specimen 
258 appears to be without any recognizible pattern. 
However, both 9F and 138 show a small systematic 
trend with temperature. It will be noted that for both 
of these specimens the transition at the smallest H, 
(nearest T,) is the broadest, transitions at higher H, 
values being generally sharper. More recent measure- 
ments on Pb (to be reported later) suggest that this is 
a characteristic feature of the magnetic transition, at 
least when measured by the present method. A similar 
but more exaggerated effect has been noted in measure- 
ments of Al.15.%.24 

Another feature of the curves of Fig. 7 that deserves 
comment is the rounding tendency of the curves near 
ue= 1. The rounding appears to increase as H, increases. 
From other experiments (to be reported later) it is 
suspected that this effect is correlated with the large 
anomalous shifts in AH, and that the values of H, for 
sample 138 are more characteristic of the intrinsic 
transition in Pb than the others in that the rounding is 
least pronounced for this sample. We think it probable 
that the large rounding of the transition curve of 581 
(which, to date, has only been measured near 7,) is an 
accentuated case of the rounding in the transitions of 
258 and 9F at low temperatures. 

Superficially, the large deviations from the similarity 
principle shown in Fig. 6 look like an unusually large 
isotope effect in the sense that the large low-temperature 
AH, shifts are in the same direction as the normal 
isotope shift observed near T,. To check whether this 
behavior was due to the difference in isotopic mass, a 
control experiment was run at temperatures below 
4.2°K with a different specimen, 47, being compared 
with specimen 97. Specimen 4F was prepared from the 
same lead sample as specimen 9F and had presumably 
the same M. To our surprise, the measurements below 


( % J. F. Cochran and D. E. Mapother, Phys. Rev. 111, 132 
1958). 

% The transitions of Fig. 7 are plotted against a greatly 
expanded scale in order to show the observed shape in detail. It 
should be clear that these variations in transition breadth are so 
small that they have essentially no effect on the determination of 
H, by the method used here. 
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4.2°K showed substantial differences in H, between 
these specimens. The observed AH, values for 4F are 
also shown in Fig. 6. It would seem from these observa- 
tions that the departures from the similarity principle 
have nothing to do with the isotopic mass and that the 
correlation between AM and the anomalous AH, values 
in the case of specimens 258 and 138 is fortuitous. It is 
interesting to note that the general character of the 
AH, values observed for specimen 4F is the same as that 
shown by specimens 258 and 138. 

Following the observations on specimen 4F, this 
experiment was interrupted by a technical failure in 
part of the measuring apparatus. It is clear from these 
results that further study of the isotope effect at low 
temperatures must wait until further information can 
be obtained concerning the cause of the large shift in the 
critical field curves. A systematic investigation into 
the possible causes of this effect is in progress but has 
been delayed by the aforementioned technical diff- 
culties. In view of this delay we have decided that it is 
appropriate to publish the results obtained thus far in 
this work. 


c. Possibilities for Systematic Errors 


One of the first thoughts suggested by these observa- 
tions is that they represent some kind of systematic 
error in the measurements. It thus seems desirable at this 
point to record some of the possibilities of error which 


have been considered. Such results could arise due to 
uncertainty in the magnitude of the applied magnetic 
field at the position of the specimens due to any of the 
following three causes. 

(1) Incorrect current calibration of either solenoid.— 
This seems unlikely in view of the fact that both of 
the solenoids were calibrated using the very accurate 
nuclear resonance technique. However, additional 
checks were made under the actual conditions of the 
measurements which verified the self-consistency of the 
current calibrations of the air and nitrogen solenoids. 

(2) Variation of the magnetic field at different positions 
of the specimen holder—This possibility was checked 
by repeating a set of observations with the solenoid 
rotated in several positions about its axis. In addition, 
a complete set of data at several temperatures below 
4°K were taken after interchanging the positions of 
specimens 258 and 138. 

(3) The field interference effect—The FIE was scruti- 
nized with particular care since it does produce an 
effect qualitatively similar to that actually observed. 
However, both calculations and direct measurements 
using the unoccupied search coils as field detectors 
showed the FIE to be negligibly small compared to the 
observed AH, values at all values of H. when alternate 
sites in the holder were left vacant. 

None of these tests gave any indication of any 
trouble in the magnetic field determinations, and it is 
concluded that they are correct to the precision noted. 
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As mentioned in Sec. 2b, the precision of these 
observations depends on the maintenance of all the 
specimens at the same constant temperature during the 
interval required for the comparison measurements. 
Theoretically the anomalous shifts in H, could be 
attributed to differences in temperature between the 
specimens. The improbability of the occurrence of 
temperature differences large enough to produce the 
observed AH, values can be seen from the following 
argument. The anomalous AH, values increase with 
decreasing 7, and at the lowest temperatures of observa- 
tion they are of the order of 20-30 gauss larger than they 
should be on the basis of the similarity principle. At 
these same temperatures (0H./0T) is of the order of 
—40 gauss/K°. Thus temperature differences between 
the specimens of the order of }K° would be required to 
account for the observed anomalous shifts. We are 
unable to conceive of any mechanism capable of pro- 
ducing and maintaining such large temperature differ- 
ences between the specimens under the experimental 
conditions. In addition to the design features of the 
specimen holder noted previously which tend to promote 
good thermal equilibrium between specimens, the 
measurements at the lowest femperatures were made 
with the specimens ss a in He II. 

In the face of these congiderations it is our present 
view that these measuremetits can only be interpreted 
as representing genuine differences in the super- 
conducting properties of the measured specimens. 


4. DISCUSSION 
a. Results Near 7. 


For five out of six specimens measured, the present 
observations on the isotope effect in lead are consistent 
with the relation, 7,.= const X M~}, as predicted by the 
recent atomic theories of superconductivity. To this 
extent the present results may be said to be understood. 

The sixth specimen, 581, is in definite disagreement 
with the theoretical expectation in showing a larger 
than average isotope shift. The nature of the deviation 
shown by our specimen, 581, is the same as that reported 
in the earlier results of Olsen® and could possibly have 
the same origin. An explanation of this anomaly has not 
been found as yet. 


b. Results at Low Temperatures 


Although the low-temperature measurements were 
intended to investigate the isotope effect and the 
validity of the similarity principle, it is our conclusion 
that the unusually large shifts in H, described here are 
essentially unrelated to the isotopic masses of the 
specimens. The substantial AH, values observed for 
specimens of the same isotopic mass (4F and 9F) are 
direct evidence that some parameter other than M is 
responsible. Several other instances of large AH, values 
for specimens of the same isotopic composition have 
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since been observed.” The fact that the H, values for 
specimens 258 and 138 diverge from H,.(9F) at low 
temperatures in the same direction as their isotopic 
shift near 7, must be regarded for the present as just 
a peculiar coincidence. 

Some interesting (and puzzling) consequences would 
follow if the apparent deviations from similarity 
evident in Fig. 6 were in fact due solely to the difference 
in isotopic mass of the specimens. However, it seems 
clear that this is not the case. Since the isotopic mass is 
not the dominating factor in this effect, there is no 
basis for expecting the similarity principle to apply to 
these specimens at low temperatures. 

Even though our observations rule out the isotopic 
mass as the causative factor, there seems little doubt 
that the large low-temperature shifts represent a 
genuine property of the specimens and are not the 
result of some error in the measuring method. In 
addition to the various checks described above we note 
that effects very similar to those observed in this work 
have been reported in previous measurements by 
Daunt* and more recently by MacDonald and Mendels- 
sohn.** Both the magnitude of the shift and its depend- 
ence upon temperature agree very closely with the 
results described here. In both previous investigations 
the superconducting transitions were measured by 
techniques responsive to the electrical resistance of the 
specimen and the discrepancy between the resistive 
H. values and those obtained in separate magnetic 
measurements” was discussed. 

The complete similarity between our magnetic and 
the previous resistive observations strongly suggests 

26 J. G. Daunt, Phil. Mag. 28, 24 (1939). 


26D. K. C. MacDonald and K. Mendelssohn, Proc. Roy. Soc. 
(London) A200, 66 (1949). 
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that we are observing the same phenomenon and that 
it is a characteristic property of lead. We think it 
probable that the low-temperature shift in H, is 
evidence that the superconducting properties of lead 
are unexpectedly sensitive at low temperatures to such 
secondary effects as strain and impurity. Measurements 
still in progress indicate that the anomalous AH, 
values occur in transitions which despite their apparent 
sharpness are not thermodynamically reversible. There 
is also evidence that strain in the metallic lattice is one 
of the agencies responsible for the anomaly.”” 

In conclusion, we remark that the low-temperature 
data described here represent the results of the initial 
phase of a continuing investigation. Further reports on 
measurements currently in progress will appear later. 
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Piezoresistance and elastoresistance coefficients of n-type GaAs were determined at room temperature. 
The results are consistent with a spherical energy-band model as predicted by Callaway from theory. 


I. INTRODUCTION 


ALLAWAY' has predicted from theoretical con- 
siderations that the conduction band minimum of 
GaAs is in the center of the Brillouin zone. This pre- 
diction was supported by the low effective mass of 
(0.043+-005)mo for the electrons, which was derived 
by optical experiments.? The present experiment was 
done to provide further confirmation of the spherical 
energy-band model for this material. 
Il. EXPERIMENTAL 

A single crystal of n-type GaAs was obtained from 
Westinghouse Materials Engineering Department. The 
electron concentration, calculated from Hall measure- 
ments at 77°K, was 8X10!*/cm*. The resistivity at 
77°K was 0.021 ohm-cm. 

The experimental arrangements used were similar to 
the arrangements A and C used by Smith,’ in which 
longitudinal measurements were made in the directions 
[100] and [110]. All samples were oriented by Laue 
back-reflection x-ray method. The error in orientation 
was +2°. The experimental apparatus used was similar 
to that used by Pollak.‘ Stresses applied were of the 
order of 5X10’ dynes/cm*. No transverse measure- 
ments, as in Smith’s arrangements B and D, were made 
because of the difficulty of making good large-area low- 
resistance electrical contacts. Instead, a hydrostatic 
pressure measurement was made to complete the in- 
formation on the three piezoresistance coefficients, 

TABLE I. Experimental data. 





Correction 
term® K 
(1072 cm?/ 
dyne) 


X p 
(10-8 cm?/ 
dyne) 


Quantity 


XR 
(10-2 em?/ 
measured 


dyne) 


and stress 
direction 


[100] 


= 2,240.3 





—0.340.3 (2Si2:—Su) Thu 
=—1.9 (adiabatic) 
$(Mir +TMie +a) 
(adiabatic) 
Thi +20 
(isothermal) 


(110) —3+0.3 a —4.2+40.3 


Hydrostatic —10.2 +0.5 —9.8+0.5 
pressure 


(S11 +2S12) 
=0.4 











® Values used for elastic constants at room temperature (see reference 5): 
Cu =1.195 X10"? dynes/cm?; Ciz =0.541 X10" dynes/cm?; Cas =0.597 X10" 
dynes/cm?, 


¢ This work is part of the thesis to be submitted to the Depart- 
ment of Physics, University of Pittsburgh, Pittsburgh, Penn- 
sylvania, in partial fulfillment of the requirements for the degree 
of Doctor of Philosophy. 

1J. Callaway, J. Electronics 2, 330 (1957). 

2 Barcus, Perlmutter, and Callaway, Bull. Am. Phys. Soc. 
Ser. II, 3, 30 (1958). 

3C. S. Smith, Phys. Rev. 94, 42 (1954). 

4M. Pollak, Rev. Sci. Instr. 29, 639 (1958). 


IIy1, Iy2, and 144. The maximum hydrostatic pressure 
applied was 5X 10° dynes/cm?. The resistance increased 
linearly with hydrostatic pressure throughout the range 
of pressure applied. Measurements by hydrostatic 
pressure experiment are isothermal, whereas the longi- 
tudinal measurements are adiabatic. No correction has 
been made to take this into account, as its effect is quite 
small and does not affect our conclusions. Corrections 
due to dimensional changes were made using the elastic- 
constant values supplied by McSkimin.° 

All measurements were made at room temperatures. 
Electrical contacts were made with tin solder. 

Ill. RESULTS 

The results are shown in Table I. The uncorrected 
values of the fractional change of resistance per unit 
stress are given in the second column. The dimensional 
correction terms K, expressed in terms of elastic com- 
pliances S, are given in the third column. The last 
column gives the fractional change of resistivity per 
unit stress. 

The principal elastoresistance coefficients are given 
in Table II and for comparison corresponding numbers 
for extrinsic n-type InSb at 77°K are also given from 
the results of Potter.* The shear coefficients for GaAs 
are quite small and are comparable to those for InSb. 

IV. CONCLUSIONS 

The small values of shear coefficients are consistent 
with a spherical energy band model for this material, 
which is suggested by the theoretical calculation of 
Callaway! and the low effective-mass value derived 
from optical experiments.” 
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TABLE II. Shear and volume dilation coefficients 
for GaAs and InSb. 








Carrier 
concentration 
Temp. at 77°K 
Material (°K) (cm?) 
n-GaAs 300 
n-InSb* 77 


4(miu—mi) = mau 


8X 106 0.5 —1.4 
(3~4)X10% —1.1 —1.3 —16 


§ (mir +212) 
—74 











® See reference 6. 


5 Bateman, McSkimin, and Whelan (private communication). 
*R. F. Potter, Phys. Rev. 108, 652 (1957). 
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Theory of Solid Ne, A, Kr, and Xe at 0°K* 
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A quantum-mechanical variational technique is applied to an Einstein model of a solid, and the heats of 
sublimation and equations of state of solid Ne, A, Kr, and Xe are calculated at 0°K. Mie-Lennard-Jones 6-12 
potentials appropriate to the gas-phase data are used throughout, and the importance of quantum-mechanical 
effects is discussed ; in general, good agreement with experiment is obtained. From the theoretical zero-point 
energies equivalent Debye temperatures, 6, are calculated, and from the dependence of these @ on volume, 
Griineisen constants are computed in good agreement with experiment. Theoretical compressibility curves 
(at 0°K) are presented, and compared with the available experimental data; in the case of Ne, the only 
substance for which high-pressure data are available, the agreement is rather good up to 20 k atmos. 





I. INTRODUCTION 


HE behavior of a collection of closed-shell atoms 

can in general be rather well described by as- 
suming a suitable law of force between two isolated 
atoms. The potential energies corresponding to such 
laws of force are characterized by (a) an attractive part 
whose dominant term varies as the inverse sixth power 
of the distance, r, between the centers of mass of the 
two atoms, and (b) a repulsive part of still shorter range. 
Such a potential energy, v(r), has a negative minimum 
at an intermediate r, rises very rapidly to large positive 
values at small 7, and goes to zero, through negative 
values, at large interatomic distances. A simplified and 
yet satisfactory representation of »(r) makes use of a 
function involving two parameters, (1) the interatomic 
distance, ¢, where the potential is zero, and (2) the 
depth, ¢, of the well corresponding to the minimum of 
2(r). Interatomic potentials involving three and more 
parameters, have been proposed by several authors,' 
and obviously, the flexibility introduced by the extra 
parameters leads to a somewhat better fit of the gas- 
phase data.! However, none of these more elaborate 
potentials can be derived in a rigorous way from the 
principles of quantum theory,’ and in any case, the 
interaction of two atoms at small separations, under 
conditions of appreciable electron-shell overlap, cannot 
be precisely described in terms of a function involving 
only the distance between the centers of mass. 

Two-parameter potentials of the form 


o(r) = 4 (o/r)"— (o/r)”] (1) 


have been extensively discussed by Lennard-Jones and 
co-workers.? Analysis has shown that such a 2(r) with 
n=6, m=12, and with suitable choices for o and e«, 


* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research and 
Development Command. 

¢ On leave from Instituto Técnolégico de Aeronautica, Sao Jose 
dos Campos, Sao Paulo, Brazil. 

1For a discussion of different potentials and their use, see 
Hirschfelder, Curtiss, and Bird, Molecular Theory of Gases and 
Liquids (John Wiley and Sons, Inc., New York, 1954). 

2 J. E. Lennard-Jones, Proc. Roy. Soc. (London) A106, 463 


(1924), and subsequent papers. 


correlates well the gas-phase experimental data, viz., 
virial coefficients, viscosity, and Joule-Thomson coeffi- 
cients, for He, Ne, A, Kr, and Xe.'~* Properties of the 
corresponding liquid phase are more difficult to describe 
theoretically, and for this reason play a less important 
role in the choice of the optimum m value. On the other 
hand, after Lennard-Jones many workers*™ have 
shown that the 6-12 potential gives also a fair descrip- 
tion of the solid phase. In these investigations, quantal 
effects are taken into account by attributing a suitable 
zero-point energy to the collective modes of oscillation 
of the crystal lattice; the results agree moderately well 
with experiment, except in the case of He, in which the 
zero-point energy at zero pressure is comparable to the 
net static potential energy. By static potential energy 
we always mean the potential energy calculated on the 
assumption that each atom is fixed at a definite crystal 
lattice site. 

In the present paper we employ a variational method 
for the calculation of the binding energies and the 
equations of state of solid Ne, A, Kr, and Xe at 0°K and 
for pressures from zero up to 2X 10* kg/cm?. Our trial 
wave functions represent the motion of the various 
atoms of the crystalline solid about their crystal lattice 
sites, the motion corresponding to displacements from 
these sites, of amplitude much smaller than the mean 
distance between nearest neighbors. A 6-12 potential as 
in Eq. (1) is used throughout, and forces depending on 
the relative coordinates of more than two atoms (many- 
body forces) are neglected. Furthermore, our wave 
function for the solid as a whole is built up out of non- 
overlapping single-atom wave functions; as a result, 
symmetry or exchange effects are absent in our treat- 


*R. H. Fowler and E. A. Guggenheim, Statistical Thermo- 
dynamics (Cambridge University Press, London, 1952). 
( i E. Lennard-Jones, Proc. Phys. Soc. (London) 43, 461 
1931). 
( ®5R. A. Buckingham, Proc. Roy. Soc. (London) Al68, 264 
1938). 
6 J. de Boer and B. S. Blaisse, Physica 14, 149 (1948). 
7L, Salter, Phil. Mag. 45, 360 (1954). 
8 J. H. Henkel, J. Chem. Phys. 23, 681 (1955). 
*J. J. Zucker, J. Chem. Phys, 25, 915 (1956). 
1 C. Domb and I. J. Zucker, Nature 178, 484 (1956). 
T. F, Johns, Phil. Mag. 3, 229 (1958). 
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ment so that, for example, any predicted difference be- 
tween the binding energies of solid Ne® and solid Ne?! 
is due entirely to the difference in masses between the 
two isotopes, and not on the difference of their statistics. 
Except for the case of He* and He‘ the effects of sta- 
tistics (i.e., the proper symmetry of the total wave 
function) should be negligible. 

Our calculation takes into account two important 
quantal contributions: (1) a correction, AU, to the 
static potential energy, since the atoms are not fixed to 
their sites, and (2) the kinetic energy, 7, arising from 
this motion. These contributions are both positive, and 
approximately equal one to another. Our method in its 
present form does not seem to be suitable for application 
to solid He for reasons explained in Sec. II. Our results 
for solid Ne, A, Kr, and Xe are in good agreement with 
the available experimental data, which unfortunately 
are scarce. 


II. THE WAVE FUNCTION AND THE ENERGY OF 
GROUND STATE OF THE SOLID 


The single-atom wave function used, ¢(r,), describes 
the motion of the ith atom about its crystal lattice site; 
the wave function for the solid as a whole, ¥(11,r2,° ++ rw), 
is a suitable product of the g’s. As a variational trial 
function for g(r,) we take a superposition of the ground- 
state and first-excited-state wave functions of a point 
particle moving freely in a spherical box of radius 
a<R/2; R is the mean distance between nearest 
neighbor atoms. Thus we write: 


W(r1---ty)= II o(rd), (2) 


where 


g(r) =A(a /a)+6 sin(2x|x;| /a) ] 


/x\x;|)[Lsin(4| x; 


for |x,;|<a, (2a) 


and 
¢g(r,))=0 for |x,|><a, 

where x;=r,;—R, is the vector distance of the center of 
mass of the ith atom from its crystal lattice site at R,; 
A is a normalization constant, and a, d play the role of 
variational parameters. Since the ¢’s do not overlap, 
inclusion of any atomic spin coordinates and appropriate 
symmetrization or antisymmetrization of ¥ with respect 
to permutations among the atoms will not affect the 
results. 

Our variational ground-state wave function WV in 
Eq. (2) corresponds to an Einstein model of a solid in 
which the motions of any two atoms are completely 
uncorrelated. We recall that the important factor in a 
Debye model, which does offer a rough description of 
such correlations and of the empirically valid 7* law for 
the specific heat at low temperatures, is not the ground- 
state wave function, but rather the relatively large 
density of low-lying excited states. In other words, there 
are collective modes of oscillation in the solid, which, 


| at 52 
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due to the correlated motions of the atoms, are very 
easily excited even at low temperatures ; an appropriate 
account of this situation is given by the Debye model. 
However, as far as the ground state of the solid is con- 
cerned, either the Debye model or the Einstein model 
can provide a good description if only the wave function 
of the model is properly chosen. 

Our results below show that the wave function WV of 
Eqs. (2) and (2a) indeed has enough variational flexi- 
bility to give a good value for the ground-state energy 
of the solid, over a wide range of densities. In fact, even 
if b is taken equal to zero in Eq. (2a), the wave function 
(2) still gives acceptable values for the ground-state 
energy. 

We proceed now to a calculation of the energy, E. 
Explicitly, EZ will be a function of the variational 
parameters a and 6: 


E(a b= fe{-—E V2+ >. > sir) fea --dty 


#=1 j=1 
>) 


*(r,)V2o(r,)dr; 


f g(r) |*| o(r;) |20(r5;)drdr;, (3) 
t=1 j=1 


i>j 


if the normalization constant, A, 
that 


is chosen in such a way 


fern. --dty=1, 


NV and M are the number of atoms in the solid 
rjj=Ti— fj, 


where { 
and the mass of each atom, respectively ; 
and V? is the Laplacian with respect to rj. 

The total kinetic energy is immediately evaluated, 
while the total potential energy can be evaluated by a 
method previously developed by the author.” The result 


is 


1+40? 


E(a,6) —(= 3 
NM 4% 


140° 


N N @ @ a,(a)a;(a) 
st Mae SE i weer Ri; ), 
i=1 j=ts=01=0R;;(2s+1)!(2t+1)! 


i>j 





w(x) 
|, w(2)=a0(2), wl4!Ly]= PS >t... 
dx 


~zr=y 


at f >| o(2) ["dx. 


2 N. Bernardes, Nuovo cimento (to be published). 
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Using a 6-12 potential, [Eq. (1) with m=12 and 
n=6 |, and Eq. (2a) for ¢, and anticipating that ?<1, 
we obtain 


E(a,b) # (7) 
N 2M\a 
N N 


+4 DL 


t=1 j—1 


1+40? 
140° 


atte) 
+0(5) H(z.) 4G) * 
WZ E(T)[ MG.) 

te(-) (5) HG) 


a=3.108—1.981b— 1.3478, 
8=6.182—7.170b—2.2138%, 
y= 10.07—15.975—0.01988?, 
5=14.68—28.31b—4.6808", 
A=0.7065—0.4502b— 0.306082, 
u=0.4324—0.5016b—0.15478?, 
y=0.2641—0.4189b—0.00528?, 
¢=0.1661—0.32045+0.05298. 


i hi 


where 


The errors introduced by neglecting terms in higher 
powers off2a/R,; than those whose coefficients are 
written explicitly in (4), are, for Ne at zero pressure, 
about 0.1% in the attractive part and 1% in the re- 
pulsive part. For Ne at high pressures, and for the 
heavier elements even at zero pressure, these errors are 
much smaller. On the other hand, for He (at 25 atmos), 
the attractive term may be in error by approximately 
5%, and the repulsive term may be wrong by a factor 
of two. The evaluation of the potential energy for He 
by our method of expansion in powers of 2a/R,; is thus 


TABLE I. Two-body potential parameters (¢ in A, ein 10 erg) 
adopted by different authors: first set by de Boer, * second by 
Dobbs and Jones.» The third set of values is used in the present 


paper. 








of?) ® 


Dobbs and Jones 





Ne 
A 

Kr 
Xe 








b See reference 17. 
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seen to converge too slowly and we are unable to present 
results for He.” 

The summation in Eq. (4) over all possible pairs in 
the lattice, can be carried out by the method of Lennard- 
Jones and Ingham." The results, with x= 2a/R (R being 
the nearest neighbor distance), is 


E(a,b) (= ( hex? )(<) ‘ 
= —_ = 
4eN re 2Meo*?/ \R 


g\2 
+1(<) [Cis t Cigar? +C 168x4 





o 6 
+Cwyx*+Coodx8+ ---J—4 (<) 
X[CotCodra?+Cigat+Ciaat+Cugatt ---] 


1 
= alee (S) 


where 
Un=4eN4(Ci2(o/R)®—Co(o/R)*] 


is the static potential energy, and 


1+48° hex? 
T(a,8)=46N( )( \(- y= is 
1+? 2M eo? 


is the total kinetic energy. The C’s are tabulated con- 
stants,!"* which depend only on the type of lattice 
structure. 

Defining §=?x?/(2Meo?), and introducing numerical 
values for a, 8, ---¢ [Eq. (4a) ] and for the C’s (appro- 
priate to a face-centered cubic or hexagonal close- 
packed lattice, for which the C’s are the same within 
four significant figures), we obtain (if <1) 


E(a,6) 
4eN ~ 4eN 
+ (6/R)°(Pyx2+ Pox!+ Pax8+ Pyxt+ ---) 
— (o/R)(Qix?+Oort+QOsx*+Qix'+---], (6) 





2 


where 
P,=18.74—11.94b— 8.1218, 


P2=37.18—43.12b— 13.318, 
P;=60.48—95.92b—0.11878?, 
P,=88.12—169.9b— 28.098?, 
Q1=4.522—2.882b— 1.9590", 
Q2= 2.661 —3.087b—0.95228?, 
Qs= 1.602—2.541b—0.03148, 
Q4= 1.001 — 1.932b—0.31918. 


8 At high pressures the convergence is improved, and the results 
of our calculations for He‘ at p= 10 000 atmospheres agree, within 
(198 mh J. W. Stewart’s data [J. Phys. Chem. Solids 1, 146 

1956) 
E. Lennard-Jones and A. E. Ingham, Proc. Roy. Soc. 
(Lobion} A107, 636 (1925). 
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TABLE II. The first two columns show the values of the variational parameters which minimize the energy at zero pressure. In the 
third column the ratio (core radius/nearest neighbor distance) for which the energy at zero pressure is a minimum is given. If quantum 
effects were neglected, this ratio would have the same value (0.917) for all substances. The three subsequent columns list, respectively, 
the potential energy of a static lattice, the quantum mechanical correction AU to this quantity, and the corresponding kinetic energy, 
T. Adding these three quantities, we obtain the heats of sublimation at 0°K listed in the seventh column. The last two columns indicate, 


in %, the contributions of quantum-mechanical effects to the heat of sublimation and volume at zero pressure. 








9» = (Ro/2a)? a/Ro 


—Usn(Ro)/4eN AU (Ro) /4eN 


(To+AU>) 
[U9] 
—Eo/4eN (%) 


/ 
(Vo/Voe!sss.) —{ 
(%) 


T (Ro) /4eN 





2.022 
2.140 
2.148 
2.152 


0.875 
0.905 
0.910 
0.915 


Ne : 9.75 
A . 30.2 
Kr ; 53.9 
Xe .14 90.2 


1.458 28 15 

1.924 10 4.2 
2.028 5.6 2.4 
2.073 3.7 0.9 


0.331 
0.113 
0.0616 
0.0401 


0.233 
0.103 
0.0583 
0.0390 








For a given value of R, we now minimize E(a,b) with 
respect to a and b. This leads to two simultaneous 
algebraic equations which, in the case of <1, are 


(14+3b*)Ey'= A sy'+ Aoy’+Ary+Ao, (7) 
and 


bL6E+ f(y)—g(y) J=h(y)—k(), (8) 
where y=a-?= (R/2a)*, and 


A3=P,(o/R)"—Q,(0/R)4, 
Ao=2[P2(o/R)"—Q2(o/R)*], 
A,=3[P3(0/R)"—Q3(o/R)*], 
Ao=4[Pa(o/R)"—O4(o/R)*], 
f(y) = (0 /R)*(3.917y 2+ 1.906y*+0.06y++0.64), 
g(y) = (o/R)9(16.24y-2+ 26.60y*+0.119y 4+ 56.29), 
h(y)=(0/R)(11.95y2+-43.09y*+ 95.82y-4++ 169.9y-), 
k(y) = (¢/R)*(2.881y2+ 3.090y*+ 2.543y ++ 1.932y-). 


Since Eqs. (7) and (8) cannot be decoupled, we use an 
iteration procedure: taking b=0, we solve Eq. (7) for 
y; substituting this value of y into Eq. (8) we solve for 
b, which is then substituted into Eq. (7), which now 
gives a better solution for y, and so forth. We stop the 
iterations when the number of significant figures we 
want is not altered by a new iteration. For three 
significant figures we found two iterations to be sufficient. 

Obtaining in this way the values of a and 6 which 
minimize E(a,b) for a given R, i.e., for a given volume, 
we use Eq. (6) to calculate the corresponding minimized 
energy, E= E(R).® We do this for different values of R; 
by numerical differentiation of E(R) with respect to R, 
we obtain the pressure vs volume curves (p= —dE/dV). 
In particular, for zero pressure, the volume Vo and the 
ground-state energy (i.e., the heat of sublimation) Eo 
are given by (dE/dV)v=vo=0, and L(V»), respectively. 


Ill. RESULTS AND DISCUSSION 


Table I lists the values we have chosen for o and e; 
for comparison we also present the values adopted by 


16 Hereafter a bar over a quantity means the values of this 
quantity when the optimal values of a and 0 are used. 


de Boer,'® and by Dobbs and Jones.'” In all cases, the 
various o and ¢ agree within 3%. 

Table II gives the optimal values of 6 and y [i.e., the 
solutions to Eqs. (7) and (8) ], Us, T, AU, and the 
ground-state energy Eo, all values corresponding to zero 
pressure. The last two columns give a measure of the 
relative importance of the quantal contributions to the 
energy and volume at zero pressure.!® 

Table III shows the values, at zero pressure, of the 
binding energies or heats of sublimation, and the 





1,00 


























° 8 


2 
P in io kg/em* 
Fic. 1. Volume as a function of pressure, for Ne, A, Kr, and Xe. 
The solid lines are theoretical curves, using o, e from Table I. 
The closed circles correspond to experimental values for Ne, due 
to Stewart.” 


16 J. de Boer, Physica 14, 139 (1952). 

17 E. R. Dobbs and G, O. Jones, Reports on Progress in Physics 
(The Physical Society, London, 1957), Vol. 20, p. 516. 

18 It is worth mentioning that, for Ne, the minimizing value of b 
decreases Ey by only 1% relative to the value with 6=0. For Xe, 
this effect is even smaller (0.1%). 
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TaBLE III. Heats of sublimation (in cal/mole), and volumes (in cm*/mole) at zero pressure and 0°K, for three different sets of a, € 
values listed in Table I. In the fourth and eighth columns the experimental values are shown.* 


—Eo(2) 
Dobbs and Jones 


413 
1874 
2688 





— Ey) 


This paper 
420 


1852 
2630 





—Eya) 


de Boer 


410 
1830 
2688 


Vo 
de Boer 
13.1 
22.8 
27.5 


Vo?) 
Dobbs and Jones 
13.2 
22.6 
28.2 


Vo®) 
This paper 
13.1 
22.6 


VoexP 


12.5+1.5 
22.6+0.1 
27.5 27.6+0.4 


— EgezP 


450+ 10 
1850+ 12 
2590+50 





33.6 37.6 35.1 35 +2 


3800 3716 











* See reference 17, and reference 23 added in proof. 


corresponding volumes ; we have used the three different 
sets of values for o and ¢ listed in Table I. The relevant 
experimental values of Vo and Eo, as quoted by Dobbs 
and Jones,"’ are also presented in this table. Agreement 
between theory and experiment is rather good, except 
possibly for Ne, in which case, as seen from Table II, we 
seem to have a little too much kinetic energy, and so the 
binding energy seems to be too small. Since, as just 
noted, the introduction of a second variational parame- 
ter, +0, in the single-atom wave function ¢ does not 
make a considerable improvement in Eo, we can con- 
clude that explicit correlation terms must be introduced 
into the wave function to describe the motion of 
neighboring atoms (i.e., we must give up the Einstein 
model). Such effects are, however, probably negligible 
for A, Kr, and Xe, where, as seen from Table II, 


a/2Ro=y™ is much smaller than for Ne. 
° j) 


50 











Z 
v, 


A 
WA 


ZY, ae : 


























Los Loo 095 9 090 (085 = 080075 
Fic. 2. Reduced pressure as function of the reduced volume, 
using o, e® from Table I. The lowest curve, marked “static,” 
corresponds to a classical model in which all the atoms are sup- 
posed at rest at their lattice sites. The closed circles (Ne, A, and 
Kr) and open circles (Ne) are theoretical values calculated by de 
Boer and Blaisse* and by Salter,’ respectively. For a given value 
of V*, quantum-mechanical effects are increasingly important with 


decreasing atomic mass. 


Figures 1 and 2 show our results for the volume as a 
function of pressure, at 0°K. In these calculations it is 
a sufficient approximation to take b=0, since the pres- 
sure is even less affected than F by a nonvanishing 6. In 
plotting the theoretical curves” in Fig. 1 we used the 
values for Vo listed in the third column of Table ITI. The 
experimental (V/Vo) vs p values for Ne, due to 
Stewart,” are presented in Fig. 1 for comparison. The 
agreement up to 2X10‘ kg/cm? is rather good. 

Figure 2 shows the dependence of the dimensionless 
quantities V*=2-!(R/o)® and p*=po*/e. The lowest 
curve represents the pressure of a static lattice, and we 
can see the increasing importance of the quantal effects 
associated with the actual nonstatic condition of the 
lattice as the atomic number decreases. The dots in 
Fig. 2 are theoretical values for Ne, A, and Kr, calcu- 
lated by de Boer and Blaisse,* and the open circles 
theoretical values for Ne calculated by Salter.’ 

Strictly speaking, a variational calculation like ours 
is not able to provide any information about the excited 
states, and hence about the thermal properties, of the 
solid. However, we can obtain an idea about the thermal 
excitations by equating our zero-point energy {7(Vo) 
+AU (Vo)} to the zero-point energy of a corresponding 
Debye model of the solid. Hence we have estimated the 
Debye temperatures, #0, by equating {7(Vo)+AU(Vo)} 
to (9/8)NkO, and solving for 6.2! The values we ob- 
tained are listed in Table IV, which also shows in the 
second column the “high-temperature” experimental 
values, and in the third column the available 0) values 
appropriate to low temperatures.!” 

We may also calculate the Debye temperatures, 
6, at higher pressures, or smaller volumes, using 
{7(V)+AU (V)} = (9/8) 0; we find to a good approxi- 
mation (6/09)=(Vo/V)%, where at low pressures the 
constant has the following values: 

Ne A 
¥ 2.7 3.0 


Xe 
3.2 


Kr 
3.2 





The y values at higher pressures are slightly smaller. 
This exponent ¥ is an average Griineisen constant, and 


1 We found a difference of about 1% between the p-V curves 
for the two isotopes Ne* and Ne”; the plotted values correspond- 
ing to natural Ne of atomic weight 20.18. 

” J. W. Stewart, J. Phys. Chem. Solids 1, 146 (1956). 

2 We note from Table II that {7} >{AU}, so that our Einstein- 
type model predicts anharmonic effects whose relative importance 
increases with decreasing atomic weight. 
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TABLE IV. Theoretical and experimental Debye temperatures, 
9 in °K, at zero pressure. The values in the second column have 
been obtained from specific heat measurements at moderately high 
temperatures (7’~0) ; the low-temperature value for A is the value 
extrapolated to 0°K from measurements at liquid helium tem- 
peratures.* 


Ooe=?, “low” 


(9/8 )Nk 
Ne 73 
A 93 94 
Kr 70 
Xe 65 


Ooe=P, “high” 


® See reference 17. 


the values we have found for it are in agreement with 
those generally accepted.!°:!7. 

Our results give an indication that a variational 
treatment applied to an Einstein model is able to ac- 
count quantitatively for the properties of solid Ne, A, 
Kr, and Xe. As shown in Fig. 3, the relative importance 
of the quantal contributions to the binding energy, as 
measured by the ratio (T+AU)/U, increases rapidly 
with decreasing volume or increasing pressure, and at 
not too high pressures becomes appreciable even for Xe. 
Thus the comparison of theory and experiment is 
particularly significant at high pressures (as in the p-V 
curve for Ne in Fig. 1), and will be most sensitive there 
to the details of the quantum mechanical description of 
the motion of atoms within the solid.” 


*” T. H. K. Barron, Phil. Mag. 46, 720 (1955), and Ann. of Phys 
1, 77 (1957). It also is worth mentioning that the value of y for He 
[deduced from the experiments of J. S. Dugdale and F. E. Simon, 
Proc. Roy. Soc. (London) A218, 291 (1953) ] is 2.1; this together 
with our values for Ne, A, Kr and Xe, indicates an interesting 
trend of increasing y with increasing atomic weight. This same 
trend has been experimentally observed for other classes of 
elements [E. Griineisen, Handbuch der Physik (Verlag Julius 
Springer, Berlin, 1926), Vol. 10, p. 1, Table 4]. 

*3 Note added in proof.—Since this paper was written new and 
more accurate data for solid Ne at liquid helium temperatures 
have become available, D. G. Henshaw, Phys. Rev. 111, 1470 
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0.70 


Fic. 3. Importance of quantum-mechanical corrections when the 
solid is compressed. For a given substance, quantum effects be- 
come more and more important at higher pressures. 


We hope that this work may aid in stimulating ex- 
perimental research on the properties of solidified rare 
gases at low temperature and high pressures. 
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(1958). The measured nearest neighbor distance is 3.13 A, which 
should be compared to our theoretical value of 3.14 A (see Tables 
I and II). 
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Spin-Lattice Relaxation Time for I’*’ in KI in the Temperature 
Range 2°K to 20°K* 
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The Rice Institute, Houston, Texas 
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The spin-lattice relaxation time, 7;, for '®’ in both single crystal and powdered KI has been measured 
in the temperature range 2°K to 20°K using a Pound-Watkins type nuclear magnetic resonance spec- 
trometer. In the liquid hydrogen temperature range 7; is approximately the same for both the single crystal 
and the powder specimens, varying from 20 sec at 20°K to 70 sec at 14°K. Both the temperature dependence 
and the magnitude of 7; in this temperature range can be explained on the basis of a theory of nuclear 
quadrupolar spin-lattice relaxation proposed by Van Kranendonk. In the liquid helium temperature range 
(2°K to 4°K), 7; is constant within experimental error. For the single crystal 7;=6.9X 10° sec and for 
the powder specimen 7;=6.0X10* sec in this temperature range. These values of 7; are less by orders of 
magnitude than is predicted using Van Kranendonk’s theory. The I'®’ resonance (spin J =§ in units of #) 
consisted of a narrow (less than 1 gauss half-width) central line with broad (>15 gauss) weak wings. This 
is attributed, according to Pound, to a shift in the nuclear magnetic energy levels brought about by the 
interaction of the nuclear quadrupole moment with electric field gradients present in the specimens. 





INTRODUCTION 


HE measurement of the time which characterizes 
how quickly a spin system may reach equilibrium 
with its surroundings, i.e., the spin-lattice relaxation 
time, 7}, is a measure of the strength of the interaction 
between the spins and the lattice. In the case of nuclear 
spins imbedded in a solid crystalline lattice, both the 
magnitude and the temperature dependence of 7; 
furnish evidence as to the nature of the dominant 
relaxation processes involved. To investigate some of 
these possibilities 7, has been measured in the temper- 
ature range 2°K to 20°K for the I'?’ spin system in KI. 
I? with a spin of } in units of A has a relatively large 
electric quadrupole moment which provides, in addition 
to its magnetic moment, another possible mechanism 
of nuclear spin-lattice interaction. Van Kranendonk! 
has proposed a theory of nuclear electric quadrupolar 
spin-lattice relaxation in which he considers the most 
important relaxation processes to be those of a Raman 
nature. In these Raman processes a lattice vibration is 
excited and another lattice vibration is de-excited with 
a small energy balance being made up by the nuclear 
spin transition. This process depends only on the 
difference in the frequencies of the two lattice oscillators 
and advantage is taken of the large density of such 
oscillators at high frequencies. We shall compare our 
results with this theory. 


EXPERIMENTAL 


The nuclear magnetic resonance spectrometer used 
was of the Pound-Watkins type manufactured by the 
Nuclear Magnetics Corporation, Boston, Massachu- 
setts. The Pound-Watkins spectrometer detects the 
nuclear resonance by means of the marginal oscillator 


* Supported by a grant from The Robert A. Welch Foundation. 

+ Now at the University of North Carolina, Chapel Hill, North 
Carolina. 

1 J. Van Kranendonk, Physica 20, 781 (1954). 


principle. For a discussion of the circuitry involved in 
the marginal oscillator spectrometer, see Pound? and 
Watkins.* The actual resonance equipment used in this 
experiment has been discussed by Low and Squire.‘ 
A Varian 6-in. electromagnet with associated power 
supply provided the necessary magnetic field. 

The cryogenic features which are conventional in 
most low-temperature laboratories will not be discussed 
in any detail. The following details pertain to this 
particular type of experiment. 

The radio-frequency coil used to detect the resonance 
was wound directly on the }-in. diameter specimens in 
order to obtain a maximum filling factor. Connection 
between the radio-frequency oscillator which was 
external to the Dewar assembly and the radio-frequency 
coil was made using RG58/U commercially available 
coaxial cable. The coaxial cable was reinforced to 
minimize pickup due to mechanical vibrations by 
placing it in a }-in. thin-walled Monel tube. This tube 
was brought out through the Dewar top plate by 
means of a stuffing box so that the specimen could be 
rotated through 180° and raised or lowered if necessary. 

The procedure used in determining 7; was to observe 
the growth of the absorption signal after saturation by 
a large radio-frequency field in the following manner. 
By setting the radio-frequency field at a high enough 
value, the I'*’ resonance could be completely saturated 
at the helium temperatures. Since the smallest radio- 
frequency field obtainable was still large enough to 
saturate the signal appreciably, it was not possible to 
simply turn the rf field down to its lowest value and 
watch the growth of the resonance signal on the oscillo- 
scope. Instead, measurements were made by quickly 
changing the external magnetic field to a value such 


2R. V. Pound, Progress in Nuclear Physics (Butterworths- 
Springer, London, 1952), Vol. 2, p. 21. 

*G. D. Watkins, Ph.D. thesis, Harvard University, 1952 
(unpublished). 

4 F. J. Low and C. F. Squire, J. Phys. Chem. Solids 5, 85 (1958). 
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that the Larmor resonance condition was not satisfied. 
The signal was then examined after 4 certain time by 
quickly changing the magnetic field back to the reso- 
nance condition. The initial magnitude of the absorption 
signal after this interval of time was measured by using 
a high-frequency recorder. The signal was allowed to 
saturate completely again and the procedure repeated 
with a different interval of time between saturation 
and observation of the signal. In this way the expo- 
nential growth of the absorption signal, which is 
proportional to the magnetization, could be traced out 
and a value for 7; obtained. Both the single crystal 
and the powder specimens of KI were cut from a 
1X1X2-in. single crystal obtained from the Harshaw 
Chemical Company. The single crystal specimen was 


TABLE I. Spin-lattice relaxation times, 7), for I'*’ in single- 
crystal KI for the temperature range 2°K to 20°K. Crystallo- 
graphic orientation with respect to Ho: angle between [001] 
direction and H»=90°; angle between [100] direction and 
Ho=20°. 


Ti (sec) 


(6.641.2)X10° 
(7.21.2) 108 


T°K Ho (kilogauss) 


2.16 4.1 
2.16 6.0 





(7.241.2)X10 
(6.6+ 1.2) X 10° 


4.20 4.1 
4.20 6.0 


63.0+ 14.0 
66.0+14.0 
79.0+14.0 


14.41 4.1 
14.41 4.7 
14.41 6.0 
14.93 4.7 52.0+10.0 
36.0+8.0 
50.0+8.0 


16.00 4.7 
16.00 


27.0+6.0 
33.0+6.0 
36.0+6.0 


17.00 
17.00 
17.00 


28.0+5.2 
27.0+5.2 


18.0+3.6 
18.0+3.6 
18.0+3.6 


18.01 
18.01 


20.43 
20.43 
20.43 


a cylinder } in. in diameter and } in. long with [100] 
direction along the axis of the cylinder. The powder 
specimen was prepared by grinding, with an agate 
mortor and pestle, a part of the 1X1X2-in. single 
crystal in an atmosphere of dry nitrogen gas. The 
particle size ranged from about 1 to 604 with an 
average size of approximately 20y. A 4-in. diameter 
cylinder was formed by lightly pressing the powder in 
a piston of the correct size. 


RESULTS 


The experimental values of 7; for I?’ in single crystal 
and powdered KI in the temperature range 2°K to 
20°K and in various external magnetic fields are shown 
in Table I and Table II along with the estimated 
experimental errors. Figure 1 is a semilogarithmic plot 
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TABLE II. Spin-lattice relaxation times, 7), for I’ in a pow- 
dered specimen of KI in the temperature range 2°K to 20°K. 
Average particle size= 20 u. 


(6.0+1.2)X10 
(6.0+1.2)X 10? 
(4.8+1.2)x 10 


y in Ho (kilogauss) 


17.0+3.6 
18.0+3.6 


20.43 
20.43 
18.2 25.0+5.0 


30.0+6.0 
33.0+6.0 


16.0 
16.0 


57.0+10.0 
6.0 52.0+10.0 
7 49.0+ 10.0 


14.2 
14.2 
14.4 4.7 


of T; for both the single-crystal and powder specimens 
in the range 2°K to 20°K. Also, the theoretically 
predicted values of JT; according to the theory of Van 
Kranendonk are seen in Fig. 1. The calculation of 7; 
using Van Kranendonk’s theory was based on the room 
temperature value of 7,;=0.014 sec for I’? in KI given 
by Jennings and Tanttila.® 

Figure 2 is an enlarged tracing of a photograph of the 
TI”? resonance in single-crystal KI at 2.16°K. The total 
modulation sweep width is approximately 38 gauss. 
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Fic. 1. Spin lattice relaxation time for I'7 in KI. 
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5D. A. Jennings and W. H. Tanttila, J. Chem. Phys. 28, 976 
(1958). 
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Fic. 2. I’ absorption curve in single-crystal KI at a temper- 
ature of 2.16°K in a field of 4.1 kilogauss. Total sweep width 
38 gauss. 


The modulation frequency was 10 cps but even at this 
low frequency there was a slight amount of ringing. 
As can be seen from Fig. 2, the resonance consists of a 
narrow (about 1 gauss) central peak flanked by weak 
broad (greater than 15 gauss) wings. Accurate measure- 
ments were not made on the line shape as this was not 
our primary interest. This resonance shape has been 
investigated at room temperature by Watkins and 
Pound® and by Solomon.’ 

Watkins and Pound® did not observe the wings of 
the resonance, but from relative intensity measurements 
they concluded that approximately 86% of the central 
peak was due to the 3«+—} transition. The rest of 
the central peak was due to the other possible transitions 
in a spin system of J=$. They proposed that this 
smearing out in frequency of all the transitions except 
the central one, i.e., the 3«+—} transition, was a result 
of the shifting of the nuclear magnetic energy levels by 


the interaction of the nuclear electric quadrupole . 


moment with strong electric field gradients in the 
specimens. The origin of these field gradients was 
assumed to be strains which are present in even the 
best single crystals. 

Solomon’ has studied the magnitude of this quadru- 
polar interaction with the random electric field gradients 
produced by strains using a spin echo technique. In 
the specimens of KI he investigated, the interaction 
expressed in gauss was found to vary from 18 to 36 
gauss depending on the specimen (whether powder or 
single crystal) and its past history. Our results are 
certainly compatible with Solomon’s more careful study 
of the I'*’ resonance line shape in KI. 


DISCUSSION OF RESULTS 


As previously stated, I” has a relatively large 
electric quadrupole moment, Q=—0.75X10™* cm’. 
Pound? first showed that the spin-lattice relaxation 
time at room temperature was quite short (<0.02 sec) 
for I? in KI. He attributed this to the interaction of 
the electric quadrupole moment of the nucleus with 
fluctuating electric fields produced at a given lattice 
site by the thermal motion of the surrounding atoms. 

Van Kranendonk! has given a theoretical discussion 
of nuclear electric quadrupolar spin-lattice relaxation 
which we discussed in our introduction. This type of 


6G. D. Watkins and R. V. Pound, Phys. Rev. 89, 658 (1953). 
71. Solomon, Phys. Rev. 110, 61 (1958). 
8 R. V. Pound, Phys. Rev. 79, 685 (1950). 
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Raman process leads to a transition probability propor- 
tional to the séventh power of the temperature at 
sufficiently low temperatures. Van Kranendonk has 
calculated the temperature dependence of quadrupolar 
spin-lattice relaxation assuming a Debye type frequency 
spectrum for cubic crystals of the KI type. The theo- 
retical curve of 7, vs temperature shown in Fig. 1 for 
I'*7 in KI was computed from his work using a value of 
130°K for the Debye characteristic temperature taken 
from Norwood and Briscoe.’ As previously stated, 
T,=0.014 sec at 300°K from the work of Jennings and 
Tanttila was used to normalize the computation at 
room temperature. 

As can be seen from Fig. 1, the agreement between 
theory and experiment for both single-crystal and 
powdered KI is quite good from 20°K to 15°K. This is 
interpreted as meaning that at not too low a tempera- 
ture the quadrupolar spin-lattice relaxation is the 
dominant relaxation mechanism for I’ in KI. Also 
grinding the single crystal into a fine powder did not 
eliminate any modes of lattice vibration which are 
important in the Raman type relaxation process. This 
is not unexpected since the lattice vibrations eliminated 
were of a relatively low frequency (107 cps and less) 
and the lattice frequencies important in the Raman 
type process are generally much higher (10° to 10" eps). 

In the liquid helium temperature range the experi- 
mental values of 7; fall below the theoretically calcu- 
lated ones by orders of magnitude. This would indicate 
that there is a competing mechanism which is becoming 
more important at the lower temperatures than the 
Raman type quadrupolar relaxation process. One such 
mechanism could be the other energy levels of the I!’ 
spin system. As stated previously, the I'*? resonance 
consisted of a narrow central line with broad weak 
wings. The central line was interpreted as being almost 
entirely due to the }«+—} transition. Therefore, when 
the I? resonance was saturated by means of the strong 
radio-frequency field set on this transition frequency, 
it is possible that the nuclear systems in the levels 
characterized by spins of 3, 3, —$, —} remained with 
a Boltzmann distribution and a cold spin temperature. 
Thus the “hot” 4<+—4 spin system could mix with 
this “cooler” spin system, thereby furnishing a means 
of relaxation. Abragam and Proctor” have demon- 
strated a similar type of mixing for a number of spin 
systems. 

Another possible competing relaxation mechanism at 
low temperatures is the paramagnetic ion relaxation 
process proposed and experimentally verified by 
Bloembergen." Low and Squire‘ as well as Bloembergen 
have reported a 1/7? dependence of 7; on temperature 
in the liquid helium temperature range for solids in 
which this is the dominant relaxation mechanism. In 
our specimens 7, was found to be constant in the 

® M. H. Norwood and C. V. Briscoe, Phys. Rev. 112, 45 (1958). 


1 A. Abragam and W. C. Proctor, Phys. Rev. 109, 1441 (1958). 
1 N. Bloembergen, Physica 15, 386 (1949). 
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range 2°K to 4°K. The paramagnetic ion content of 
the KI single crystal is some 10° per mole. 

At 4.2°K, 7; for the single crystal KI is 6.9X 10° 
seconds, while for the powder specimen it is 6.0X 10? 
sec. In view of the relaxation times for the two being 
approximately equal from 20° to 15°K, this order-of- 
magnitude difference at 4.2°K is puzzling. If the para- 
magnetic ion relaxation mechanism is responsible for 
T, in the liquid helium temperature range, then one 
could explain this order-of-magnitude difference by 
assuming that the paramagnetic ion content of the KI 
increased in the course of preparing the fine powder. 
This is ruled out, in our opinion, since considerable care 
was taken during the grinding process to have the KI 
always in an inert and dry as possible atmosphere. 
We realize that Jennings and Tantilla® have reporteda 
longer value of T; for the powder specimen of KI than 
for the single crystal at 4.2°K. However, these authors 
gave no temperature dependence of 7; in the liquid 
helium range and have reported elsewhere” that their 


2D). A. Jennings and W. H. Tanttila, Program of the Kamer- 
lingh Onnes Conference on Low-Temperature Physics, Leiden 
University, The Netherlands, June 23-28, 1958 (unpublished), 
p. 39 
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FOR 142? IN x1 
specimens were doped with impurities (presumably for 
other purposes). 


CONCLUSIONS 


From this work we can conclude that Van Kranen- 
donk’s theory of nuclear electric quadrupolar spin- 
lattice relaxation gives an explanation for the magnitude 
and temperature dependence of 7; for ['*’ in KI in the 
temperature range 15°K to 20°K and presumably on 
up to 295°K. We conclude that there is a competing 
mechanism to the spin-lattice relaxation which becomes 
important at liquid helium temperatures and suggest 
that this is caused by the cool I'?’ nuclei which interact 
with the ones heated in our experimental arrangement. 
Also, the shape of the resonance line (a sharp central 
peak with broad weak wings) is in agreement with the 
work of Watkins and Pound® and Solomon.’ 
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Evidence for Antiferromagnetism in Cu;(CO;).(OH).t 


R. D. SPENCE AND R. D. Ewrnc 
Department of Physics, Michigan State University, East Lansing, Michigan 
(Received August 1, 1958) 


We have used the proton resonance to study the magnetic behavior of the mineral azurite —Cu;(COs)2- 
(OH)2. Below 30°K the temperature dependence of the splitting of the proton resonance lines by the copper 
ions shows strong exchange effects. At 1.86°K a transition takes place and the resonance pattern below 


the transition indicates an antiferromagnetic state. 


SING the proton magnetic resonance, we have 

examined the magnetic behavior of the mineral 
azurite! —Cu;(CO;)2(OH)>. in the temperature range 
from room temperature to 1.6°K. This study was 
undertaken since it was thought that the large number 
of copper ions in the unit cell might lead to interesting 
exchange effects. 

Below 30°K the proton resonance spectrum consists 
of two well-resolved lines each about 3.4 gauss wide. 
Figure 1 shows the temperature dependence of the 
separation of these lines for the situation in which the 
dc magnetic field Ho is perpendicular to the c axis and 
at an angle of 45° from the a axis. The definite de- 
parture from the Curie law at the lower temperatures 
indicates strong exchange effects. The angular de- 
pendence of the splitting for Ho perpendicular to the 
c axis and a temperature of 4.2°K is shown in the top 
portion of Fig. 2. It should be noted that for this 
rotation the lines are shifted to frequencies lower than 
that of the free proton. This shift is characteristic of 
this rotation only and is not found in rotations about 
the other axes. 

As the temperature is lowered below 1.86°K the 
simple two-line pattern suddenly disappears and is 
replaced with a spectrum of eight lines made up of four 
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Fic. 1. Line splitting for temperatures above the transition 
temperature. Ho is perpendicular to the c axis and 45° from the 
a axis. Ho=5,270 gauss. 


t This research sponsored by the Office of Ordnance Research, 
U. S. Army. 

1 The space group of azurite is P2;/c. There are two molecules 
in the unit cell. 


doublets. The angular dependence of this spectrum for 
Ho perpendicular to c is shown in the lower portion of 
Fig. 2. There are several points to be noted about the 
resonance below 1.86°K. 


(a) The intensity of lines is about 100 times smaller 
than above 1.86°K. 

(b) The maximum splitting has increased by a factor 
of about 50 (note the change in frequency scale between 
the top and bottom portions of Fig. 2). 

(c) The pattern is nearly symmetric about the free 
proton resonance, i.e., for every copper ion giving a 
positive shift there is another giving a corresponding 
negative shift. 

(d) The periodicity of the angular variations of the 
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Fic. 2. Comparison of the resonance patterns above and below 
the transition temperature. Rotation is about the ¢ axis and 
Ho=5270 gauss. The shift 4f is measured from the free proton 
resonance. Note the difference in frequency scale in the top and 
bottom portions of the figure. 


1544 





ANTIFERROMAGNETISM 


individual lines is 360° rather than 180° as found above 
the transition temperature. 


The statements (a)—(d) are completely analogous to 
those made by Poulis and Hardeman? in comparing the 
proton resonance in the paramagnetic and antiferro- 
magnetic states of CuCl,-2H,O. Certain differences are 
be noted however. The transition temperature in 
CuCl.-2H;0 is 4.3°K and therefore considerably higher 
than in azurite despite the fact that the concentration 
of copper ions is greater in azurite than in copper 
chloride. Furthermore in copper chloride there does not 
seem to be any temperature dependence analogous to 
that shown in Fig. 1. The rather complicated behavior 
of the doublet splitting in azurite below the transition 
temperature does not appear in CuCl,-2H,O for the 
low-field case but it may merely indicate that for the 
field at which our experiments were done (Ho=5270 
gauss) one is approaching the low-field—high-field 
transition in the resonance pattern. 

The possibility of ferrimagnetism in azurite below 


2N. J. Poulis and G. E. G. Hardeman, Physica 18, 201, 315 
(1952). 
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1.86°K seems to be ruled out by the fact that a freely 
suspended crystal does not jump to the magnet at 
these temperatures. Measurements of 7; by the 
nuclear induction technique indicate no very spec- 
tacular changes in the spin lattice relaxation time in 
the immediate vicinity of the transition. 7, at 1.86°K 
is less than 10~ sec. 

The crystal structure of azurite has been studied by 
Brasseur.* Unfortunately he was unable to distinguish 
between two alternate structures which differ primarily 
in the positions of the coppers. We find that only for 
the second of these alternate structures are we able to 
assign the protons positions which are consistent with 
the observed resonance patterns above 1.86°K. Our 
tentative assignment places the proton approximately 
1A from the OH oxygen with the OH bond making an 
angle of 88.3° with the c axis and 25.3° with the 6 axis. 
The other proton positions then follow from the known 
space group of the crystal. Thus far we have not been 
able to arrive at an antiferromagnetic spin arrangement 
which will give the resonance pattern below 1.86°K. 


3H. Brasseur, Z. Krist. 82, 195 (1952). 
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Mechanism of the Formation of Donor States in Heat-Treated Silicon 
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A mechanism for the donor formation during heat treatment of silicon crystals is presented which accounts 
quantitatively for the complex kinetic phenomena and which is consistent with the known extra-kinetic 
information concerning this system. Atomically dissolved oxygen introduced during the growth of the 
silicon crystal reacts, in the course of heat treatment, to form a sequence of kinetically linked aggregates 
till finally a polymeric silica (SiO2) is formed. Only those aggregates which possess fewer than five bound 
oxygen atoms appear to act intensively as donors at room temperature, and in particular donor states 
produced around 450°C appear to consist principally of a donor [SiO,] complex. The kinetic equations 
are integrated using a general-purpose analog computer for a variety of initial concentrations of oxygen, 
temperature, etc., and the results compare favorably with existing experimental observations. 





A. INTRODUCTION 


N recent years a considerable body of experimental 
literature has evolved concerning the “heat treat- 
ment” problem in silicon. As yet no theory of the 
phenomenon has been advanced capable of unifying 
all the diverse observations. In this paper we propose 
a model which appears capable of quantitatively corre- 
lating the kinetic data of heat treatment and which is 
consistent with the extra-kinetic information. 


B. PHENOMENA ASSOCIATED WITH THE HEAT 
TREATMENT OF SILICON 


The salient facts are as follows: 


(1) Fuller, Ditzenberger, Hannay, and Buehler’ dis- 
covered a strong increase in donor concentration in 
silicon single crystals when the material was heated for 
periods of hours at 460°C. The general character of 
the donor formation is illustrated by Fig. 1 which shows 
donor concentration versus time of heat treatment at 
450°C.2 The concentration of donors reaches a char- 
acteristic maximum, which in this case is attained after 
about 70 hours, and subsequently decreases slowly. The 
logarithm of the difference—maximum donor concen- 
tration minus the donor concentration at a given time 
—plotted versus time gives a linear relationship for 
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Fic. 1. Increase in electron concentration during annealing at 
450°C. The curve is calculated from the extended model. 


1 Fuller, Ditzenberger, Hannay, and Buehler, Phys. Rev. 96, 
833 (1954) and Acta Met. 3, 97 (1955). 
2C. S. Fuller and R. A. Logan, J. Appl. Phys. 28, 1427 (1957). 
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times prior to the appearance of the maximum (see 
Fig. 2). 

(2) The same authors showed that the donor states, 
once formed in the specimen, can be removed rapidly 
by subsequent heating at temperatures above 500°C. 
Recently Fuller and Logan? gave further experimental 
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Fic. 2. The logarithm of the maximum donor concentration A* 
minus the donor concentration A at time #, plotted versus time. 


evidence for the subsequent disappearance of these 
donors at higher temperatures. Figure 9 of reference 2 
illustrates the latter. The donor concentration appears 
to decay exponentially with time. 

(3) Fuller and Logan? have also shown that at 





MECHANISM 


temperatures below 450°C a considerably smaller rate 
of donor formation is observed and no maximum donor 
concentration is attained below about 430°C even upon 
heat treatment for periods of 500 hours. For samples 
prepared from the same crystal the time of attainment 
of the maximum (at temperatures where it is reached) 
appears to decrease with an increase in the temperature 
while the maximum donor concentration increases with 
decreasing temperature (Fig. 6). (See also Fig. 7 of 
reference 2.) 

(4) Kaiser, Keck, and Lange* found oxygen as an 
impurity in a concentration of 10'* atoms per cm* in 
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Fic. 3. Initial rate of donor formation versus the oxygen con- 
centration after annealing at 450°C. Different symbols represent 
data obtained from different crystals. 


silicon single crystals pulled from a melt contained in a 
quartz crucible. An infrared absorption band of silicon 
at 94‘ could be quantitatively correlated with the 
oxygen content of the crystal. Combined electrical and 
optical investigations on silicon samples heat-treated 
at 450°C gave conclusive evidence that the formation 
of donor states depends upon the oxygen content.?:*7 
(5) The initial rate of donor formation is propor- 
tional to the fourth power of the oxygen concentration.® 


3 Kaiser, Keck, and Lange, Phys. Rev. 101, 1264 (1956). 
( 4H. J. Hrostowski and R. H. Kaiser, Phys. Rev. 107, 966 
1957). 

5 W. Kaiser and P. H. Keck, J. Appl. Phys. 28, 822 (1957). 

* W. Kaiser, Phys. Rev. 105, 1751 (1957). 

7R. Logan, J. Appl. Phys. 28, 819 (1957). 
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Fic. 4. Maximum donor concentration versus oxygen concen- 
tration after annealing at 450°C. @ specimen prepared in floating- 
zone equipment with oxygen in the ambient gas. « pulled rotated 
crystals. 


This fact is illustrated in Fig. 3 where data on a number 
of samples are plotted as the logarithm of the initial 
rate of donor formation versus the logarithm of the 
oxygen concentration.* The points are fitted by the 
line with a slope of four. 

(6) It appears that the maximum donor concentra- 
tion is approximately proportiou.al to the third power 
of the oxygen concentration. This is seen from Fig. 4 
where maximum donor concentration at 450°C is 
plotted versus the logarithm of the oxygen concentration 
of the crystal.® 

(7) The time necessary to attain the maximum donor 
concentration at 450°C increases with decreasing oxygen 
concentration of the specimen.* 

(8) In silicon crystals which are not rotated during 
the pulling process a considerably smaller number of 
donor states can be formed during heat treatment 
around 450°C.! These crystals are found to contain 
less oxygen than ingots pulled under similar conditions 
with rotation.‘ 

(9) Silicon can dissolve oxygen up to a concentration 
of 1.8X 10! atoms per cm* at its melting point.*. 

(10) The solid solubility for oxygen decreases with 
decreasing temperature (heat of solution ~1 ev).! 
Therefore almost all pulled, rotated single crystals of 
silicon are supersaturated with oxygen over most of 
the temperatures.® 

(11) Upon prolonged heating, aggregation of oxygen 
occurs in the specimen and the formation of SiO: as a 
second phase is expected. At 1000°C the aggregate 
particles are large enough (~0.1 u in diameter) to give 
rise to Tyndall scattering effects. Distinct optical 

8 R. A. Logan (to be published). 

® W. Kaiser and J. Breslin, J. Appl. Phys. 29, 1292 (1958). 


1 H. J. Hrostowski and R. H. Kaiser, Phys. Rev. Letters 1, 199 
(1958); J. Phys. Chem. Solids (to be published). 
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spectra, arising from the precipitate, attributed to 
silica (SiOz), have been reported." The rate of precipi- 
tation depends upon the presence of nucleation 
centers.®-2 

(12) Heat-treatment at 1000°C “stabilizes” silicon 
crystals in that the formation of donors is greatly 
reduced in the subsequent heat treatment at 450°C.!” 
No extensive donor activity is present after heating at 
1000°C.1.6 

(13) The spectroscopy of the excited states of the 
donors produced at 430°C indicates the presence of a 
multiplicity of oxygen-containing donors whose sym- 
metries are less than tetrahedral." 

(14) Several trapping levels have been found in 
silicon which have been shown to be associated with 
the formation of donors during heat treatment at 
460°C.4-* The kinetics of the 8 trap (capture cross 
section 8X 10~'* cm’, trapping level 0.71 ev above the 
valence band, decay constant about 100 sec) were 
investigated in more detail.!® It shows the following 
features: (a) more rapid appearance than the major 
donors (considerable concentrations have been found 
in “as grown” crystals), (b) during heat treatment 
proceeding at 460°C the trap concentration assumes a 
value much smaller than the maximum donor concen- 
tration, (c) rapid reduction of trap density during 
heating at higher temperatures (e.g., at 700°C the trap 
density could be reduced from 1X10" to 3X10" cm~* 
within 5 sec). 


C. MECHANISM FOR HEAT TREATMENT 


The model which explains all of the kinetic obser- 
vations discussed in the previous section is based on 
the following three major assumptions: 


(1) The formation of silica (SiOz), i-e., the polymer- 
ization of oxygen observed at high temperatures begins 
in the course of heat treatment at temperatures as low 
as several hundred °C. 

(2) Certain intermediates in this polymerization are 
electrically active donors.'® 

(3) Among the intermediate complexes formed those 
containing more than a certain number of oxygen 
atoms no longer act effectively as donors at room 
temperature. 


11 A. Smakula and J. Kalnajs, J. Phys. Chem. Solids (to be 
published). 

12S. Lederhandler and J. R. Patel, Phys. Rev. 108, 239 (1957). 

13 J. A. Hornbeck and J. R. Haynes, Phys. Rev. 97, 311 (1955); 
J. R. Haynes and J. A. Hornbeck, Phys. Rev. 100, 606 (1955). 

“4 Hannay, Haynes, and Shulman, Phys. Rev. 96, 833 (1955). 

16 N. B. Hannay and R. G. Shulman (private communication). 

16 The precise manner in which the oxygen is incorporated into 
the lattice and in particular the physical nature of the donors is 
not in question here. The authors, in common with other workers 
in this field, have some notions concerning this matter but the 
situation remains too uncertain to make positive statements at 
this time. It should be emphasized that no assumptions concerning 
the exact nature of the donors (other than the number of oxygen 
atoms they contain) need be made in order to provide the kinetic 
analysis of the form presented here. 
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In view of points B4, 9, 10, 13, and 14 of the preceding 
section and the above assumptions, we associate donor 
activity in our model with oxygen-containing complexes 
formed in the initial stages of the aggregation whose 
final product, silica, can no longer act as a donor at 
room temperature (B12). Specifically the aggregation 
begins with oxygen which is initially atomically dis- 
persed and will be denoted by the symbol A, (B9,10). 
We shall use the same symbol to denote the concen- 
tration of A;, etc. In the course of heat treatment an 
increasing number of electrically active complexes 
containing two, A», three, A3, four, 44, oxygen atoms 
are built up by the successive reactions: 


ki 
2A, A2, (1) 
ku 
ky 
A2tA12 Az, 
kus 
ki 


A3+tA, 2 Ag, (3) 
kis 


whose rate constants are indicated. A multiplicity of 
donor types is in accord with observations B13 and 
B14. The forward reactions in the crystal characterized 
by hi, ke, ks are probably diffusion limited. At lower 
temperatures (450°C), the diffusion coefficient of 
oxygen (A), while small in magnitude, is still very 
much larger than that of complexes containing two or 
more oxygen atoms, so that reactions such as 


A;+A;PAuyj, i, j>2 (4) 
can be neglected. We assume for reasons which will be 
evident below that complexes containing more than 
four atoms of oxygen are no longer appreciably electri- 
cally active at room temperature. The aggregation 
proceeds further according to the sequence of reactions 


kp 
AgtA, 2 Ps, (5) 
ha 
kp 
P5+A12 Ps, etc. 
ke 


The k, and ka will be discussed later. In general, 
denoting by P the silica-like polymers formed contain- 
ing six or more oxygen atoms, the general polymeri- 
zation and depolymerization reactions can be written 
symbolically as 


kp 


P+A,2 P. (7) 
ka 


In view of the preceding it is reasonable to associate 
A, with a (donor) [SiO,] complex. If this is done some 
statements concerning the probable relative magnitudes 
of ky, k-1, ke, Re, ks, and k_3 can be made. For example, 
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the known chemical stability of [SiO,] suggests that 
k_sKk;A1° or k_; or k_2, where A,’ is the initial oxygen 
(A,) concentration. Furthermore, whereas in the for- 
ward reactions characterized by k; and k, the paths by 
which the involved reactants may combine are fairly 
numerous, the forward reaction characterized by k; 
requires that the A, unit be oriented and placed in 
precisely the correct position to complete the roughly 
tetrahedral A,. Thus 3 must have a small steric factor 
(i.e., small entropy of activation) which in turn suggests 
that, at around 450°C at least, ks<k, or ke. 

The preceding inequalities imply that reactions (1) 
and (2) rapidly approach quasi-equilibrium in com- 
parison with the time required for the equilibration of 
reaction (3). At certain temperatures, e.g., 450°C, the 
A, must grow progressively at the expense of the 
(equilibrated) A» and A; provided only that k3A1°>k_s 
and k, is not prohibitively large. Assuming this to be 
the case, A, will be present in substantially higher 
concentrations than either A» or A;, so that most of 
the observed donor activity is due to Ay. Under the 
assumption of equilibrium, 


A 3/A = K,K2, (8) 


where K, and Ky are the equilibrium constants for 
reactions (1) and (2): 


K,=h,/k-1, Ko= k2/k_2. (9) 


Before performing the fairly exact numerical inte- 
gration of the kinetic equations suggested by our model, 
we give first an approximate analysis of these equations. 
This will enable us to compare quickly our simplified 
model with experimental observations and will provide 
further insight into the over-all process. We assume 
tentatively that all depolymerization reactions can be 
neglected (note that initially we have no polymer) and 
that A, does not differ appreciably from its initial value. 
Actually the integration of the more exact extended 
kinetic equations in which depolymerization is included 
shows that A,(é) decreases by less than 20% for t <tmax 
(time at which the maximum donor concentration is 
attained). 

Since we are interested in the donor concentration 
(A4) we apply the law of mass action to (3) and (5), 
neglecting depolymerization and taking A,;=A;°, to 
obtain 


dA ,/at= k3A,A om (kR-st+k,A pA 4. (10) 


Substituting (8) in (10), we get 
dA /dt= k3K1K2A {— (R_3+ kA A 4 (1 1) 


Equation (11) shows that as long as we assume quasi- 


equilibrium for species Az and A; we can introduce an- 


effective reaction 
ky 
4A 1 2 Ag, 
ke 


(12) 


OF FORMATION 


OF DONOR STATES 


where 
kp=kh3K i Ky 


is an effective forward rate constant and k_3= &». 
The equation 


dA /dt=k,A {- (RothpA1)Aa (12a) 


can account for a considerable amount of the heat- 
treatment phenomena discussed in Sec. B. 


D. COMPARISON BETWEEN THE SIMPLE MODEL 
AND EXPERIMENTAL OBSERVATIONS 


The most extensive experimental data were obtained 
at an annealing temperature of 450°C. They will be 
analyzed first. 

Since A, is initially present in zero concentration, 
(12a) reduces to 


(dA «/dt) -0= k,A , (13) 


in accord with observation B5. From (13) and Fig. 3 


the value of k; can be found, e.g., at 450°C, 
ky=1.2X10-® cm’ sec. (14) 


Setting the right side of (12a) equal to zero, we 
obtain A,*, the maximum A, concentration, in terms 
of A ’ (=A 1), 


A= 


k;A} k,(A,°)4 





(15) 


c= i ’ 
RotkyAy kotk,A1’ 


which shows that A,* varies directly with the third or 
fourth power of A,° according as kx<k,A1° or ky>>k, Ar’. 
As discussed above we expect that &, is quite small and 
hence conclude that at least in first approximation 


A t= (ky/ky) (Ar), (16) 
in accord with observation B6. From (16) and Fig. 4 
we can find k;/k», e.g., at 450°C, 
ky/kp=5X10-* cm*®. (17) 
Substituting (15) in (12a), we find 
dA 4/dt= (ko +hpA1)(Agt—Ag)=x(A—Ay). (18) 


This linear equation can be integrated directly (keeping 

in mind that A; is considered to be constant) under the 

initial condition A 4({=0)=0 to give 
In[.A a*— Ag(t) ]=1nA *—xt, (19) 


which accords with the observed kinetic behavior 
discussed under B1. From the slope of the line of Fig. 2 
we find that at 450°C 

k= ky +hpA1=1.8X10- sec. (20) 


Neglecting & in comparison with k,A; and choosing 
A,=10'* cm, we find that 
k,=1.8X10-* sec cm’. (21) 


We now have available from three different sources 
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Fic. 5. Experimentally determined reaction constant «~k,A! 
plotted as a function of temperature. Different symbols represent 
different crystals. 


enough data to check the internal consistency of the 
theory. Thus (17) should be obtained when (14) is 
divided by (21). The result of the division is 


k;/Rp=7X10-* cm®, (22) 
which compares favorably with (17). 

Next we consider the decay, at temperatures exceed- 
ing 500°C, of A, generated previously by heat treatment 
at a lower temperature. Figure 9 of reference 2 exhibits 
the typical time dependence of this decay. It appears 
as though the logarithm of the donor concentration 
remaining after a time ¢ depends linearly on ¢. This 
behavior we exhibit directly by integrating (18) under 
the new initial condition A,(t=0)=A,°, where A,° 
represents the donor concentration formed after heat 
treatment at the lower temperature. We find 


A (=A (1—e-")+A ge". (23) 


Since A ,° is generally of the order of the maximum donor 
concentration attained at the lower temperature and 
since it is an experimental fact that the maximum donor 
concentration decreases rapidly with increasing temper- 
ature, we expect that 


A ,*(at the higher temperature)<A ,’, 
so that (23) reduces to the observed relation (see B2) 
A s()~A fco-*. (24) 


Using (24), x can be determined at 510°C, 540°C, 565°C, 
and 590°C from Fig. 9 of reference 2. The values of the 
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logarithm of x, so determined, are plotted in Fig. 5 as a 
function of the reciprocal absolute temperature. The 
activation energy of x is found to be 2.8 ev. 

Finally we compare the experimental observations 
for heat-treatment temperatures below 450°C with the 
kinetics developed above. It will be shown that the 
data available at this temperature range are consistent 
with the information obtained at 450°C and higher. 

For T<500°C the rate of donor formation decreases 
and the maximum donor concentration increases with 
decreasing temperature. These facts can be seen in 
Fig. 6.17 At 409°C and below, the donor maximum is 
not attained even after 520 hours of treatment. 

The data obtained during a heat treatment at 472°C 
can be readily analyzed for ¢<tnax in the way discussed 
in Bi (see Fig. 2). The « value obtained is in good 
agreement with other values discussed above (see 
Fig. 5). 

The measurements at 433°C and 409°C exhibit an 
interesting new feature. At 433°C a maximum of added 
donors is reached after several hundreds of hours of 
heat-treatment. For reasons which will be apparent 
below we shall denote the concentration of added 
donors by A rather than by A, as previously. If, at 
433°C, In(A*—A) is plotted versus time (see Fig. 2), 
the data fall on an excellent straight line for times 
exceeding 5 hours. Below this time, however, the curve 
bends up from the straight line so that the intercept at 
time zero lies above the intercept obtained by extrapo- 
lation of the long-time straight line. 

As we shall show below, this result is compatible with 
the assumption that at lower temperatures (e.g., at 
433°C and below) other donors besides A, need to be 
considered. These might be either species Az or A; or 
both which may exhibit donor properties and whose 
quasi-equilibrium concentrations are increased relative 
to A,* as the temperature is lowered. The rate of — 
achievement of quasi-equilibrium for A; and Az may 
be sufficiently reduced at low temperature so that now 
the contribution to the over-all kinetics of these species 
may have to be considered specifically on the time 
scale of the experiment. 

To simplify matters, assume that A: still achieves 
quasi-equilibrium very rapidly so that we can write 


A2/A 2= Ky, (25) 


but that the kinetics of the formation of A; and A, 
must be considered in detail : 


ke 

A otA 1 q2 A 35 
hus 
ka 


A3+Ai— Ag, (26) 


kp 
Aqt+Ai— P. 


17From Fig. 7 of reference 2 and unpublished data by C. S. 
Fuller. 
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We assume that k,= kg=0 and that A; remains constant 
as in our previous simple analysis. It can be shown 
that the dependences of A; and A, on time are the 
following : 
1 
A=bK.As|—(-e*)|, (27) 


K3 


44982=——— 


kok3K 1A 14 1 1 
|—G-««)-—a-e«9|, (28) 
Kg—Kq° \ 4 K3 
where 

k3=k3Ay+k 9, (29) 


K4>= kA, 
so that if A is the sum of A; and Ay, then 


koK\A 2 k3A 1 kok3K\A if 
Au —— [1~- — Ja 0) 4-—_—___—_(1 


ka(K3—K4) 


—¢ ast) 


K3 K3—K4 


=C;(1—e-*") + C,(1—e"*). (30) 


From (30) it follows that A*=C;+C;, so that 


A*—A=Cye~'+- Cie ™. (31) 


If, as we have been assuming all along, 


K3>>K4, (32) 
(so that A» and A; reach quasi-equilibrium) then (31) 
shows that at long times 


A*—A=Cye™, 


(33) 


so that In(A*—A) is indeed a linear function of time. 
On the other hand, at earlier times the term C3e~** 
must be included, which raises A*— A above the extra- 
polation of the straight line as is observed in Fig. 2. 

There are a few independent sources of information 
which are consistent with this picture. First, it has been 
observed by Hrostowski" that heat treatment gives 
rise to more than one species of donor. This conclusion 
is based on a spectroscopic study of the excited states 
of the donors introduced by heat-treatment. Second, 
the appearance of traps (B14) during heat treatment 
suggests that these are A» or A; since they come to 
equilibrium very rapidly and at a concentration much 
less than A,*. They also disappear rapidly at high 
temperatures, a behavior to be expected, for example, 
on the basis of the kinetics leading to Eq. (30). 

For the measurement at 409°C a donor maximum A* 
is not available. We chose a value of A*=3.5X 10! cm 
in order to obtain a good fit of the experimental points 
to a straight line for > 100 hours in Fig. 2. Cy can be 
estimated from the intercept with the ordinate and x, 
is obtained from the slope. 

In Fig. 5 the values for x, obtained between 590°C 
and 409°C, are summarized. The good agreement of all 
points with a common line of activation energy 2.8 ev 
strongly supports the assumption made above that the 
formation and destruction of donors is affected by 
the same reaction constant « which is essentially k,, 
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Fic. 6. Added electron concentration versus annealing time for 
temperatures below 500°C. 


the polymerization constant. It should be pointed out 
that x=k,+k,A, is a function of A;. Variation in the 
oxygen concentration of the various samples can easily 
account for the shift of the two sets of data in Fig. 5. 


E. INTEGRATION OF THE KINETIC EQUATIONS 
OF THE MORE EXTENDED MODEL 


In order to study certain features of our model, 
particularly its behavior at longer times, we can no 
longer neglect the depolymerization reactions or assume 
that A; remains constant. Clearly we can in sufficient 
approximation treat the formation and dissociation of 
A» and A; by the quasi-equilibrium as before. 

Applying the principle of mass action to Eqs. (5) to 
(7), etc., we obtain the nonlinear system 


dAy/dt=4hsA thal Pst P]—4hy Ar! 
—k,ALActPst+P], 


dA 4 ‘di= ky. { “+ kaPs— kyA —_ kA 1A 4y 
dP;/dt=kyAyAgthaPo—khaPs—hypAiPs, 


(34) 
(35). 
(36) 


etc. We set, as before, P=) ns Pa. Since we are 
primarily interested in the behavior of A; and the 
principal donor species Ay, we close the system of 
equations by assuming that in first approximation 


kaPs=kaPs. (37) 


This condition is reasonable in view of the possibility 
that ka itself may vary slightly with the number of 
oxygen atoms and the fact that kg is fairly small in 
comparison with k,A,°. Equation (36) thus reduces to 


(38) 


a dPs/dt~kyAAq—ky APs. 
Finally the change in time of P is given by the total 
flux of material passing from P; to Ps, i.e., 


dP/dt= (kpA 1P3—kaPs) = (kpAi— ka) Ps. (39) 


This nonlinear system describes the evolution of heat 
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A,;°=10"* atoms cm™. 


treatment when integrated under the initial conditions 
A 1(0) =A '? A 4(0) =(), P;(0) =0, P(0) =0. (40) 


This integration can be accomplished most expedi- 
tiously by using the multiple-purpose electrical analog 
computer'® (we require an accuracy of only a few 
percent). 

After introducing a suitable scaling transformation, 
Eqs. (34), (35), (38), and (39) were integrated and the 
output (A;, Ag, Ps, P) of the computer was directly 
recorded on graph paper. The initial value of A; [see 
(40) ] was estimated from the experiment. The rate 
constants ky, kp, ka were adjusted to obtain a good fit 
of the experimental data at 450°C. The values of ky 
and k, correspond quite well with those obtained from 
the more elementary analysis of the previous section. 
ka could be crudely estimated from heat-treatment 
data. Good agreement between experimental data and 
the calculated curve A, was obtained for negligible 
values of k,(<10-® sec). This small value of k, was 
expected from our earlier discussion. 

A number of the more interesting graphs obtained in 
this way by varying A,° (at constant temperature) 
and/or the rate constants (corresponding to tempera- 
ture changes) are shown in Figs. 7 to 10. These graphs 
reproduce quite vividly most of the kinetic observations 
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18 A. A, Currie and E. Lakatos, Bell Labs. Record 29, No. 3, 3 
(1951). 
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of Sec. B and justify the elementary analysis of the 
preceding section. 

Consider Fig. 7 which corresponds to the heat 
treatment at 450°C of a silicon crystal containing 
initially 10'* atoms of oxygen per cm’. The rate con- 
stants, k,=7.7X10-* (cm® sec), ky=3.110-" (cm? 
sec), ka=1.3X10-® (sec), and k,=0 correspond 
quite well with those expected [see Eqs. (14) and (21) ]. 
We note: (1) The rapid rise of A, to the maximum 
whose shape, height, and location (in time) is in 
excellent agreement with experiment as can be seen 
from Fig. 1. (2) At the time at which A, reaches a 
maximum, fmax, Ai has fallen only to 80% of Ay, 
which justifies the neglect of the variation of A, in the 
previous section. (3) The maximum in Ps, and the 
region of extended rise in P occur after /max, justifying 
in first approximation the neglect of depolymerization 
reactions in the simplified kinetics. 

The effect of reducing A;° to 0.45X10'* atoms/cm!’ 
is shown in Fig. 8, which corresponds again to heat 
treatment at 450°C. We note particularly (1) the 
smaller rate of formation of A,, the smaller height of 
the A, maximum which is attained after a considerably 
longer time (several hundred hours), and (2) the very 
small decrease of A; with time. 

The effect on heat treatment at 450°C of increasing 
A, to 1.8X10'8 atoms/cm’ is shown in Fig. 9. The 
rapid rise and decay of A, as well as the height of the 
maximum accord well with experimental observations.® 
A, decreases quite rapidly for t<tmax- 

It is quite apparent from Figs. 7 to 9 that small 
changes (factor of 4) of oxygen concentration in silicon 
has a very strong effect on the formation of donor 
states. As pointed out in B8, silicon crystals pulled 
without rotation exhibit a considerably smaller donor 
formation after heat treatment at 450°C. It is believed 
that the small oxygen content of these crystals is the 
major cause for this effect. Silicon crystals of defined, 
larger oxygen contents were prepared without rotation 
in a floating-zone system by adding a controlled partial 
pressure of oxygen or water to the gaseous ambient 
medium. These crystals showed the same heat-treat- 
ment effects as pulled, rotated ingots of comparable 
oxygen content (see Fig. 4). 

The effect of lowering the temperature of the heat 
treatment to 430°C is shown in Fig. 10. A;° is again 
10'* oxygen atoms/cm*. The rate constants are ky=1.1 
X10-" (cm? sec), kp=1.3X10-* (cm* sec), ka=2.2 
10-7 (sec), and k,=0. We note in accord with 
experimental observation (1) that A, is formed at a 
considerably smaller rate, (2) an increase of A 4* which 
is attained only after several hundred hours of heating, 
and (3) the fact that considerably fewer polymers are 
formed. 

As discussed in B12, annealing at 1000°C does not 
provide an appreciable donor concentration and also 
reduces the rate and maximum number of donors in a 
subsequent heat treatment at 450°C. It wasshownabove 





MECHANISM OF FORMATION 


10'8 x 





4 
ce 


5 > 
(cm-3) 


o 
uw 
oO 
wo 
NCENTRATION OF A, 


NCENTRATION OF A, & P (cm73) 


co 
Cc 








12) 
400 





, , 
100 200 300 
ANNEALING TIME IN HOURS 
Fic. 9. Calculated curves for A;, Ay, and P using the same 


parameter as in Fig. 8. Initial oxygen concentration A,;=1.8X 10" 
atoms cm™?, 


that polymers of various size are being formed at high 
temperatures. Their subsequent slow depolymerization 
at 450°C (together with the oxygen content still in 
solid solution) gives rise to the formation of (donors) 
A,. As an example, we have integrated Eqs. (34), (35), 
(38), and (39) using the initial conditions 


A,;*=2X10", A,(0)=0, Ps(0)=10'*, 


and the rate constants listed above for the 450°C 
annealing. It could be shown that donors (A,4) up to a 
concentration of 3X 10'*/cm* are formed after several 
hundred hours of annealing. 


P(0)=0, 


F. DISCUSSION 


Since the polymerization reaction is probably 
diffusion controlled, k, should have the form” 


kp=4eRD, (41) 


where D is the diffusion coefficient of A; and R is an 
effective capture radius for A;. Assuming short-range 
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%T. R. Waite, J. Chem. Phys. 28, 103 (1958). 
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forces, R may be approximated by an average geo- 
metrical radius of the polymer. If the reaction is truly 
diffusion limited, then the activation energy of R should 
be small compared to that of D and the activation 
energy for k, should therefore be essentially that of D.” 

The most reliable information on the activation 
energy for the diffusion coefficient of oxygen in silicon 
seems to be that obtained from strain-aging studies 
performed by Pearson, Read, and Feldman.” They 
quote the value 3.1 ev which compares favorable with 
the 2.8 ev found above for kp. 

By using (41), D can be computed from a measured 
value of k, if R is estimated. We shall choose R= 5X 10-8 
cm. This estimate is probably correct within a factor 
of 2 and the same error thus applies to the value of D 
derived below. For k,=7.7X10-* cm# sec™, the value 
used in connection with Figs. 7, 8, and 9, we obtain 

D=3X 10-8 cm?/sec. (42) 
Estimates using a combination of Logan’s’® data and 
those of Pearson ef al.” on the diffusion of oxygen in 
silicon lead one to expect a value near 10-” cm?/sec at 
450°C. However, owing to the uncertainty in the 
original data and the length of the extrapolation from 
high to low temperatures, the error could easily be 
several orders of magnitude. 

Another question requiring discussion is the role of 
nucleation in our scheme. In the models presented, no 
mention has been made of nucleation and indeed the 
phenomenon is not contained implicitly in the equations 
we have set forth. Nevertheless point B11 indicates 
that some attention must be given to the matter. 

Until now we have been careful to use the word 
aggregate rather than precipitate because we do not wish 
to have the small complexes whose concentrations are 
dealt with by the above equations regarded as precipi- 
tates. They are still part of the original phase, being in 
fact solutes. As these aggregates continue to grow, 
both &, and kg must show some dependence on size. 
In fact, Eq. (41) for &, demonstrates that the latter 
depends on R and therefore roughly on the cube root 
of the number of oxygen atoms contained in the 
polymer. This dependence is sufficiently small so that 
over a small range of sizes k, may be considered 
constant. 

The constant kg also has a size dependence which 
has been neglected in our previous considerations. This 
size dependence is related among other things to the 
work required to form an interface between the polymer 
(when large enough to be treated as an embryo of a 
new phase) and the surrounding silicon. In fact, if we 
adopt the standard considerations of nucleation 
theory,” the net rate at which a polymer of size n 


” Pearson, Read, and Feldmann, Acta Met. 5, 181 (1957), 
and private communication. 

%1 J. Frenkel, Kinetic Theory of Liquids (Oxford University 
its in 1946), Chap. 8; H. Reiss, Z. Elektrochem. 56, 459 
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becomes one of size n+1 passes through a severe 
minimum at some size n*. This minimum is directly 
related to the size variations of k, and kg and occurs 
at that polymer which is fashioned from monomers 
with the maximum expenditure of free energy. This 
polymer of size n* is commonly called the nucleus. 

The existence of the rate minimum described above 
results in a severe bottleneck in the flow of polymer 
through the various sizes and may become severe 
enough so that the size n* is to all intents and purposes 
impassable. Under these conditions, which probably 
exist at a low temperature such as 450°C, equilibrium 
is attained among aggregates smaller than size n* but 
not beyond. As a result the collapse of supersaturation 
is prevented and a constrained equilibrium in which 
the large true value of A; may be very high is reached. 
This explains why the value of A; after a long time 
(when equilibrium has apparently been reached) in 
Fig. 7 is much higher than extrapolations of high- 
temperature measurements” on oxygen solubility. For 
example, in Fig. 7 it appears to be 10'7 cm~* while on 
the basis of extrapolation one might expect 10 cm~. 

At higher temperatures the rate constants are 
sufficiently large so that the barrier at m* can be pierced 
during experimentally realizable intervals of time and 
the true solubility can be measured. Under these 
conditions one must expect that the existence of 
nucleation centers of various kinds influences the over- 
all kinetics, and of course there is evidence for this 
(see B11). On the other hand at 450°C, we are probably 
safe in ignoring phenomena associated with nucleation 
and this is the assumption made in the formulation of 
the equations used. 

When comparison is made between experimental 
observations and the model outlined above three 
important facts should be kept in mind. 


(1) Recent experimental work indicates a direct 
interaction between oxygen and a number of chemical 
impurities. In particular the formation of complexes 
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between oxygen and Al,” Ga,”-* B,” and Li ™ has been 
inferred from electrical, optical, and precipitation 
studies. High-resistivity silicon specimens are fre- 
quently compensated with respect to donor and acceptor 
impurities. Their presence will obscure the kinetics 
discussed here, since our model is concerned with the 
interaction of oxygen and silicon only. 

(2) Infrared investigations showed that the oxygen 
concentration in silicon ingots can vary strongly parallel 
and perpendicular to the pulling axis of the crystal.*® 
In addition small-scale fluctuation of oxygen coinciding 
with the growth-ring patterns of the crystal have been 
observed.®* Because of the strong dependence of the 
donor formation upon the oxygen concentration only 
specimens with uniform oxygen distribution are useful 
for quantitative investigations. 

(3) During the normal cooling process silicon crystals 
experience a heat treatment depending upon a number 
of crystal growing parameters. As a result, ‘as grown”’ 
silicon crystals contain varying amounts of thermal 
donors® and traps. In order to have oxygen in an 
initially dispersed state and to destroy small oxygen 
aggregates, already formed, a short heating of the 
specimen to high temperatures (72 1200°C depending 
upon the oxygen concentration to be dissolved) proved 
to be sufficient to “normalize” the sample.?*.? 
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Theory of the Contribution of Excitons to the Complex Dielectric 
Constant of Crystals*t 
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It is shown that the ordinary semiclassical theory of the absorption of light by exciton states is not 
completely satisfactory (in contrast to the case of absorption due to interband transitions). A more complete 
theory is developed. It is shown that excitons are approximate bosons, and, in interaction with the 
electromagnetic field, the exciton field plays the role of the classical polarization field. The eigenstates of 
the system of crystal and radiation field are mixtures of photons and excitons. The ordinary one-quantum 
optical lifetime of an excitation is infinite. Absorption occurs only when “‘three-body” processes are 
introduced. The theory includes “‘local field” effects, leading to the Lorentz local field correction when it 
is applicable. A Smakula equation for the oscillator strength in terms of the integrated absorption constant 


is derived. 


I. INTRODUCTION 


HE lowest energy excited states of insulating 

crystals are usually states of an electron in the 
conduction band bound to a hole in the valence band. 
These bound states, called excitons, were first intro- 
duced by Frenkel! in 1931. The existence of such 
nonconducting excited states has been tentatively veri- 
fied in both extremes of exciton models, the Frenkel 
(tight-bonding) model and the Wannier (weak-bonding) 
model, by means of optical absorption experiments in 
the visible and near ultraviolet regions.? 

The usual method of calculating the optical properties 
due to exciton states is by use of the semiclassical 
theory of radiation. This method is satisfactory for 
the calculation of the dielectric constant in frequency 
regions of no absorption. The use of this method to 
treat optical absorption by exciton states raises 
difficulties perculiar to sets of energy states for which 
there is but one crystal state having a given wave 
number & in a finite energy interval. The problem of 
the description of the fundamental absorption process 
is the subject of Sec. II. This problem was the motiva- 
tion for the investigation of the exciton-photon system. 

The purpose of the present work is to formulate the 
problem of the optical properties of excitons in a more 
rigorous manner than the semiclassical theory through 
the use of a quantum-electrodynamical formalism 
and to present a more complete view of the absorption 
process. The theory, as developed here, is applicable 
only to crystals exhibiting optical isotropy. The 
frequency region considered is limited to frequencies 

* Based on a Ph.D. thesis submitted to Cornell University. 

+ A summary of this work was given at the March meeting of 
the American Physical Society [J. J. Hopfield, Bull. Am. Phys. 
Soc. Ser. II, 3, 125 (1958) ]. 

t Present address: Bell Telephone Laboratories, Murray Hill, 
New Jersey. 

1 J. Frenkel, Phys. Rev. 37, 17 (1931). 

2For experimental evidence of tight-binding excitons, see 
L. Apker and E. Taft, Phys. Rev. 79, 964 (1950); 81, 698 (1951); 
87, 814 (1951). For experimental work on weak-binding excitons, 
see Gross, Zakharchenya, and Reinov, Doklady Akad. Nauk 


S.S.S.R. 92, 265 (1953); 97, 57, 221 (1954). J. H. Apfel and 
L. N. Hadley, Phys. Rev. 100, 1689 (1955). 


for which the wavelength of light is much greater than 
a lattice constant.’ 

In Sec. III the quantum theory of a classical dielectric 
is developed. This problem reduces to the interaction 
of the radiation field with a second boson field, the 
polarization field. Some possible generalizations of 
the classical dielectric theory are briefly discussed. 
Section IV is devoted to constructing an approximate 
exciton Hamiltonian and to finding the interaction 
between excitons and photons for this approximate 
Hamiltonian. It is shown that excitons are approximate 
bosons and, in interactions with the electromagnetic 
field, play the role of the quantized polarization field 
of Sec. III. 

In Sec. V the interactions which cause true absorption 
in crystals are introduced. These interactions result in 
finite lifetimes for the mixed eigenstates constructed in 
Sec. IV, and can be treated in terms of a complex 
dielectric constant. The final section is a summary of 
the theory, with emphasis on the application to 
experiments. 


II. PROBLEMS IN THE TREATMENT OF THE 
OPTICAL PROPERTIES OF EXCITONS 


The general theory of the interaction of radiation with 
insulating crystals is well known.‘ In order to show why 
the theory as it exists is not complete, the nature of 
the fundamental absorption process for exciton states 
will be discussed in detail. The usual description of the 
absorption process will be shown to be unsound. The 
inappropriateness of the usual description was the 
incentive for developing a more complete theory of 
the optical properties of exciton states. 

Unessential complications in the discussion can be 
avoided by choosing a very simple model of an insulating 
crystal. The model used here is a simple cubic array of 


* The general mathematical approach is the same as that of 
U. Fano, Phys. Rev. 103, 1202 (1956). 

‘For a brief review of the semiclassical theory and further 
references, see F. Seitz, The Modern Theory of Solids (McGraw-Hill 
Book Company, Inc., New York, 1940), pp. 647 ff. 
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nonoverlapping identical atoms.’ For simplicity, the 
atoms are assumed to have S-type ground states Yo 
and three (degenerate) P-type excited states y,. The 
atomic positions are denoted by L. The zero-order 
ground state of the crystal is a state with every atom 
in its ground state (i.e., Yo=]][1 0,1). The elemen- 
tary excitations of this crystal are states in which 
one atom at L is excited and all other atoms are in 
their ground states. Interactions between the atoms 
prevent these elementary excitations from being 
suitable zero-order excited state wave functions. 
Instead, the zero-order excited state wave functions of 
this model are linear combinations of the elementary 
excitations chosen so that the resultant wave functions 
have translational symmetry. The zero-order excited 
state (exciton) wave functions are 
1 

"7 ~ exp(ik-L)y,,1 I] Yo, (1) 


L’+L 


Vx, p= 
Vv 


where N is the total number of atoms in the crystal, 
and k is an allowed wave vector in the first Brillouin 
zone. The lattice points are understood to be fixed in 
space. 

The simplest calculation which can be made having 
anything to do with optical absorption is the calculation 
of the optical lifetime of an exciton state. The matrix 
element for the transition to the crystal ground state 
with emission of a photon of wave vector k’ is given by 
the atomic matrix element for this process times the 
factor . 

— > exp[i(k—k’)-L]. (2) 
/N L 


If the box in which the radiation field is given periodic 
boundary conditions is the same size as the crystal, 
then the factor (2) is zero unless k—k’= 2xG, where G is 
a vector of the reciprocal lattice. (This is the well-known 
wave-vector conservation rule.) 

The excitons of interest in the optical properties of 
solids are those for which | k| isin the optical wave-vector 
region. It is these excitons which are coupled to photons 
having about the same energy as the excitons. Umklapp 
processes (G0) couple excitons having optical-region 
wave vectors with photons of x-ray energy and can be 
neglected in transition calculations.* For optical cases, the 
wave-number conservation rule is k= k’. Each exciton k 
is coupled to only one radiation mode for radiative single- 
photon emission. Since transitions, in the framework of 
~ 6 Similar atomic models have been treated in detail by W. R. 
Heller and A. Marcus, Phys. Rev. 84, 809 (1951), and also in 
Peierls’ early work on the absorption of light by solids: R. Peierls, 
Ann. Physik 13, 905 (1932). 

6 The results obtained are not correct when the wavelength of 
light having the same energy as the exciton is less than or equal 
to a lattice constant. In this case, umklapp processes dominate. 
This is the reason why there is no conflict between the results 
obtained and the intuitive idea that in the limit of large lattice 
constants, an exciton must decay with the same radiative lifetime 
as an isolated atom. 
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second-order perturbation theory, occur only when there 
is a density of final states to which the initial state is 
coupled (and the coupling matrix element must not 
change rapidly over this set of final states), no real 
transitions take place in the exciton system, contrary to 
the usual view. Instead, energy oscillates back and forth 
between the exciton and the photon.’ This mutual 
exchange of energy can be described by constructing new 
eigenstates of the complete Hamiltonian (crystal plus 
radiation field plus interaction) as is done in Sec. IV. 

This lack of one-quantum radiative decay of exciton 
states is, of course, related to the use of the same 
periodic boundary conditions for the radiation field 
as for the crystal. A finite crystal in an infinitely large 
box containing the radiation field has a finite lifetime 
for one-photon exciton decay. The ordinary transition 
probability argument cannot be used to compute the 
decay behavior,® but a calculation based on general 
damping theory could be made. The form of the 
optical lifetime of excitons for large crystals is clear on 
physical grounds. For large crystals, the energy of 
excitation is shared between excitons and internal 
photons. Decay takes place when these photons leak 
out of the crystal. The rate at which the energy leaks 
out of the crystal is proportional to the energy density 
in the crystal, some propagation velocity, and the area 
of the crystal. The decay rate must then be proportional 
to N-* (the surface to volume ratio) and vanishes for 
large crystals. 

With an understanding of the infinite optical lifetime 
for one-quantum decay for large crystals, a discussion 
of the fundamental absorption process for exciton 
states is possible. For an isolated atom, the absorption 
of light should be treated as a problem of resonance 
fluorescence. The_simplest such process is the two-step 
process 

photon k+atom in ground state 


— no photon+atom in excited state 
— photon k’+atom in ground state. 


The photon k’ can be emitted in virtually any direction, 
so this process represents the scattering of a photon 
out of the initial state. 

For absorption of light by exciton states, the res- 
onance fluorescence process does not represent a 
scattering process (neglecting surface scattering). The 
wave-number conservation rule restrains the inter- 
mediate-state exciton and the final-state photon to 
the same wave vector as the incident photon. Again, 
there is no density of final states to which to make 


7 This phenomenon can be understood from the point of view 
of the elementary excitations. If two atoms, one of them in an 
excited state, are separated by a distance small compared to a 
wavelength, energy transfer by the transfer of a virtual photon 
is an important process. The use of exciton states avoids the 
problem of keeping track of phase memory as energy is trans- 
ported from one atom to another. 

* For large but finite crystals, the matrix element is not a 
slowly varying function of energy. 
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transitions. Energy is again shared between the exciton 
state and the photon just as it was in the calculation of 
exciton radiative decay. Thus the fundamental absorp- 
tion process should not be considered as 


photon — exciton, 
but rather as 


photon — exciton (intermediate state) 
— final energy-absorbing states. 


In passing through a crystal, a beam of photons gives 
up a net amount of energy to the crystal. This energy 
absorbed by the crystal is not stored in the exciton 
states (i.e., those exciton states directly coupled to 
the photon beam). Instead, the energy is stored in 
those crystal states which, through their coupling with 
the excitons, cause finite exciton lifetimes. From the 
point of view of perturbation theory, the so-called 
“direct”’ optical absorption processes must in reality 
be second-order processes. This difference in point of 
view makes a new attack on the exciton-photon 
interaction problem seem desirable. It is the exciton-to- 
energy sink coupling rather than the exciton-to-photon 
coupling which causes true optical absorption. Sections 
III and IV are devoted to the diagonalization of the 
exciton-photon interaction. This approach makes it 
possible to treat the second-order absorption process by 
calculating the lifetime due to other interactions of the 
eigenstates of the exciton-photon system. 

The semiclassical theory of the optical properties 
determines the constitutive relations between P and E 
and between J and E for use in Maxwell’s equations. 
This can be done by dividing the crystal into sub-blocks 
small compared to the wavelength of the incident 
radiation but large compared to the lattice constant. 
The constitutive relations are then found for these 
small blocks and used as point relations in Maxwell’s 
equations. This procedure is not really satisfactory 
because the wave number conservation rule is lost. 
The procedure, if properly used, works for absorption 
processes whose absorption cross sections do not depend 
on the volume of the sub-block (e.g., photon-exciton 
processes which also involve phonons). The method is 
not satisfactory for the treatment of fluorescence 
processes, for it leads in this case to a dependence of 
the radiative widths on the dimensions of the sub-blocks 
used. 

A better method of treatment is to use the Fourier 
decomposition of the radiation and polarization fields. 
Pekar® has recently used this method to treat the 
dielectric tensors of insulators when no absorption is 
present. This method should be readily extensible to 
include the case of absorption by computing in addition 
the relation between J, and the perturbing electro- 
magnetic field (although to the author’s knowledge 


9S. I. Pekar, J. Exptl. Theoret. Phys. U.S.S.R. 33, 1022 (1957) 
translation: Soviet Phys. JETP 6, 785 (1958) ]; J. Phys. Chem. 
lids 5, 11 (1958). 
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such an extension has not been made in the treatment 
of excitons). Such an extension must be based on 
smearing out the exciton states over a finite energy 
interval. Otherwise there are no real transitions, and 
J, cannot be computed (unless higher order processes 
are directly taken into account). 

The interaction between the radiation field and a 
crystal for interband electronic transitions is quite 
different from the exciton-photon interaction just 
described. In the treatment of interband coupling with 
photons, there are N electron-hole pair states having a 
given total wave number k. These N states form an 
energy continuum (in the limit of large V), and absorp- 
tion transitions can be described in terms of ordinary 
time-dependent perturbation theory. For a tight- 
binding model of a crystal, the matrix element coupling 
the crystal ground state plus one photon with wave 
number k to a particular electron-hole pair state of 
total wave number k is the order of the atomic matrix 
element for this transition. Thus, whereas the interac- 
tion matrix element is proportional to V~! for interband 
transitions, and N electron-hole pairs interact with 
each photon, the interaction matrix element is propor- 
tional to (V/V)! for exciton states, and but one (or a 
small number in the case of several exciton bands) 
exciton state is coupled to each photon state. 

If the semiclassical theory is used to describe the 
optical properties of interband transitions, no difficulty 
is encountered, because real transitions can be computed. 
In order to justify the use of the semiclassical theory, 
the tacit assumption must be made that the electrons 
and holes created in an absorption process are scattered 
by the lattice and eventually return to the thermal 
equilibrium distribution. To treat this electron scatter- 
ing as independent of the electromagnetic interaction is 
probably justifiable, because each electron-hole pair is 
very weakly coupled to the electromagnetic field. The 
qualitative difference between the result of an applica- 
tion of the semiclassical theory to absorption due to 
interband transitions and absorption due to excitons 
can be summed up briefly as follows. For the case of 
interband transitions, energy band structure and the 
weak electromagnetic field coupling with electron-hole 
pairs permit the use of semiclassical theory. The gross 
features of the absorption are independent of the 
coupling to the lattice. For the case of absorption due 
to exciton states, the form of the coupling between 
excitons and the electromagnetic field does not permit 
the direct application of the semiclassical method. 
The exciton-lattice collision mechanism is completely 
responsible for the shape of the absorption line. (The 
integrated absorption is, however, essentially independ- 
ent of the absorption mechanism.) 

The calculation of the optical properties of exciton 
states when absorption occurs cannot be carried out by 
the usual methods without an artificial broadening of 
the exciton states. Assigning to the exciton lines an 
energy shape function in order to compute the optical 
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properties is not a really satisfactory procedure. There 
are technical difficulties” involved in the shape-function 
approach. More important, the semiclassical approach 
treats excitons as independent entities, whereas in 
reality an exciton which interacts with the radiation 
field does not exist as an independent entity. Such 
excitons are always accompanied by a photon compo- 
nent. The separation of the exciton from its photon 
component as is done in the semiclassical method 
produces a misleading interpretation of the absorption 
process. 

In the following sections, a field-theoretic (rather 
than a semiclassical) method is developed for treating 
the mixed state of excitons and photons. The funda- 
mental absorption process in the interpretation to be 
developed is the scattering of the mixed states. A 
complex dielectric constant will be derived from the 
properties of these states. 


III. QUANTUM THEORY OF A CLASSICAL 
DIELECTRIC 


The classical theory of light propagating in a simple 
isotropic dielectric with dispersion can be characterized 
by the frequency dependence of the dielectric constant 
e(w). Since the exciton contribution to the complex 
dielectric constant can be most easily understood 
through comparison to a classical dielectric, it is useful 
to begin by developing the quantized form of a classical 
dielectric. The role of boundary conditions and 
deviations from simple classical behavior are briefly 
discussed. 

} The Lagrangian density for an infinite classical 
dielectric in interaction with the electromagnetic field 
may be taken to be 


1/10A a 1 oP? 
e-—(——+ve) ——(¥X A)*+ (—) 

8ric at 8r 2w°8 \ dt 
oP 


1 1 
——(P)*+9¢(v-P)+—A-—. (3) 
28 c t 


This is the Lagrangian density for an oscillating 
polarization density P with a restoring force, as can be 
seen by comparing (3) with the Lagrangian for a 
moving charged particle. The equations of motion for 
the field variables of (3), in conjunction with the usual 
definitions of B, E, and D, are equivalent to the usual 
Maxwell’s equations plus the constitutive equation 


1 #P 
- pase. (a) 
we Of 


The chief objection to the shape-function ape is that 
phase averages are taken at the wrong point in the calculation. 
Matrix elements between initial and intermediate states are 
squared and summed, whereas in a second-order process it is 
actuallly the compound matrix elements to the final states which 
should be squared and summed. This can give rise to a dependence 
of calculated results on the method of describing the intermediate 
states. 
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If the equations of motion are solved for solutions 
periodic in time, with angular frequency w, the dielectric 
dispersion law determined by (4) is simply 


(5) 


Equation (3) is thus a suitable Lagrangian density for 
a classical dielectric. 

In order to quantize the fields, the Coulomb gauge 
(v¥-A=0) and Born-von Karman periodic boundary 
conditions in a rectangular parallelepiped box of 
volume V are used to expand A, P, and ¢ in plane 
waves. The Lagrangian and Hamiltonian of the system 
can then be expressed in terms of the Fourier components 
of the fields and their conjugate momenta. The 
longitudinal modes are not of interest for radiation 
problems, and can be omitted. 

The resultant Hamiltonian represents a system of 
coupled harmonic oscillators. It is, of course, possible to 
find the normal modes of these oscillators before 
quantizing the system. This will not be done, because 
the Hamiltonian of the coupled oscillators is the 
analog of the exciton-phonton Hamiltonian of Sec. IV. 
We therefore quantize the coupled system. The 
Hamiltonian for the system is 


H= > 


k,Ay 


(clk (de, x*dx,nt+-4) +000 bx, x", +4) 


thu? (4x8) , 


—————— X [ (aer*bix— duadiar*) 
2(c| kK} wo)* 


h 
+ (d_indix— a_ wb") Ht aBiat : 


ben | 
X [errdian* + der * aint din *di*+ a-nav]) , (6) 


where the a’s and 6’s are those combinations of 
coordinate and momentum which, when quantum- 
mechanical commutation rules are applied, are boson 
creation and destruction operators. @,,* is the Hermitian 
conjugate operator to da, etc., and 


[@xr,@ur’ |= [ander | - [aur,durn’* ] om [Oradea] =0, 
(7) 
[axr,dun’™ ] ae [bia,Dirn* ] = BiceOan’. 


The operators a,,* are exactly the photon creation 
operators of the usual Maxwell field while the d,,* are 
creation operators for the polarization field. The 
polarization field “‘particles” analogous to photons will 
be called “polaritons.” (Excitons will be shown to be 
one kind of polariton in Sec. IV. Optical phonons are 
another example of polaritons.) The sum is taken over 
all k space and over polarizations perpendicular to k. 
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The field operators are given in terms of a’s and }’s by 


2nch \ 3 
s-( —) x £) (aye + ay*e~***), 
V k| kA, 


hunB\* 
P= (= . > © (dy ,e™ * +d, *e “tk -t) 
2V k Ay 


The normal modes of the Hamiltonian will be 
expressed in terms of a new set of creation and annihila- 
tion operators. It is sufficient to work with a single 


| he ki+t2D —-1iC 
| +iC 
| +2D 

+iC 0 


hwy 


where 
hu? (wp)! h 
Sn, Date —. 
(c|k| ao)! c\k| 
In units of #=c=1, the eigenvalues of (11) are 
determined by the equation 


(12) 


(In the present units, »=index of refraction= |k|/E, 
and e=n’=k?/E*.) The same relation exists between 
frequency and wave number for the quantum-mechanical 
normal modes as for the classical ones. 

If the Hamiltonian in the uncoupled system is to be 
that of uncoupled harmonic oscillators, the new 
oscillator operators will have the usual commutator 
relations 


oa * *) 
1%’; |= |= 
[ox 0k i] cr yk! 5 ] 0, 


[ar icrn ;* |} = Bnd; j- 


(13) 


0.50 0.75 1.00 


q 
Fic, 1. E(k) for 448=0.1. Units of h=c=1, and &= E/wo, g=k/wo. 
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wave number k and polarization \, since H is invariant 
under translation and different polarizations are not 
coupled. Define 


Oy = WA + Xby + ya _*+2b_,*. (9) 
If a, is to be a normal-mode annihilation operator, then 
Con, |= Exar. (10) 


Using definition (9) and Eqs. (6) and (7), the eigenvalue 
problem (10) may be written in matrix form, 


—~2D 
—1C ae 
~iC —he|k|-2D —ic || 
+iC 


| 
= hwo 


There are two normal modes for a given wave vector. 
The second subscript labels these modes. Let C be 
the four-by-four matrix between the coupled and 
uncoupled systems of oscillators : 


| Cur Cie Cis Cis| | Ok | 
| ae 2 }Cor Coz Cor Crs! | be | \ 
ol oy ot wiring | . (14) 
| @_1" | C32 C33 C34] | @ x” 
|a_xe* : Cur Cas Cas) | O-x* 


Ok1 


The combination of the commutation rules for the a 
representation and for the a, 6 representation yield 
relations between the c,;;, which are sufficient to show 
that 
Ci,* 
C1.* 
—C;* 


Cm 


poe ges 
Cu* —Crs' 
—Cu* Cut 
—Cut Cut? 


cn | 


A plot of E(k) and some useful combinations of ¢,;(k) 
are given in Figs. 1 and 2 for the particular case 
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Fic, 2. |¢1—¢13|? and |¢12—¢14|? as functions of energy. 
Units h=c=1, 4r8=0.1, and &=E/wo. 
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4r8=0.1. The transformation" C is given in detail in (16). 


cu=( 


Cpy= —i(rs)}( 


ik| 
+ 


aes 
)/ ll 
ee 

D/A 


einai 
wo 
The quantities Cj1, Cj2, Css, Cj4 may be obtained from 
the above expressions by replacing £, by £; and 
multiplying by (i)’. Here £; is the smaller positive 
root of Eq. (12), Ey the larger positive root, and 
E;=—E,, Exsx=—E:. The arbitrary constants in C 
have been so chosen that for |k|<wo and £0, 
& = Ak1, by = a2, a_~*=a_x1"*, b_y*=a_x2*. 
The ground state in the a, or uncoupled, system can 
now be written in terms of the wave functions for the 
unperturbed system. The conditions 


Ei 
w 
|E,| 7} 

~ Il 


Fy 


Cy3>= -(1 


Cu = itns)( 


wo 
| E1| 


Wo 


ak W ground” = Qk W ground” =a Wground” = Q_ WV ground® =0 


generate recursion relations for the expansion coeffi- 
cients of the new ground-state wave functions in the 
photon-polariton occupation-number representation. 
The result is free of the infrared divergence which 
would occur if ordinary perturbation theory were used 
to find the ground-state wave function. 

Although it will prove advantageous to work in the 
a system with “clothed” photons and polaritons, 
nevertheless for the problems to be worked out it is not 
necessary to calculate the “clothed” wave functions in 
terms of the original basis. The operator transformation 
C is sufficient to calculate the most useful observables. 

It is of interest to ask to what extent such a quantum- 
mechanical dielectric may be treated as a classical 
system when interactions of the dielectric with a 
subsystem which is coupled to electromagnetic radiation 
are considered. In treating radiative problems in a 
nondispersive dielectric, one may simply start from 
the Lagrangian (3) with P=0 and multiply the first 
term by e¢, the dielectric constant. By using the trans- 
formation (14), it can be directly shown that outside 
the region of strong dispersion, the vector potential 

1C js not unitary; the “Hamiltonian” matrix of (11) is not 
Hermitian. This does not imply that the wave-function trans- 
formation represented by C is not unitary. C is not a wave- 
function transformation but rather defines a particular linear 
combination of operators. The matrix of (11) is not the Hamil- 
tonian, but rather defines a useful commutator relation. It can, 
however, easily be shown (by making use of the fact that C has 
an inverse) that the transformation on Hilbert space from the 
representation in which the number operators a*,ax, dx*,bx, etc. 


are diagonal to the representation in which the number operators 
a,,*a,, are diagonal is a unitary transformation. 
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operator involves only one set of normal-mode operators. 
In the low-frequency region, the electrodynamics is 
equivalent to that obtained in the simple nondispersive 
treatment outlined above. In the high-frequency region, 
ordinary vacuum electrodynamics results. In the 
dispersive region, both sets of normal modes are 
important, and no simplification of this more compli- 
cated electrodynamics is possible. 

It is not necessary to treat the case of a finite 
dielectric medium in detail. One can show that the 
analytic extension of the quantum-mechanical disper- 
sion relation of an infinite medium to include all 
frequencies, in conjunction with the classical boundary 
conditions, describes properly a dielectric of finite 
extent. It is sufficient, then, to compute the dielectric 
constant only for infinite geometry. 

So far we have considered the usual classical model 
of a dielectric. There are only a few modifications which 
can be made to this model in the realm of linear 
isotropic dielectric theory.” In the classical model the 
polarization P(r) depends only on the electric field E 
at the point r. A generalization of this dependence 
would allow P(r,t) to depend on SE(r’,’), where & is 
a linear operator.** Another generalization which 
might be made would be to replace the classical 
restoring force proportional to P in the equation of 
motion of P by a more general linear restoring force. 
Both of these modifications will be present to some 
extent in a real physical dielectric." 

A more general restoring force allows a dependence of 
the polarization frequency on wave number, and is 
equivalent to using a finite effective mass for excitons. 
Estimates based on parameters suitable to the alkali 
halides indicate that the finite-mass effects are small, 
although they technically introduce a second mode 
for any given frequency (compare with Fig. 1) and an 


2 One trivial modification which will not be discussed now is 
the addition of more polarization fields. 

13 There are restrictions on the form of & if there is to exist a 
causal relation between E and P. 

4 Pekar (reference 9) has derived these effects from the semi- 
classical theory of radiation in the case of no damping (no true 
absorption). The existence of these effects will be mentioned, but 
neglected, in the present treatment of absorption. 
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additional boundary condition at the surface of the 
crystal. Since the inclusion of such effects would 
complicate the mathematics, while at the same time 
should lead to no appreciable physical effects, they will 
be ignored in the theory to follow. 


IV. INTERACTION OF PHOTONS WITH EXCITONS 


An exciton band in an insulating or semiconducting 
crystal is thought of as a band of nonconducting 
excited electronic states of the entire crystal. There 
are two extreme sets of basis functions for describing 
electronic wave functions in crystals: the Heitler- 
London scheme of localized atomic wave functions and 
the Hund-Mulliken-Bloch scheme of electrons spread 
throughout the entire crystal. Corresponding to these 
extremes are two models of excitons: the Frenkel or 
tight-binding exciton and the Wannier or weak-binding 
exciton. A useful approximate exciton Hamiltonian and 
the interaction of photons with excitons can be derived 
for simplified cases of both models. 

It will be shown that excitons are approximate 
bosons (to the same degree that spin waves are bosons) 
for the tight-binding model. The proof of the validity 
of the derived Hamiltonian for the weak-binding model 
will be omitted here.!® Terms which can cause absorp- 
tion will be dropped from the approximate Hamiltonian 
until Sec. V where they will be treated as a perturbation. 
The approximate exciton-photon Hamiltonian derived 
(for one exciton band) will be exactly the same as the 
photon-polariton Hamiltonian (6) of Sec. III. 

The extreme tight-binding crystal that is treated 
here consists of a cubic array of identical atoms 
separated by distances large enough that the overlap 
of wave functions of nearest-neighbor atoms can be 
neglected. If the lattice sites of the atoms are L and 
the atomic number of the atoms is Z, then the Hamil- 
tonian for the electrons in the absence of radiation is, 
in dipole approximation, 


NE Z py? <i 
H= a p> monary are te —| 
Lhimt 2m |x| ixé [XiL—xyx| 
S X.- Xv 
+2 |L—L’|? 


L#L’ 
3[X1-(L—L’) J[Xi- (L—L’) 
(L—L’)* 


where X,= > ,-17x;1, and N is the number of atoms 
in the crystal. 

A suitable set of (—1)th order wave functions for 
describing the electronic state of the crystal is 
W=[]iur, where Yi: is the wave function of atomic 
state ¢ on atom L, having atomic energy eigenvalue F;. 
The ground-state wave function is Yo=[]110. All 
energies will be considered to be measured from NEo. 

16 45 J. Hopfield, Ph.D, thesis, Cornell University (un- 
published). 


» (17) 
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The zero-order lowest-energy excited states of the 
crystal should not be taken as W;=Yul [1.1 1/0, for 
there are matrix elements of the dipole interaction of 
such states between degenerate states having the same 
excitation on different atoms. If instead the states 


1 
Vir=— D dur exp (tk-L)] TT Yro 
V/N LU L’#L 


are used, where k is an allowed wave vector of the first 
Brillouin zone and periodic boundary conditions are 
applied in a volume V with number of atoms JN, the 
Vy; are orthonormal wave functions for which matrix 
elements of H between states ¢k and ¢k’ vanish. For 
these states, (H) can be shown® to have the form given 
by (18) for |k| V#>>1, 


N &r 
Ban Set 7 Xox|?P2(cos@) 
<Ljo(|Kelr)+jo([klr)J, (18) 


where @ is the angle between k and (yo| X|y¥,), and 
| Xoe|?= (o| X|wz)- We| X| Yo). 

It is convenient to define a set of operators di; and 
dy.* (for t#0) which operate on the wave function and 
obey the following rules!*: 


div =VioOti de, 
diye = Yidéiy 50, 
dudyy—dyydur= 0. 


Operator d1,* acts only on the wave function of atom 
L, raising the atom to state / if the atom was previously 
in state Wo, and giving a zero result otherwise. Operator 
dy, acts only on the wave function of atom L and 
yields zero unless the atom was in state /, in which 
case dr, produces the ground state function. Particularly 
useful linear combinations of the raising and lowering 
operators are 


(19) 


1 
ba* a ae! Zz exp (ik . L)d..* ; 


/N L 
(20) 


1 
bu=—— ) exp(—ik-L)du.. 
/N L 


In terms of these operators, Wxr=bac*Vo; Yo= bude. 
The Hamiltonian (17) can be exactly expressed in 
terms of the operators dy;. The operator Xz can be 
written as 


(Xz)operator= doe (O| Xx] é)duetde (t| Xx|O)di.* 
+ ED Cl Xu P)dutdre. (21) 
test! 


16 That dy, and dy should commute (rather than anticommute) 
can easily be shown if the atomic wave functions are written in 
terms of one-particle functions, Then dy; involves the product of 
one electron creation operator and one electron destruction 
operator. Since individual electron creation and destruction 
operators (referring to different states) anticommute, pairs of 
such operators (referring to different states) commute. 
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The atomic part of the Hamiltonian is 


Bs H.= Z: Edu*du= a Evbuc*bux. 
L 


tL k,t 


(22) 


The complete Hamiltonian will not be written out, 
but instead only the terms of X_Xy which involve 
the least number of operators will be retained in an 
approximate Hamiltonian. The physical interpretation 
of the omitted terms will be given after the formalism 
developed for the approximate Hamiltonian is com- 
pleted. Then the reasons why the dropping of higher 
powers of operators can often be justified will be more 
readily apparent. The approximate Hamiltonian, for 
small (|k|r<1) but nonzero k, is 


4r N@ 
H= > Exdbau*thbat+—— ¥ 
kt 3 V 


k,t,t’ 


x| t)( ) Xe Xe| 


x bn * by * +B cbe ae tbnbr xt +b tbe |, (23) 


where we have, for convenience, assumed that the 
matrix elements X,= (0| X|¢) are real. 
The commutator of b and b,%-* is given by 


1 
[bx den* | = NV > expli(k— k’) ° L} 
NL 
X Ldudiy*—dirv*dre], 


(24) 
[bex*ba* |=0. 


The number operator for the state Lt is dus*di; dudi:* 
is a number operator for the ground state LO (there are 
many number operators for the ground state). If 
matrix elements for the commutator are considered 
only for states of the crystal in which the total number 
of excited atoms is at most M, then the number of 
nonzero matrix elements of dz:*d; is less than M while 
the number of atoms in the state zero is greater than 
N—M. Thus for the states of excitation less than M, 
and t= 0’, [bix,dix’* ]=5xx to order M/N, where N is the 
total number of atoms in the crystal. Similarly for 
tt’, dus*due has a nonzero value for the order of M 
atoms, zero for the rest, while didiy* is zero for 
t¥t'. To order M/N, 


[Berber * J= SuxSee’. (25) 


In the approximation (25), the Hamiltonian (23) 
represents a set of coupled harmonic oscillators. The 
Hamiltonian (23) can in principle be diagonalized by a 
unitary transformation of the type used in Sec. ITI and 
can be expressed in terms of a new set of uncoupled 
harmonic oscillators. 

It is now possible to give a physical interpretation of 
bu and by*. The operator b4* is so constructed that 
acting on the ground state it produces an exciton of 
wave-number k and atomic state #. The operator by’* 
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applied to the exciton state ¢,k produces a crystalline 
state in which fwo atoms are excited. (This may be 
verified by direct recourse to the definitions of b,-* 
and bx.) Such double excitations are correctly generated 
by the d* but for one detail. There are V atoms in 
the crystal and only V(N—1) pairs of atoms taken in 
either order. Using boson operators produces an error 
in the normalization of the double-excitation wave 
functions of 1/N. The zero-order wave functions for 
multiple-wave functions can then be represented by 
boson operators in a manner analogous to spin waves 
in a lattice,’ with the same restriction to states with 
numbers of excited atoms much less than NV. 

The terms which were omitted from the model 
Hamiltonian (23) have two physical interpretations. 
Firstly, the b.* produces multiple excitations in which 
the excited atoms are not spatially correlated. Correlated 
multiple excitations could be constructed which would 
have different energies from the uncorrelated multiple 
excitations. Since the correlation energy of M dipoles 
vanishes as the dipoles are separated, the number of 
correlated states of appreciably different energy from 
the uncorrelated states should again be of order M/N. 
Secondly, the dipole interaction of single excitations 
depends on the presence or possibility of other excita- 
tions. These effects have atomic analogies. If an atom 
in its ground state is placed in an electric field, not only 
the states which are coupled to the ground state by 
the perturbation are mixed in with the ground-state 
wave function, but all accessible states are mixed in 
through higher-order perturbations. If a gas of atoms 
contains some atoms in an excited state, its dielectric 
constant will be different from that of a gas of atoms all 
in their ground states. Both of these atomic effects are 
omitted in the linearization of the model. 

The perturbation Hamiltonian for the interaction of 
an atom with the radiation field (in dipole approxima- 
tion) can be written as 


ie 2rhc \* 
Hatomn’ =— > > (—) 
m '#0,t40,04t eh \V | kl 
Kw dre *dre(t’| X| t)- ex 
X [aa* exp(—ik- L) +a, exp(ik- L)] 


ie 2rhc \4 
cach me 
mtkrh \V|k| 


X[L(O| X| thdie— (t| X}O)d1.*]- ek, 

X [aia* exp(—ik- L) +a, exp(ik- L)] 
2rhc 

te ~ VikI~ 


X Lana*ata*+yndiatdin*dintdiadia*]. (26) 


17 For a discussion of the conversion to boson operators for the 
spin wave case, see F. J. Dyson, Phys. Rev. 102, 1217 (1956). 
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The first term of this perturbation Hamiltonian couples 
the different excited states of the atom to each other, 
but does not couple any excited states to the ground 
state. The effect of this term will be omitted from the 
radiative interaction Hamiltonian and will be treated 
as a perturbation on the last two terms. The model 
radiation Hamiltonian will be expressed in terms of the 
exciton and photon creation and annihilation operators. 
Umklapp processes will be omitted for the usual 
reasons. It is assumed that the ground state of the 
atoms under consideration is an S state (all electrons 
being considered). There will then exist matrix elements 
of X from the ground state only to P states. The three 
degenerate P states may be always so arranged that 
the state created by by:* has matrix elements of X for 
a single atom only in directions perpendicular or 
parallel to k. Such an arrangement divides the excitons 
into two categories: transverse excitons with (0| X|é) 
perpendicular to k and longitudinal excitons with 
(0| X|t) parallel to k. There is no interaction between 
the longitudinal excitons and photons since ex,- (0| X| ¢) 
=( for longitudinal excitons of wave number k. 
Similarly there is no interaction between any of the 
three exciton modes in the Hamiltonian (23). For 
consideration of optical interactions, the longitudinal 
excitons can be omitted. In (23) and (26) only P-states 
have interactions with each other or with the radiation 
field, so all other exciton states will be omitted from the 
final Hamiltonian. The transverse P-states will be 
labeled by a principal quantum number » and a 
polarization A. By utilizing the atomic f-sum rule,'* we 
obtain the exciton photon interaction in the form 


2rhc \* /ewor 
=> (x i(- . ) ( )o X| t) 
t kA Vik! c 


* 
X (Dir edier® — dire dent dirtier — Dien t*¥a_1n*) 


2reN 7 
+o (01X11) 


c|x| 


X (Gun* dint derdin* + din *a_1r*+ ayn »)). (27) 
This is the approximate exciton-photon interaction 
Hamiltonian of the tight-binding excitons. 

The total model Hamiltonian for the excitons and 
photons which interact is 
H= exciton +H photon+ Hexciton-photon+ Hexciton-exciton, 


where 


H photon 


= > he| k| (aur*axr), 
k,d 


18 The f-sum rule was used by Neamtan in his perturbation 
treatment of the dielectric properties (neglecting absorption) of 
a dilute gas to divide the A? term into contributions from the 
individual dispersion oscillators. See S. M. Neamtan, Phys. Rev. 
92, 1362 (1953); 94, 327 (1954). 
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Hexciton 


= 2 Es(be,«,n*b:, kd) 


k,t,r 
Hexciton-exciton 


2x Ne 
SES Se mene, ommeeete ps (X,- Xe-buen*by,—1r* 
3 Viet 


+Xi*+ Xy*bnaby, wrt Xe*+ Xe baandera* 
+ X,- Xe*brxr*b xr) 


(X,= (0| X|2)), (28) 
and Hexciton-photon Is given by (27). 

A comparison of (27) with (6) shows that each 
exciton type ¢ interacts with radiation exactly as the 
quantized polarization field interacts with radiation. 
In the absence of interaction between the excitons, the 
system of excitons in interaction with radiation in the 
model under consideration can be represented as a 
quantized set of classical polarization fields, one for 
each exciton band which interacts with radiation. Thus 
excitons are a physical example of the general polaritons 
of Sec. ITI. 

The dipole interaction term of the exciton Hamil- 
tonian is the quantum-mechanical expression of the 
classical “local field” correction to the polarizability 
of a density of atoms. For the case of only one exciton 
mode (transverse) with dipole matrix element |X| 
and atomic energy level £, the relation between the 
energy and wave number can be determined by using 
the diagonalization method of Sec. ITI. Direct applica- 
tion of the diagonalization procedure yields the secular 
equation 
8r(N/V)e?| X|*E 

_ ". (29) 


E?— (84/3)(N/V)é| X |?E—o? 
It is seen that the dipole coupling has two effects: it 
reduces the frequency of the excitons from that of the 
free atom and it increases the oscillator strength. 
Since 2e?|X|?E/(E*?—w*) is the polarizability of a 
free atom, (29) can be rewritten in the more familiar 
Lorenz-Lorentz form 


4n(N/V)a 


1 e/S)atN7) 


4n N 


e—1 


nanan rey (30) 
e+2 3 V 


The energy of the coupled-excitons is 


Se N |X|2\3 


Boca B(1-— 
or Ss 


The expansion of the square root to first order yields 
E— (4n/3)(Ne*/V)|X|?, which agrees with the expres- 
sion obtained by Dexter'® from perturbation theory. 


*D. L. Dexter, Phys. Rev. 101, 52 (1956). 
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If the radiation field is omitted from the problem, and 
the coupled exciton problem is solved, the shift in 
zero-point energy corresponds to the van der Waals 
forces. 

There are two points of view which can be adopted 
for treating the “local field” effects in the extreme 
tight-binding model. The semiclassical treatment 
assigns to each atom in the crystal a polarizability. 
The dielectric constant of the crystal is then computed 
by taking into account the dipole interactions between 
different polarized atoms. In the quantum-mechanical 
treatment, there are terms in the crystal Hamiltonian 
representing pairs of atoms. This interaction makes the 
crystal wave functions and energy levels different from 
the wave functions and energy levels of a collection of 
noninteracting atoms. Since the dipole interactions of 
the various atoms have, in this view, been properly 
taken into account in the quantum mechanics, it is 
not necessary to specifically include “local field” effects 
in the electrodynamics of the crystal. 

The quantum-mechanical point of view is used 
throughout the present work. It is simpler to work in 
terms of an assumed set of entire crystal eigenfunctions 
than to work directly with the atomic wave functions. 
In addition, interpretation is easier on an entire-crystal 
basis. An example is the occurrence of the 42/3 catas- 
trophe of the semiclassical theory at a finite frequency 
w not the same as any atomic transition frequency. 
This occurrence is easily understood in the quantum- 
mechanical description in terms of the difference 
between the energy levels of an atom and the crystal 
energy levels. Finally, the “Lorentz local field correc- 
tion” is only a first approximation to the exact result 
which would be obtained by using the exact Hamil- 
tonian.” A formalism written in terms of whole- 
crystal states (in which it is assumed that the entire 
crystal Hamiltonian has been diagonalized) can be 
valid whether or not the semiclassical local field 
correction is an adequate description of interactions 
between atoms. 

For the theory of absorption it will be assumed that 
the exciton-exciton interaction Hamiltonian has been 
unscrambled so that the exciton creation and annihila- 
tion operators for different bands are no longer coupled. 
The Hamiltonian for either the weak- or the tight-bind- 


® There is a simple classical analogy which points out why the 
Lorentz-Lorenz equation is a linear approximation. Classically, 
there is a large and rapidly varying field near an atom in an 
S-state due to the instantaneous value of its dipole moment. Thus 
an atom in a crystal feels the applied field, the mean interaction 
field of all induced dipoles, and a large, randomly varying field 
having an average value of zero. If the polarization of the atom 
is given by Pook+sEe (there will be no & term for spherically 
symmetric atoms), then the time-averaged polarization P in 

e presence of an applied field E, (small) and a large fluctuating 
field Eo(t) will be approximately P=[a+é’[Eo(t) PE. where 5’ 
can be computed from 6 and the details of the large, rapidly 
varying field. The observed polarization is proportional to E,, 
but the observed polarizability is not a. This effect is not included 
n classical local field formulas. 
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ing model will be taken to be 
Hexciton+ A photon + Hexciton-photon 


plus a perturbing term which will induce transitions. 
The exciton energies and oscillator strengths which 
belong in this Hamiltonian can in principle be obtained 
from the diagonalization of the exciton-exciton 
interaction. 

In the absence of absorption, the role of exciton states 
in dielectric phenomena is clear from the comparison 
of the Hamiltonian derived here and the generalization 
of Sec. III to include more polarization modes. The 
exciton states simply represent the quantized form of 
the classical polarization field. The eigenstates (normal 
modes) of the total Hamiltonian represent those 
combinations of polarization waves and electromagnetic 
waves which propagate in an ideal classical dielectric 
medium. 


V. COMPLEX DIELECTRIC CONSTANT 


Absorption, from the point of view of the present 
paper, is due to terms which have been left out of the 
approximate Hamiltonian. In Sec. IV, the ‘“many- 
body” interactions of excitons with all other energy 
modes of the crystal were omitted. The simplest of 
these interactions are the three-body interactions 
(in an “unclothed” notation) : 


exciton «+ exciton’+ photon, (a) 
exciton «> 2 photons, (b) 
exciton «+ exciton’+ phonon, (c) 
exciton «+ 2 phonons, (d) 
exciton «+ phonon+ photon, (e) 


and their variations.” The fact that fluorescence is 
not usually observed in pure materials implies that 
(a), (b), and (e) are probably not the dominant decay 
processes. The possibility of a sizeable energy shift in 
the exciton states due to interaction (c), the exciton 
polaron problem, is not expected to invalidate the 
general results of this paper. The author sees no reason 
why the qualitative conclusions to be derived would be 
altered in form by the use of excitons clothed in phonons, 
although the physical parameters would in any partic- 
ular instance, of course, be altered by the inclusion of 
lattice polarization effects. 

Order of magnitude estimates of the transition 
probabilities of different possible processes leading to 
exciton decay also indicate that process (c) should be 
the dominant decay process. The scattering lifetime 
for process (c) should be of the same order as free 
carrier scattering lifetimes for carriers having the 


1 If the phonons are coupled to the electromagnetic field, a 


second type of process is ible. The mixed states of photon 
and phonon (for which the me of Sec. III is also applicable) 
can decay into‘exciton states. This gives rise to a kind of indirect 
absorption process. 
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same kinetic energy as the exciton, and thus be about 
10-” to 10~“ second. All the other processes are much 
slower. Process (e), for instance, has a lifetime greater 
than (but of the same order as) a~!To, where a@ is the 
exciton-lattice coupling constant, and 7» is the lifetime 
of decay of a localized exciton for photon decay neglect- 
ing the resonant sharing of energy. 7 thus lies between 
10~* and 10~* second, depending upon the exciton 
oscillator strength, whole a for most excitons will be 
of the same order as a for free carriers, lying between 
0.1 and 5. Processes (a), (b), and (d) are also slow 
relative to (c). 

Any of these three-body interactions which produce 
transitions represent a sink from the optical point of 
view, for a three-body transition is a method of trans- 
ferring energy from a mode of wave vector k into modes 
of wave vectors not equal to k. From a physical point 
of view this represents a scattering, whereas two-body 
interactions which conserve wave number do not in 
general cause a process which can be viewed as scatter- 
ing or an “absorption” because the restriction of 
wave-vector conservation usually prohibits real transi- 
tions. On the other hand, any of the three-body 
processes listed have an energy continuum of final 
states of the same wave number as the initial exciton 
state, producing the possibility of real transitions if 
the exciton energy overlaps this continuum. 

Observed exciton absorption lines are virtually 
always broad compared to atomic line widths and the 
widths are strongly temperature dependent. An 
inference which may be drawn from this fact is that 
the exciton-lattice interaction is dominant in exciton 
decay processes. It would then seem to be the exciton 
part of the clothed exciton which causes clothed 
excitons to scatter and produces the effect of optical 
absorption. 

In order to represent the coherent propagation of 
the primary beam, it is sufficient to take into account 
the attenuation of the primary beam, without calcula- 
ing explicitly the final history of the scattered waves. 
We follow the treatment of the complex dielectric 
constant given by Fano” to derive a complex dielectric 
constant which expresses the effects of higher-order 
couplings. We therefore assume that each of the normal 
modes of the approximate exciton-photon Hamiltonian 
is coupled weakly to a continuum of states through the 
three-body (and higher-order) processes described. This 
coupling is assumed to be weak (the transition probabil- 
ity for decay is much less than the reciprocal of the 
normal-mode frequency). It must be further assumed 
that the matrix elements and density of final states for 
normal-mode decay are slowly varying functions. 
Neglecting the energy shift due to the “dissipative” 
interaction, Fano shows that a suitable complex 


# Fano, reference 3, Appendix A. 
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dielectric constant is 


4n 8; 
(31) 





e(w)=1+ > - 


’ 
i 1—(@*/w?7)+i7,w 


where y; is the transition probability for decay of the 
jth normal mode, and 8; is the polarizability of the 
jth mode. 

The y; can in turn be expressed in terms of bare 
exciton lifetimes if the decay process is sufficiently 
simple. For example, if the exciton — exciton’+ phonon 
process is assumed to be the decay-causing interaction, 
and the exciton’ is assumed not to interact with 
radiation, then the relation between y; and thedecay 
lifetime for a bare exciton is determined by writing 
the exciton — exciton’+phonon interaction in terms 
of the normal mode operators. In the simple case of only 
one exciton band, the transformation is described by Eq. 
(16). In the simple one-band case, |Ci2|?=1 for E ~wo, 
and y~ is the bare exciton lifetime. For more compli- 
cated cases, the relation is not necessarily so simple, 
for there can exist interference effects between different 
exciton components in normal-mode decay. 

If the density of states into which the normal modes 
decay is not smooth, additional structure reflecting 
this fact may be observable. This can be the case when 
an optically accessible exciton band is coupled through 
phonons to other energy bands not available to direct 
optical transitions. In this case y will be a function of 
frequency. Indirect absorption of light by exciton states 
in a phonon process (photon—optical phonon—exciton 
+phonon’) is an example of such a process. Here, the 
absorption is associated with oscillators (optical 
phonons) of very low energy. There is a sudden change 
in the lifetime [y(w)] of the phonon-photon state as 
the frequency increases to a value which allows exciton 
formation, even though the frequency region is far 
removed from optical phonon frequencies, and the 
exciton band is not directly accessible to optical 
transitions. 


VI. SUMMARY AND APPLICATIONS TO 
EXPERIMENTAL WORK 


The qualitative difference between the absorption of 
light by exciton states in the theory developed here and 
the usual point of view must be strongly emphasized. 
In the usual view, light propagating through the crystal 
directly creates excitons, and the energy flux of the 
incident beam is reduced by the amount of energy given 
up in creating excitons. The incorrectness of this point 
of view was discussed in Sec. II. In the point of view 
developed here, light inside a crystal mixes strongly 
with excitons in the crystal, producing a propagating 
mode of mixed exciton and photon. True absorption 
takes place when other crystal states are excited by the 
exciton part of this propagating mode. The energy 
absorbed by a crystal does not lie in the exciton modes 
to which the light was directly coupled. Instead, it 
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lies in the crystal energy modes to which the excitons 
coupled to the light can make transitions. This qualita- 
tive difference, in conjunction with the fact that excitons 
do not undergo pure radiative decay, can produce 
large changes in the interpretation of optical phenomena 
in crystals.* 

A qualitative distinction between two different types 
of absorption can be made in order to understand 
more clearly the absorption process. The kind of 
absorption usually considered might be called ‘true 
absorption.” In true absorption, the intensity of a 
light wave propagating through a crystal is diminished 
because of the absorption of energy from the light wave 
by the crystal. The measure of true absorption is 
classically the spatial rate of attenuation of the Poynt- 
ing vector. A second kind of absorption might be termed 
“penetration absorption.” A classical dielectric with 
no damping exhibits total external reflection in a 
semi-infinite geometry. This total reflection occurs in a 
frequency region just above the resonant frequency of 
the dielectric. The dielectric constant is negative in 
this frequency region. An electromagnetic field exists 
inside the dielectric even in this total-reflecting 
frequency region. The wave vector (for normal in- 
cidence) is purely imaginary inside the dielectric. If the 
transmission of a plane parallel sheet of such a dielectric 
is measured as a function of sheet thickness, the 
imaginary part of the wave vector can be measured in 
spite of the fact that there is no absorption of energy 
by the dielectric. 

The problem of interpretation of experimental 
results is a completely classical one, but one which 
should be closely examined before applying this theory 
to experimental results. A differentiation between the 
two kinds of absorption is not normally made in cases 
of strong optical absorption, where both types are 
usually present. The theory developed here relates the 
imaginary part of the dielectric constant to parameters 
characteristic of the crystal. It is important for applica- 
tions of the theory to analyze and interpret experiments 
in such a way that the optical constants (m, and nj, €, 
and ¢;, or suitable combinations) are obtained. This is 
especially true in making reflection corrections to 
transmission experiments for obtaining n;. A trivial 
and extreme example is the measurement of m; in the 
case of pure penetration absorption. If an ordinary 
reflection correction is made, it will be found that all 
the energy not reflected from the crystal is transmitted 
through the crystal. To interpret this fact as a lack of 
energy absorption by the crystal is completely correct. 


%In some cases, the applicability of the theory is limited to 
low temperatures. Ir order for the theory to be valid, it is necessary 
that the rate of exchange of energy between the exciton and photon 
in a mixed eigenstate be fast compared to the transition probability 
for exciton-phonon scattering. The rate of energy exchange is 
approximately wo(x8)?, as can be seen from (12). For oscillator 
strengths of 10-* or smaller and temperatures high enough that 
the free-carrier scattering lifetime is around 10™ sec, the rate of 
energy is no longer fast compared to the rate of exciton scattering. 


HOPFIELD 


To interpret this fact as proof that the imaginary part 
of the index of refraction is zero is definitely incorrect. 

A useful approximate expression can be found from 
the more general Eq. (31) for 8 in terms of the observed 
absorption coefficient if y/wo1 and an absorption 
single line is sufficiently isolated that the following two 
conditions are met: 


1. The contribution of all other bands to the real 
part of the dielectric constant is positive and essentially 
constant over the region of study. 

2. The contribution of all other bands to the imag- 
inary part of the dielectric constant is zero. 


The approximate formula, exact only for y=0, is 


n;(w)dw 
“absorption line 


4n8 f' (1—y*)! 


0 cmon, 
n Jo [1+(428/n’)y? }! 


(32) 


where n? is the dielectric constant due to all other lines, 
evaluated in the region of absorption of the line under 
study, and wo is the frequency of the absorption line. 
(The integral can be expressed in terms of elliptic 
functions if desired.) The large contribution to the 
integral occurs when y is near zero. In many physical 
cases, 428 is small enough that 478/n* can be neglected 
in the denominator. For these cases, 


(33) 


n;(w)dw. 


bsorption line 


nm 
fabsorption line = —— ——W0 V cell 
re , 


This equation resembles closely the Smakula equation™ 


for absorption by impurities in a crystal, except that 
a factor [3/(m?+2)}? which occurs in the Smakula 
expression is missing here. The physical reason for the 
absence of this term is that, for the perfect crystal, 
all “local field” effects are taken into account in a 
correct computation of the crystal wave functions 
(see Sec. IV). The derivation of (33) does not rest on 
the assumption n<<1. However, the extension of (33) 
to the case of two adjacent lines in the form 


n;(w)dw 


th lines 


fit fom constant f 
bo 


is not correct unless the condition <1 is met. 

One important result of (33) concerns the estimation 
of relative oscillator strengths from observed absorption 
data (i.e., from n;). When two absorption lines lie 
close together, the lower-energy line is suppressed and 
the higher-energy line is enhanced in the area under 
the n,;(w) curve. This effect arises because the contribu- 
tion by the higher-energy line to n’ in (33) for the 
lower line is large and positive, whereas the contribution 


* See the “generalized Smakula equation” of D. L. Dexter 
(reference 19). 
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by the lower-energy line to nm’ in (33) for the higher 
energy line is large and negative. 

The assumptions which have been made to obtain the 
theory of the dielectric constant were discussed as they 
were made. The least satisfying of these is probably 
the assumption that the general theory is valid for 
actual crystals which do not fit either extreme exciton 
model. The theory as constructed in Secs. III through 
V is a more precise theory than the usual one outlined 
in Sec. II. The division of the crystal into sub-blocks, 
the use of semiclassical radiation theory, the assumption 
that e—1 is a small quantity, and an appeal to a group 
velocity were all avoided. 

The formulation given of the complex dielectric 
constant problem makes it possible, in principle, to 
compute the complex dielectric constant from first 
principles. Although it is impossible to make really 
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satisfying calculations on the basis of this theory 
without much more knowledge of exciton wave functions 
and the exciton-lattice interaction than is available at 
present, nevertheless the theory can be of use in provid- 
ing a framework in which to interpret the optical 
absorption associated with exciton states. 
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The problem of hot electrons in a nonpolar crystal is reconsidered using the Lorentzian gas model more 
accurately. Scattering by acoustical phonons alone is considered first. The new results are (1) an asymptotic 
formula for the moments of the velocity distribution which permits calculation of the deviation from the 
square root law at high fields, and (2) a recursion system allowing the calculation of any velocity polynomial 
in terms of the average energy, random velocity, and mobility of the electrons. Scattering by ionized im- 
purities in addition to acoustical phonons is considered next and the distribution function is derived. The 
proportionality constant relating the change in the low-field mobility to E? is shown to be highly sensitive 
to ionized impurity scattering. Thus, appreciable changes from its value for pure lattice scattering occur for 
uo/us as low as 10°*. (E£ is the field strength and po and yw; are the low-field lattice and impurity mobilities, 
respectively.) It is pointed out that substantial deviations from results obtained using a Maxwellian dis- 


tribution do occur. 


1. INTRODUCTION 


HIS paper concerns the motion of electrons (or 

holes) in nonpolar semiconductors or insulators 
in strong electrostatic fields. We consider a crystal with 
spherical energy bands and at a high enough tempera- 
ture so that the equipartition law is valid for the 
acoustical lattice oscillators with which an electron 
interacts. With these two assumptions, Shockley! shows 
that the scattering cross section? and the average energy 
losses for an electron interacting with acoustical 
phonons, remain, to a good approximation, the same 
if we replace the phonon field by a classical gas of hard 
spheres of mass’ K7/c? (where c is the longitudinal 
speed of sound and AT is the thermal energy) and of 


1 W. Shockley, Bell System Tech. J. 30, 990 (1951). 

2 See also F. Seitz, Phys. Rev. 73, 549 (1948); A. H. Wilson, 
The Theory of Metals (Cambridge University Press, Cambridge, 
1953), second edition, Chap. 9. 

’ The validity of equipartition implies that KT/c is much 
greater than the electron effective mass. 


such a density as to make the mean free path (mfp) the 
same in both cases. This is the Lorentzian*> gas model 
or the gaseous discharge analogy. Indeed, the velocity 
distribution function is the same in both cases. (See 
Sec. 2.) 

In Sec. 2 we shall give accurate calculations for the 
physical properties of hot electrons in Shockley’s model. 
In particular, we wish to emphasize deviations from the 
square root law in the current voltage characteristics 
at intemediate fields. 

In Sec. 3 we shall consider scatterings by ionized 
impurities, in addition to acoustical phonons, derive 
the proper distribution function and obtain deviations 
from Ohm’s law at low fields. The results will be com- 
pared to those obtained using a Maxwellian distri- 


4H. A. Lorentz, Theory of Electrons (Stechert and Company, 
New York, 1923), p. 267. 

5S. Chapman and T. G. Cowling, The Mathematical Theory of 
Nonuniform Gases (Cambridge University Press, Cambridge, 
1953), second edition, p. 187. 
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bution.* The major difference is that in our calculations 
ionized impurity scattering is important for rather low 
densities of ionized impurities. It should be made clear, 
however, that we assume that electron-phonon collision 
dominates electron-electron collision, while a Max- 
wellian distribution represents the other extreme.’ 


2. ACOUSTICAL PHONONS 


In the diffusion approximation, the velocity dis- 
tribution function of electrons, f, is written as 
f=f°+f' cosé, where @ is the angle between the di- 
rections of the electric field E and the electron velocity 
c;. The functions f° and f! satisfy the Lorentzian gas 
equations :* 


fi=— (gEl/myar)af"/ae1, _ 


gE re] my, 0 cy KT of 
2 
—(c?f')= 
3m,c? dc, mc? 0c,\ | ml dc, 
where gq, /, and m, are the electron charge, mean free 
path, and effective mass, respectively, and m,.=KT/c’. 


Since / is energy independent, the above equations give 
fr=e*(1+2/y)"/ f(y,2), (2.3) 


where x=m,c?/2KT, y=3(uok/4c)*, pwo=Fql 


X (2em,KT)-}, the zero-field mobility, and 


(2.4) 


fo)= f *(14+5/y)retds. 


Thus, f° is normalized to unity. 

To evaluate the average of any velocity polynomial 
we need to know f(y,r) for integral and half-integral 
values of r. A partial integration of (2.4) gives the 
recursion system, 


Sy, +1) = (t+) f(y.) +ryf(y, r— 1) +9610; 


r>0. (2.5) 


It is clear from (2.5) that a calculation of f(y,r) for 
r=0, 3, 3 is sufficient to generate other integral or 
half-integral moments. These basic moments have been 
calculated and used in calculating the mobility, average 
energy, and random velocity given by uy, ¢, 2, respec- 


6M. S. Sodha, Phys. Rev. 107, 1266 (1957). 

7See H. Frohlich and B. V. Paranjape, Proc. Phys. Soc. 
(London) B69, 21 (1956). 

® See Chapman and Cowling, reference 4, p. 346. These classical 
equations can be obtained directly by expanding the collision term 
in a Taylor’s series in terms of the energy transfer or change in the 
velocity magnitude; I. Adawi, Bull. Am. Phys. Soc. Ser. II, 3, 13 
(1958). The transport equation for the quantum-mechanical 
problem of electrons and acoustical phonons can be treated 
similarly. A Taylor’s expansion in terms of the energy transfer is 
possible as has been done by J. Yamashita and M. Watanabe, 
Progr. Theoret. Phys. (Japan) 12, 443 (1954); or in terms of 
change in the electron wave number &, either directly, or indirectly 
by applying the method of Chapman and Cowling, and equations 
identical to (2.1) and (2.2) are obtained [I. Adawi (unpublished) J. 


an “pat, (2.2) 
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tively. Thus 
u/wo= dx" f(y,0)/ f (9,3), 
v/vo= 3a f(y,1)/f(y,3), 
vo= (8KT/xm,)!, 
€/€o= 3S (y,9)/f(9,3), 
eo=3KT. 

For y<1, f(y,r) is approximated by its tangent at 
the origin which is equivalent to the Davydov® ap- 
proximation, f°« e~*x", and 

u/po* 1—2(1—In2)y, 
v/vo~ 1+ (2 In2—1)y, 
€ ‘Eg 1+4y. 
For y>>1, an asymptotic expansion gives” 
f (yr) ~ 2 yO (r+-1) JF (r), 
F(r)=14+49(2/y)Tr+2)/TH(r+1)] 
+ (1/18) (r+3)(7+1)(7+3)y7, 


(2.8) 


and 
u/wo~1.08y—F (0)/F (3), 
v/vo~0.86y'F (1)/F (3), 
e/eo~0.70y'F (3)/F (4), 
F(0)=1+0.53y-#+-0.083y-, 
F (3) =140.87y#+0.295-, 
F(1)=1+1.25y#+-0.67y7, 
F(3)=141.67y3+1.25y71, 


The set of equations (2.9) give the deviations from the 
well-known simple laws, w« E~?, v« FE}, and ex F. 
For y=100 these deviations are about 4% in uw and » 
but about 8% in e. The results of the calculations are 
presented graphically in Figs. 1-3. 


3. IONIZED IMPURITIES 
We wish now to include impurity scattering in 
addition to lattice scattering. Consider fixed and 
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Fic. 1. Reduced mobility, random velocity, and energy as a 
function of the reduced field parameter y. 


® B. Davydov, Physik. Z. Sowjetunion 8, 59 (1935). 
Fn the Druyvesteyn approximation, /°~exp(—2*/2y), 
r)=1, 
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randomly distributed centers of density NV; per unit 
volume and differential cross section o;(6,c,), where the 
index 7 runs over the different types of impurities, such 
as ionized, neutral, etc. Such a scattering will not 
involve any energy loss (at least not within our ap- 
proximations) and consequently (2.2) will remain 
unimpaired. The only change is that in (2.1) / will be 
replaced by an effective mean free path, | given by 


l=I\/ (1+); 


ht=>}> 2nNi f ost —cos@) sin6dé. (3.1) 


The resulting f° will be given by: 


z y X =i 
-f asf | ; (3.2) 
xl+r 
For ionized impurities, \ is proportional to the square 
of the energy (aside from a logarithmic term which we 
shall treat as a constant"') and can be related to the 


lattice vibrations mean free path, /, through the 
equation, 


f’=const exp 


A=lea?, a? = 6puo/ur, (3.3) 


where wo and yu; are the zero-field mobilities of the 
lattice and ionized impurities, respectively. Using (3.3) 
in (3.2), we have 


pf <exp| a f ‘deft yx/(at+02)}} 


= 6-7 (22+ xy+a") exp| -1y [ dx(tayte| . 
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Fic. 2. Drift velocity/yo vs field strength, for values of yo/c 
ranging from 0.5X 10™ to 10X 10™. 


“1 E, Conwell and V. F. Weisskopf, Phys. Rev. 77, 388 (1950), 
see also, for example, P. P. Debye and E. M. Conwell, Phys. Rev. 
93, 693 (1954). 
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Fic. 3. Electron energy vs field strength, for values of yo/c 
ranging from 0.5X10™* to 10K 10™%. 


therefore, in general, 
fox e*(14+2%a-*)!y, 
~e*(14+2/y)¥, 


y<K2a 
y>2a. (3.4) 
Replacing / by / in (2.1), we obtain that the com- 
bined mobility a is given by 
p= (1/2)9buolxtd/ dal a—a?x?(x?+07) ])w, 
where the average is taken with respect to f° nor- 
malized to unity. From (3.4) and (3.5) we have for 
small fields, y<<1, 


(3.5) 


i/o 1+ By, 
fo= A(y=0)= (1—a7S1) yo, 
B=[Si— (1/8)a?L2°+ (1/2)a?(So—S1) ]/ 
(1—a*®S;)—27L}}, 


(3.6) 


where the functions § and ZL are defined by 


x 


S,= f x"e~*(a?+-27)“Ildx, 
: (3.7) 


Ln*= f x"e~*(1n(1+a7*x*) ]"dx. 
0 


The integrals Sp and S; are well known,” while L,° and 
L,' have to be evaluated numerically. For large a 
(a~ 20) we can develop the asymptotic expansion, 


8~ (33/8)a-2(1—81.875a-2)/(1—200-2). (3.8) 


It is found that B<0 for 0<a<1.02 and 8>0 for 
a>1.02. We can say that in the former range of a 
lattice scattering is dominant and in the latter range 
ionized impurity scattering dominates. 8 assumes a 
maximum value of 0.072 at a~2.8. Figure 4 shows 
B versus a. 

In Table I, our values of the parameter 8 are com- 
pared with those obtained by Sodha® using a Max- 

2 The values of So and S, tabulated by R. B. Dingle e¢ al., 
Appl. Sci. Research B6, 155 (1956), can be used for a<10. More 
accuracy is needed for larger a to obtain 8 to two significant 


figures. 
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4 
a 


Fic. 4. The coefficient 8 vs a. The ordinate scale on the right 
is to be taken with the dotted curve. 


wellian distribution for f° instead of that given by Eq. 
(3.4). Sodha’s values are denoted by §’, where 
B’=4f1(a1) in Sodha’s Eq. (15.1). From this table we see 
that both 8 and §’ change sign when a is slightly greater 
than 1, and assume a maximum for about the same value 
of a (a~ 2.8) although the maximum value of §’ is about 
15% larger than that of 8. For a>>1, we have p’~4.5a~ 
which is about 9% higher than the leading term of Eq. 
(3.8). For a<1, 8 and #’ differ in general by a factor of 
two to three. 

A major difference between our results and those 
based on a Maxwellian distribution lies in the sensitivity 
of the parameter to ionized impurity scattering. From 
the first two rows of Table§I, we observe that for pure 
lattice scattering (a=0), B=—0.61, and that for a 
slight ionized impurity scattering corresponding to 
a=0.1 or (uo/ur=1/600), B=—0.44 which is a sub- 
stantial change of about 28%. The corresponding 
change in #’ is less than 10%. At the same time ji, 
which is Ohm’s law mobility, changes only by 2%. We 
recall from Eqs. (3.3) and (3.6) that a? measures the 
ratio of scattering by ionized impurities to that of 
lattice vibrations and 8 measures deviations from Ohm’s 
law, or the field-dependent part in the mobility, at 
small fields. Thus a change in Ohm’s law mobility of 
2% due to ionized impurity scattering is accompanied 
by a change of 28% in the field-dependent part of the 
mobility at low fields, if electron-electron collision can 
be ignored. In case that electron-electron interaction 
is not sufficiently strong to impose a Maxwellian 


distribution, the actual value of 8 is expected to lie 
between the extreme values of 8 and @’ given in Table I. 


TABLE I. A comparison of 8 and @’ for different a’s. 


—0.23 

—0.01 

+0.077 
0.083 
0.078 
0.059 
0.043 
0.022 
0.010 


—0.44 

—0.003 

+0.065 
0.072 
0.065 
0.036 
0.027 
0.015 
0.009 


Note added in proof.—We have recently developed a 
variational method, particularly suited for calculating 8 
under general scattering mechanisms. If we select the 


n 
representation, f°« e~7(1+> b,«’), then the coefficients 
r=] 


b, can be determined by variational methods. If we take 
n=1, then 6,;=(1/2)S3y, and this distribution is iden- 
tical to the Maxwellian distribution to order y (or E?) 
and reproduces Sodha’s results. If we take two terms, 
n=2, and let a>1; then to order a’, 6;=0 and 

2= (1/2)a~*y, and the distribution is identical to that 
obtained from (3.4) by writing (1+a-*x?)(/?u~1 
+ (1/2)ya-*x*. Indeed, this distribution gives the same 
leading term as the asymptotic formula (3.8). For small 
a, a large number of terms is needed. Using three terms, 
we obtain for a=0, 8=—0.41 as compared to —0.61. 
A function involving Inx, or Inx itself which is exact, 
should be added to the series as a trial solution. Thus, 
for example, if f°« e~7(1+by' /-* die~‘/t), then b= —3 
and B= —0.52 for a=0. 

We have proved in general that to order £?, a Max- 
wellian distribution is a solution in a variational sense, 
(although it could be a poor one in certain instances as 
has been illustrated here), provided the collision opera- 
tor is linear. 
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The influence of mass ratio on the displacement cascade initiated when an atom of a solid of type AB 
receives considerable energy is investigated for a simple model. Isotropic scattering, equal probabilities for 
collisions of various pairs of atoms, and a single threshold energy for displacement are assumed. The formula- 
tion of the problem is like that of Harris, but threshold energy is introduced in the manner of Kinchin and 
Pease. Comparatively simple equations are obtained and solutions which are always approximately correct 


have been found by the Laplace transform method. 


The total number of displacements does not vary greatly with mass ratio. When the mass of the heavy 
atom is more than about ten times that of the light, the difference between the numbers of A atoms and B 
atoms displaced by a primary A atom increases as a fractional power of the primary energy. For smaller 
mass ratios, the difference approaches a constant. To illustrate some implications of the results, the relative 
numbers of A and B atoms displaced by incident monoenergetic protons are considered. 


I. INTRODUCTION 


OME of the high-energy radiations to which solids 
are exposed produce primary knock-on atoms with 
sufficient energy to displace many additional atoms 
from their normal sites. Frequently, the sharing of the 
energy of the primary with other atoms is regarded as a 
sequence of two-body collisions between hard spheres. 
The relation of this picture to events in real solids and 
the calculation of the number of displacements to be 
expected have been considered by a number of authors.!~“4 
Although most of the theory has concerned monatomic 
solids, Harris® has extended it to polyatomic solids and 
reported some numerical results on the influence of mass 
ratio in the case of compounds of type AB. The main 
purpose here is to give a rather complete treatment of 
this latter problem for an extremely simple model. The 
formulation of the problem is similar to that of Harris, 
but considerable simplification is achieved by intro- 
ducing the threshold energy for displacement in the 
manner of Kinchin and Pease. 


II. MONATOMIC SOLIDS 


It is helpful to first recall some features of the Kinchin 
and Pease treatment of the monatomic case. Suppose 
that an atom receives an energy 7, large enough to 
produce a number of displacements, but small enough so 
that its only collisions are hard-sphere collisions with 
other atoms. To begin with, consider the atoms as free. 
After the first collision there are two moving atoms 


* This research was supported in whole or in part by the U. S. 
Air Force, monitored by the Aeronautical Research Laboratory, 
Wright Air Development Center. A preliminary report covering 
part of this research was made earlier [E. M. Baroody, Bull. Am. 
Phys. Soc. Ser. II, 2, 355 (1957)]. 

1W. S. Snyder and J. Neufeld, Phys. Rev. 97, 1636 (1955). 

2G. H. Kinchin and R. S. Pease, in Reports on Progress in 
Physics (The Physical Society, London, 1955), Vol. 18, pp. 1-51. 

3 F, Seitz and J. S. Koehler, in Solid State Physics, edited by F. 
Seitz and D. Turnbull (Academic Press, Inc., New York, 1956), 
Vol. 2, pp. 305-448. 

*R. H. Silsbee, J. Appl. Phys. 28, 1246 (1957). 

5E. G. Harris, Phys. Rev. 98, 1151 (1955); Naval Research 
Laboratory Report NRL-4807, August 3, 1956 (unpublished). 


distributed in energy according to 


N(T')dT'=2dT'/T, T'<T 
=(), re (1) 


Next, let the binding of the atoms be introduced as 
follows: after any group of collisions, atoms with 
energies below a threshold FE, are regarded as not dis- 
placed and are forgotten, those with energies between 
FE, and 2£, are simply counted as displaced, and, finally, 
those with energies above 2£, are followed through 
subsequent collisions. 

One can already see how many atoms will be eventu- 
ally displaced. Energy is removed from the cascade by 
the atoms which appear with uniform probability in the 
range zero to 2Eq. Since these atoms have an average 
energy Ea and half of them are displaced, the total 
number of displacements will be 7/2Ea. 

A somewhat different procedure which can be readily 
extended to diatomic solids leads to the same result. 
Introduce y=7/£, and let g(y) represent the total 
number of displacements. Then, for y<1, g(y)=0, and 
for 1<y<2, g(y)=1. For y>2 the first collision yields 
two atoms characterized by (y—y’) and y’, where the 
probability for y’ in dy’ is zero for y’>y, and dy’/y for 
y’<y. Since g(y) may be expressed in terms of the 
displacements produced by the two moving atoms, one 
has 


7 dy’ 2 f¥ 
a= f (ev-y)+6y)}—=- f g(y’)dy’. (2) 
0 7 0 


y 


The solution satisfying the initial conditions is g(y) 
=y/2. 


III. EQUATIONS FOR DIATOMIC SOLIDS* 


Consider a diatomic solid of type AB in which the 
threshold energy is the same for all atoms and in which 


6 Since writing this section the author has recognized that the 
calculation of the difference f(y)=Ni—N¢ raises questions not 
encountered for the total number of displacements g(y). The point 
is that for \>4 the initial conditions on f(y), implied by our 
method of introducing a displacement threshold and stated in 
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the probabilities for collisions involving various pairs of 
atoms are equal. Suppose that a primary knockon with 
y>2 is produced and let Ni(y) and N2(y) be the num- 
bers of atoms, like and unlike the primary, respectively, 
which are finally displaced. If the first collision is with a 
like atom, the contribution to Ni(y) is 


2 y 
- f Mi(y’)dy’, 
y~0 


the argument proceeding as for a monatomic solid. If the 
collision is with an unlike atom, the incident atom 
retains an energy y’ in the range (1—A)y to y, where 


A\=4M 4M 5/(MatM 2)’. (3) 


Values of y’ in this range are equally probable and the 
contribution to N;(y) from subsequent collisions of the 


incident atom is 
uv 


1 
— Nil(y’)dy’. 
Ay Yauwy 


Meanwhile, the target atom receives an energy between 
zero and dy and finally contributes 


1 
“ne f N2(y’)dy’. 
Ay 0 


On combining terms, giving equal probabilities to the 
two types of collisions, one obtains 


y y 
2ryNi(y) =2A f Ni(y')dy’+ i) Ni(y')dy’ 
0 


(1—A) y 


+f N2(y’)dy’. (4) 





i 2As— (1—A)**Lexp(se:) — 1]—A*#Lexp(se2) — 1] 
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By a similar argument one may show that NV2(y) can 
be expressed in terms of integrals by interchanging the 
subscripts 1 and 2 in Eq. (4). That is, Vi(y) and N2(y) 
satisfy a pair of coupled equations. However, one may 
obtain uncoupled equations by introducing 

f(y) =Nily)—N2(y), 
g(y)=Nily)+No(y). 
These functions satisfy separate equations which may 
be put in differential form: 
Ayf'(y)= fy)—(1-NF(I—A)y)—AF(Ay), (5) 
2ryg' (y) = g(y)— (L—A)g((1—A) yy) +Ag(Ay), (6) 
and are subject to the initial conditions 
f(y)=8)=0, 0<y<1 
fo)=sO)=1, 1<y<2. 


IV. SOLUTIONS OF THE EQUATIONS 
Good approximate solutions of Eqs. (5) and (6) may 
be obtained by the Laplace transform method. Intro- 
ducing Z=In(y/2), one finds that for Z>0, P(Z)= f(y) 
and Q(Z)=g(y) satisfy 
2AP’(Z) = P(Z) — (1—A) P(Z+-In(1—A) ) 
—AP(Z+l1nd), (8) 


2AQ’(Z) = Q(Z) — (1—A)Q(Z+ In(1—))) 
+\Q(Z+Ind), (9) 


(7) 


where 


P(Z)=0(Z)=0, Z<—In2 
P(Z)=Q(Z)=1, —In2<Z<0. 


Letting p(s) and g(s) represent the Laplace transforms 
of P(Z) and Q(Z), one finds immediately from a 
transformation of Eqs. (8) and (9): 


(10) 





p(s)= 


s[2As—1+(1—A)*#—Att] 


2As— (1—A)**#[Lexp(se1)— 1]+A*[Lexp(see)— 1] 


(11) 





q(s)= 


s{2ds—1+(1—A) "HAH ] 


Here « is the smaller of —In(1—A) and In2, and e2 the 
smaller of —InA and In2. 
The asymptotic forms of the functions P(Z) and Q(Z) 


Eq. (7), are not consistent with the integral equation for f(y) 
which follows from Eq. (4) and its counterpart. The reason is that 
our definition of displacement threshold rules out interchange 
collisions by atoms receiving energy y< 2 while for y=2 and A>} 
the integral equations include interchange collisions. The use of 
Eqs. (5) and (7) in this paper excludes these particular inter- 
changes and is equivalent to adding a function of alone to the 
integral equation for f(y). Physical arguments for excluding the 
interchanges in question could be made, but the point is actually 
of little practical importance. We find in Sec. IV that f(y) is always 
small for \>4, never being much greater than unity. Including all 
interchanges would make it still smaller and no significant results 


would be changed. 


for large Z can be inferred from a study of the singu- 
larities of the Laplace transforms. For g(s) the dominant 
singularity is a simple pole at s=1. The residue A (A) at 
this pole is given by 


[2n+ (1—A)? In(1—A)—A? Ind] (A) =A(1+2A), 
A<} 

= 5\—20—1, 

>}. 





(12) 


This indicates that for large Z, Q(Z)+A exp(Z). That 
is, for large y, 


g(y)=Ay/2. (13) 
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Fic. 1. The lines show that A and (B+C) as determined from 
Eqs. (12), (18), and (19) remain near unity. This indicates that 
the asymptotic forms of f(y) and g(y) are always good approxima- 
tions and that the total number of displacements is insensitive to 
the ratio of masses. Circles are values of A calculated by Harris 
for his model. 


The upper curve in Fig. 1 shows A(A) as computed 
from Eq. (12). The circles show corresponding results of 
Harris for certain mass ratios. According to both calcu- 
lations, the total number of displacements is only 
slightly dependent on the mass ratio of the atoms. Some 
features of the dependence which is found can be 
understood in a qualitative way, but for a satisfactory 
discussion results for more general assumptions are 
needed. 

Sufficient information about the asymptotic form of 
P(Z) can be obtained from the behavior of p(s) near its 
poles on the real axis,’ determined by the real roots of 


2As— 1+ (1—A)*4!+A*#=0 (14) 


When A0 satisfies 


2+ (1—A) In(1—A)-+A InA=0, (15) 


that is, when A=0.3092, the only real root of Eq. (14) 
is a double root at s=0. One then finds that for s near 
zero, 
s°p(s)=0.571+1.058s. (16) 
This indicates that for large y, 
f(y) =0.571 In(y/2)+-1.058. (17) 


For \#0.3092, Eq. (14) has two distinct roots, one at 
s=0, and a second at s=a, where @ varies with \ as 
shown in Fig. 2. The corresponding residues are B(A) 


7 Little effort was made to locate nonreal singular points of 
either of the Laplace transforms, and certain real poles of g(s) 
which lie to the left of s=—1 were ignored. Comparisons of 
asymptotic solutions with numerical integrations indicated, how- 
ever, that all the neglected singularities are much less important 
than those considered. More consideration of this point would be 
of interest. It should also be noted that Eq. (14) can be obtained 
without use of the Laplace transform if a trial solution y* is 
inserted in Eq. (5). 
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. 2. Variation with \ of the exponent a in Eq. (20) as deter- 
mined by Eq. (14). 


and C(A), where 
2A— (1—A) e1—Aee 
B(A)= , (18) 
2A+(1—A) In(1—A)+A Ind 





and 


aC (d)[2A+ (1—A)*# In(1—A) +Ae# Ind] 
=A[1—(2A)*], 


= (1—A){1—[2(1—d) ]*},, (19) 


\< 
A2 
These results imply that for large y, 

f(y) = BO) +C() (9/2) (20) 


The coefficients B and C are unbounded at A= 0.3092, 
where a=0, and one can show that near this point they 
can be approximated by 


B= Teale adel ist 
C= (0.571/a)+0.601. 


This behavior makes a direct plot of the coefficients 
inconvenient. Instead, the quantities (B+C), — Ba, and 
Ca have been plotted against \ in Figs. 1 and 3. In 
Fig. 3 only the range A<0.5 is covered. Beyond this 
interval, B always lies between 1.0 and 1.2, and C 
between —0.2 and zero. 

The main features of the asymptotic behavior of f(y) 
can now be seen. For \>0.309 (mass of the heavy atom 
less than 10.8 times that of the light), f(y) approaches 
the constant B which is near unity for \20.5 and be- 
comes very large near \=0.309. On the other hand, for 
\<0.309 (very unlike masses), f(y) grows as (y/2)¢, 
where a is unity for \=0 and drops toward zero as 
approaches 0.309. 

For A=0, 0.5, 1.0, the asymptotic solutions given in 
Eqs. (13) and (20) reduce to the particularly simple 
forms 


f()=80)=9/2, 
SO)=1, g0)=9/2, 


(A=0) 
(A=0.5, 1.0), 
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Fic. 3. The products aC and —aB as functions of X. 


which are in fact exact solutions for all y> 2. Moreover, 
Fig. 1 shows that for all \ the asymptotic solutions 
satisfy approximately the initial conditions at y=2. 
This suggests that they are always good approximations 
for all y>2. This point is illustrated for A=0.25 in 
Fig. 4 where the lines are asymptotic solutions and the 
points were obtained by forward integration. 


V. COMPARISONS WITH OTHER 
APPROXIMATE MODELS 


In most respects the results which have been obtained 
are clearly consistent with general qualitative con- 
sideration of how A influences the exchange of energy 
between atoms. It may be a little surprising, however, 
that the cases A=0.5 and A=1.0 turned out to be 
precisely the same, and that masses within an order of 
magnitude of each other behave so much like equal 
masses. To bring out to what extent these are peculi- 
arities of the model used, the further study outlined 
below makes comparisons with the model of Harris and 
with estimates based on the distribution of energy be- 
tween A and B atoms in a cascade among free atoms. 

The work of Harris is a generalization to polyatomic 
solids of the earlier theory of Snyder and Neufeld. In it 
the fact that most of the displacement energy £, is 
expended irreversibly is emphasized through the as- 
sumption that a knockon receiving the energy yEa can 
share, at most, only the difference (y—1)z in its next 
collision. Introducing the threshold energy in this way, 
Harris obtained equations for diatomic solids which can 
be readily restated in our notation. The functions f(y) 
and g(y) are again subject to the initial conditions of 


Eq. (7), but for y>2 they satisfy 


2r(y— 1) f’(y) = (1-A) f() FAS (9-1) 
—(1—A) f((I—A) y+) 
—rAfQAQ—1)), 


2d(y— 1)g’ (y) = (1—A)g(y) +Ag(y— 1) 
—(1—d)g((1—d) yA) 
+Ag(A(y—1)). 


These equations appear to be essentially more difficult 
than Eqs. (5) and (6). The asymptotic solutions still 
have the forms given in Eqs. (13) and (20), a being the 
same function of \ as before. The coefficients A, B, and 
C are new functions of \, however, and the author knows 
of no convenient way of determining them. Values of A 
for certain \ which Harris obtained by numerical solu- 
tion of his form of Eq. (22) have been plotted in Fig. 1, 
and do not differ significantly from those for our model. 

Numerical integrations of Eq. (21) for \=0.25 and 
\=0.50 were made as part of the present work and 
yielded 


(21) 


(22) 


B(0.25)=—4.4, C(0.25)=5.1, 
B(0.50)=2.12, C(0.50)=—1.25. 


Corresponding numbers may be obtained from Figs. 1 
to 3 for comparison with these results, but it is more 
informative to consider V2/(Ni+N2) = (g— f)/2g, which 
gives the fraction of the displaced atoms which are 
unlike the primary. In Fig. 5 this fraction is plotted 
against A for y=20 and y= 1000. The solid curves are 
for the model of this paper while the circles are for the 
model of Harris. Down to A=0.25 the agreement is 
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Fic. 4. Comparison for \=0.25 of the asymptotic forms of f(y) 
and g(y) w th exact solutions. The lines follow from Eqs. (13) and 
(20), the circles from numerical integration of Eqs. (5) and (6). 
[For y<4, f(y) and g(y) are identical. ] 


8 Curves of this type require some consideration of the early 
behavior of f(y) and g(y) as well as of their asymptotic behavior. 
For our model, for example, one can see from Eqs. (5) and (6) that 
the condition for V2(y)>0is y>2 for \>0.5, and Ay>1 for A ¢ 0.5, 
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good for y= 1000 and fair for y=20. The calculations 
which led to the dashed curve are outlined in the 
following paragraph. 

Suppose that a cascade is started in a group of free 
atoms by an atom of type A and energy 7. Let T4(p) 
and T',(p) denote the energies possessed by atoms of 
types A and B after p groups of collisions have dis- 
tributed the energy among 2” atoms. According to the 
assumptions made earlier, in the next group of collisions 
half of the moving A atoms will collide with A atoms 
and the corresponding energy }7.4(p) will remain with 
A atoms. The other half of the A atoms will collide with 
B atoms. They will retain the energy $(1—}A)Ta(p) 
and give the energy {A74(p) to B atoms. Meanwhile an 
energy {AT 2(p) will be received by A atoms from B 
atoms. Addition of terms gives, for the energy possessed 
by A atoms after (p+1) groups of collisions, 


Ta(pt1)=(1—}A)Ta(p) +)AT 2 (). 


Writing a similar relation for 7,(p+1) and making a 
subtraction, one finds that in each group of collisions the 
difference (T4—T,) is reduced by the factor (1— 4A). 
Since the total energy is always 7, the fraction of the 
energy of the primary knockon which has been trans- 
ferred to atoms of the other kind after p groups of 
collisions is 


(23) 


T,/T=43[1— (1-4)? ]. (24) 
To deal with bound atoms one may try the assumption 
that when T>E,, the quantity N2/(Ni+N2) is de- 
termined mainly by the way in which the energy would 
be shared by free atoms when a sufficient number had 
been set in motion to reduce the average energy 7/2? to 
Eq. That is, one evaluates Eq. (24) for p= (Iny/In2). 
This was done for y=1000 in preparing the dashed 
curve of Fig. 5. 

Figure 5 shows that in an approximate sense the 
equivalence of A=0.5 and A=1.0 is not a misleading 
peculiarity of the simple model as long as y is above 20. 
Results from the model of Harris agree that estimates 
based on Eq. (24) give too graduala rise of V2/(Ni+No2) 
with A. 

Generalization of the model of this paper to include 
more than one displacement threshold and unequal 
probabilities for collisions involving various pairs of 
atoms leads to equations which are likely to be hard to 
solve in detail.® It is therefore of interest that Eq. (24) 
works no worse than it does. The approach which led to 
it may be useful for dealing with very general problems 
concerning the disordering of polyatomic solids. 
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Fic. 5. Fraction of the displaced atoms which are unlike the 
primary for two primary energies. The solid curves apply to the 
present model, the circles to the model of Harris. The dashed curve 
actually shows the distribution of energy between atoms of two 
masses when an initial primary energy has been shared among 1000 
free atoms. It may be regarded as a rough estimate of N2/(Ni+N2) 
for y= 1000. 


VI. APPLICATIONS 

Since the objective here is a rather thorough study of 
a highly restricted model, extensive discussion of appli- 
cations would be out of place. It is desirable, however, to 
indicate the part played by the functions f(y) and g(y) 
in the determination of the relative numbers of A and B 
displacements when monoenergetic particles are inci- 
dent on the solid. 

Let ¢(y) be the differential cross section for the 
production by the incident radiation of a primary 
knock-on atom of a given type with energy near yEq. 
The difference between the fractions of all displace- 
ments which are A and B displacements, respectively, 
can then be expressed as 

Fa—F a= (Ja—Jn)/(KatKa), (25) 


where 


J= f S(yo(y)dy, K= f g(y)o(y)dy, 


and the subscripts on J and K denote the type atom for 
which the integral is to be evaluated. 

As an illustration, consider incident protons of energy 
E. For yS ym=4ME/[(M+1)°Ea], one has from the 
Rutherford scattering law 


re Z2\1 
Pe ok 
EE,\M/y¥ 


(26) 


where Z and M are the charge and mass numbers of the 
target atom. Using f(y) as given in Eq. (20) and taking 
g(y)=¥/2, one obtains 


(R-1)[(1+B)+C/(1—a)] 





Fa—F a=- 


E 
(R+1) in +] 1+ 


+d 


|| 1+ ; | 
(Mp+1)? (M4+1)? 


° If in the analysis leading to Eqs. (5) and (6) the restriction to equal probabilities for collisions between like and unlike atoms is 
dropped, but all other simplifying assumptions are retained, no essential difficulties are introduced. Some work on this and related 
generalizations is in progress. [See E. M. Baroody, Bull. Am. Phys. Soc. Ser. II, 3, 375 (1958). ] 
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where R= (Z4/Z)*(M2/M 4), and it has been assumed 
that (ym/2)!->1. 

Taking aluminum antimonide as an example, one 
finds 

Fsp—- Fai= [0.9 In (E/Ea) = 2.$}°. (28) 

Evaluations for E/E,= 10* and 10° (which might corre- 
spond to E=0.2 Mev and 2.0 Mev) give Fsp/Fai=1.4 
and 1.3. Among the primary knockons, Sb atoms are 
about three times as numerous as Al atoms. The 
equalizing effect of the fairly-long cascades reduces this 
ratio to the quoted values. 

Similar calculations for tungsten carbide show that 
among the primary knock-ons tungsten atoms are about 
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ten times as numerous as carbon atoms, and that for 
E/Ea=10' and 10°, Fw/Fc=2.4 and 1.8. It should be 
remembered, of course, that these estimates are illus- 
trative. Various factors, such as the excitation of 
electrons by very fast atoms, have been left out of 
account. 
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The nuclear resonance of the protons in cerous magnesium nitrate, Cez2Mg3;(NOs)12-24H20, has been 
studied in a single crystal cooled to temperatures below 1°K by partial adiabatic demagnetization and 
adiabatic rotation. The area under the nuclear resonance was used as a thermometric parameter. The 
area did not obey Curie’s law as a result of the temperature-dependent local rf field. A T—T7* relation 


was derived which gave temperature ratios on adiabatic rotation which agreed within 5-10% 


with ratios 


calculated from the properties of the crystal. The lowest measured temperature was 5X 107*°K. 
A study of the structure of the resonance showed that the splittings were caused by the average magnet- 
ization of the cerium ions and that the protons were at least 5 A from the cerium ions. 


I. INTRODUCTION 
a. Adiabatic Rotational Cooling 


ANY paramagnetic crystals can be cooled to 

temperatures below 1°K by the well-known 
techniques of adiabatic demagnetization.~* An alter- 
native process, adiabatic rotational cooling, can be 
applied to crystals with an appreciable magnetic ani- 
sotropy.*” Rotational cooling achieves the necessary 
reduction in the energy between the magnetic substates 


* This work was supported by the joint program of the Office 
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It is based on a thesis submitted by T.L.E. in partial fulfillment 
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of the ion in a magnetic field by changing the relative 
orientation of the field and the crystal. In adiabatic 
demagnetization the energy splitting is reduced by 
reducing the magnetic field applied to the crystal. In 
the present experiments both techniques have been 
employed, the rotational cooling being preceded by a 
reduction of the magnetic field. 

Consider an idealized paramagnetic crystal in which 
the interactions of a given ion with other paramagnetic 
ions and with the moment of its own nucleus are 
negligible. Let us assume that there is only one type of 
magnetic ion and that the crystalline electric field has 
split the free-ion energy levels so that only a Kramers 
doublet lies low enough to be appreciably populated at 
temperatures near 1°K. It follows from the Boltzmann 
expression for the relative populations of the two levels, 
that the magnetic energy splitting of the ground doublet 
divided by the absolute temperature, 7, is a constant 
for all isentropic processes. Hence, for isentropic 
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MAGNETIC RESONANCE 


processes the variation of T is given by 

T « gH, (1) 
where # is the magnetic field and g is the spectroscopic 
splitting factor. In general g depends on the relative 
orientation of the crystalline axes and the magnetic 
field. In the case of axial symmetry, g has two principal 
values g,, and g, respectively parallel and perpendic- 
ular to the axis. In this case g is given by 
(2) 
where @ is the angle between the magnetic field and the 
crystalline axis. The simplest form of the equation basic 
to rotational cooling, the relation of T to @ on an isen- 
trope, takes the form 


T (8) ea T (w/2) gi. (g1° cos*6+ g,? sin’6)! 


for axial symmetry. 

Cerium magnesium nitrate, CexMg3(NOs)12:24H,0, 
is an excellent paramagnetic crystal for use in rotational 
cooling experiments.’"""” The general features of rota- 
tional cooling have been confirmed for this crystal’ by 
observing the variation of the temperature, calculated 
from ballistic adiabatic susceptibility measurements, 
with the angle @. These experiments show that.CMN 
does indeed exhibit the above properties of the idealized 
axially symmetric paramagnetic crystal over a wide 
range of temperature and magnetic field. The ballistic 
measurements yield a lower limit of 57 for the ratio 
g./gu, in disagreement with earlier measurements.” 
Since the value of g, has been determined by para- 
magnetic resonance to be 1.84+0.02," the value g,; is 
not greater than 0.03. Only at very low temperatures 
or rather low magnetic fields do the effects of interionic 
interactions become appreciable. 


g= (gi? cos’0+-g,? sin’6)}, 


(3) 


b. Nuclear Magnetic Resonance" 


Since CMN contains waters of hydration, a strong 
NMR signal from the protons should be attainable. 
This signal in a crystal cooled below 1°K might serve 
as a useful thermometric parameter. The intensity of 
the NMR absorption is proportional to the difference 
in populations of the two nuclear magnetic substates 
which is in turn proportional to AW/kT, where AW, 
the energy separation of the two substates, is assumed 
to be much less than kT. The absorption is also propor- 
tional to H,*, where 2H; is the component of the rf 
magnetic field acting on the protons which is perpen- 
dicular to the static magnetic field. For narrow lines 
these two are the only important factors. If H, is 
independent of 7, and if saturation of the resonance 
does not occur, the area under the absorption curve 
may be used as a thermometric parameter and will be 
proportional to 1/7 for narrow lines. Narrow lines are 

4 Cerium magnesium nitrate will hereafter be denoted by CMN. 

198) M. Daniels and F. N. H. Robinson, Phil. Mag. 44, 630 
' 8 Cooke, Duffus, and Wolf, Phil. Mag. 44, 623 (1953). 
‘a  teeia magnetic resonance will Tessahier be denoted by 
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found in crystals containing no paramagnetic ions. 
However, the spin-lattice relaxation time is very long 
in such crystals at low temperatures so that very low 
rf levels would be required in order to avoid saturation. 
The spin-lattice relaxation time for protons in non- 
paramagnetic crystals has been found to be in the 
neighborhood of 10? to 10* seconds at liquid helium 
temperatures and the relaxation time increases rapidly 
with decreasing 7.56 Paramagnetic crystals on the 
other hand have rather short spin-lattice relaxation 
times even at 1°K.!® Hence, the temperature of the 
proton spin system is equal to that of the rest of the 
crystal for much higher power levels than could be used 
with nonparamagnetic crystals. However, apart from 
considerations of saturation, the interpretation of 
NMR in a paramagnetic crystal at low temperatures 
is not as simple as it would be in a nonparamagnetic 
crystal. The paramagnetic ions produce magnetic fields 
which in turn profoundly influence the nuclear spin 
system. A static local field produced by the paramag- 
netic ions adds to the applied magnetic field and gives 
the resonance line a structure because of the many 
nonequivalent proton sites.’’!* In addition, at the 
frequencies used a component of the magnetization of 
the cerium ions follows the applied rf field and results 
in a temperature-dependent local rf field. 

If one wishes to use the total area under the absorp- 
tion curve as a thermometric parameter, then the 
interpretation of this area in terms of temperature is 
complicated not only by the temperature-dependent 
H, but also by the fact that the external parameters, 
either field or frequency, have to be varied in order to 
obtain the complete NMR lines. If quantities referring 
to one of the NV, proton sites are designated by the 
subscript 7 (i=1, ---, Np), then the total energy AE 
absorbed in traversing the resonance, using field sweep 
at constant temperature, will be 


dH\" yi? He 
sE=( ) — ram, 


wre (4) 
dt/ 16rk T i 


For a field sweep with H/T constant, one finds 
dH\ yi? He 
az-(—) — Fj Ai? ( 
dl 16rk To i 
5H ;(Ho,T 0,9) 
[ae To —_ 


To 


: | 


0 


6H (Ho,T,) ’ dHi?(T») 
+) [a2t)—7e——— 
H dT 


0 


Hi? ( To) 
Hr] 


| ©) 


18 N, Bloembergen, Physica 15, 386 (1949). 

16 J. Hatton and B. V. Rollin, Proc. Roy. Soc. (London) A199, 
222 (1949). 

17N. Bloembergen, Physica 16, 95 (1950). 

8N. J. Poulis, Physica 17, 392 (1951). 
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Fic. 1. Schematic diagram of NMR probe and crystal holder. 
A, B, and G are glass plates. C, D, and J are thin-walled glass 
tubes. Z and H are glass cylinders which slide inside glass tube F. 
J is a copper shield. 


while for a frequency sweep, one finds 


dvy\— yh? He 6H (Ho,T 0,8) 
E= (=) —> me(T)| 14-2 
t 


327k T i 


1 


(I) 


In Eqs. (4), (5), and (6), 6H; is the component parallel 
to the strong field of the static magnetic field produced 
by the cerium ions at site 7, and H1; is one-half the 
component normal to the external field of the rf field 
at the ith site. The subscripts 0 indicate quantities 
related by the free proton resonance condition, v9 
= (y/2m)Ho. In Eq. (5) To is the temperature when the 
external field is Ho. The quantities y, 4, and k are the 
gyromagnetic ratio of the proton, Planck’s constant, 
and the Boltzmann constant, respectively. Equation 
(4), besides being applicable in ordinary isothermal 
experiments, is valid in adiabatic experiments in which 
the crystal temperature is independent of the external 
magnetic field. Equation (5) is applicable to adiabatic 
experiments in which the interaction of the paramag- 
netic ions with the external field is large enough so that 
T varies linearly with H. Equation (6) gives the results 
of an attempt to maintain constant crystal temperature 
in adiabatic experiments by varying the frequency. 


However, differences in the population ratios of the 
magnetic substates of nonequivalent protons complicate 
the interpretation of the results in both adiabatic and 
isothermal experiments. There is no obvious advantage 
to be obtained by employing a frequency sweep, so 
that the experimentally simpler sweep of the magnetic 
field was used in the experiments to be described in 
this paper. Equations (4), (5), and (6) also include the 
possibility of a temperature-dependent local rf field. 


II. EXPERIMENTAL METHOD 
a. Apparatus 


A clear, 2.8-g CMN crystal cut from a larger crystal 
was used in the experiments. It was about 2.9 cm long, 
1.3 cm wide, and 4.35 mm thick. The crystal was not 
ellipsoidal although the corners were all rounded off 
and there were no regions of the surface which were 
concave outward. The Curie-Weiss delta, 2.5 10-°°K 
obtained by adiabatic demagnetization using ballistic 
susceptibility measurements is consistent with the 
value, 2.7X10-*°K, calculated for an ellipsoid having 
the above axes.” 

The experimental arrangement is shown in Fig. 1, all 
glass parts being made from Pyrex. The CMN crystal 
was sandwiched between two glass plates, A, so that 
the trigonal crystalline axis was normal to the plates 
and thus horizontal. It was secured by gluing it to the 
glass with G.E. 7031-toluene varnish.” The glass plates 
holding the CMN crystal were connected to a second 
glass plate, B, 10 cm below by means of glass tubing, 
C, about 3 mm in diameter with a }-mm wall. Glued 
on to plate B were five single crystals of ferric alum, 
Fe(NH,) (SO,4)2-12H,0, of total mass 2 g which, when 
cooled, served to reduce the solid conduction heat leak. 
Plate B was connected by similar glass tubing, D, 2 cm 
long, to the glass cylinder, EZ, which was glued into the 
25-mm glass sample tube, F. The tubes C and D were 
made large in order to resist the rather large torques 
acting on the crystal when the magnetization is not 
colinear with the field. Seventeen cm above the CMN 
crystal, 8 ferric alum crystals of total mass 4 g were 
glued to the glass plate, G, which was suspended from 
the glass cylinder, H, by another thin-walled glass tube, 
I. The purpose of this group of crystals, called the 
getter, was to adsorb residual helium exchange gas. 
Accordingly, the getter could be cooled prior to the 
reduction of the field by being raised into the fringing 
field of the magnet. The sample tube, /, was connected 
through a radiation trap and a 6-mm exchange gas 
pumping tube to the exchange gas handling system. 
The sample tube, 7, was completely shielded to prevent 
radiation heat input. These techniques are develop- 
ments of those described in reference 20. This crystal 
mount was used in all of the experiments discussed 
later. The angle between the trigonal axis and the 


19 J. A. Osborn, Phys. Rev. 67, 351 (1945). 
»” Wheatley, Griffing, and Estle, Rev. Sci. Instr. 27, 1070 (1956). 
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strong magnetic field was varied by rotating the 
exchange gas pumping tube from the top of the cryostat. 

Two different arrangements were used for shielding 
the crystal from radiation. The first, used in experiment 
A to be described later, yielded a spurious signal from 
extraneous hydrogenous material (paper, Formex, glue) 
which complicated the interpretation of the results. 
The second arrangement, used in experiment B, elimi- 
nated the spurious signal. In experiment B the trap and 
the top of the sample tube were covered first with 
colloidal graphite in alcohol (Dag) and then with 
aluminum foil. The sample tube was enclosed in the 
copper shield can, J. In order to allow circulation of 
liquid helium through the can, there was a hole in the 
bottom and a loose fit at the top. Care was taken to 
trap radiation entering through these openings. This 
copper can rotated with the sample tube. 

The 4 cm long coil which produced the rf field, 11, 
contained 12 turns of number-16 bare copper wire 
directly in contact with the sample tube. The cable 
connecting the coil to the external electronic equip- 
ment was one continuous piece of 50-ohm Microdot 
cable." It had Teflon insulation between the inner 
conductor and the shield and was covered with a nylon 
jacket. This small cable offered a reasonable compro- 
mise between low heat input to the helium, flexibility, 
and low attenuation of the rf signal. Since the cable 
contained nylon and Teflon it was terminated outside 
the region of large magnetic field, the connection to 
the coil being made by two pieces of glass-insulated 
copper wire. The coil and the coaxial cable were 
enclosed in a noncurrent-carrying shield, grounded at 
the receiver only, in order to minimize the effects of 
external disturbances on the rf voltage. This shield 
consisted of the copper can, J, about 15 cm of a fine 
flexible braid directly above J, and a sealed-off double- 
walled section of cupro-nickel tubing which led to the 
top of the cryostat. This double-walled section reduced 
the thermal effects on the electrical characteristics of 
the cable of the cold helium gas flowing up the cryostat. 

The electrical apparatus used in the experiment is 
shown in block diagram in Fig. 2. The magnet employed 
was a Varian Model V-4012 electromagnet with a 
2.84-inch pole gap and 11.9-inch diameter pole pieces. 
The magnetic field was swept linearly through the 
region of the resonance, and a 30-cps modulation was 
superposed. The battery-powered rf oscillator fed the 
tuned circuit through a high-impedance capacitor, 
C, (~1 wf). The tuned circuit consisted of the rf coil 
and connecting cable described above and an external 
variable air-capacitor, C, which could be varied between 
20 and 50 yuuf. The cable produced a considerable 
modification to a simple L-C circuit since it had a 
capacitance of 27.9 yyf/ft, a total inductance com- 
parable to that of the coil, and a resistance larger than 
any other resistances in the tuned circuit. The Q of the 


%1 Microdot Incorporated, 1826 Fremont Avenue, South Pasa- 
dena, California. 


IN Ce2Mg3;(NQ3)12:24H20 


detector 





tuned 4 
oa ovdio 
: ompiitier 


bottery 

powered 

rot eo 
_gvcinator 


ompiitier 


\gettery Powered Receiver— 


| = 


recording voriobie t. ¢ 
aie potentio integrating ensitiv 
_meter {circuit tector 
“306s oo. 
4 i 8 phose 
= sweep shifter 


| sm 


1G. 2. Block diagram of NMR apparatus. 


rf coil, shield, and connecting cable was approximately 
10 to 15 as measured by a “‘Q” meter. The rf amplifier 
consisted of two tuned-plate stages each having a gain 
of about 40. The second stage fed a diode detector. 
The output of the detector was measured and assumed 
to be proportional to the average rf level at the tuned 
circuit. The 30-cps component of the envelope was then 
amplified and in turn detected by a mercury-relay 
operated “lock-in” detector. The band width was 
determined by an integrating circuit which followed 
the “lock-in.” The output of the integrating circuit 
was recorded by a recording potentiometer. 


b. Cooling Cycle 


The cooling cycle differed from the one used in most 
adiabatic demagnetization experiments in that the 
magnetic field was not reduced to zero but instead was 
reduced to the resonance value. The resonance field 
was determined by the following considerations. The 
NMR sensitivity increases as the resonance field 
increases. However, in order to substantially reduce the 
heat input from the residual helium heat exchange gas, 
it is necessary to reduce the crystal temperature to }°K 
or below so that the residual gas will be adsorbed. 
Since the crystal temperature is proportional to the 
applied field for an adiabatic process, the field must be 
reduced by at least a factor 4 from the value of the 
field during the isothermal magnetization part of the 
cycle in order to reduce the gaseous heat input sub- 
stantially. On this basis the resonance field was chosen 
in the region of 2.5 kg. Some decrease in the gaseous 
heat input was also provided by the getter crystals, 
Fig. 1. Just prior to demagnetization the cryostat was 
raised, these crystals being moved into the fringing 
field. The getter cooled and adsorbed a significant 
amount of residual heat exchange gas. 

The residual heat input to the crystal was normally 
between 10 and 20 erg/min. Although an rf field 2H, 
of 4.8X10-* gauss seemed to increase the heat input 
at the lowest temperatures significantly over the 
residual value, reduction of 2H; to 2.2X10-* gauss 
apparently reduced the heat input to the residual value. 
It is probable that solid conduction contributed to the 
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residual heat input as a result of the large size glass 
tube and the higher than normal temperature of the 
heat guard crystals. 


III. CIRCUIT ANALYSIS 


For purposes of circuit analysis the rf oscillator in 
Fig. 2 is replaced by a constant voltage source of 
magnitude Vo and angular frequency w feeding the 
tuned circuit through the high-impedance capacitor C}. 
The external tuning capacitance is C and the voltage 
at the input to the rf amplifier is V. The coil has 
inductance L and resistance R, including paramagnetic 
effects, and distributed capacitance Cy. The coil is 
connected to the capacitor by a cable having character- 
istics c, 1, and r, per unit length and a length s (~X/15). 
If one uses the condition that the circuit be tuned to 
maximum |V| in the absence of a nuclear signal, one 
obtains the following approximate expression for | V | : 


R|. (7) 
where 


Ro(1+w*stc)+s7(1—w* LoCa) [1 —w*Lo(se+Ca) | 
" [1—w*Lo(sc+Ca) 
wlot+wsl(1—w*LoCa) 


sed ’ 


1—w*Lo(sc+Ca) 


(1+-w?s/c) 
A 
ao 1 —w*Lo(sc+Ca) P 





by? 
Vi= Vuts|1 - 


ado 





ao 


’ 


AR=4rowLfx”, 





and Ro, Lo, £, and x” are, respectively, the resistance 
and self-inductance of the coil in the absence of a 
resonance, the filling factor, and the imaginary part of 
the nuclear susceptibility. In Eq. (7) the squares of 
resistances are neglected compared to the squares of 
reactances, and the dispersion is neglected compared 
to the absorption. One can neglect the effects of 
dispersion on |V| if one has ac&bo, i.e., a large Q. 
Measurements of Q indicate that (bo/ao)=10 and thus 
that the effects of dispersion on |V| are not entirely 
negligible in these experiments. However, since to a 
first approximation the dispersion does not affect the 
area under the absorption curve, it can be neglected. 
It is also assumed that the electronic dispersion and 


TABLE I. The quantity ATV," is given as a function of the 
temperature determined from the helium vapor pressure. The 
radio-frequency voltage at the detector, V,s, changes with both 
temperature and helium level. A is the nuclear resonance area, 
uncorrected for changes in the rf level at the coil. The quantity 
AV,¢? follows Curie’s law with highest accuracy. 








ATV 


1.000 
0.997 
1.037 
1.037 
1.000 
1.013 
0.990 


ATV 


1.000 
0.990 
1.029 
1.025 
0.963 
0.956 
0.928 


ATVrt® ATVe™ 


1.000 
1.016 
1.048 
1.049 
1.046 
1.070 
1.060 


T(°K) 


4.178 
3.504 
2.996 
2.520 
2.069 
1.845 
1.515 
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absorption do not change in the region of magnetic 
fields traversed in obtaining the resonances. 

The change in voltage |AV|=|V(AR)|—|V(AR 
=0)! is the nuclear signal. The integral | AV|dH is 
proportional to the total energy absorbed by the nuclei 
when the resonance is traversed and hence is propor- 
tional to the energies given in Eqs. (4) and (5). 

It was found empirically that as the level of the 
liquid helium dropped in the Dewar, the rf voltage at 
the detector dropped without a large detuning of the 
resonant circuit. Also, at very low temperatures it was 
found that paramagnetic absorption produced a very 
large change in the detected rf level without a concomi- 
tant large detuning. Thus it appeared that the changes 
in the circuit parameters during an experiment were 
primarily resistive. 

It is important to note that all resistive elements 
enter Eq. (7) through ao. Hence, if a thermometric 
parameter independent of resistance variations is to be 
obtained, a quantity independent of a9 must be em- 
ployed. Such a quantity is | V(AR=0) |*] f|AV|dH}". 
The thermometric parameter used to interpret these 
experiments is inversely proportional to the area under 
a nuclear absorption curve divided by the square of the 
rf level measured in the absence of a nuclear signal. 

Some evidence for the quadratic rf level correction 
to the nuclear resonance areas to obtain a thermometric 
paranieter was obtained by analyzing the results of a 
calibration of the nuclear resonance thermometer 
against the vapor pressure of helium. The results are 
presented in Table I. The rf level dropped during the 
calibration as a result of the decreasing level of the 
liquid helium. As a result the areas were not strictly 
proportional to 1/7, as is shown in the second column. 
However, a thermometric parameter inversely propor- 
tional to Area/V,, showed no systematic variations 
over the helium temperature range. 


IV. EXPERIMENTS 


Initial experiments at 30 Mc/sec showed an increase 
of nuclear absorption on adiabatic rotation. Consider- 
able structure was exhibited with a maximum width of 
the order of 100 gauss. The relative cooling obtained 
appeared to be comparable with that inferred from 
ballistic susceptibility measurements. The major diffi- 
culty was a large gaseous heat leak which resulted 
because the resonance field of 7000 gauss was too large 
to permit efficient adsorption of the residual helium 
exchange gas (see Sec. IIb). All subsequent experi- 
ments were performed at fields in the region of 2500 
gauss, which corresponds to a resonance frequency of 
about 10 Mc/sec. 

In experiment A, made at a frequency of 10 Mc/sec, 
there was a spurious signal from extraneous hydrog- 
enous material superposed on the signal from the 
CMN crystal. The spurious signal was 11 or 12 gauss 
wide and 9 times as intense as the signal from the 
CMN when both corresponded to the same tempera- 
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ture. The extraneous hydrogeneous material was appar- 
ently in contact with the liquid helium bath since the 
intensity of the spurious signal corresponded to the 
bath temperature except for periods of time after the 
magnetic field was changed, when it decreased expo- 
nentially to the bath temperature intensity with a time 
constant of about 1.7 minutes. It was possible to 
correct for the spurious signal by subtracting its area 
from the total area. In experiment B, made at a 
frequency of 10.921 Mc/sec, no spurious signal could 
be detected. 

In all experiments the recorder plotted the derivative 
of the absorption curve, so that double integration was 
necessary in order to obtain the area under the absorp- 
tion curve. The double integration was done numerically 
as indicated in the Appendix. 

In order to obtain a thermometric parameter from 
the absorption curves it was also necessary to measure 
the rf level, the linear sweep rate, and the amplitude of 
the 30 cps modulation, which was typically 7} gauss 
peak to peak. The time taken to sweep through the 
resonance varied from 100 to 700 seconds. 


V. RESULTS AND DISCUSSION—-TEMPERATURES 
a. T-7* Relation 


The principal contributions to the deviations of 
NMR areas from a 1/7 temperature dependence result 
from the effects of the paramagnetic ions. The para- 
magnetic ions may broaden the line to such an extent 
that the area is not proportional to 1/To, To being the 
temperature at the free proton resonance field. Also, 
the local rf field at a proton site may be temperature 
dependent. The broadening effect is not large in CMN, 
but the temperature variation of the local rf field 
profoundly influences the results. The variation with 
temperature of the local rf field may be estimated as 
follows. It is assumed that the z-axis is fixed parallel to 
gu, that the strong field rotates in the x-z plane, and 
that the oscillating field is directed along the y-axis. 
The local rf field, H1;, acting on a proton occupying a 
site labeled by the subscript 7, produced by the external 
rf field, Hi, and by the cerium ions at sites labeled by 
the index 7, is given by 


A M, 1 3; M, 
Hu=Hi+—M.-E(——- (=), (8) 
Ci i N ri? r;;° N 


where rj; is a vector from the ith proton site to the jth 
cerium ion, 2M; is the rf magnetization of the cerium 
ions, NV is the number of cerium ions per unit volume, 
A is the Curie-Weiss delta in the direction of Hj, C, is 
the perpendicular Curie constant, and the sum over j 
is carried out within a sphere surrounding the ith 
proton. M, is assumed to be along H, and perpendicular 
to the strong field. 

The total energy absorbed in traversing a resonance 
is proportional to >>; H1,,? where 7 is summed over the 
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N, protons in the crystal and H1,, is the component of 
the local rf field perpendicular to the static local field. 
Hence the total energy absorbed will be proportional 


to a mean square perpendicular local field defined by 


1 
ae gat p » Ai;.’. (9) 


FP 


In terms of the local field defined by Eq. (8) one finds 
after some calculation 


A—56, 
(A 1h00?) = H?+2H\M, C 


M? 
4+—[A*—2A8,+6;? 
C2 
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+65;? cos’*@— 26,7 sind cosé+5,? sin’? ], (10) 


where @ is the angle between the strong field and the 
z-axis, and where the 6’s are given by 
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In Eqs. (11) the indices 7 and k are summed over the 
cerium ion sites in a sphere around a proton, and the 
index 7 is summed over all the protons in the crystal. 
If the protons are distributed with spherical symmetry 
around a cerium ion, then one has 6,=0, 62=0, and 
6;’= 55". It seems likely in CMN that the proton 
distribution about a cerium ion approximates spherical 
symmetry, so that as a first approximation we will 
assume that the mean square perpendicular local field 
has the form 


A M; 
(A joe?) = H+2H1M :—+—(A*+8&), (12) 
1 CZ 
where 
&= 5.°+-6;?= 5.?+ 6,” 


If the static magnetization is perpendicular to H,, 
the changes of magnetization along H, for given changes 
in H, will be the same for either adiabatic or isothermal 
processes. Hence, neglecting saturation of the static 
cerium magnetization, at these frequencies M; will be 
related to H; by the zero-frequency susceptibility, so 
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that one has 


(13) 


In this case the mean square perpendicular local field 
may be written 
+e 
(A110) = #2. (14) 
(T—A)? 
Equations (13) and (14) will be modified in the event 
that the adiabatic and isothermal paramagnetic sus- 
ceptibilities are not equal to one another. If the crystal- 
line g;,-direction does not lie precisely in the plane of 
rotation of the magnetic field, it is possible for small 
angles @ that the static magnetization will rotate into 
the direction of H,. In this case, provided the external 
field interaction is large compared with interionic 
interactions, the adiabatic paramagnetic susceptibility 
becomes zero and one has (H1),.2)=H;*. In practice, 
the rf magnetization M, will lie somewhere between 
zero and the value given by Eq. (13), its actual value 
depending in detail on the misalignment angle, the 
value of g;;, and the coefficient of 1/7? in the interionic 
interaction entropy. The experimental data are not 
accurate enough to distinguish the effects of finite g;, 
and misalignment at low angles @. In general, the effect 
of misalignment is to reduce (H1).<2) from the value 
given by Eq. (14). 

One may define a thermometric parameter 7* to be 
inversely proportional to the area under an NMR 
absorption curve which has been corrected to a standard 
value for H, by dividing the area by the square of the 
rf level. Since the corrected area is proportional to 
(H 110¢2)/T, the most convenient explicit form for T* is 
obtained by defining 7* by the equation H,°/T* 
=(H1),.)/T. Then Eqs. (14) yields the T—7* relation 


T*=T(T—A)*/(T?+®). (15) 


Hence T* is equal to T at high temperatures. The effect 
of misalignment, for a given 7*, is to reduce the value 
of T from that value calculated from Eq. (15). 


TaBLeE II. Experimental and calculated data for the lowest 
measured temperatures. The numbers in a given row correspond 
to the same entropy. T is calculated from 7* by means of Eq. 
(15) with A=2.5X 10-*°K and 6=7.0X10-*°K. 
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(degrees) (10-*°K) (107*°K) (10-*°K) 


0.0 : 0.835 5.92 
0.0 : 0.849 5.93 
0.950 
0.982 
1.025 
1.100 
1.197 
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TABLE III. Averaged results for the ratio of the temperature at 
90°, Ts0° to that at 0°, To* on adiabatic rotation. 








T9g° 
(107*°K 


Number 

T99°/T° averaged 
55 46.9 
76 45.8 
96 49.5 
114 49.4 
133 43.7 











(b) Experiment A 


This experiment was in part defective since there was 
an extraneous signal due to hydrogenous material in 
contact with the bath which complicated the interpre- 
tation of the results. However, at the low temperatures 
the true signal was very large compared with the 
extraneous signal so that it was possible to correct the 
data for the extraneous signal with reasonable accuracy. 
This experiment was important because the crystal was 
better aligned than in subsequent experiments, lower 
temperatures were attained, the constant 6 in the 
T—T* relation was evaluated, and an upper limit for 
gi, was obtained. 

Measurements were made alternately at a reference 
angle of 9.8° and in the direction of gmin. A smooth 
curve was drawn through the points representing the 
reference angle areas as a function of time. After 
correction for the extraneous signal, this smoothed 
curve was used to give the temperature at the reference 
angle corresponding to the same entropy as that of the 
measurement for the strong field in the direction of 
Zmin. Within the range of this experiment the entropy 
is given with sufficient accuracy by the 1/7? approxi- 
mation so that the ratio of temperatures on adiabatic 
rotation from g; to gy is given by 


T IP/8K) g++)" 
ee 


(SH?/8k)g2-+6 


where 8 is the coefficient of 1/7? in the interionic 
interaction entropy and H is the resonance field. This 
ratio is independent of temperature. The constant 6 in 
the T—T* relation, Eq. (15), was determined by 
insisting that the ratio 7,.s°/To» be a constant inde- 
pendent of the temperature at the reference angle. The 
constant A was taken to be the same as that obtained 
from ballistic adiabatic susceptibility measurements.’ 
A value for 6 of (7+2)X10-*K® gives the best degree 
of constancy of (7».s°/To°). This value is quite reason- 
able since one finds 6=5X10-*K° for a spherically 
symmetrical distribution of protons 5 A from a cerium 
ion (see Sec. VI a). Some of the detailed results at the 
lowest temperatures are shown in Table II. At the 
lowest temperatures 7* and T differ from one another 
by as much as a factor of 6, so that one sees immedi- 
ately the inadequacies of NMR as an absolute ther- 
mometer in cases where the local rf field differs sub- 
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stantially from the applied rf field. If the crystal had 
been ground to a spherical shape, the correspondence 
between 7 and 7* would have been considerably better. 

Assuming that one has gy.s°-=g, sin9.8°, one can 
deduce from the experimental data the ratio (T90°/To) 
on adiabatic rotation from 90° to 0°. Such average 
ratios are given in Table III for several average refer- 
ence angle temperatures. The over-all average of 47.0 
for Tyo°/To» may be used to calculate an upper limit 
for gu by solving Eq. (16) with gs=g., gi=gu, and 
H= 2.37 kilogauss. The value of 5 in Eq. (19) seems to 
be uncertain, a value b= 3.2 10~*(K°)* being given by 
Daniels and Robinson, and a value 6= 2.74 10-®(K°)? 
given by Hudson.” Taking 6=3.2X10-*(K°)?, one 
finds gi,=0.023 while for b=2.74X10-*(K°)*, one 
finds g,,=0.026. The actual value of g,, will probably 
be less than the values given above as a result of 
misalignment. Hence one can deduce from the data 
only that gi;< 0.026. 

The initial entropy was S/R=0.562. Upon using the 
experimental results of Daniels and Robinson” the 
lowest temperature expected on adiabatic demagnet- 
ization to a field of 2.37 kg is 5.5X10-°°K, a value 
which may be predicted using the 1/7? law. This 
temperature compares rather favorably with 5.9 
X10-*°K calculated from the lowest measured 7*, 
Table II. However, a rather substantial difference is 
observed with the expected lowest temperature, 4.5 
X 10-*°K, calculated from Hudson’s” data. In the last 
case, the temperature is substantially lower than that 
calculated using the 1/7? law. 

At the very lowest temperatures a_ substantial 
absorption of rf energy was observed which no doubt 
resulted from spin-spin absorption. In addition, at the 
lowest temperatures a (30-+})-cps signal was super- 
posed on the expected signal. The origin of the (30+4)- 
cps signal is not understood. 


(c) Experiment B 


In this experiment there was no detectable extraneous 
signal. In the helium temperature range, resonances 
were taken at angles of 0.2°, 3.8°, 18.8°, and 89.8°. At 
a given temperature the area was independent of angle 
to within a few percent. The integrated intensity was 


TABLE IV. Temperature changes on adiabatic rotations between 
laboratory angles of 3.8° and 18.8°. T was calculated from T* 
by using Eq. (15) with A=2.5X10°°K and 6=7.0X10-*°K. 
All numbers in a row correspond to the same entropy. 











(1/T*)3,8° =9«(1/T*)1g.g°—(1/T)3,8° = (1/T) 48.82 = T18,8°/T 3.80 





4.16 
4.19 
4.22 
4.30 
4.32 
4.41 


11.10 
9.98 
8.85 
7.72 
6.60 
5.48 


43.0 
39.4 
35.7 
31.8 
27.5 
22.8 


58.6 
52.1 
45.7 
39.2 
32.8 
26.3 











# R. P. Hudson (unpublished). 
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TaBLE V. Comparison of averaged NMR temperature ratios 
and expected ratios on adiabatic rotation between angle @ and 
reference angle 6,e. The experimental temperatures were calcu- 
lated from the T—T7* relation, Eq. (15), with A=2.5X10-*°K 
and with 6=0 and 6=7.0X10-*°K. 


T/T ref 
Averaged experimental Nymber 
6=0 &=7X10-*°K averaged 


T9/T6 ref 
Expected 


Oret 6 
degrees degrees 


3.8 6.2 
8.8 
11.2 
13.8 
16.2 
18.8 
21.2 
23.8 
28.8 
28.8 
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proportional to 1/7 within an accuracy of about 3%. 
There was considerable scatter among the values for 
89.8°, and to a somewhat lesser extent also for 18.8°, 
since the resonances were broader and therefore not as 
intense as at the smaller angles. No indications of rf 
saturation were noted even at the lowest temperatures 
at the highest rf magnetic field employed. However 
this value of H, approximately 2.4X10-* gauss, was 
still quite small. 

The low-temperature measurements showed that the 
crystal was not aligned as well as it was in experiment 
A so that no further studies of the value of gi, were 
possible. An estimate of the angle of misalignment, a, 
gave a=1.7°. In this experiment it was possible to 
assess the general accuracy of the NMR thermometer 
by comparing temperature ratios on adiabatic rotation 
with those expected theoretically on the basis of the 
known properties of the crystal. Measurements were 
made alternately at some angle and at a reference angle 
so that effects due to extraneous heat inputs might be 
compensated. Area ratios were converted to tempera- 
ture ratios using Eq. (15). A sample of the experimental 
data is given in Table IV which shows the results of 
adiabatic rotations between laboratory angles of 3.8° 
and 18.8° for various values of the temperature at one 
of the angles. According to Eq. (16) the quantity 
T1s.3°/T 3.3 should be a constant. There is a systematic 
change of the ratio of calculated temperatures which 
indicates that the T—7* relation overcorrects the 7* 
values at low temperatures. The systematic change of 
T1s.8°/7T3.9° with temperature, as displayed in Table IV, 
is characteristic of data at other angles. The systematic 
change was not so evident when one assumed §=0 in 
the T7—T* relation. 

Averaged temperature ratios for a number of different 
angles are shown in Table V. The expected temperature 
ratios for the 3.8° reference angle were calculated using 
Eq. (16), and 6=3X10-*(K°)*. The direction of mini- 
mum g, which corresponds to laboratory angle of 0°, 
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Fic. 3. First integral of phase sensitive detector output for 
6=18.8°, T=0.086°K, and »= 10.921 Mc/sec. Only relative values 
of magnetic field are given. The centroid of the structure occurs 
at the free-proton resonance value. 


was determined to an accuracy of 0.1°. In the case of 
the laboratory angle 3.8°, the g-value was calculated 
assuming a misalignment of 1.7° and g,,=0.026. The 
expected temperature ratios for the 18.8° reference 
angle were obtained using the ratios of the sines of the 
angles involved. On the whole the temperature ratios 
using NMR are in fairly good agreement with the 
expected values. The measured values are on the 
average less than the expected ones. The source of the 
discrepancy lies no doubt in part in errors in the T—7* 
relation, but the details are not understood. It should 
be noted that temperature ratios as inferred from 
ballistic adiabatic susceptibility measurements were in 
essential agreement with the expected values once the 
value of gmin was determined. 

The results shown in Table V indicate that so long as 
local field effects are not excessively large, NMR 
thermometry should be possible with an accuracy of 
5-10%. Under isothermal conditions with small T—7* 
corrections the accuracy may be improved to 24%. 
A serious disadvantage of NMR thermometry compared 
to ballistic susceptibility thermometry is that the form 
of the T—7* relation is intrinsically more complicated 
for the former and the theoretical calculation of the 
constants in the 7—7* relation requires much detailed 
information about the crystal. 

Another difficulty with NMR thermometry is the 
rather long time required to take a measurement. This 
prevents the making of many measurements of the 
temperature in a short period of time. 

The change in temperature, due to the heat leak, 


AND 
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during the temperature measurement may hinder a 
simple interpretation of the result. However, in certain 
cases NMR thermometry is desirable, e.g., cerium 
ethy! sulfate, and in many cases the nuclear resonance 
area provides a useful thermometric parameter. 


VI. RESULTS AND DISCUSSION. LINE SHAPES 
AND RELAXATION TIMES 


(a) Line Shapes 


The actual experimental data on the structure of the 
resonance were curves of the output of the phase- 
sensitive detector as plotted by a recording potenti- 
ometer. If the 30-cps magnetic field modulation ampli- 
tude is small compared to the line widths, then the 
output is just the derivative of the absorption curve. 
If the magnetic field modulation is not small compared 
to the line widths, the shape of the absorption curve is 
distorted with no effect on its area. 

In general the structure of the resonance was very 
complicated, with few or no resolved maxima. However, 
in certain cases maxima were rather well resolved. The 
curves at 6=18.8° showed enough resolved structure 
to make their study fruitful. Figure 3 shows as an 
example the first integral of the phase-sensitive detector 
curve for 6=18.8° and T=0.086°K. The centroid of 
the structure occurs at the free-proton resonance field. 

In the experiments of Bloembergen and Poulis!”:* the 
proton resonance had structure which resulted from 
the time-averaged moments of the paramagnetic ions. 
In this approximation in our experiment a cerium ion 
produces a dipolar field whose magnitude at the site of 
a proton depends on the separation of cerium ion and 
proton and on the orientation of the cerium ion with 
respect to the line joining the two. If this is the case 
then the separation of two components of the structure 
at a fixed angle should have a temperature dependence 
given by 

AH « tanh(6gH/2kT). (17) 
Figure 4 shows a plot of AH vs tanh(8gH/2kT) for the 
three splittings of Fig. 3. The scatter appears to be 
mainly a difference between runs rather than within 
the same run and may be due to scatter in the constant 
of proportionality between 1/7* and the normalized 
area. It appears that in our experiments the structure 
of the resonance line may also be explained by means 
of the concept of a time-averaged magnetic moment. 

A study of the structure of the resonance should also 
lead to a determination of the cerium-proton distances. 
However, in these experiments the narrow spectrum 
and the many nonequivalent proton sites made detailed 
measurements impossible. Nevertheless one can make a 
crude estimate of the smallest proton-cerium ion dis- 
tance by arguing that the two outermost components of 
the structure should be separated by about AH= 2,/r’. 
The value of fi is 4g,8 tanh(@gH/2kT), so that one can 
equate (g,8/r*) tanh(@gH/2kT) to 148 tanh(6gH/2kT) 
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gauss, the latter being obtained from the largest 
observed splittings. The smallest value of r thus turns 
out to be about 5 A. Bleaney, Bowers, and Trenam™ 
have concluded from paramagnetic resonance studies 
of the double nitrates that the rare earth ion is sur- 
rounded principally by nitrate radicals and that the 
divalent ion is surrounded by an octahedron of water 
molecules. They also state that the divalent ions can 
occupy either body or face centers of the rare earth 
ion lattice. The cerium ions lie on a simple rhombohedral 
lattice.4 The point at the body center lies 6.92 A from 
the closest cerium ion whereas a point at a face center 
lies 5.46 A from the closest cerium ion. Hence if the 
protons in the octahedron of water molecules surround- 
ing the divalent ion were about 2 A from the divalent 
ion and if the divalent ion occupied a body center, then 
the protons would be 5 A or more from the cerium ion. 
However, if the Mg** ion were at a face center, a 2A 
sphere around it would include values of r which were 
less than 5 A. Hence the possible orientations of water 
molecules around Mg** ions at face centers might have 
to be restricted. Since only { of the water molecules 
are around Mg** ions, the remainder of the water 
molecules must be at other positions suitably far from 
the Ce*** ions. 


(b) Relaxation Times 

There are two spin systems in the CMN crystal and 
one can employ four relaxation times in discussing 
them. The spin-lattice and spin-spin relaxation times 
for the paramagnetic spin system will be denoted by 
rT, and 72, respectively. The spin-lattice and spin-spin 
relaxation time for the proton spin system will be 
denoted by 7; and 7», respectively. No information 
concerning 7; could be obtained from the present 
experiment. The time 72 is about 1X10~° sec at 4°K 
as determined from paramagnetic resonance line 
widths.* Because the structure is produced by the time 
average magnetic moment of the cerium ions, 72: must 
be less than 10-7 sec down to the lowest temperatures 
obtained. 

Similarly an estimate of T2 for the protons can be 
obtained from the approximate line width of the 
NMR components. The line width was about 10 gauss, 
so that 72 is about 7.5X10~® sec. Since no indications 
of rf saturation were detected, y?H,?7,T2 must be less 
than one. If one uses the maximum experimental H,, 
0.0024 gauss, and 7.5X 10~® sec for T2, then 7; must be 
less than 32 sec. Estimates based on relaxation via the 
paramagnetic ions!*!® would give a value 2 or 3 orders 
of magnitude shorter for 7), indicating that our power 
levels were much too small to give saturation. 

*% Bleaney, Bowers, and Trenam, Proc. Roy. Soc. (London) 


A228, 157 (1955). 
™* J. M. Daniels, Proc. Phys. Soc. (London) A66, 673 (1953). 
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Fic. 4. Splittings between the three 
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as function of 


VII. CONCLUSIONS 


The problem of NMR thermometry in paramagnetic 
crystals at extremely low temperatures is complicated 
by a number of factors, the most important in CMN 
being the temperature dependence of the rf magnetic 
field producing the transitions between nuclear mag- 
netic substates. However, it was possible to account 
for this temperature dependence fairly well by using 
a semiempirical method for evaluating the effects of 
nonspherical crystal shape and the mean square dipolar 
rf field at a proton resulting from the cerium ions. 
Upon using this semiempirical method rather good 
agreement was obtained between the results of the 
NMR experiments and the results of ballistic adiabatic 
susceptibility measurements made on the same crystal. 
In this sense it appears that NMR thermometry may 
be applied to CMN with an accuracy of 5 to 10% as 
long as the local field effects are not excessively large. 
When the local field effects are negligible, an accuracy 
of about 3% may be obtained. 
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In studying the structure of the NMR curves at a 
given angle, one finds that the separation in gauss 
between any two resolved peaks is proportional to 
tanh(@gH/2kT) and therefore to the time-averaged 
cerium magnetization. This means that the spin-spin 
interaction time for the paramagnetic ions must be 
shorter than the Larmor period of the protons. The 
static local fields produced by the time-averaged 
magnetic moment of the cerium ions vary among the 
nonequivalent proton sites, so that the external field 
required by the resonance conditions varies among the 
sites. The maximum splitting of the resulting structure 
is rather small compared to the results of Bloembergen 
and Poulis.!""* This can be attributed to a minimum 
proton-cerium ion distance of about 5 A. 


VIII. APPENDIX. COMPUTATION OF THE 
ABSORPTION CURVE AREAS 


The absorption curve areas were computed by 
numerical double integration as follows. If the recorder 
curve is considered as a plot of y, the output of the 
phase-sensitive detector, as a function of x, the coordi- 
nate in the direction of the chart feed, the absorption 
curve is z= Jf2,"ydx vs x. The area, u, under the ab- 
sorption curve is 


=z2 =2 72 
u- f six f If y(e dy’ fie 
Zi 71 Z1 


The integrals z and u« can be approximated to any 
desired degree of accuracy by the sums 


(Al) 


n 
Zn=Ax>> yi, (nZN) 


i=] 


(A2) 


N 


u=Ax >) tn= (ax (= x) 


n=l n=! i=1 


(A3) 


by taking Ax small enough. 
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Outside of the region 1,2 x2 one expects to find 
y(x)=2(x)=0 because of the resonance nature of the 
curves. It is found in practice that y(2,) and y(x) are 
no larger than the noise. The condition z(*;)=0 holds 
by definition. However, it is found empirically that 
z(x2) is not zero, although it is always much less than 
the maximum value of z. Hence, it is necessary to 
correct the value of « for this departure from ideal 
behavior. Since not all of the causes of this departure 
are known, it is impossible to derive a rigorous correc- 
tion. However, when the quantity 4(x2—.2)2(x2) 
=4NAvxz(x2) is subtracted from u, an area is obtained 
which is equivalent to averaging the results obtained 
by integrating first in one sense of x and then in the 
opposite sense. The correction used considerably 
reduces the scatter of the areas of curves taken under 
identical conditions and is exact in correcting for 
incorrect choice of the line y=0. Random processes 
such as noise and errors in obtaining the y,’s, tend to 
be canceled by the correction. Effects caused by the 
change in temperature during the resonance and by too 
long a time constant in the integrating circuit will also 
be partially compensated. 
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The coupled Boltzmann equations for phonons and electrons in a meta) are solved simultaneously using 
first-order perturbation theory. Use is made of the Kohler variational principle to put the transport coeffi- 
cients in terms of determinants. The final results are in the form of integrals involving the phonon-phonon 
relaxation time r(@) and the electron-electron relaxation time. The details of how a finite electrical] con- 
ductivity exists by means of umklapp processes even when 7(@) — (the Peierls equilibrium problem) is 


revealed in the electrical conductivity expression. In general, the effects may be described as 


“phonon 


relaxation” effects, altering all the transport coefficients somewhat when 7 (@) gets large, and “phonon-drag” 
or drift effects, altering appreciably only the thermoelectric power. 


I. INTRODUCTION 


HE problem of transport in metals is to a large 
extent the history of how electrons and phonons 
interact. We shall neglect impurity and boundary 
scattering in this paper. There are three types of such 
interactions involved: (1) electron-electron, (2) elec- 
tron-phonon, and (3) phonon-phonon. In addition there 
are external parameters which cause a change in the 
distributions, namely the electric field and a tempera- 
ture gradient. We shall not consider magnetic fields. 
The first work on electron transport problems! ignored 
(1) and (3), and regarded each collision of type (2) to 
commence with the phonons in equilibrium distribu- 
tions, which implied that collisions of type (3) are 
frequent enough to maintain phonon equilibrium. The 
possibility of the phonons not having an equilibrium 
distribution was well understood, and equations were 
written down showing where the nonequilibrium com- 
ponent appeared. Peierls in particular pointed out the 
rather grave problem of equilibrium at low tempera- 
tures, when the ignored collisions of type (3) were 
shown not to be sufficient to provide equilibrium; and 
other mechanisms had to be invoked, namely umklapp 
(UK) processes to maintain a steady state. However 
electron-phonon UK processes were thought to diminish 
too fast at low temperatures to provide what was 
necessary. Recent work* has shown that the contribu- 
tion of UK processes had been greatly underestimated, 
and unless very low temperatures indeed were con- 
templated (say 2 or 3 degrees K), there were enough 
UK processes to satisfy the most skeptical. 
In 1945, Gurevich‘ proposed that the nonequilibrium 
component of the phonon distribution could not reason- 
ably be neglected in the thermoelectric power of metals. 


1 For example, A. Sommerfeld and H. Bethe, in Handbuch der 
Physik (Verlag Julius Springer, Berlin, 1933), Vol. XXIV, Part 2. 
Our displacement function Eq. (3) is identical to Bethe’s, except 
for where the mass factor appears. 

?R. E. Peierls, Ann. Physik 4, 121 (1930). 

3M. Bailyn, thesis, Harvard University, 1956 (unpublished); 
M. Bailyn and H. Brooks, Bull. Am. Phys. Soc. Ser. II, 1, 300 
(1956). See also note by M. Bailyn in Low Temperature ’Physics 
and Chemistry [Proceedings of the _ . ir Conference, 
University of Wisconsin Press, 1958], p 

‘L. Gurevich, J. Phys. (U. S.S.R. )9, in (i945); 10, 67 (1946). 


He set up the coupled Boltzmann equations for the 
phonons and for the electrons, representing collisions 
of type (3) by a relaxation time. He calculated out some 
results, but did not attempt to solve the Boltzmann 
equations simultaneously. Since then, much work® has 
been done on this phonon-drag effect in semiconductors. 

In 1949, Kohler® showed how a variational method 
could be applied to transport properties of metals, and 
how by this means a more general electron distribution 
function could be employed. The electrical conductivity 
so calculated could be formulated in a monotonically 
increasing series. 

The burden of this paper is to solve the coupled 
Boltzmann equations of the phonons and electrons, and 


to obtain expressions for the transport coefficients by a 
method identical to Kohler’s, but applied to the more 


general problem. A variety of assumptions has been 
employed, chief among which are these six: 

(1) The phonon-phonon collisions may be repre- 
sented by a relaxation time 7;(@), a function of the 
phonon wave vector @ and polarization index 7: 


[ON;(0)/9t ph-ph con.= — (Nj— Noj)/7;(0). 


(2) The perturbation potential in collisions of elec- 
trons with vibrating ions may be written in the form 


AV=>,Vo(r—r(l))-u(l), 


where the Vv may be a factor times the gradient of the 
ion potential, or may be more complex. The index / 
represents the cell number. u(/) is the displacement of 
the /th ion. 

(3) Electron-electron interactions may be repre- 
sented by a relaxation time r(k), a function of the 
wave vector k: 


(0f/8t)etec-etec co, (f—fo)/r (k) ‘ 
(4) First-order perturbation theory is applicable. 


5 See references in J. M. Blatt, in Solid State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 
1957), Vol. 4, p. 359. 

6M. Kohler, Z. Physik 124, 772 (1948); 125, 679 (1949); 126, 
- et E. H. Sondheimer, Proc. Roy. Soc. (London) A203, 
‘ 
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(5) The steady-state statistical average’ electron 


distribution function f may be written 
fn(k) = fo(En(k))— (0fo/dE)g(k), 
g(k)= 6.*¢(k)— (€T/dx) ¢2(k)/T, 
&,*= &,+e'dt/dx, 
fo= (et+ a 
e=[E,(k)—f]/«T, 

where k is the reduced electron wave vector, and £,(k) 
is the energy in the mth band. & is the electric field, and 
¢ is the Fermi energy. 

(6) The steady-state statistical-average’ phonon 


distribution function may be represented by an occupa- 
tion number N;;(e): 


N;(@) = Noj(w;(0))— (ON 05/dhw)G;(0), 
No=(er—1)7, 
y=hw;(6)/sT, 
where w;(e) is the frequency of the jth vibration branch. 
The final expressions obtained in this paper are integrals 
involving r;(¢) and 7(k). Umklapp processes are taken 
into account exactly, for if they were neglected, our 
expression for the electrical conductivity would go to 
infinity in the limit of large 7;(¢). 
II. DERIVATION OF THE BOLTZMANN EQUATIONS 


The Boltzmann equation for the electron distribu- 
tion function is 


af of 
a i). t+) 
- E (- Pook — n'k’) f.(k)[1— fa (k’)] 
f—-fo 


+P(n'k! — nk) fa (k’) [1 — f(t) J} -—— 


» (1) 
(k) 


where P(nk — nk’) is the probability per unit time of 
a transition from state mk to n’k’. By first-order per- 
turbation theory, it is 


P(nk - n'k’) => tr? | (n’k'U' | AV | nk) |* 
HIG 


X2(E(0’)+ Ew (k’)— E(0)—En(k)), (2) 
= : 
xt/2h | 


where 2 indicates the phonon configuration. Only one 
initial state N is considered. A statistical average is 
later taken. The quantity 2(x) acts as a delta function. 


7 By “statistical average” is meant an average over the grand 
canonical ensemble as, for example, are meant the n’s in (7.606) 
and (7.705) of D. Ter Haar, Elements of Statistical Mechanics 
(Rinehart and Company, Inc., New York, 1954), See also (6.110). 
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We use for the displacement function 


u()=[NM}4¥ &(0) 


X {a;() expLio- r(2) ]+a;*(e) expl[—io-r (2) ]}, (3) 


where N is the number of cells in the periodic block, M 
is the ion mass, where the sum contains only one of the 
two (¢, —e), where a; is a destruction operator and a;* 
a creation operator, and where &;(@) is the unit dis- 
placement vector for waves of wave vector o and 
polarization 7 (j=1, 2,3). The matrix element in (2) 
is then 


(n'k’N’ | AV | nko) 
=le E {h/[2NMw;() }}'E(0) 


xi 
X {LN ;(o) }!0(E,-(k’) — E(k) — ftw) 5 (k’ — k—o— K) 
+[N;(o)+1]'2(E,,(k’) — E,(k) +h) 
x5(k’—k+o+K)}, (4) 
Tax =N (k’n’ | Vol kn) = Tax. (5) 


K represents some reciprocal lattice vector. The elec- 
tron wave functions are normalized over the whole 
crystal. The k delta functions select out @ and K for a 
given kk’ pair, since kk’ and @ are reduced wave vec- 
tors. Thus 























Fic. 1. Two umklapp t of scattering, K=0, and K= Ki, 
are shown schematically for the phonon wave vector @, and a 
third type is indicated. Cy is a curve denoting the locus of origins 
of kk’ pairs a. the delta-function condition for type K=0, 
C, for type K= K;. The angle between k and 0+ K is fixed by the 
energy delta function. The sums in the text over all possible kk’ 
pairs (for a given oj) satisfying the delta-function conditions [Eq. 
(8) for example] would reduce in this case to all kk’ pairs wit 
origin on Co, C;, C2 (not shown), and any other possible C;’s. 
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(of 01) coll. = a (1/N)C xx’; 


n'j 

X {Q(E’— E—hw;)5(k’— k—o— K) 

X[-Ni(@)f1-f)+ Wi) +1) f'(1-f)] 

+0(E’— E+hw;)5(k’— k+-0+ K) 

X[—- W350) +1) f1- + Ni(o) f'(1—f) J} 

=(f-f0/r(), (6) 
Cruxej=[2hw;(0)M J | Tice: Ej(0) |?=Crrnj>O. (7) 
If k is fixed, and k’ roams over reduced space, the first 
two terms [each square bracket in (6) contains two 
“terms” ] will be nonzero for k’’s different in general 
from those corresponding to the last two. The reciprocal 
lattice vector K is appropriately chosen so as to allow 
the delta function to be nonzero, if possible. 

The phonon Boltzmann equation may be written 
directly from (6), for whereas the second and fourth 
terms of (6) provide gains to the electron distribution, 
it is the second and third which provide gains to the 
phonon distribution. Similarly the first and fourth 
provide losses to the phonon distribution. Hence 


“ [aN; (o)/dt Jarite 

[oJ] 
=[0N;(0)/dt }con. = 4 > (Cieyky’j/N) 

kiki’ 
X {2( Ey’ — E,—hw,)5 (ky — ki -o— K) 
X[-N;(@)f(I- f+ Wi@+Df/'1-/) J 
—2(E,'— E\+hw)5(ky’—k,+e+ K) 
X[-(V;(0) +1) f1-f +-N (0) f'(1—f) J} 

_ LN; (a) a7 No l/7; (o), (8) 
where we have introduced the relaxation by phonon- 
phonon collisions in terms of a relaxation time. The 
sum means for a given oj over all possible kk’ pairs 
satisfying the delta-function conditions. This means also 
over all possible UK processes for each a. (See Fig. 1.) 
The factor } before the k,k,’ sum insures that each 
interaction is counted only once. 


We shall introduce abbreviations here to shorten the 
expressions. Let 


O(+)=2(E£’— E+hw;), 
2, (+) =Q(E(ky’) — E( ki) thw,), 
6(+)=6(k’—k+e+K), 
8;(+) =8(k,’—kite+K)), 
g(k’)=¢’, 

g(ky')=g1', 

G;(s) =G;, 

Cures fo(E) fo(E’) 


we —= Dyryj3> 0. 
xT |e~*—e* | 


(9b) 
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the form u,, exp(ik-r) where the exponential factor 
gives rise to the 6 function no matter what 1 is involved. 

Using assumption (5), anticipating the delta-func- 
tion nature of the 2, and neglecting products of small 
quantities, we get 


af 1 | 
(~) =F —Devf0(—-)8(-)(-G-e +8) 
al coll. k’j 

. g Ofo 1 
+0(+)6(+)(G)-g+e)]+—— —, 


(10) 
xT 0€ r(k) 


ON;(o) (of) 1 hea 
[| =8 EF Dev Lav—)0(-)(-G e+e) 
Ot Scott kk’ V 
G; ANo; 1 
—2(-4)8(+) (Get e)]+— — 
xT dy 7;(0) 


(11) 


Before having gone from (6) and (8) to (10) and (11), 
we may regard astatistical average’ as having been taken. 
If the phonon-electron interaction and fields are turned 
off, then the average of a typical term, say Vf(1—/’) 
is the product of the average of N and of f(1—/"). 
Knowing the averages of V and of f to be No and fy, 
respectively, one can use the equilibrium condition to 
solve for the average of ff’ and show that it too is the 
product of the individual averages. Then when the 
electron-phonon interaction and fields are turned on, we 
assume that the new average is a perturbation of 
Nofo(1 — fo’), and of the form (Not 1) (fot fr) 
X (1—fo’— fi’), where now Nj, fi, and f;’ are perturba- 
tions of the statistical averages. This is what is implied 
in assumptions 5 and 6. 


III. PROOF OF THE APPLICABILITY OF THE 
VARIATIONAL METHOD 


First we shall combine (10) and (11). Equation (11) 
solved for G;(@) yields 


ON;(e) 1 1 [o) 1 
— 3 = —Dx yk"; 
Ot Jaritt Fj(@) Fj(o) we’ NV 
X (21(—)61(—) —21(+)81(+) J(gi.— a7) 


aN;(e) 1 2 (o) 1 
-| - 7 5D —Deiky'; 
al drift Fj(@) Fj(o) ‘its’ N 
X2i(—)d1(—) (gi g7’), 


(of) 1 
—Dxk;’ 
dy «T 7;(@) kiki’ VV 


X [21(—)61(—)+21(+)81(+)] 
1 (ef) 1 
+2 D0 —Dxyny’j 
dy xT 7;(¢) kiki’ V 


X2i(—)ii(—)>0. (13) 


The second forms for (12) and (13) arise from exchang- 





G;(¢) oe 





(12) 


ing the dummy indices k, and k,’, and using (9b). It is 
here that we must keep in mind that the ¢ and K which 


Further, we drop reference to bands. The 6-function 
conditions arose from use of Bloch wave functions of 





1590 M. 


find themselves in the delta function are the ones which 
will make a nonzero value. For when we switch k and 
k’, the second term in (12) resembles the first, except 
for the particular K vector. It must be understood, 
however, that the delta function arose when k and k’ 
were given, and was taken to represent a selection from 
all « [in the @ sum of (3) ] of the one @ combined with 
the one K which would give a nonzero value. When we 
switch k and k’ in (12) in the second term, the sum 
over o and K will select out the ones to satisfy the 
delta function, and hence the K will be the same that 
gives a nonzero value in the first term. F;(@) is always 
positive since d.Vo;/dy is negative. 
Substitution of (12) into (10) gives 
— (0f/0t) arise— U (k) = L(g), 
which is a generalized Boltzmann equation. Here 
L(g) =L1(g)+La(g)+La(g), 
Li(g)=> (1/N) Dex’; 
" 


x [2(—)8(—)+2(+)6(+) ](—e+e8)), 
La(g)=X (1/N) Dew {2(—)6(—)-2(+)8(+)] 


(14) 


(15) 


[oJ] 
x[1/F,(e)] ¥ (1/N) Dear’ 
kiki’ 


X21(—)b1(—)(gi.—g1’), (16) 


gignee S?e. 
(Or de 7(k) 


U(k)=>0 (1/N) Dee's 
k1’j 


<[—-21(—)d1(—)+21(+)61(+)] 


dN;(e) 1 
a 
ot drift; (o) 


In making use of the variational principle, we treat 
U as a drift term, and propose to show that if h(k) is 
any function, then 

Dich (k) L(g) = Lixg(k) L(A), 
Dig (k) L(g) <0. 
These two conditions are the prerequisites for use of 
the variation principle. 

It is immediately obvious that L; satisfies (18) since 
dfo/de is negative, and r(k) is positive. 

The coefficient of — g(k)+g(k’) in Z; is symmetrical 
in k and k’. Hence, if we multiply by #(k) and sum, 
and then exchange dummy indices k and k’, the result 
will be identical to the unexchanged form except that 
h(k) has become —h(k’): 


2 » hL(g) 
= X (1/N) Dawe 2(—)(—)+O(4)6(4)] 
X(—gtg')(4—-*’) 
=) (2/N)Dxx:(—)3(—)(—gt+e)(h—-2’). 


kk’; 


(17) 





(18) 


(19) 
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The second form is obtained by exchanging k and k’. 
We now form 


DL AL2(g)= LX (1/N) Dew’ 


kk’ j 
x [2(—)6(—)-2(+)5(+) JA(k) 
[oj] 
X[1/F;(e) ] a (1/N) Dey’, 51 (— )61(—) (gi. — gy’). 
k, ky’ 
Interchange k and k’. When this is done the square 
bracket becomes the negative of itself, with the same @. 
When the reversed member k’k is calculated, it will 
select out the same oe, the only differences being that 
it comes from the second term in the square bracket 
instead of the first, and that there is a change in sign. 
Thus when the original is added to the interchanged 
expression, we get a factor 4(k)—/(k’). Also, the 
second term in the square bracket will add up to the 
same quantity as the first term. (Interchange k and k’ 
in the second term.) Thus 


2¥ ALs(g)= ¥ (2/N)Dew(—)8(—)(h-2’) 
k 


kk’; 


[oj] 


X[1/F;(o)] LY (1/N) Dire’ 


ki ky’ 
X 21(—)61(—) (gi-—- gy’). 
From here, the simplest procedure is to add the 1; 


and L, terms, and multiply Z; above and below by 
F;(e). Then we rewrite the kk’j sum as 


(20) 


{o] 


fe Be de 


kk’; oj kk’ 


(21) 


which means that for each @/ all possible kk’ combina- 
tions are first summed. (See Fig. 1.) The #’s are summed 
over the reduced zone, and the kk’ sum for each @ will 
involve all possible UK processes associated with that 
a. (21) is permissible because of the presence of the k 
delta function, which in any case will allow only one ¢ 
for a given kk’. Thus 


1 (od) {o3) 


: 2 hLL1(g)+Lo(g) =X pe 


oj F;(@) kk’ kik,’ 


1 
Dy Q(—)6(—) 
dy «xT 7;(0)N 


1 
x (—st6)G—8) + Pen aa )61(—) 


2 
+ Dave(—)0(—)(— 8 +8) (h—h’) 


1 2 
+—Dry1' 01 (— )61(—)—D aw 2(—)(—) 
N N 


X (gi-—gr’) (h—h’) }. (22) 
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It is evident from this that the first of Eqs. (18) is 
satisfied. To get the second, let us define 


A x's (@) = (2/N) Dux: Q2(— )6(—) > 0, 


(23) 
bun = g—gZ e 


The term in 7;(@) in (22) will always be <0 when h=g. 
We need concern ourselves only with the others. If we 
call the just-mentioned term — B, then 


{e3} {[e3] 


: 2 el Li(g)+L2(g) ]=—B-L[1/2F;(0)] 2 


kk’ kik)’ 


XK Ap kyGA pei (Ox? — Dax beiky’). (24) 


But it will always be true that 


{o3] [3] 
om Z. A xu jA keykey’j (Oi — dies’)? > 0, 
kk’ kik)’ 


(25) 


[ej] [o7} 


L >» A xxjA ky’ (Oxx-? — Bk ky’) = 0, 


kk’ kiky’ 


(26) 


since the ranges of kk’ and k,k,’ are the same. Thus 
the kk’ and k,k,’ sum in (24) is positive, and the whole 
expression is negative. This proves the second of equa- 
tions (18), and we may now employ the variational 
principle. 

The physical significance of the various terms are as 
follows. Z,(g) represents the relaxation of nonequi- 
librium electrons by equilibrium phonons. L2(g) would 
represent the excitation of electrons by those non- 
equilibrium phonons which themselves were excited 
out of equilibrium by the nonequilibrium electrons, 
provided the first term in F is neglected. The fact that 
(24) is negative states that the excitation by the above- 
mentioned phonons is always slower than the relaxation 
by the rest of the phonons. This must be the case, of 
course, since otherwise the situation would not remain 
a first-order perturbation. The first term in F shows 
the effect of the phonons in interacting among each 
other in relaxing back to equilibrium. Its effect on the 
electrons is to make the excitation by nonequilibrium 
phonons less pronounced. The second term in F repre- 
sents the effect of the electron-phonon collisions in 
relaxing the phonons. The quantity U [Eq. (17) ] 
describes the exciting effect on the electrons, arising 
from those nonequilibrium phonons which were them- 
selves excited out of equilibrium by the temperature 
gradient. 


IV. THE VARIATIONAL PROCEDURE 


Although there are several treatments of the varia- 
tional principle in the literature, it was thought worth 
while to present here the important steps in the deriva- 
tion, since the final determinants are different in struc- 
ture from the ordinary ones. 
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First, the customary drift terms are 


afo eh h E-—¢ dT 
(2) (tere 
Ot F arift m m T dx 


ONo adNo dw 1 dT 
i ents 
Ot J aritt dy do,T dx 
Then we define H,(k) by 
U (k) = H.(k) (€T/dx)/T. 


Ofo 
OE 


(29) 


Using assumption (5) and the above, we get the sepa- 
rated equations 
eh dfo 


Kez =—L(¢1), 
m OE 


(30) 


h Ofo 
——(E-{)k.-—— H,= —L(¢2). 
m OE 


(31) 


Finally we define the per-unit-volume integrals (from 
here on the sums are converted to integrals) : 

(o)=— f ol) LW)ak 4=(Y,¢). (32) 
The variational principle then says that if trial func- 
tions ¢; and ¢» are chosen with adjustable parameters, 
then the requirement 


5(¢1,¢1)=90, 
with side condition 


enh Ofo 1 
(¢1,¢1) =— fie —dk, 
m OE 4 
leads to Eq. (30); and the requirement 


5(¢2,¢2)=0, (35) 


with side condition 


h Ofo 1 
- f[-e-pat a] dk, 
mor 413 


leads to (31). The proof of these statements depends on 
the validity of (18), and we shall be content with having 
proved (18). (For more details see reference 6.) 

We employ now functions of the form* 


(36) 


gi=d a,(E—f)’ke; go=d b,(E—f)’ke. (37) 
mm —) 
With this, we get 


(38) 


n 
(¢1,¢1)= > d,,a,a,, 
prem 


n 


( $2, ¢2) - ys dy»byb, ; 


uv=(0) 


(39) 


* The a,’s and },’s are constants to be determined. 
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and the side conditions become 


¥ dy»a,a,=)>, QAyOy, (40) 
urd r=0 


te d,»b,b,= >, B,b,, (41) 
pr) rv 


where 


(42) 


chp af 1 
a=— f b@—(E-5)—ak, 
m OE 43 


h dfo 1 
a.--f Re nrtnetHe-1 ] k, 
mdoE 47% 
(43) 
d,»=((E—{)*kz, (E—$)’kz). (44) 


It will be convenient in the future to use 
v= —(h/m) f (8fo/E)(E—$) "k2dk/4x3, (45) 


In the ordinary theory y=§. The electric current J, 
and the energy current w, are given by 


Je=(ch/m) f eg (Kk) (0 fo/OE)dk/4x 


=> aa,8,*—> ,ba,(dT/dx)/T, (46) 


we — (H/m) fbag(K)LE- +E] 0fo/OE)dk/ 4? 


_ —J £/e+> 7,6.*—> by,(dT/dx)/T. (47) 
Thus the electrical conductivity with no temperature 
gradient is oo: 


To= Dy; (48) 


the thermal conductivity of the electrons, with no 
current, is x, where 


Tx=—- iced r¥ rd wd ut,)/ 2, Ave +L bry; 


and the thermoelectric power with no current is S, 
where 


(49) 


TS= (X d,0,)/D aa». (50) 


The equations of the variational problem are 


n 
LD dyrd,=a,, 
pal) 


> d,»b,=B,; 
oul 


and the solutions are 
a,= (d a,d"”)/D, 
b= (2 .8,d*”)/D, 
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where d*’ is the cofactor of d,, in the d matrix (whose 
determinant is D). From Eqs. (51) we can form 
> ..4,,4,b, in two ways, and find the relation 


Laub, ie DB udy- 


Now, in general, for a symmetric matrix d,,, we will 
have 


(54) 


'doo do don po || 


n i| dio diy din pi | 
Du= % paged=—| 2: ; th ae 
— ] dno dni re dan Pn | 
|| Go q1 os 0 | 

> aya, = — Daa/ D, 

Z ayY»= —Da,/D, 

} ba,=> 8,a,= — Dea, ‘D, 

» by= —Dz,/D. 
Whence Eqs. (48) to (50) become 


ao= — Daa/D, 


Hence 
(56a) 


(56b) 
(56c) 
(56d) 


(57) 


Dunn 
Tx=+[Daydap—DsyDaal/[DDaa]=— i 


aa 


(58) 


ST = Dga/Daa- (59) 
The second form in (58) arises from use of ‘“‘Sylvester’s 
theorem.” Even though our determinants are different 
from Kohler’s, the theorem still applies. We have 


|| doo doy don ao Bo i 
| dio din din a1 Bi l 
Das;ay=| *# ve | (60) 
}@o a *** Ge Ay 
ive v1 *** Yo As 


dan an Ba || 
Ao|| 
Ag|| 


where Aj, Ao, Az, and A, all have the value zero. If A', 
etc., are the minors of these elements, then the theorem 
states that 


A‘A‘— A?At= DDap. ay. (61) 


But in our previous terminology, A'=Dg,, A’=Day, 
A’=Das, A‘=Daa. The second form for (58) then 
follows. 
Finally we write down the first terms of (57) through 
(59). 
ao=a¢*/doo, (62) 
Tx = (agyi— Yom) (Bra0— Boars) / 
[dooas?— 2dy9a0a.+-a0"d1, |, 
[ —arBidoot+d10(a81 +0180) — diraBo | 


vr ay*doo+ Zara :d19— ae? 11 


(63) 





(64) 


Many ot the terms will be very small, owing to the 
presence of powers of x7/f. 
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V. CALCULATION OF F,(@) [EQ. (13)] 


The problem of integrating over k,k;’ pairs for a 
given @ can be carried out almost completely. We 
assume that I,» depends only on o+K. It will thus 
change when we go from one type of UK to another, 
but it will remain the same for all kk’ combinations for 
a particular UK type. So will &(@), which does not 
even differ from one UK type to another. Thus we 
introduce a dimensionless parameter of order of 
magnitude 10°: 


Bie. ey x= (2a,3 é) | E;(o) . Ix |?/|o+K], 
where a, is the Bohr radius. 


The k sum is transformed: 


NAo dE 
~— k’d(cos6)d¢, 


(65) 


(66) 


where Ap is the atomic volume, and @ is the polar angle, 
which will be the angle between k and o+K for each 
K. Also 


f'2(—)8(—) (cose) = [2m / (he |o-+ K)] 

X6(E’— E—hw)i(k’—k-—o—K). (67) 
The ¢ integral is 2x for each K. There remains only 
the E integral: 


(68) 


f dE fo( E) fo( E-+ihu)e*=ta,/(eY—1). 


Thus 


aNo; 1 Te esl 

F;(¢)=—— +> Binosx (69) 
dy «Trlr;(0) «XK 

where 


T= (M /m) (a,3/Ao) (4mran/ao0c), (70) 


where aoo is the fine structure constant, ¢ the velocity 
of light, and a, the Bohr radius. Thus the whole integral 
has reduced to a sum over reciprocal lattice vectors 
associated with a given @. 

To give some idea of the numbers involved, Table I 
is provided, giving values of r, for the alkali metals, 
and representative values for B taken from reference 3. 
The third row 7’ are values of 7;(¢) which will make 
the first term in the square bracket of (69)t equal the 
second. From Kittel’s book,’ we expect 7;(¢) to be of 
the order 10-” or 10~" sec at 90°K or so. 


VI. DISCUSSION OF THE PARAMETERS 


In this section we shall estimate the a’s, 8’s, y’s, and 
d,,»’s to the extent of eliminating the small terms in 


t The various terms in the square bracket of (69) indicate the 
relative importance of relaxing by phonon-phonon interactions 
and by the various UK interactions, for a given @. 

8. Kittel, Introduction to Solid State Physics (John Wiley and 
Sons, Inc., New York, 1956), second edition, p. 139. 
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TaBLE I. Numerical values for the parameters in Eq. (69). The 
numbers are designed to reveal only the order of magnitude. 7’ is 
defined in the text after Eq. (70). 








Li Na K Rb Cs 


re 0.27 #2053 4047 0.82 1.10 
Bjoesk 0.003 0.002 0.001 0.0005 + ~—-0.0004 
rf 45. 130. 250. 820. 1400. 











® The units of re and r’ are 107" sec. 


Eqs. (62) to (64) and of giving some qualitative picture 
of the type and significance of any new effects on the 
transport coefficients. 

The a’s are the same as Kohler’s a’s, and the y’s are 
the same as Kohler’s f’s: 


e mw et (xT? 
q=u——-; a=-——(—) ’ 
hAo 4 hAo ¢ 


ef seT\? et “eT \* 
rope ye ™yaaly)" 
2 hAyg\ ¢ 3 Ah\ ¢ 
Our f’s may be written in the form 


B.=7+7; 


(71) 


(72) 


where 


1 1 
y/=—— DL (E-$)"hs—Daws 
A kk’j N 


X[-2(—)8(—)+2(+)6(+) ] —r1— (74) 


aNo; dw; 1 
dy do; F;(c) 


The y,”’s are actually collision integrals similar to 
the d,,’s but they appear in the present formalism in 
the guise of drift integrals. One way of treating them is 
to transform by the usual method to 


ye’ = (1/34) 2X (dN oj/dy) [y/F (0) }V oes" 2 (03) 


x[(E—$)"k— (E’—$)"k’](1/N) 
X Drv j2(—)6(—), (75) 


where it is recognized that in a cubic crystal the calcu- 
lation along an x, y, or z axis must yield the same value, 
so that we could sum over x, y, and z and divide by 
three. The reduction (21) was also used. We make use 
of the sums 


(o3] 
Q,( jo) = —[2/F;(@)] » ((E—5)"k—(E’—$)’k’] 
X (1/N) Dax Q(—)5(—), 
[oj] 
Qo(je) _ 92 (o+ K,) Bjo;0+K1} / 


(76) 


[oj] 
(Lre/7s(@) +X Bje;e+K}, (77) 
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[ej] 
Q:(je)= (2 (ot K))itw;() 


X [hw;(o)/ (h?|o+ K, |?/4m) ]B jo; +K1} 
{oj} 
X{Lre/rs(0) +X Bjo;e+Ki}—". (78) 


These were evaluated by using the delta function to 
sum over k’, and by converting to an integral over k. 
The polar axis is chosen along 0+ Kj, and the 2 becomes 
a delta function for the angle between k and o+ K,. 
The K,’s represent possible umklapp processes for the 
given o. These can be obtained by adding K, to @ and 
seeing whether or not the result is a vector smaller in 
magnitude than 2, where kp is the electron wave 
vector at the Fermi level. The sum over K, is then a 
sum over all such possible Ky’s. 
We find 
yo = = (1/3A)>— (dNo;/dy)y Vj: Qo, (79) 
oj 


i= — (1/3A)X(dNoj/dy)vVo0j-Qi. (80) 
oj 


In the same manner, neglecting terms in r(k), we find 
doo= 2 (1/N) Dax (—)8(—)3(0+ K) 
id -(¢+K—Qo), (81) 
dio= 2 (1/N) Dew (—)8(—) 
X3[—k(E—-§) +k’ (E’—5) lo + K— Qo], 
du= > (1/N) Dew (—)5(—) 
X$[—k(E—5) +k’ (E’-5)] 
x(k’ (E’—$)-k(E-3)— Qu]. 


VII. THE TRANSPORT COEFFICIENTS 


(82) 


(83) 


In Eqs. (62) to (64) we shall include in the usual 
fashion terms only of lowest order in (x7/f)*, a very 
small quantity for metals at ordinary temperatures. 
The results above show that the corrections to doo, do, 
and d,, will not alter their orders of magnitude in this 
sense. Thus we take the usual theory’s results: doo of 
zero order, do, and d,, of first order. [Kohler’s expres- 
sions and our “usual theory’s” differ only in the con- 
templated method of calculation (see reference 3) and 
in the inclusion of UK processes. ] We find 
(84) 


oo=ae’/doo, 


vp v1 myo] Yr v1 
rem i4 eed Fe en I 
dy Y1 @ 71 dy 71 


v'\—acyiditaryidoo Yof Yo 
rs=(1+~) es +“ (14"). (86) 


71 ag’dy, ao Yo 


(85) 
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The effects can be classified into two groups: (1) re- 
laxation effects in the d,,’s, and (2) drift effects in the 
7,”s. 

In the electrical conductivity, if 7;—+ © and UK 
processes are neglected, then a9 > © as is well known 
on general grounds? but had not previously been shown 
to result from a statistical calculation. Thus when 
7— + ©, the phonons which cannot participate in UK 
processes cannot contribute any resistance to the 
charge flow, but those that can participate in UK 
processes can contribute both through UK and non 
UK processes. With this cutoff of long-wave phonons, 
the resistivity varies ultimately not as 7*® but 
exponentially. 

The details of how, in the limit r— ~, the UK 
processes can produce a nonzero scattering can now be 
seen. The limit —> © means that the phonons cannot 
dissipate energy or momentum fast enough to the 
surface and outside the crystal and thus interact prin- 
cipally only with the electrons. This implies a closed 
electron-phonon system. If momentum were conserved, 
the initial electron unbalance caused by the electric 
field would remain shared between the electrons and 
phonons even if the field is subsequently turned off. 
This ability to maintain the unbalance in the absence 
of the field is described as an infinite conductivity. 
Equation (81) shows that this will occur not merely 
when UK processes are neglected, but also whenever 
there is only one UK type of process possible for a 
phonon, whether that type has K=0 or not. (However, 
the only cases where only one UK type is possible are 
the long-wave phonons, and the type is K=0.) 

To begin the description of how the infinite con- 
ductivity is prevented, we find it convenient to restate 
the facts upon which the phenomenon rests: (1) there 
are processes which do not conserve momentum, and 
(2) certain phonons may engage in more than one UK 
type of collision. Peierls’ original discussion of a general 
nature centered on Fact 1. We find it convenient to 
emphasize both these aspects. (Fact 1 is necessary for 
the validity of Fact 2, but not sufficient.) Let us return 
to Eqs. (19) and (20), the latter referring to the mo- 
mentum change caused by the nonequilibrium com- 
ponent of the phonon distribution tossing back some 
of the momentum that the electrons tried to get rid of. 
In the following discussion we regard the g(k) in L(g) 
as referring to the electron distribution, with g propor- 
tional to k, and h(k) as the quantity being scattered, 
in this case momentum, also proportional to k,. (19) 
and (20) then correspond to doo. x denotes the direction 
of the electric field. 

The right-hand side of (19) is of the form 


L (keke!) Paw [he— he’). (87a) 


The first k,—k,’ is the momentum loss associated with 
the collision. Py. is an intrinsic probability of collision. 
The second k,—k,’ arises from the difference in the 
nonequilibrium components of the statistical average 





TRANSPORT 


of the distributions of k and k’. The main points of the 
argument to follow are not dependent on the assumption 
g(k)~k, however. We shall use the word “net-proba- 
bility” to exclude’ that part of the transition probability 
which corresponds to equilibrium behavior, and which, 
when summed, cancels to zero. Specifically we denote 
Pyw[kz—k,'] as the “net-probability” that the proc- 
esses k <> k’ will produce excess phonons. We continue 
to refer to it as a probability even though it is unnor- 
malized, i.e., even though it really represents the total 
number of excess phonons produced. To convince one- 
self that this indeed is what is represented, one may 
compare (11) with (19), it being clear in (11) that the 
expressions denote changes in V,(@). 

We pause here to make some remarks on the net- 
probability concept. If one traces the terms in (10) 
back to the terms in (6), one can show that the g and g’ 
in the first square bracket of (10) arise from the de- 
struction and creation terms, respectively, of the first 
square bracket in (6). This means that if, say, g’>g, 
there is a net-probability for a gain in the statistically 
averaged number of phonons above the equilibrium, 
which in fact is reflected in the g—g’ factor of the first 
bracket in (11). If this were all that was involved, the 
average number of @ phonons would increase without 
limit. To achieve a steady state (neglecting phonon- 
phonon interactions), we say that this average excess 
number is also the average excess number destroyed per 
unit time. But where can we find the interactions by 
which to destroy the excess? The answer is: in inter- 
actions involving the excess itself, once it is produced. 
We thus envisage a cycle: by an ordinary interaction, 
an excess phonon is produced; then by an extraordinary 
interaction it is destroyed. The number created must 
equal the number destroyed to maintain a steady state. 
On this picture, then, once an excess phonon is produced, 
its total probability of being destroyed is 1. The fact 
that without a temperature gradient and allowing 
7;(@) — ©, the average net rate of phonon production 
through collisions is zero does not. mean that the net 
rate of electron momentum change through collisions 
is zero. This in fact is just the Peierls’ paradox. 

The right-hand side of (20) is of the form 

dD {— (ke— he’) Pce(ke—kz')ux wm}. 
The first kz-—k,’ has the same significance as before. 
So does Pxx:. However, the nonzero net-probability of 
the transition here is not the direct result of the differ- 
ence between the nonequilibrium components of k and 
k’, but an indirect result in the form of interactions 
with the nonequilibrium component of the ¢ phonons. 
We shall refer to this component as if it corresponded to 
an increase in the number, although it could, of course, 
equally well correspond to a decrease. The existence of 
such a nonequilibrium component for the phonons 
reflects the fact stated above that there is a greater 
probability for the phonon creation-destruction cycle 
to proceed by first a creation and then a destruction 


(87b) 
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than the other way around. Now this component arises 
through, and its magnitude depends on, a// the UK types 
of interaction which can produce the given @, not just 
on the type corresponding to the destruction collision 
at hand in (87b). When referred to the electron dis- 
tribution unbalances, this component will reflect an 
average over all these types. If there is only one type 
possible, then this average has no significance, with the 
result that (87b) would cancel (87a). That is, even 
though there is a net probability for being first created 
and then destroyed, there is nevertheless a certainty 
that if it is created it will be destroyed, and if it gets 
created and destroyed in the same type of process, it 
will give back what it took in the way of electron mo- 
mentum, and we indeed get no net change in the elec- 
tron momentum. When there is more than one type of 
UK process available, the average becomes important, 
and keeps (87b) from canceling (87a). In the limit 
7 — ©, the sum of (87a) and (87b) is then 


> Pru (Re—ke’)—>d Pru (ke—kz’) 
| 2 (hiz— hie’) Prerter’ 


| - [ ={20D0 Paw Preity’ 
ba Pxyk;’ 


XL (ke— ke’)?— (ka— ha’) (Riz—hiz’) }}/ Pex. (87c) 
To make clear what is involved in there being a 
nonequilibrium component to the phonon distribution 
and what the significance of Facts 1 and 2 is, let us 
follow the career of phonons oj which may engage in 
two UK types of interaction, which we label 1 and 2. 
The relative net-probability of being created in a type-1 
process is Pi{o:+K,,], and in a type-2 process is 
P.{o.+K:2,]. The polarization index j, strictly speak- 
ing, should appear on all the P’s, but for convenience 
we shall avoid this encumbrance. The total net probable 
change in electron momentum in creating these phonons 
is 
(o.+Ki2)Pilo:+Kiz]+(0:+K2,)P{o.+K2-z |, (88a) 
where the first ¢. +, represents the actual momentum 
change per collision. Each term is nonzero because of 
the deviation from equilibrium of the electron dis- 
tribution function, reflected in the second factor ¢,+K;. 
The expression shows the net tendency for the electron 
nonequilibrium component to produce a nonequilibrium 
component to the phonon distribution. In the absence 
of phonon-phonon interactions, our new phonons may 
be considered the deviation from equilibrium of the 
phonon distribution. 

The total probability for an excess phonon to be 
destroyed is 1, as emphasized above. But the destruc- 
tion may take place by means of a process of UK type 1 
or 2 irrespective of how the excess phonon was pro- 
duced. This is the crux of the matter. The relative proba- 
bility that it will be destroyed in a collision of type 1 is 
P,/(P:+P2) and of type 2 is P2/(Pi+P:). The “rela- 
tive net-probability” of phonons being created in a 





1596 M. 


type-1 process and destroyed in a type-1 process is 
P,[o:+Kiz|P:/(Pi+P:2), and the corresponding net- 
probable electron momentum change in the destruction 
collision of type 1 is 
P,P, 
a (cet Kis) [ort Kz]. 


1 2 


The relative net-probable electron momentum change 
in the destruction collisions of type 2, corresponding to 
the death of excess phonons which were created in a 
type 1 process, is 


P,P: 


= (o2+ Koz) [o.+Kiz]. 


itP2 


The sum of these last two expressions is to be added 
to the change given by the first term of Eq. (88a), 
(which we multiply above and below by P;+P2), in 
order to obtain the net-probable electron momentum 
change associated with both the life and the death of 
phonons ¢ if they were created in a type-1 process: 


P,P. 
[(o2+Ki2)?— (o2+Kiz) (o2+K2;) |. 


1 2 


(Aki:)= 


As it stands, this could be either positive or negative. 
If the phonons were created in a type-2 process, the 
net-probable electron momentum change is 


PiP. 
ie aa hoy Keller Ke)ertKad) 
P+ Py 


This could also be positive or negative. The sum of 
these two expressions gives the total net-probable 
electron momentum change associated with the life 
history of ¢ phonons: 


P;P; 


(Ahis)+ (Altss)=— (Kiz—Koz)*>0. 


1 2 


(88b) 


Thus the electron system will always lose momentum. 
(88b) corresponds to (87c). This discussion in fact 
paraphrases the argument which leads to Eqs. (22) 
to (26). 

The above expression (88b) may be derived more 
directly still, and in a manner to emphasize the sig- 
nificance of the momentum nonconservation. P,P2/ 
(P+ 2) is the relative intrinsic probability of a colli- 
sion of type 1 being followed by one of type 2 (or vice 
versa). P,Pofo:+Kiz]/(PitP:2) is the relative net- 
probability that a process of type 1 because of the 
electron unbalance will not average to zero and will be 
followed by a process of type 2. Kiz—Kez is the mo- 
mentum loss from the whole system in such a sequence 
of interactions. Thus 

P,P» 
(Kis Ke) 5 leet Kis] 


1 2 
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is the net-probable momentum loss from the system, 
i.e., the momentum nonconserved. Further 


P,P» 


(Ko:- K,,);—_{o.+ Ko; | 
Pi+ 


D 
1 2 


is the corresponding loss associated with the sequence 2 
followed by 1. The sum is the total net-probable loss 
from the system associated with the creation and 
destruction of a phonon when the electron distribution 
has a nonequilibrium component, since sequences 1 
followed by 1, and 2 followed by 2 give a zero loss each. 
The sum referred to gives just the expression in Eq. 
(88b). 

The situation may be described in words as follows: 
there is a stronger correlation between momentum 
change and net probability of occurrence for processes 
which tend to produce than for processes which tend 
to reduce the phonon unbalance, and this for the reason 
that once the nonequilibrium phonon is created, it 
forgets how it was created, and thus loses a measure of 
correlation. The relation between momentum change 
and net probability is such as always to reduce the 
momentum unbalance of the electron-phonon system. 

If one makes a list of the possible momentum losses 
Kiz—Kjz=AK,yz which can occur for any phonon 
(there are only a very few), and defines an effective 
matrix element in the limit r— @ : 


(oJ) {oJ} 
R.=3— 2 Bio; 6+KmBio; +Ki]/>) Bio; 0+ 
n 


isl 

K;i —K: = AKe, 

for each of these, then one can write doo in a form which 
parades the importance of these momentum non- 


doo= 


1 1 dNo; 
¥(AKnz)* 5 (—)- ——Rje™. (89) 
6 dy 


KiT.e ™ ¢ 


If the phonons interact among themselves, then the 
phonon unbalance will be partly relaxed by transitions 
which have nothing to do with the electron momentum. 
In this case, 7./7;(@) is to be interpreted as the proba- 
bility of such interactions, relative to Bjo;.4x, the 
relative probability of UK type K. When impurity 
scattering of the phonons is considered, it is to be 
expected that another term will be added to the de- 
nominator of the Q’s. 

An estimate of the importance of this correction can 
be obtained from Table I. Qo is of order of magnitude 


koB/{{re/1;(o) ]+B}. 


This will have the value 0.149 when 1;(@) is of the order 
10°r,, i.e., 10-" sec, which is the order of magnitude to 
be expected at low temperatures. Thus a low-tempera- 
ture correction may be anticipated. 

The significance of the correction to dio is similar. 
But the correction to d,; entails the removal of energy 
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from the electrons during the phonon relaxation. It is 
apparent that Q, corrects for this, but with the peculiar 
and very small weighting factor 


[P=] 
2m 


The correction to dj; is small because of the energy 
origin chosen in the expansions (37). The cancellation 
of plus and minus contributions is very large. (If one 
chose zero energy as origin, one can see that Q; would 
reveal a character analogous to Qo.) The choice of 
energy origin favors a swift convergence of the series 
into which the transport coefficients may be put. 

Orders of magnitude of yo’ and 7,’ may be obtained 
by neglecting UK processes. The results will be too 
large, and probably of the wrong sign. But they are 
useful in eliminating small quantities in the transport 
coefficients, and can be calculated easily. We take the 
limit of large r;(@) and low temperatures: 


ar ¢7 X30 1 
limys’=5 (—) 3D -, 
4 ag 7 hAy 0; s=1 3 


Pst y sy oI 
limy;’ =>, — (~) erariahaes 5 
To ( 


x . : ~ 5 , 
i hAy \O;7 Womax?/2m =? 


(90) 


(91) 


where 
KO; sana h (w;) max as No max j. 


The phonon velocity w;=V.w;(e) is treated as iso- 
tropic, dispersionless, and in the direction o for the 


present purpose. Thus 
76 @ 1 
) ie } aa 
ra e=1 3 
o | 


rii(3) 38 
i Womax?/2mM\O;/ 2x? =I 2 


It is at once evident that y,’/7; will be small compared 
to 1, whereas yo'/7o will not. If 7; gets small, these 
ratios get smaller still, since both terms in the de- 
nominator of yo’ and y;' are of the same sign. For 
convenience, we rewrite the transport coefficients taking 
advantage of the negligibility of the small terms: 


Tx=y7/du, (94) 
TS= [—avyidiotaryidootacyodi |/acdit+yo /ao. (95) 


It was originally to understand the thermoelectric 
power that Gurevich and others began to study the 
“phonon-drag”’ effects. Unfortunately, it is just for the 
thermoelectric power that even a qualitative appraisal 
of the new effects is hard to obtain without extensive 
calculations. Certain things of very general nature may 
be said, however. First, there are two effects, one the 
relaxation effect in doo and dio, (which makes doo always 


(92) 


(93) 
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smaller, but not necessarily d,9), the other the effect of 
a new drift term. Second, a significant effect in S need 
not be reflected in the conductivities. 

What one would like to know most of all is the sign 
of the new term. The new term has an interesting char- 
acteristic in this regard. All K=0 interactions give a 
negative value (i.e., providing a term of same sign as 
the usual term), whereas all UK interactions provide a 
positive value. This results from the fact that 


Vw; (0+ K) ~w;(e/c)- (e+ K) 


will be positive when K=0, and from the nature of 
umklapps, it will be negative when a Bragg reflection 
bounces the electron back. Our experience in transport 
calculations has been that UK processes dominate the 
scattering.’ If this is still the case for yo’, then an ex- 
planation for the low-temperature anomalies in Rb and 
Cs may be at hand. Numerical calculations are planned 
by the author to answer this question. 

To get some sort of order of magnitude estimate of 
the additional term in the thermoelectric power, we use 
10-* sec, as an order of magnitude underestimate for 
t;(0) at 30°K. The contribution is then of the order of 
magnitude of the measured thermoelectric power. Thus 
the r can at the same time be small enough not to alter 
the conductivities by much, and large enough to cause 
an appreciable effect in the thermoelectric power. 
However the fact that UK and non-UK processes tend 
to cancel each other out will greatly diminish the effect. 
A low-temperature 7* dependence (first found by 
Gurevich) seems to be predicted by the present deriva- 
tion, although the temperature dependence of 7 may 
alter this, as will also the influence of T on the balance 
between UK and non-UK processes. 

We also note that the 1/0, factor in the new term 
more than compensates the effect of +, from (70) when 
we go from Na to Cs, so that we expect the effect on 
Rb and Cs to be larger than on Na and K, which seems 
to be what the experiments indicate. The positive ther- 
moelectric power of Li seems to escape the theory. It 
could possibly enter through an unexpectedly large 
UK weighting in Bye; 64x. 

A high-temperature correction is not to be ruled out. 
A rough order-of-magnitude estimate indicated an 
effect one order of magnitude smaller than the observed 
values. Considering the roughness of these estimates, we 
cannot eliminate such a possibility. 


VIII. OTHER EFFECTS 


The scattering of electrons by impurities may be 
taken into account by adding a term L4(g) to L(g) in 
(15) in the usual manner. It will affect the d,,’s only. 

Additional scattering mechanisms for the phonons 
would affect the F;(@)’s and hence would affect the 

For the experimental work, see MacDonald, White, and 
Woods, Proc. Roy. Soc. (London) A235, 358 (1956), and D. K. C. 


MacDonald and W. B. Pearson, Proc. Roy. Soc. (London) A219, 
373 (1953). 
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relaxation corrections in the d,,’s and the y,”s. They 
would also affect Eq. (14) by adding another drift 
term similar to U(k), and hence would affect the 8 
integrals. 

The transport of energy by phonons would affect the 
thermal conductivity. It can be written down and de- 
veloped using (12), assumption 5, (37), and (46), 
whence 


Upton (1/8445. f do tas(o) Vee 
XL — (dN 0;/dy)G;(e)/xT ] 
=— [oot (1/D)(Cad)(Cdes)/ 
(S,4,0,)—(1/T)X bd, (dT /dx) 


= —[xo+Dap,ar/(DaaT)], (96) 


where 
Ko= [24277 }“ E f ao hw; (Vj)? 
i 
X (dNo/dy)[y/F;(¢) }(dNo/dy), 


A,= [249xT J? E [ao hw ;(V 60;° Q,)dN./dy= —7,'. 
i 


ko is quite negligible. The other term to a first approxi- 
mation will alter (63) to the extent of replacing yo and 
v1 by yotAo and yo+A:, respectively. A; is small com- 
pared to 71, but Ao is not small compared to yo. But 
every term in which yo appears is so small because of 
other factors that Ao will have no sizable effect in metals. 
The effect of “electron drag” is negligible.t 


IX. THE ONSAGER RELATIONS 


Our results must satisfy the Onsager relations, since 
we have employed detailed balancing, and have treated 
the electron-phonon interaction symmetrically. To 
show the verification, we rewrite the currents as 


1 dT 
J. Ln6*+Lu(-- a 
T dx 
(97) 


1 dT 
W z= Welectron + W phonon = L8."+Ln( wy r —) ’ 


dx 


t The last relation in (96) shows that the electron drag on 
phonon heat conduction will cancel, to first order in drag quan- 
tities, the phonon drag on electron heat conduction. The present 
theory provides the correction second order in drag quantities, 
pone 9 we have not written it down. 


BAILYN 


e dx T ( T dx 


The “proper forces” &** and — (d7/dx)/T are the ones 
appropriate to the streams J, and w,.'° Our Eqs. (46), 
(47), and (96) become 


1 dT 
Je Ln! B.+ Le! a? —) 
T dx 


i 1 dT 
= 1)'8,4*+ (tx!-“L3')(- T —} 
e€ T dx 


1 dT 
wz> Loy’ 8.*+ Ln'( api —) 
T 


dx 
c 1 dT 
=19)'6,**+ (12!~=12") ( odes eae ), 
e T dx 
where 


Ly’=> aty, 

Ly’=D ba= dL a£,, 

Ln'=X afy— (¢/e)a—rA,J=L aB,— (¢/e)ar, 
Loo’ =>, b(¥»—dv) + Teo= >, 6,8, 4+T ko. 


(99) 


(100) 


The Onsager relation which we verify is that Ly2—L2 
=0. By Eqs. (99) and (100) this is 


Li’— (¢ ‘e)Ly)'— Loy’ 
= > {a,8,— (¢ ‘e) dy, — a,[B»— (¢, ‘ea, }} =0, 


which proves the relation. 

Added note.—Since writing this paper, the author has 
become aware of recent work" on the variational prin- 
ciple. None of those papers takes the same approach 
as ours, however. A note by Tsuji,” on the other hand, 
indicates a procedure similar to ours. 


 H. B. Callen, Phys. Rev. 73, 1349 (1948). 

uJ. Ziman, Can. J. Phys. 34, 1256 (1956); D. Dorn, Z. 
Naturforsch. 12a, 739 (1957); G. E. Tauber, Bull. Am. Phys. 
Soc. Ser. II, 3, 104 (1958); I. I. Hanna and E. H. Sondheimer, 
Proc. Roy. Soc. (London) A239, 247 (1957). 

2M. Tsuji, J. Phys. Soc. Japan 13, 426 (1958). His article has 
appeared in Mem. Fac. Sci., Kyushu Univ., Ser. B, 2, No. 4. 
Tsuji has not taken account of umklapp processes, however. 
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Magnetic Resonance Line Shapes at the Onset of Saturation* 
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Magnetic resonance absorption line shapes and widths in Li metal and CaF; crystals have been measured 
as a function of radio-frequency power level. The measurements have been made on the Li’ resonance in 
Li at 77°K and 215°K and on the F” resonance in CaF: at room temperature. The measurements have 
been made from low rf power into the region of appreciable saturation, but not into the very high saturation 
region considered by Redfield. A decrease in 6H, the peak-to-peak absorption derivative line width, was 
observed in both systems at sufficiently large values of H;, the rf magnetic field. The changes of line width 
in Li at various values of 7; and of characteristic motional frequency of the nuclei show good qualitative 
agreement with the criteria proposed in the recent theory of Tomita. Line-width data obtained by Redfield 
in aluminum are included for comparison. In the case of CaF2, where the spin-lattice relaxation proceeds 
via paramagnetic impurities, the decrease in 6H occurs at appreciably higher saturation levels than is the 


case in Li and Al. 


INTRODUCTION 


T has been known experimentally for some time!~® 
that magnetic resonance absorption line shapes and 
widths for systems in which 7;#T, do not in general 
change with rf power level in the manner predicted by 
the early theories.®’ Redfield’ has shown that some of 
the difficulties in the early theories are associated with 
the assumption made in the Bloembergen, Purcell, and 
Pound theory that the complex rf nuclear spin suscep- 
tibility is simply proportional to the difference in 
population of the nuclear spin levels and is not affected 
by the presence of the rf field except insofar as the spin 
level populations are affected. He shows that when the 
rf field is large, a coherence is introduced into the mag- 
netization by polarization of the spins along the rf 
field direction, so that the above assumption breaks 
down. Starting from more general assumptions, Redfield 
is able to develop a theory for the behavior of the 
magnetic resonance absorption and dispersion signals 
in the case where the rf field is of the order of magnitude 
of or larger than the local magnetic fields. 

The decrease in 6H, the peak-to-peak absorption 
derivative line width, and change in shape of the ab- 
sorption line upon saturation observed in copper and 
aluminum by Abell and Knight‘ and Redfield! was 
also observed in metallic lithium.’ This effect, par- 
ticularly in Li, occurs while Hy, the rf field, is still 
quite small compared to local fields. (In Li the change 
is observable when the ratio of H, to 6H is 1.5X10™.) 
Redfield’s work indicated that the line narrowing might 
not be surprising, but made no quantitative predictions 
about the behavior at the onset of saturation. 

We have made detailed measurements of the be- 
havior of the Li absorption line at the onset of satu- 

* This work supported in part by the Office of Naval Research. 
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2 A. H. Cooke and L. E. Drain, Proc. Phys. Soc. (London) 65, 
894 (1952). 

3F, Reif and E. M. Purcell, Phys. Rev. 91, 631 (1953). 

4D. F. Abell and W. D. Knight, Phys. Rev. 93, 940 tiger 

§ D. F. Holcomb, Bull. Am. Phys. Soc. Ser. II, 2, 129 (1957). 


* F. Bloch, Phys. Rev. 70, 460 (1946). 
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ration at 77°K, 215°K, and 298°K. Measurements 
have also been made of the behavior of the absorption 
signal in CaF,. The CaF, system was chosen in order 
to test whether the existence of the line narrowing 
depends on the spin-lattice relaxation process. In CaF: 
the relaxation mechanism for the F"’ nuclei is the spin 
diffusion-limited relaxation by paramagnetic impurities, 
and this mechanism gives a nuclear spin-lattice coupling 
quite different from the coupling via conduction elec- 
trons in the metals. The absorption lines in CaF; have 
also been found to exhibit the decrease in 6H and shape 
change, but at higher values of rf saturation. 

Tomita’ has recently put forth a detailed theory of 
the saturation behavior of the magnetic resonance lines. 
He develops the conditions necessary for the observa- 
tion of the “saturational narrowing” and the slow 
saturation of the dispersion signal observed by Redfield. 
This theory agrees with Redfield’s calculations at very 
large rf fields. The experimental data in Li and CaF, 
will be presented, and, where appropriate, related to 
to the Tomita theory. 


PERTINENT EXPERIMENTAL DETAILS 


The measurements of Li were made at 5.6 Mc/sec, 
using a conventional Pound-Knight? oscillator-detector, 
which detects only the absorption signal. The audio 
output was fed into a 47-cy/sec phase-sensitive de- 
tector, using a diode bridge mixer similar to that used 
by Volkoff..° The 47-cy/sec field modulation was 
replaced by an 8-cy/sec modulation for one set of 
measurements at room temperature. A Liston-Becker 
dc amplifier with the input chopper removed was used 
for the phase-sensitive detector for these 8-cy/sec 
measurements. For the measurements on F® in CaF, 
the rf system consisted of the transmitter, probe, and 
receiver unit from a Varian V-4300B crossed-coil rf 
spectrometer, operating at 40 Mc/sec. The audio 
signal from the Varian receiver was fed into the 

§K. Tomita, Progr. Theoret. Phys. Kyoto 19, 541 (1958). 


*R. V. Pound and W. D. Knight, Rev. Sci. Instr. 21, 219 (1950). 
© Volkoff, Petch, and Smellie, Can. J. Phys. 30, 270 (1952). 
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Fic. 1. The peak-to-peak absorption derivative line width, 
6H, is shown as a function of H, for lithium metal at 77°K and 
215°K. Some data of Redfield taken in aluminum at room tem- 
perature are shown for comparison. S=47*H;*7ig(v9). 


47-cy/sec unit used for the lithium measurements. The 
author is indebted to the Cornell Chemistry Depart- 
ment for the use of the Varian units and their electro- 
magnet for the CaF, measurements. 

The Li sample used was composed of small spheres 
dispersed in mineral oil. The sample was prepared in 
the manner described previously." The typical particle 
diameter was about 50u. The skin depth in Li at 77°K, 
for an infinite plane surface, is about 20u at 5.6 Mc/sec. 
The Q of the sample probe was observably lower at 
77°K than at room temperature, presumably because 
of eddy current losses in the particles, but no asym- 
metry of the resonance produced by phase shift mixtures 
of x’ and x” was observed.'*"* Redfield" has also noted 
the lack of this asymmetry with particles of Al and Cu 
large compared to the skin depth. 

The CaF, crystals were obtained from the Harshaw 
Chemical Company and exhibited 7; values slightly 
less than 1 min at room temperature. 

The low-temperature measurements in Li were 
made by immersing the probe in liquid nitrogen for the 
77°K measurements and in a turpentine-dry ice mixture 
for the 215°K measurements. 

For Li, the magnitude of H, for a given rf voltage on 
the sample coil was determined from the variation of 
the amplitude of the absorption signal at exact reso- 
nance with rf level. These measurements were done at 
room temperature. 7; is known from pulse measure- 
ments." Moreover, since the spin system obeys the 
Bloch equations at low rf levels, the saturation of the 
peak absorption will follow the simple theory rather 
closely. 

Because of the large values of 7; in Li and CaF», we 
found it impractical to operate with the magnetic field 
modulation frequency wm small compared to 1/7. 

1D. F. Holcomb and R. E. Norberg, Phys. Rev. 98, 1074 


(1955). 
2 R, E. Norberg, Phys. Rev. 86, 745 (1952). 
13 N. Bloembergen, J. Appl. Phys. 23, 1383 (1952). 
4 A. G. Redfield, Phys. Rev. 101, 67 (1956). 


Halbach® has calculated the effect of large wm on the 
observed absorption derivative for systems obeying the 
Bloch equations. He shows the existence of a signal 
which is 90° out of phase with the field modulation. 
In the present experiments, the phase of the reference 
signal to the phase-sensitive detector was always 
adjusted so as to observe the component of signal in 
phase with the magnet modulation. Possible effects of 
the large modulation frequency are discussed below at 
appropriate points. 


THE ABSORPTION LINE IN LITHIUM 


The experimental values of 6H in Li are given in 
Fig. 1 as a function of H;. Comparison of values of H, 
in the coil determined by the room temperature satu- 
ration runs with values computed from coil dimensions 
and measured rf voltage indicates that the absolute 
magnitude of H; may be in error as much as 50%. (The 
effect of using metallic particles with dimensions of the 
order of the skin depth prevents a precise determination 
of the H; seen by the spin system.) The saturation 
factor S is defined to be $7°H’7Tig(vo), where g(vo) is 
the value of the normalized unsaturated absorption 
line-shape function at exact resonance. In calculating S, 
values of JT; were obtained by interpolating between 
experimental values obtained at room temperature and 
above using pulse techniques" and values at very low 
temperatures obtained using a rapid-passage scheme." 
The interpolation was done assuming the temperature 
dependence 7;«1/7. The value of the product 7,7 
obtaining at room temperature is in excellent agreement 
with the value given by Anderson and Redfield'® for 
helium temperature, so that one may have confidence in 
the interpolation. A value for 7; was also obtained experi- 
mentally at 77°K by the progressive saturation tech- 
nique. The value agrees within the rather large error 
of the measurement with the interpolated value. Also 
plotted in Fig. 1 for comparison are data obtained by 
Redfield in Al.!” The scale of , for the Al data is chosen 
so that the point S=1 coincides vertically with S=1 
for Li at 77°K. 

The decrease in 6H in Li at 77°K and in Al at room 
temperature occurs at approximately the H; level 
Tomita predicts. He develops the fact that this “satu- 
rational narrowing,” or what he more graphically calls 
“forced nutational narrowing,” should occur, for the 
case where there is no motional narrowing, when the 
frequency of precession about H,, yH,, satisfies the 
condition 


yz (1/T2)¢o]}, (1) 
where ¢o is the motional frequency of the nuclei, and 


18K, Halbach, Helv. Phys. Acta 27, 259 (1954). 

16 A. G. Anderson and A. G. Redfield (to be published). 

174, G. Redfield (private communication). The author is 
indebted to Dr. Redfield for communication of unpublished ex- 
perimental absorption derivative curves. Quoted values of 5H 
and the integrated width given in Table I were obtained by the 
present author, using Redfield’s experimental data. 
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1/T2 is the spread in precessional frequency of the 
nuclei produced by the dipolar broadening. 

For metals, with the conduction electron relaxation 
mechanism, Tomita shows that, in the case where the 
characteristic frequency of any diffusional motion is 
very small, ¢o becomes 1/7, the flipping frequency 
produced by the spin-lattice relaxation processes. 
Equation (1) thus corresponds essentially to the con- 
dition S21. It will be seen that in both the Al and Li 
data the criterion given by Eq. (1) is rather closely 
satisfied. It is important to point out that this “nar- 
rowing” is perhaps more properly described as a change 
in the line shape. The decrease in 6H is produced pri- 
marily by a change in shape from the very nearly 
Gaussian shape at low rf level to an almost Lorentzian 
shape after the narrowing. The integrated widths (that 
is, the total area of the absorption curve divided by the 
peak height) have also been calculated. The results are 
given in Table I. 

Since the effect of the wings is more important for 
the Lorentzian line than for the Gaussian, any sys- 
tematic errors in area determination are likely to make 
the changes in integrated widths even less than shown 
in Table I. After the shape change has taken place, 
there is no evidence of further decrease in 6H. Beyond 
the range of H, plotted, the line width will presumably 
begin to rise again as H,; becomes comparable with 
local fields. Whether one wishes to call the effect a 
narrowing of the line is largely a matter of taste. It is 
certainly true that the line width does not increase in 
the region S=1, as predicted by the simple saturation 
theories. 

No attempt has been made to relate the details of 
the line narrowing to the Tomita theory. In the range 
of H, covered, Tomita uses an interpolation formula to 
connect 6H for the unsaturated line to the expression 
for 6H obtaining at large H;, that is, where yH,>1/T>. 
This interpolation formula is not expected to give the 
details of the shape change or quantitative values for 
the decrease in 6H. 

The Li data at 215°K provide an interesting further 
qualitative verification of Tomita’s ideas. These data 
were originally taken in order to experimentally deter- 
mine the effect of 7, on the level at which the narrowing 
occurs. 7; changes from 0.540 sec at 77°K to 0.190 sec 
at 215°K. 215°K was chosen because it is the maximum 
temperature at which the line width remains unaffected 
by motional narrowing.'* What is observed is that the 
forced nutational narrowing does not occur at all. 
Instead, there is a small broadening over the range of 
the data. 

The characteristic frequency of the nuclear motion 
caused by self-diffusion can be written 


go= 1/7.= 12D/a’, (2) 


18B. R. McGarvey and H. S. Gutowsky, J. Chem. Phys. 20, 
1472 (1952). 


TABLE I, Integrated line widths (in gauss) in 
lithium and aluminum. 





S<K1 
7.5+0.5 











where 7, is the correlation time of the nuclear motion, 
D is the coefficient of self-diffusion, and a is the lattice 
constant. At 215°K, using the experimental value of 
D," $o is 70 sec in Li. The value of 1/7; is 5.3 sec. 
Thus, the criterion for forced nutational narrowing in 
Eq. (1) involves the motional ¢» rather than 1/7), and 
we would not expect narrowing until the value of H; 
is such that S=13. Tomita shows that, in this case, we 
expect the onset of some saturational broadening at 
S=1, and this is indeed observed. A quantitative com- 
parison of the broadening with the Tomita theory is 
probably not useful because of the rapid field modula- 
tion used. The Halbach* solution for the case of a spin 
system obeying the Bloch equations predicts less 
broadening upon saturation when the modulation 
frequency is rapid compared to 1/7; than for slow 
modulation. Observations on the Li resonance at room 
temperature, where the line is motionally narrowed but 
T; is not equal to T2," were made at modulation fre- 
quencies of 47 and 8 cy/sec. (T; is 0.140 sec.) The line 
did broaden much more slowly upon going into the 
saturation region with the 47-cy/sec modulation, and 
the difference between the observations with the two 
modulation frequencies agrees fairly well quantita- 
tively with the Halbach theory. It should be noted 
that while w,>1/7, for the 77°K Li data in Fig. 1, 
the condition w,<1/7, obtained for Redfield’s meas- 
urements on Al. There appears to be little effect of the 
modulation frequency on the narrowing and shape 
change for the Li 77°K data. At least, the behavior in 
Li agrees very well with Redfield’s observations in Al. 


EXPERIMENTAL DATA ON CaF, 


Experimental values of 6H for the F resonance in 
CaF, as a function of H; are shown, for two crystal 
orientations, in Fig. 2. The H; level was calibrated by 
a search coil measurement at the position of the CaF; 
sample in the Varian spectrometer probe. The value of 
H, at which S=1 for the two crystal orientations is 
indicated. The point is not the same for the two orien- 
tations for two reasons: (1) g(vo) is different for the 
two orientations, and (2) T; is also different. JT, was 
measured to be 40 sec for Ho along the [100] direction 
through the crystal and 50 sec for Ho along [110]. 
These 7, data were obtained in the following way. 
With H, set in the region of appreciable saturation, the 
dc field was set at the position of maximum derivative 
signal. The field was then flipped off resonance for a 
specified period of time, then flipped back on and the 
magnetization sampled quickly, before the rf field 
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could appreciably resaturate the resonance. The amount 
of recovery of magnetization as a function of the time 
off resonance is used to find the relaxation time, 7). 
The different values for different crystal orientation are 
not unexpected, since the relaxation process is limited 
by spin diffusion to the residual paramagnetic im- 
purities, and the nuclear dipolar coupling varies with 
direction through the lattice. 

The upper limit on the range of H; is dictated by the 
available spectrometer power. It was not thought 
fruitful to build in more rf amplification, however, 
because of the difficulty of obtaining a pure x” signal 
in the region of heavy saturation. 

The line narrowing is again observed and is accom- 
panied by a change in the line shape. The nonsaturated 
line shapes agree with the careful measurements of 
Bruce.” In the [110] crystal orientation, the line is 
nearly Gaussian at low rf, while for [100], the line is 
more nearly square. After the narrowing, however, for 
both orientations the line is nearly Lorentzian in shape, 
particularly for the [110] orientation. Absorption line 
derivatives at low and high rf level are shown in Fig. 3. 
In Fig. 2 it will be observed that the line widths for 
the two orientations appear to be approaching one 
another at the highest rf level. 

With the 47-cy/sec field modulation, the modulation 
was very rapid compared to 7;. As mentioned pre- 
viously, in this situation one may in general expect 
some distortion of the line derivative curve upon 
passing into the saturation region. Actually, for CaF» 
neither line width nor shape changed until the narrow- 
ing, at which point one is already well into the satu- 
ration region. Interpretation of exact values of line 
widths at the highest rf levels is, however, complicated 
by the necessity of the “fast” modulation. 

The forced nutational narrowing takes place at 
values of H,; such that S100 in CaF2, whereas in Li 
the narrowing is well developed at S~1. Equation (1) 
cannot be expected to apply to a system such as F® in 
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Fic. 2. The peak-to-peak absorption derivative line width, 6H, 
is shown as a function of H;, for a single crystal of CaF; at room 
temperature. Data taken at two crystal orientations are given. 
S= HT 1g (v0). 


#C. R. Bruce, Phys. Rev. 107, 43 (1957). 
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Fic. 3. Reproductions of half of the experimental derivative 
curves taken in CaF, at the two crystal orientations used are 
given for two values of H;. In the original curves, the noise 
swath was about twice the width of the line drawn in the figure 
for the low H, setting, and about equal to the width of the line 
for the high H, setting. Peak amplitudes of the curves were 
adjusted to approximately the same value for the purposes of 
shape comparison. 


CaF2, where the spin-lattice relaxation is by spin 
diffusion from paramagnetic impurities. The interpre- 
tation of the quantity ¢o is ambiguous. In the first 
place, there is not a well-defined single spin-lattice 
transition probability, 1/71, for each nucleus. More- 
over, the spin-lattice relaxation involves the dipolar 
interactions responsible for the line width, and the 
method by which Tomita develops the criterion expressed 
in Eq. (1) does not cover this case. 


SUMMARY 


The measurements of line width and shape as a 
function of H; in Li at 77°K and Redfield’s measure- 
ments in Al show that the forced nutational line nar- 
rowing sets in when yH,;2>[(1/T:2)¢o ]}, in qualitative 
agreement with the results of Tomita’s theoretical 
treatment, where for the metals ¢o= 1/7). The so-called 
narrowing results primarily from a change in the line 
shape from the unsaturated shape determined by the 
nuclear dipolar interactions to a nearly Lorentzian 
shape in the high rf field region. The measurements in 
lithium at 215°K, where the motional frequency ¢o is 
determined by diffusional motion of the nuclei rather 
than by the electron-induced relaxation processes, show 
a broadening rather than a narrowing in the same 
range of H;. The lack of the narrowing again bears out 
qualitatively the Tomita relation given as Eq. (1). 
This relation would predict the narrowing to occur at 
a much higher value of H; because of the high value of 
¢o. The competing saturational broadening tendency 
wins out in the region S=1. 

The line-narrowing and change to Lorentzian line 
shape are also observed for the F resonance in CaF2, 





MAGNETIC 


but at higher H levels relative to the condition S=1 
than is the case in the metals. The spin-lattice relaxation 
process is limited by spin diffusion to paramagnetic 
impurities, and the situation does not correspond to 
any of the cases treated by Tomita. 
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X-Ray Diffraction and Magnetic Measurements of the Fe-Cr Spinels* 
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X-ray diffraction intensity measurements and magnetic moment measurements were made on the spinel 
system FeFe2_,Cr,0., 0<x<2, for the purpose of finding structural details in this system which were 
unknown. The x-ray measurements covered the entire composition range, and the magnetic measurements 
covered the range from x=0 to x=1.2. From the x-ray measurements the oxygen parameter of each sample 
was deduced. These parameters indicated inverse spinels for low values of x, partially inverse spinels for 
intermediate values of x, and normal spinels for x=1.3 to x=2. 

The magnetic measurements indicated inverse spinels for «=0 to x=0.3. It was inferred from the magnetic 
measurements that the spins of cations on the B sites are not all parallel, at least for large x and probably for 
x>0.5. Hence, the arrangement of cations on the A and B sites for a spinel in this composition range could 
not be deduced from its saturation magnetic moment. Estimates of the relative strengths of the magnetic 
interactions in various composition ranges and a prediction of the variation in saturation magnetic moment 
with composition in the range x=1.3 to x=2 were made. 


I. INTRODUCTION 


HIS paper deals with an investigation of the 
system Fe?*(Fe2_,Cr.)**O4, O0< “<2. These com- 
pounds, known as the Fe-Cr spinels, were synthesized 
by Yearian e¢ al.,! and their graph of lattice parameter 
a vs the composition variable x is reproduced in Fig. 1. 
Recently Francombe? has measured the lattice pa- 
rameters of the Fe-Cr spinels from room temperature 
down to — 183°C, and although his results at room 
temperature differ slightly from those given in Fig. 1, 
the general form of the variation of lattice parameter 
with composition is the same. In order to discuss the 
unusual features of this graph and to outline the nature 
of this research, a brief description of the spinel struc- 
ture will be given. 

The general formula of an"oxide spinel is XY20,. In 
the 2-3 spinel class, to which the Fe-Cr spinels belong, 
X is divalent and Y is trivalent. As a first approximation 
the spinel structure can be described as a face-centered 
cubic (fcc) lattice of oxygen ions with cations located 
in certain of the interstices. This lattice contains 
tetrahedral and octahedral interstices with four and 
six oxygen ions, respectively, as nearest neighbors. For 
simplicity, these interstices are commonly called A and 


* This paper is based on a Ph.D. thesis submitted by W. D. 
Derbyshire to Purdue University. 

¢ Present address: Physics Department, Colorado State Uni- 
versity, Fort Collins, Colorado. 
a . a Kortright, and Langenheim, J. Chem. Phys. 22, 1196 

2M. H. Francombe, J. Phys. Chem. Solids 3, 37 (1957). 


B sites, respectively. There are 64 A sites and 32 B sites 
in the unit cell although only 8 A sites and 16 B sites 
are occupied. If the occupied A sites contain only 
divalent ions, the cation arrangement is called normal 
whereas, if they contain only trivalent ions, it is called 
inverse. Cation arrangements intermediate between 
these extremes are also possible. The approximation in 
this description of the spinel structure is that the 
oxygen lattice is not, in general, strictly fcc, although 
the spinel structure as a whole is fcc. In order to specify 
accurately the positions of the oxygen ions in the unit 
cell, an oxygen parameter u is used (u=}+6, where 6 
is the ratio of the distance between the center and a 
corner of a filled tetrahedron to the body diagonal of 
the unit cell). The positions of all ions in the unit ceil 
of a spinel can be specified if the lattice parameter, 
oxygen parameter, and cation arrangement are known. 

Yearian et al.' interpreted the unusual form of the 
lattice parameter graph in Fig. 1 to be the result of the 
transition from the inverse cation arrangement of 


8.41 
a(A) 
8.39 





8.37 
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Fic. 1, Lattice parameters of the Fe-Cr spinels. 
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FeFe,0, to the normal cation arrangement of FeCr.0,. 
Using an empirical criterion of Verwey and Heilman,’ 
they proposed the relation 


I= (8.460—a+0.042x) /0.064, (1) 


where J is defined as the fraction of A sites occupied by 
trivalent ions and a is in A. In the region x=0 to x=0.3 
this equation reduces to J=1 (inverse arrangement), 
and in the region x=1.3 to x=2 it gives 7=0 (normal 
arrangement). 

The purpose of the present research was to complete 
the structural investigation of the Fe-Cr spinels. This 
would involve finding their oxygen parameters and 
cation arrangements. Because of the individual prefer- 
ences shown by cations for A or B sites,’ it was assumed 
that Cr** ions, which are very strong competitors for 
B sites, occupy only B sites. On this basis all that 
remained to be found in regard to cation arrangements 
in these compounds was how the Fe** and Fe** ions 
are arranged on the A and B sites. 

The considerations in the foregoing are based on the 
system FeFe2-Cr.0O.,, 0<*<2, having the spinel 
structure. Francombe’ has found that this is not always 
true as structure transitions occur in a number of these 
compounds at low temperatures. The only compounds 
which retain the spinel structure are those in the range 
x=0.1 to x=1.0. For x<0.1 the distortion is very small 
and of the rhombohedral type known to occur in 
FeFe,0,. For x=1.0 to x=1.4 a tetragonal distortion 
exists, and for x>1.4 the distortion is orthorhombic 
until x= 2, where it is again tetragonal. 

In the present research most of the measurements 
were made at temperatures above those of the structure 
transitions. Hence, in discussing the results, it shall be 
assumed that the structures being investigated are of 
the spinel type, and for some of the low-temperature 
results this will be only approximately true. 


II. X-RAY DIFFRACTION MEASUREMENTS 
A. Experimental Method and Results 


In principle it is possible to deduce the structures of 
the Fe-Cr spinels from intensity studies of their x-ray 
diffraction patterns. However, the x-ray scattering 


0.390 


Fic. 2. Oxygen pa- 
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Cr spinels. 
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3E. J. W. Verwey and E. L. Heilman, J. Chem. Phys. 15, 174 
(1947). 
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powers of Fe*+, Fe*+, and Cr** differ so slightly that 
this method cannot be used for finding cation arrange- 
ments in these compounds. In addition, the x-ray 
scattering power of an oxygen ion ‘is considerably less 
than that of these cations, and consequently, only the 
intensity of the (111) line in the diffraction pattern of a 
powder sample is sufficiently sensitive to the locations 
of the oxygen ions to be used for an accurate deter- 
mination of w. 

Each of the samples was synthesized by the method 
of Yearian et al.,! and after thorough grinding the dry 
powder was pressed into a slab about 0.2 to 0.3 mm 
thick. It was then mounted in a stationary holder in a 
Debye-Scherrer camera and irradiated normally with 
the Mo K, radiation reflected from a pentaerthyritrol 
crystal. The resulting diffraction pattern was recorded 
on a photographic film, and the relative intensities of 
the diffraction lines were evaluated from a densitometer 
trace in the usual manner. These values were compared 
with those calculated for assumed values of u, and the 


TABLE I. Experimental values for u and J. 
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FeFe,0, 0.3798 : 

NiFe,0, 0.381 +0.003° 1.0° 
MgFe.0, 0.381 +0.001¢ 0.88+0.014 
MgFe.0, 0.382 +0.002¢ 0.9° 
Nio.sZno.sFe2O, 0.383 +0.002! 0.5! 
MnFe.0, 0.3846+0.0003« 0.19+0.03« 
MgFeAlO, 0.385 +0.002° 0.47¢ 
ZnFe.0, 0.385 +0.002°¢ 0.0° 
MgAl,0, 0.387 0.0% 


* See reference 4. 

> Shull, Wollan, and Koehler, Phys. Rev. 84, 912 (1951). 

¢ J. M. Hastings and L. M. Corliss, Revs. Modern Phys. 25, 114 (1953). 
4 Corliss, Hastings, and Brockman, Phys. Rev. 90, 1013 (1953). 

eG. E. Bacon and F. F. Roberts, Acta Cryst. 6, 57 (1953). 

tV. C. Wilson and J. S. Kasper, Phys. Rev. 95, 1408 (1954). 

J. M. Hastings and L. M. Corliss, Phys. Rev. 104, 328 (1956). 

+ G. E. Bacon, Acta Cryst. 5, 684 (1952). 








value of « for which the agreement between calculated 
and experimental values was the best was chosen. A 
graph of the results for w as a function of composition 
is given in Fig. 2. 


B. Discussion 


The only value of « available for comparision with 
the results in Fig. 2 is the value 0.379+0.001 found by 
Claassen‘ for a natural crystal of FeFe,O,. This agrees 
within the estimated errors with the value 0.377+0.002 
given in Fig. 2 for FeFe:O,. 

The main features of Fig. 2 agree qualitatively with 
Eq. (1). To demonstrate this, the correlation between 
u and J in a spinel will be discussed. Calculations of the 
electrostatic energy of a spinel, which is the main term 
in the expression for the total lattice energy, have been 
made,** and they indicate that based on the electro- 


4A. Claassen, Proc. Phys. Soc. (London) 38, 482 (1925-1926). 
( 5 Verwey, deBoer, and van Santen, J. Chem. Phys. 16, 1091 
1948). 
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static energy alone, the normal structure should be the 
more stable one for «>0.379 and the inverse structure 
for «<0.379,. Experimental values of u and J for a 
number of spinels are given in Table I. Although these 
measurements do not agree quantitatively with the 
preceding prediction based on the electrostatic energy 
alone, they do indicate the same trend—i.e., a low 
value of “ corresponds to an inverse structure and a 
high value of u to a normal structure. 

Figure 2 may be divided into three regions, and based 
on the preceding discussion, these may be interpreted 
as shown in Table II. These interpretations are in 
qualitative agreement with Eq. (1). 

In Table III R4 and Rg represent the radii of the 
spheres which can be inscribed at the A and B sites, 
respectively, in the Fe-Cr spinels. They were calculated 
from the experimental values of « and a and the ionic 
radius of oxygen. The weighted mean radii of the various 
ions occupying the A and B sites are designated by r4 
and rg, respectively, and are based on Eq. (1) and the 
assumption that Cr*+ ions occupy only B sites. The 
percentage by which r4 exceeds Ru is designated by 
Aa; it is the percentage by which the “mean ion” on 
the A site would have to be compressed to occupy the 


TABLE II. Interpretation of Fig. 2. 


x uw 
small* ~0.378 


intermediate* ~0.378-~0.387 
1.3-2 ~A).387 


® The experimental accuracy is not adequate for definining a boundary 
between the regions of low and intermediate values of x. 


A site if the oxygen ions surrounding it were incom- 
pressible. Similarly, Ag is the percentage by which 
rp exceeds Rg. 

The values for A4 and Ag, indicate that the “mean 
ion” on the A sites is considerably compressed, whereas 
the “mean ion” on the B sites is not compressed. Large 
compression of A-site ions has been found in a number 
of spinels and is discussed by Gorter.* The values listed 
for A, and Ag in Table III are essentially constant over 
the entire composition range to within the experimental 
accuracy. This constancy indicates that as ra of the 
“mean A-site ion” increases, the tetrahedron of oxygen 
ions surrounding it expands (u increases) so as to 
maintain a constant compression of the “mean ion” 
at that site. 


Il]. MAGNETIC MEASUREMENTS 
A. Experimental Method and Results 


As pointed out by Gorter® and Smart,’ the Néel 
theory® provides a means for obtaining information 


6 E. W. Gorter, Nature 173, 123 (1954). 
7J. S. Smart, Phys. Rev. 94, 847 (1954). 
8 L. Néel, Ann. phys. 3, 137 (1948). 
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TABLE ITI. Comparison of radii of interstices and ions.* 








ra(A) Aa(%) 


0.75 19 
0.67 0.75 16 
0.70 0.73 16 
0.73 0.71 16 
0.77 0.69 17 
0.83 0.65 19 
0.83 0.64 19 


ra(A) As(%) 


0.67 


Ra(A) 
0.54 


Ra(A) 


~ 





0.75 
0.75 


h=oooss 
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* Goldschmidt’s values used for the ionic radii. 


about the cation arrangement in a spinel from its 
magnetic properties. Néel assumed that the interaction 
between any two cations in a spinel was antiferro- 
magnetic. He found that for a number of spinels the 
experimental value of the saturation magnetic moment 
was the difference between the magnetic moments of 
the cations on the A sites and those on the B sites, i.e., 
that the A-A and B-B interactions were negligible with 
respect to the A-B interaction. 

At the start of this research it was assumed that the 
A-B interaction in an Fe-Cr spinel was predominant 
and, as mentioned previously, that Cr+ ions occupy 
only B sites. According to these assumptions the 
saturation magnetic moment in Bohr magnetons/mole- 
cule would be 

p=6—2]—2x. (2) 


I, which would specify the arrangement of Fe?*+ and 
Fe*+ ions on the A and B sites, could be found for each 
spinel from its experimental value of u. 

Each powder sample was compressed into the form 
of a cylinder 0.15 cm in diam by 1.5 cm long, and 
measurements of its magnetic moment at various 
temperatures and magnetic fields were made by a 
ballistic method used by Barnett,® Henry,’ and others. 
The temperature range was from 77 to 300°K, and 
the maximum field used was 6300 gauss. The saturation 
magnetic moment for each sample was found by 
extrapolating its measured values of magnetic moment 
to 0°K and infinite field. 

The values found for » are plotted as a function of 
composition in Fig. 3 as curve a. Since the slope of the 
temperature extrapolation graph for x=1.2 was quite 
steep, it was difficult in this case to place limits on the 
value of uw, and the estimated uncertainty of +0.2 may 
not be adequate. No results were obtained for the 
samples with x=1.5 and «=2, since in these samples 
the transition from paramagnetism to ferromagnetism 
occurs in the neighborhood of liquid nitrogen tempera- 
ture, which was the lowest temperature used. 


B. Discussion 


The value n=4.17 Bohr magnetons/molecule found 
for FeFe,O, is within the range 4.03-4.20 found by 


*S. J. Barnett, J. Appl. Phys. 23, 975 (1952). 
” W. E. Henry, Phys. Rev. 88, 559 (1952). 
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Fic. 3. Saturation moments for the Fe-Cr spinels. Curve a, 
experimental; curve 8, calculated for antiparallel A and B spins; 
curve ¢ and curve d, calculated for oblique A and B spins. 


other authors." The only other previously reported 
value of u for an Fe-Cr spinel is Lotgering’s” value 
—0.8+0.2 for FeCrO,. On the basis of other measure- 
ments Lotgering concludes that the magnetic moment 
of the A sites is greater than that of the B sites, and 
since the reverse is true in FeFe2Q,, a minus sign has 
been inserted to denote this. His value for FeCr2O, is 
plotted in Fig. 3. 

In Fig. 3 the graph for u based on Eq. (1) and a 
predominant A-B interaction (curve }) is drawn for 
comparison with the graph of the experimental values. 
(To emphasize the comparison, curve b has been 
adjusted to have the same value for u at x=0 as curve 
a instead of the theoretical value of 4.) The two graphs 
agree in the region between x=0 and x=0.5 but differ 
for higher values of x. This supports the prediction that 
the system is inverse in the region from x=0 to x=0.3; 
however, in view of the small region involved, this 
support is not conclusive. 

Although the source of some of the discrepancies 
between the two curves for x>0.6 might be in the 
assumed cation arrangements for curve }, there is no 
cation arrangement which will explain the low values 
of u found for x=1.2 or x=2 for a predominant A-B 
interaction. Other authors”:™ have reported experi- 
mental values of » in various chromites (spinels having 
the general formula XCr2O,) which were lower than 
those predicted on the basis of a predominant A-B 
interaction. Since in each case the discrepancy was too 
large to be due to incomplete quenching of the orbital 
momenta, the A-B interaction could not have been 
predominant. 


uP, Weiss and R. Forrer, Ann. phys. 12, 279 (1929); C. 
Guillaud, J. phys. radium 12, 239 (1951); R. Pauthenet, Ann. 
Pig 7, 710 (1952); E. W. Gorter, Philips Research Repts. 9, 295 
1954). 


2 F. K. Lotgering, Philips Research Repts. 11, 190 (1956). 
18 McGuire, Howard, and Smart, Ceram. Age 60, 22 (1952); 
S. Miyahara and H. Ohnishi, J. Phys. Soc. Japan 12, 1296 (1956). 
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Yafet and Kittel'* have shown that if the A-A or 
B-B interaction is not negligible with respect to the 
A-B interaction, angles may exist between the ionic 
moments on the A or B sites. They developed the theory 
for a spinel containing only one type of magnetic cation. 
Niessen extended their theory to spinels which 
contain two types of magnetic ions—the A sites con- 
taining only one type whereas the B sites contain both 
types—and Lotgering’ has treated normal spinels 
which contain one type of magnetic ion on the A sites 
and another type on the B sites. 

To explain the low values found for » in the Fe-Cr 
spinels at large x requires assuming that angles exist 
between the ionic moments on the B sites.'® Since the 
geometry of the spinel lattice is least favorable to the 
A-A interaction, it shall be assumed that this inter- 
action is negligible with respect to the other two. Using 
these assumptions and extending the above theories to 
the Fe-Cr spinels in the region where they are assumed 
to be normal (from x= 1.3 to x=2) leads to 


n,(40—8x) 
u= action ay | (3) 
n2(10—5x)+n3(3x) 


In this expression the n’s represent the Weiss coefficients 
for the following interactions : 


n,: A(Fe?+)— B(Cr**), 
no: B(Fe*)— B(Cr**), 
n3: B(Cr+)— B(Cx**). 


According to the various exchange mechanisms that 
have been proposed to explain the magnetic properties 
of spinels, an oxygen ion serves as an intermediary in 
coupling the spins of any pair of magnetic cations. 
Hence the coupling strength depends on the cation to 
oxygen distances and the angle formed by the lines 
connecting the cations to the common oxygen ion. 
These in turn depend on a and w, and since the actual 
variation in “ among the Fe-Cr spinels produces a 
greater effect on these quantities than the actual vari- 
ation in a,'’ it will be assumed that the latter variation 
can be neglected. Hence, in the region from x=1.3 to 
x=2 where w is essentially constant the Weiss coeffi- 


4 Y. Yafet and C. Kittel, Phys. Rev. 87, 290 (1952). 
16K. F. Niessen, Physica 19, 1035 (1953). 
16 Francombe (see reference 2) has suggested that the tetragonal 
and orthorhombic distortions which occur from x=1.0 to x=2 in 
the Fe-Cr spinels may be due to strong B-B interactions. Figure 3 
supports this view since for x>1.0 the slope of the curve changes 
in a direction which is consistent with a strong B-B interaction. 
17 Francombe (see reference 2) found that the 2 or 3 lattice 
parameters used to specify the tetragonal or orthorhombic struc- 
ture, respectively, at a particular value of x in the range from 
x=1.0 to x=2 vary among themselves by as much as 3%; how- 
ever, there is little variation in the mean value of these lattice 
parameters with x. The variation in a referred to in the above 
discussion is the variation in this mean value. 
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cients will be constant. Substitution in Eq. (3) of 
Lotgering’s value of u= —0.8 for x=2 and the value 
u=0.9 at x=1.3 (obtained by extrapolation from «= 1.2 
in Fig. 3) gives n3/m,= 1.3 and m2/n,=0.31. Using these 
values for 13/m and n2/m, in Eq. (3), curve c in Fig. 3 
was calculated. 

The situation in the region x=0.3 to x=1.3 is more 
complicated. To begin with, the equation for u contains 
an additional Weiss coefficient, 4, for the interaction, 
A(Fe**+)— B(Cr**). Also, since the value of « varies 
considerably in this region, the interaction coefficients 
are probably not even approximately constant. Fitting 
the equation to the experimental curve at three points 
in this region gives the curve d and the values m2/m 
=1.5, m3/nm,;=0.19, and m4/m,=1.8. These values for 
ratios of Weiss coefficients have little meaning as they 
represent only some sort of average values for the 
region. 

Using the experimental values for uw in the region 
x=0 to x=0.3 and assuming inverse structures lead to 
n;3/n2= 1.7. Since n3/n2=0.13 (average) and 4.2 in the 
regions x=0.3 to x=1.3 and x=1.3 to x=2, respec- 
tively, this ratio does not show a persistent trend as 
the structure changes from inverse to normal. 
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IV. SUMMARY 


The oxygen parameters were found for the Fe-Cr 
spinels and support qualitatively the cation arrange- 
ments given by Eq. (1). The magnetic measurements 
agree with these cation arrangements for x=0 to x«=0.3. 
For higher values of x (at least for x>0.5) the magnetic 
measurements indicate that the spins of cations on B 
sites are not all parallel, so that the cation arrangements 
cannot be inferred directly from them. Estimates of 
the relative strengths of the magnetic interactions and a 
prediction of the curve of saturation moment (curve ¢, 
Fig. 3) in the range x= 1.3 to x=2 were made. 

Further magnetic moment measurements are needed 
on the «=1.2 sample at lower temperatures to check 
its value of u» (because of the uncertainty in its tem- 
perature extrapolation) and of the samples in the region 
x= 1.3 to x=2 to check the predicted curve c of Fig. 3. 


ACKNOWLEDGMENTS 
This work was supported in part by the Purdue 
Research Foundation. The assistance and _ helpful 
suggestions by Dr. R. C. Buschert are gratefully 
acknowledged, as is the assistance of Dr. H. Fritsche 
in the calibration of the magnetic measurements. 


NUMBER 5 DECEMBER 1, 1958 


Decay of Excess Carriers in Semiconductors 


K. C. NomurA AND J. S. BLAKEMORE 
Honeywell Research Center, Hopkins, Minnesota 


(Received August 13, 1958) 


A discussion is given of the nonlinear differential equations which govern the decay of excess carriers 
with arbitrary densities. The form of decay is explored for situations where the Fermi level is in the same 
half of the energy gap as the recombination level; criteria are established for both strong and weak trapping 
in addition to recombinative action. Analytic results are augmented and illustrated by numerically computed 
decay curves for a variety of circumstances. The separate solutions for holes and electrons are combined to 
show various kinds of behavior for photoconductive lifetime. 


I. INTRODUCTION 


N important recombination process—one which 

indeed controls the lifetime in many semicon- 
ductors—is that whereby a recombination center can 
accept electrons and holes alternately. Consideration of 
the transition probabilities between the recombination 
level and the conduction and valence bands leads to 
two coupled first-order equations! which can describe 
the buildup, maintenance, and decay of excess hole 
and electron populations. Steady-state solutions of 
these equations, which gave expressions for the effective 
carrier lifetimes, were demonstrated in the well-known 


1 E.g., N. Riehl and M. Schén, Z. Physik 114, 682 (1939). 


papers of Shockley and Read? and of Hall’; these solu- 
tions gave great impetus to studies of recombination. 

The S-R treatment dealt only with steady-state 
recombination and required that either the recom- 
bination-center density or the departure from thermal 
equilibrium be small. A number of subsequent con- 
tributions, for instance those of Rittner‘ and Rose,® 


2W. Shockley and W. T. Read, Phys. Rev. 87, 835 (1952), 
hereinafter referred to as S-R. 

3R.N. Hall, Phys. Rev. 87, 387 (1952). 

*E. S. Rittner, in Proceedings of the Conference on Photocon- 
ductivity, Atlantic City, November 4-6, 1954, edited by R. G. 
ee et al. (John Wiley and Sons, Inc., New York, 1956), 
p. 215. 

5 A. Rose, in Proceedings of the Conference on Photoconductivity, 
Atlantic City, November 4-6, 1954, edited by R. G. Breckenbridge 
et al.. (John Wiley and Sons, Inc., New York, 1956), p. 3. 
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TABLE I. List of symbols. 








no= thermal equilibrium electron density in conduction 
band 

po= thermal equilibrium hole density in valence band 

An=excess free electron density 

Ap=excess free hole density 

c= (un/up)=ratio of electron to hole mobility 

An= (cAn+Ap)/(c+1) 

N,.=density of traps 

n,=thermal electron density when the Fermi level is at 
the energy of a nondegenerate trap 


fi=thermal hole density when the Fermi level is at the 
energy of a nondegenerate trap. 
C,=N{cn)=1/r20=probability per unit time that an electron 
will be captured by any of a set of N;, avail- 
able sites 
Cp=NXcp)=1/rpo=probability per unit time that a hole will be 
captured by any of a set of N, available sites 
J.=fraction of traps occupied by electrons 
Soo= (14+ po/ pi) = (1+,/no)=value of f, in thermal equi- 
librium 
i= An/po 
y=Ap/po 
a=mn/po 
b=p:/pfo 
y¥=Cp/Ca=Tn0/T po 
N=N,/po 
N=N,/po=y(1+6)*/(1 —vyb) 
To= Tno(1 +b) 
7.=Tn0(1+1/y)= (ra0t+7 po) 
71=Tn0(1+5)/yb 
T2=7n0(1+5) {yb+y7(1+b)/N} 
T =t/r,90=normalized time scale 





have discussed the more general problem—which can 
get very complicated. Mathematically, these com- 
plexities arise because general analytic solutions for the 
nonlinear S-R equations are not known. From a more 
physical standpoint, complexity is anticipated in that 
any center which has dealings with both the con- 
duction and valence bands combines the dual functions 
of trapping and recombination.® 

Some transient solutions of the S-R equations have 
been reported by several authors’ for certain re- 
strictive cases. In most instances, solutions were limited 
to the effects of small excess-carrier concentrations 
(thus removing the nonlinearities in the differential 
equations). These treatments also imposed severe 
restrictions on the parameters of the model. But this 
rendered their conclusions of limited value, since in 
practice the parameters governing the recombination 
process (capture constants, trap energy, etc.) vary very 
widely between one semiconductor and another. Isay’s 


6 The terms “recombination center” and “trap” are used inter- 
changeably in this paper. 

7D. J. Sandiford, Phys. Rev. 105, 524 (1957). 

8D. H. Clarke, J. Electron. Control 3, 375 (1957). 

*G. K. Wertheim, Phys. Rev. 109, 1086 (1958). 

10 G. M. Goureau, Zhur. Eksptl. i Teoret. Fiz. 33, 158 (1957) 
(translation: Soviet Phys. JETP 6, 123 (1958)]. 
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approach to the problem" was different from those of 
the above authors in that the nonlinear terms of the 
differential equations were retained; but he sought to 
force a fit in terms of specific types of function—to the 
detriment of the underlying physical problem.” 

It is our intention to explore the transient decay of 
excess-carrier populations (whether these be large or 
small) for any values of the controlling parameters.” 
Some insight into the transformation from purely re- 
combinative to purely trapping character comes from 
such a study. The following sections are based on 
analytic solutions where applicable, numerical solu- 
tions where convenient, and intuition when all else 
fails. Such a combination of approaches is called for by 
the nature of the problem. Indeed Rose remarks“ 
‘“« , . the problem of recombination still retains a large 
measure of complexity. There is likely more need for 
points of view that allow semiquantitative judgments 
than there is for complete and closed mathematical 
solutions.” 

In Sec. V, characteristic forms of photoconductive 
decay are synthesized from the behavior of the excess 
hole and electron densities. This has an important 
bearing on the validity of carrier lifetimes inferred 
from photoconductive measurements. 


II. GENERAL DECAY EQUATIONS 


Using the customary notation for Shockley-Read? 
recombination via a set of recombination centers (the 
symbols used are defined in Table I, the rates at which 
electrons and holes are captured are 


— (dAn/dt)=C,[ (mo+An)(1—fi)—mfe], (1) - 
— (dAp/dt)=C,[ (pot Ap) fi—pill—fi)], (2) 


where f; is the fraction of recombination sites occupied 
by electrons. From the neutrality condition we find that 


(3) 


Ap—An 
f= “sane £ -|, 
Nt Pit po 


which reduces at zero modulation to 
fro= pi/ (pit po) = no/(not+m). 


Hence (1) and (2) can be written as 
dAn Ce Nom 
- (—) =— an| nett | 
dt N, 


not 

1 W. H. Isay, Ann. Physik 13, 327 (1953). 

2 For example, concepts such as trapping would tend to be lost 
in this treatment of the problem. 

13 As discussed a little later, it is convenient to group the work 
into two papers dealing with the two principal zones of trap 
energy. A second paper will describe the situations omitted here. 

“4 A. Rose, Phys. Rev. 97, 322 (1955). 


—Ap(no+m)+An?—Andp}, (4)~ 
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and 


dAp,\ C, N:pi 
(adn 

dt Ni pothi 
—An(potpi)+Ap?—Andp;. (5) 


We shall choose to discuss primarily the case of a 
p-type semiconductor; then in making a set of sub- 
stitutions to dimensionless variables it is convenient to 
use po as the normalizing parameter. In the notation 
to be used, x= (An/po) and y= (Ap/po). Further, we 
denote N = (N./po), a= (m1/ po), b= (p1/ po), y= (Cp/C2) 
=(rtno/tpo), and use a dimensionless time scale 
T= (t/tno) = Cy. In this notation, x’= (dx/dT), etc. 

When the appropriate substitutions are made, (4) 
and (5) can be rewritten as 


—Nx'=(x—y)[x+a(1+)]+Nx/(1+0), (6) 
— (N/y)y'= (y—x)[y+1+6]+Nby/(1+8). (7) 


These can be solved simultaneously to get equations 
for x and y separately: 


N{y"(y+1+6)—y?(1—1/y)} 
+y'{¥(1+7)+9[ (145) (1+0+ 27) 
+N (1+2b)/(1+6)J+[(1+6)?(a+7)+N (1+-76) }} 
+ry{y*+y[ (2+b+ab)+Nb/(1+)] 
+[(1+b)(1+ab)+Nb/(1+5)]}=0, (8) 


N{x"[a+a(1+0) ]J—x"2(1-—y)} 
+2'{x?(1+7)+2[(1+8) (2a+ya+7) 
+N (2+6)/(1+6) }+a[ (1+6)2(a+7)+N (1+-76)]} 
+-ya{x?+a[ (1+a+2ab)+N/(1+)] 
+a{(1+5)(1+0b)-+Nb/(1+5)]}=0. (9) 


Analytic solutions for these nonlinear differential 
equations are known only for restrictive values of N, 
b, y, and a; or when «x and y are either very large or 
very small. When (8) or (9) are reduced to any of the 
canonical forms given by Ince,'® the equations either 
lose their generality or else fall outside the range of 
interest. Perturbation methods fail when the variables 
are similar in magnitude to the normalized trap density 
N: for then all terms are of comparable importance. 
Accordingly, some otherwise inaccessible cases were 
solved numerically on an I.B.M.-650 computer. The 
more restrictive cases were dealt with by approximate 
methods. 

The general problem of electron and hole decay in 
semiconductors following a burst of generation was 
divided into two subdivisions. The first of these, Class 
I, is concerned with semiconductors for which the 
Fermi level and the recombination level are in the same 
half of the intrinsic gap ; whereas in Class IT these levels 
are in opposite halves of the intrinsic gap. Then, for 


16E. L. Ince, Ordinary Differential Equations (Longmans, 
Green and Company, London, 1927), p. 317 ff. 
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example, recombination via levels in the lower half of 
the intrinsic gap represents a Class II process for an 
n-type semiconductor, but a Class I process for a p-type 
semiconductor. 

Since it is not necessary to discuss both n- and p-type 
cases (the solutions for one being derivable from the 
other by inversion), we have elected to express every- 
thing in the formalism of a p-type case. This paper will 
deal almost exclusively with Class I. Analysis of the 
Class II process will be published shortly. 

In the next two sections, the forms taken by Class I 
decay processes are discussed as functions of the density 
and capture asymmetry of the recombination centers. 
As noted previously, the terms “recombination center” 
and “trap” are used interchangeably in this paper. For 
except in a special case we discuss later [where 
(tnop1/TpoPo) =yb=1], recombination centers always 
tend to trap a fraction of either excess majority carriers 
or minority carriers. The relative importance of 
trapping versus recombination is controlled by the 
density of centers as well as their asymmetry; but the 
dual roles are always coexistent. 


III. SOME SPECIFIC SOLUTIONS 
(a) N Very Small 


When N is sufficiently small, many terms in (8) and 
(9) can be dropped to permit simple solutions for the 
carrier lifetimes ta=—Tno(x/x’) and +t,=—Tnao(y/y’). 
How small N must be in order to remove its effect on 
(8) and (9) depends on the relative magnitude of the 
various parameters. Thus, for example, in a p-type 
semiconductor all the terms involving NV can always 
be dropped if V<vy, but the requirement can be much 
less strict than this if a or 5 are large enough. 

At any rate, when NV is small enough for mention of 
it to be safely expunged from (10), this equation 
reduces to 
y'{¥(1+y7)+y(1+) (1+a+2y)+ (1+6)?(¢+7)} 

+yy{y?+y(2+b+ab)+ (1+) (1+4b)} =0. 
Now the solution is simpler than might at first appear 
since a factor (y+1+0) is common to both the terms 
of this equation, leaving 


y'{(14+0) (a+y7)+y(1+y)}+ry{1+ab+y}=0. (11) 


The hole lifetime represented by this equation is the 
familiar 


y 
ve = Tae =T pd 
y 


(10) 





(1+8)(a+y)+y(1+7) 

1+ab+y | 
a Tn0( Pot Pr) +7 po(mot+m1) +AP(Tno+7 po) 
4 potmot+Ap 





; (12) 


which is identical with the result of S-R for steady-state 
hole lifetime when the recombination-center density is 
small. Application of a similar procedure on (9) gives 





1610 K. C. NOMURA AND 
the expected result that the electron lifetime is also in 
accordance with S-R for any excess electron density, 
large or small. 

In these cases where N is small and (8) reduces to 
(11), direct integration is possible to give time as a 
function of Ap following any disturbance of thermal 


equilibrium. From (11) we have that 





t aad ols yot1+ab 
~-y(1-+a8) need 
(1+6)(a+y) E 
+—————— In “| (13) 
y(1+<ab) y 


Tn0 


where yo is the normalized excess hole density at the 
origin of the time scale. This can be written in the more 
usual notation as 





” (po— m1) (Por po— prt n0) pf ctor) 
(pon?) potnot+Ap 
4 (pot pr) (17 pot por no) nf? 
(po?+n?) Ap 


(14) 





It is interesting to note that if a=1 or yb=1 this 
collapses spectacularly to = (rn0+7 0) In(Apo/Ap). For 
recombination-center energies near the center of the 
gap so that both yé and a are less than unity, the decay 
becomes more rapid as it proceeds; but for levels quite 
near to one band or the other such that either yd or a 
is larger than unity, the decay becomes slower as it 
proceeds. 

Our main purpose here is not to discuss these decays 
for small N which are amenable to exact analytic 
treatment; but to consider what happens with larger 
center densities when partial or complete trapping 
occurs. 

We shall consider solutions appropriate for a p-type 
semiconductor, a)<1, and for much of the discussion 
assume ab<1. Cases where the thermal equilibrium 
minority carrier density becomes important are noted 
as they arise. 
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(b) N Very Large 


When N is sufficiently large so that both NV and bN 
are much larger than either x or y, Eqs. (6) and (7) 
reduce to very simple linear equations with purely 
exponential solutions (which of course depend on the 
initial conditions). When excess hole and electron 
populations are created with a delta function pulse of 
light, this initial condition is x= y=» at T=0. Then 


x= 2x9 exp[ — 7/(1+6) ], (15) 
y= xo exp[ —ybT/ (1+) ]. (16) 


Physically, we can see that when V is very large, the 
fraction of unoccupied traps remains at the thermal 
equilibrium value of (1+6)~' whether optically created 
electrons are pouring into the traps or not. Then, inde- 
pendent of the previous history, the probability of 
electron capture is always C,,(1+6) and of hole capture 
always C,b/(1+6), as described by Eqs. (15) and (16). 
The extent of trapping of electrons or holes is clearly 
seen to be a strong function of how much yé deviates 
from unity. 


(c) |Nb/(1+6)— (1+) |>x 
For this apparently specialized case, if the substitu- 
tion 


y= — (14+6)4+Nu'/yu, (17) 


is made in Eq. (7), the result is 


y\f Nb yb 
w'+(=)- = (148) — (—)u-0 (18) 
N/Li+6 N 


The condition | Nb/(1+6)— (1+) | >« makes Eq. (18) 
linear with constant coefficients. The solution for y is 


then 
1 re | yGT 1 
-=|—+— exp(~—)-—, (19) 
y LG yo N G 
where G=[1+0+N6/(1+6) ] and y= yo at T=0. 
But when y has this form and a is very small (since 
this is a necessary condition for Class I), Eq. (6) 
becomes Bernoulli’s equation and has the solution 


—yGT l/y 
“(22 
N 





1 
x 


Equations (19) and (20) contain (15) and (16) as a 
special case for sufficiently large trap density. When V 
is large but not infinite, (19) and (20) are important in 
describing the approach towards low modulation condi- 
tions. In particular, for strong minority carrier trapping 
Sec. IV(d), these equations approximate the behavior 
for the decay of x and y when x is dropping most steeply. 


Ch Caad 
ex phos —_ ex 
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IV. THE GENERAL CLASS-I SOLUTION 





(a) Numerical Solutions 


In many physical situations the trap density is too 
large to permit use of the simple result described in III 
(a), yet the conditions of III (b) or (c) do not apply. 
A more general type of solution must then be sought; 





DECAY OF EXCESS 
though as previously remarked, general analytic solu- 
tions to (8) and (9) are not known. Fortunately, Eqs. 
(6) and (7) are of a kind easily handled by a digital 
computer, and a number of representative cases were 
evaluated numerically with an I.B.M.-650 machine. 
The results of this computation, taken in conjunction 
with the available analytic solutions, give us a clear 
picture of the decay forms for either hole or electron 
trapping. 

The numerical solutions illustrated in the following 
figures were all computed subject to the initial condition 
x=y=10 at time 7=0. Any other starting condition 
(i.e., x= yx¥10, or x#y at some initial instant) would 
give solutions different in the initial stages of decay, 
but which would rapidly coalesce with the above, apart 
from a trivial change in the origin of the time scale. 


(b) Trapping 


For a discussion of the results shown in the first few 
figures it is convenient to return to Eqs. (6) and (7) 
and note that under the conditions of Class I (that a 
is very small) these can be written as 


x’ 1 


2 +b N 


x—yfxta(1+b 
- |= e | (21a) 


x 


1 x- 
: (21b) 
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yb 


=— (22) 
y 1+6 N 


eo | 
y 


Note that the left side of each equation is the reciprocal 
of the normalized time constant for one type of carrier. 
For we have, [—2'/x]=[—(tno/x) (dx/dt) ]= tno/Ta, 
where 7, is the quantity customarily described as the 
electron lifetime for the given conditions. It is evident 
from (21b) that —2’/x will be simply 1/(1+9) [i-e., 
Tn= 7n0(1+6)=70] whenever (1+6)(x—y)/N is small 
compared with unity. This will be true at the end of a 
decay, when x and y become sufficiently small.!® More- 
over, this will be true for the initial region of any 
transient decay which follows a delta function period 
of illumination. For if the illumination period is suffi- 
ciently short compared with the lifetime, An=Ap at 
the start of this decay; and —2’/x=1/(1+6) for a 
short period until An and Ap become sufficiently un- 
balanced to cause a different time dependence. It is not 
so much that An and Ap become different which causes 
the termination of this initial phase; it is rather that 
the fraction of empty and available traps shifts from 
(1+6)— during this period. When N tends to infinity, 
the initial phase is indefinitely prolonged Sec. III(b), 

16 Except for the situation of strong minority carrier trapping. 


Equation (21b) cannot then be used, since terms involving a must 
be retained no matter how small a may be. 
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Fic. 1. Excess carrier decays illustrating majority hole trapping 
are given for the following values of the parameters: a(1+5)= 10°, 
b=100, y=0.05 when N=10 and N=100. Solid curves for hole 
decay, dashed curves for electron decay. 


since the capture probability is then not affected by 
prior trapping. 

Corresponding to this situation for the electrons, the 
early stages of hole decay satisfy —y’/y=yb/(1+4). 
When yé<1, the minority electrons are depleted the 
more rapidly, i.e., minority electron trapping occurs. 
Conversely, when yb>1, it is the majority holes which 
become trapped while the electrons enjoy the longer 
initial time constant. 


(c) Majority Hole Trapping 

Of the two trapping alternatives, the simpler is that 
of majority hole trapping, which, as remarked above, 
occurs if (rropi/Tpopo)=vb>1. It will readily be seen 
from Table I that when this is so, 71<7.,< 70; accord- 
ingly, the hole decay becomes slower as it proceeds. 

Figure 1 illustrates the decay of x and y with time 
for two numerical examples of majority carrier trapping, 
following an initial disturbance xo= yo= 10. The time 
scales for the following figures are given in terms of the 
dimensionless variable T=?/rno. This has the effect of 
eliminating differences between curves for different 
trap densities which result purely from the reciprocal 
dependence of 7,0 and 7,0 on V;. Thus consider the two 
curves for electrons in Fig. 1. In terms of actual time, 
the decay is speeded up by a factor of almost 10 when 
the normalized trap density is raised from V=10 to 
N=100. But the figure plots one curve in horizontal 
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units ten times larger than for the other, to illustrate 
that electron decay is slowed when many traps are 
present, compared with the functional form of (13) or 
(14) for very few traps. The curve for (13) with the 
appropriate values of y and 6 does in fact lie neatly 
between the two inner curves for V= 10, and the figure 
demonstrates the progressive departure from this 
behavior as N increases. The fact that the electrons 
initially have a larger time constant (70) than the holes 
(71) leaves an indelible mark on the entire decay 
scheme for both carriers (although the initial period for 
which the electron lifetime is anywhere near as large 
as To is too small to show clearly in this figure). 

Ultimately the ratio (*/y)=An/Ap becomes con- 
stant, since in the final stages of the decay both carrier 
populations have the same time constant. This state- 
ment can be confirmed by noting from (21b) that the 
electrons eventually have the lifetime to=7,0(1+0) 
again, while Eq. (8) for hole decay simplifies to 





a 
N (i+6)? 


i+yb (1+) 1 b 
. |-o (23) 


y'+y| + 
1+6 N 


when y is sufficiently small. This well-known equation 


x *(An/p9) y* (p/p) 





o 


in Units of 1, 





\ 
\ 
‘ 
HN 
\ 
\ 
N 
\\-Nt@ | 
| \ j 
|‘ 
\ i 
20 40 
Time From Beginning of Decoy in Units of Tao 


Op 





Excess Corrier Densities 


sr 








& é 


Fic. 2. Electron and hole decay showing minority electron 
trapping for the following values of the parameters: a(1+))= 10-6, 
b=1, and y=0.05. The values of NW are indicated on the graph. 
Solid curves for hole decay, dashed curves for electron decay. 
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has the solution 


y(1+5)° 
y=a exp ——]|, @o 


ae 
—|+8 exp [20+ 
1+5 | N 


1+b 
which, for the hole trapping situation of yb>1, is 
dominated by the first term at sufficiently long times, 
giving a lifetime equal to that of the electrons. 

The ratio of excess electron to hole densities during 
this final decay is found from (22) and the above result 


to be 
x 
lim (=)=1+ —, 
ae (1+)? N 


This ratio is greater than unity in hole trapping cases 
since the quantity we define as N=7(1+5)*(1—yb) is 
then negative. 


N(yb-1) = N 
—————_— (25) 


(d) Minority Electron Trapping 


Decay for this case is rather more complicated, par- 
ticularly in the final stages when two categories of 
behavior appear; these we call weak trapping and 
strong trapping. Before going deeply into this, it is 
preferable to note the behavior during the earlier stages 
of decay. 

When the initial condition is <= y at T=0, the holes 
enjoy an initial decay lifetime 7; and the electrons 70 
[from (21) and (22) ] as in the hole trapping case; but 
now since yb<1 we have 71;>7,,>70. Electrons are 
rapidly trapped from the first instant, but hole decay 
is slow until the recombination centers have built up 
enough negative charge to encourage more vigorous 
recombination. This can be seen at the very beginning 
of the curves in Fig. 2. 

Following this initial adjustment, the hole and elec- 
tron densities follow paths roughly straddling the route 
of Eq. (13) if N is not unduly large. At first sight it 
might appear likely that the decay of both carrier 
populations would become monotonically faster until 
both enjoyed the lifetime 7. This does happen when 
weak trapping is the final result, and is exemplified by 
the curves labelled V=0.1 in Fig. 2. The final behavior 
of the excess holes when their density becomes small is, 
as remarked in the previous subsection, determined by 
(23) with its solution (24). In contrast to the hole 
trapping case, however, there are now possibilities of 
the final stages of decay being controlled by either the 
first or the second term of (24). The dominant term 
depends on the magnitude of [yb+7(1+)?/N] com- 
pared with unity; the critical value of N being 


N=y(1+6)*/(1—y0). (26) 


When N<N, both hole and electron populations 
finally have the lifetime 7» and the ratio (x/y) assumes 
the definite value of Eq. (25) ; this ratio is now less than 
unity. But for larger values of NV the final hole lifetime 
is not ro but 72 and now the progression of time constant 
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during the decay is not monotonic. This is the case of 
strong trapping. 

It is intuitively obvious that the ratio («/y) must 
remain finite even for this situation, but such a destiny 
does not appear too likely from the divergent behavior 
of pairs of curves for strong trapping in Fig. 2. However, 
the general electron equation (9) reduces to one with a 
solution of the form (24) when the electron density 
becomes so small that x<a(1+6). When this happens 
the electron decay slackens to conform with a new 
final lifetime r2, just as for the hole decay. This process 
is illustrated in Fig. 3(a) for a semiconductor in which 
a(1+6)=10-*, a not unlikely value for an extrinsic 
semiconductor such as silicon at 300°K. And so the 


headlong collapse of the excess electron density is 
checked, but not until it has become exceedingly small 
compared with the excess hole density. The final ratio 


is in fact 


(27) 


y\ vf m 
lim (; ) = ——1}], N>N. 
a-0,9-8\ 2 ailN 


Sandiford’ remarked that both electrons and holes 
decay according to (24) when their densities are small: 
but he did not remark on how small these densities 
must be to make this form of solution valid. Certainly 
so far as the minority carriers are concerned, the range 
of validity for (24) is observationally inaccessible when 
strong trapping occurs (except for a semiconductor 
which is almost intrinsic). On the other hand, Eqs. (19) 
and (20) give a good approximation to the strong 
trapping decay from the moment x becomes smaller 
than y. 

The preceding discussion has emphasized that the 
progression of time constants during a strong trapping 
process is far from simple. This is amply borne out by 
the curves of Fig. 3(b). 


(e) Result of Varying Trap Density 


The most obvious result of varying the trap density 
is that the parameters r»o and 7y0 vary in the inverse 
manner. For a case of majority hole trapping, this is 
the predominant fact, and recombination speeds up 
more or less in step with the center concentration. The 
same holds true for cases of weak minority electron 
trapping, where the final decay is characterized by the 
lifetime ro. As remarked before, this gross dependence 
of decay rate on .V is masked by the use of T as the 
abscissa in the first few figures, a variable which is 
itself proportional to .V. 

A change occurs in the above-mentioned trend for 
the strong trapping case of N>N. The final hole 
lifetime is now r2 which at first decreases more slowly 
than ro for increasing .V. This happens since 
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Fic. 3. (a) Decay of holes (solid curve) and electrons (dashed 
curve) for strong trapping case of a(1+5)=10-*, b=1, y=0.05, 
N =3, continued to show final modes of decay. Curve of S-R decay 
[Eq. (13)] shown for comparison. (6) Variation of normalized 
time constants during this decay. 


Now the numerator of this expression is independent 
of NV, while only the first term of the denominator 
encourages any dependence of lifetime on trap density. 
This dependence will not be very marked when N first 
exceeds N; though as N further increases to become 
large compared with (1+6)?/b, rz once again becomes 
simply inversely proportional to 1/N and identical with 
the quantity 7,;. This becomes the situation described 
in Sec. III (b), that for very large V both electron and 
hole decays follow simple exponentials all the way, with 
time constants 7; for holes and ro for electrons. The 
transition between weak trapping and this limiting 
behavior is demonstrated by the curves for V=0.3, 1, 3, 
and © in Fig. 2. 
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(f) Effects of Temperature on Excess 
Carrier Decay 


Any of the parameters characterizing the decay may 
be a function of temperature, but as a first approach to 
the problem it may be supposed that the dependence 
of 6 is the most important in a Class I process. This 
ratio 1s 

b=pi po= (N, po) exp[_(€,— €:) kT |, (29) 
when the recombination level is nondegenerate, and 
differs by a constant factor when there are multiple 
spin choices for center occupancy. 

In Fig. 4 the progression of excess carrier decay is 
shown (with V=0.1 and y=0.05) as 6 is increased 
from 0.1 to 100 (corresponding physically with rising 
temperature). In the same sequence, the character 
changes from strong to weak trapping of electrons to 
no trapping and finally to exceedingly mild hole 
trapping. For these values of V and y the transition 
from strong to weak trapping occurs at b)=0.40, and 
there is no trapping when b= 20. 

The boundary between electron and hole trapping 
corresponding to the condition yb=1 is a most inter- 
esting one because this makes Eqs. (6) and (7) exactly 
solvable, leading to the simple exponential solutions 


x= y= xo exp[ —T/(1+6) ]. (30) 


This solution is applicable for both Class I and Class II 
semiconductors at any level of modulation. Trapping is 
completely absent and the solution is independent of 
both a and \, except for the indirect appearance of .V 
in the normalizing time constant To. 

It is interesting to note how the low-level lifetime 
varies with }, and curves illustrating this are shown in 
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Fic. 4. Dependence of excess carrier on 6 for y=0.05 and 
N=0.1. Physically, increasing 6 corresponds to higher temper- 
atures. 
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Fic. 5. Low-modulation conductivity decay lifetime as a 
function of 6 when y=0.05. The descending curves for small } 
and large N all join the common curve (1+6) as 0 increases suf- 
ficiently to make V<N. 


Fig. 5. (For these curves y is set at 0.05 in order to 
conform with the previous numerical decay curves, but 
similar principles would of course apply for any other 
value.) When V<y strong trapping cannot occur no 
matter how small 6 is: the low-modulation lifetime is 
then the monotonic function tro=7n»0(1+6) of 6. But 
for any larger value of V such that V>y, strong 
trapping will occur at the lowest temperatures when 
b is small. The low-modulation decay will then be 
controlled by a lifetime rz which is larger than ro, but 
which decreases as b increases. Three examples of this 
kind of behavior are shown in Fig. 5. For each of these 
in turn, b reaches a value appropriate for V=N, r2= 10; 
the behavior when b becomes still larger is set by the 
curve for 7o. 

Clearly, considerations such as the above will have 
an important bearing on the interpretation of photo- 
conductive decay in a semiconductor. The problems of 
photoconductivity are discussed in the next section. 


V. PHOTOCONDUCTIVITY 


Attempts are often made to compare experimentally 
determined photoconductive decay lifetimes with 
theory, principally the S-R theory.'’ Now this is impos- 
sible if trapping is appreciable since neither An, Ap, 
nor their lifetimes can be measured. Instead a com- 
posite measure of the carrier modulation is obtained 
from the conductivity equation and its time constant 


Ao=e(u,An+pupAp) =e(untu,) An, (31) 
tTa= —Ao/Ao’ = — An/ An’. (32) 


When Ap and An are widely separated, as we have seen 
can happen, measured values of ra will not be very 
revealing about the behavior of either the holes or the 
electrons. 


17FE. g., R. L. Watters and G. W. Ludwig, J. Appl. Phys. 27, 
489 (1956); R. G. Shulman and B. J. Wyluda, Phys. Rev. 102, 
1455 (1956). 
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On the other hand, when Am and Ap are known 
separately (e.g., from numerically computed curves 
such as we have discussed above), the information on 
these can be combined to demonstrate the correspond- 
ing course of behavior for 74. We have done this to 
illustrate the dependence of ra on photoconductive 
modulation for various types of carrier trapping. It is 
not particularly necessary to do this for the case of 
majority hole trapping since, except for exorbitantly 
large V, the differences between tn, tp, and ra are 
unimportant. Thus the figures discussed below relate 
to the important minority electron trapping situation, 
firstly for weak trapping. The coordinates for Fig. 6 
are chosen such that when _\ is sufficiently small [i.e., 
the behavior satisfies the S-R model of Eq. (12) ], the 
results should lie on a straight line with slope (1+1/y) 
and intercept (1+). This line is indicated on the 
figure, and also the behavior which occurs for two finite 
values of NV. One notes that the “photoconductive 
lifetime” increases at first more rapidly with modu- 
lation than expected from an S-R model. It is obvious 
from the nature of Af that the initial slope may 
approach but not exceed (1+c)(1+1/y). 

Curvature of the characteristic between photocon- 
ductive lifetime and modulation has been seen in 
practice'*; though such curvature can arise from 
causes other than pronounced weak trapping.’ Obser- 
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Fic. 6. Photoconductive lifetime as a function of An for weak 
electron trapping. y=0.05 and b=1.0, while VN <N =0.210. 


18 E.g., M. S. Ridout, Report of the Meeting on Semiconductors 
(The Physical Society, London, 1956), p 
1 J. S. Blakemore, “Phys. Rev. 110, 1bo1 (1958). 
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Fic. 7. Typical photoconductive lifetimes for_strong electron 
trapping when y=0.05, b=1.0, and N>N=0.210. 


vation that the curvature becomes less prominent as 
temperature increases (lowering the ratio V/N) would 
be important confirmation of weak trapping as the 
cause of the curvature. 

The variation of 7, with modulation deviates much 
more significantly from the S-R behavior when V>N 
and strong trapping supervenes. The results demon- 
strate the need for a large-signal theory since departures 
from the S-R line are still very pronounced at quite 
considerable levels of modulation. Typical results are 
shown in Fig. 7 for values of y, b, a, and N corre- 
mpeneeny with three cases for which decays were shown 
in Fig. 2. A mobility ratio u»/u,=c=2.6 is supposed, 
which makes the form of ra strongly influenced by the 
minority electrons for heavy modulation; however as 
low-modulation conditions are reached the majority 
holes exert an almost exclusive control over 7,4. This is 
the reason for a minimum in these curves (a not very 
obvious one when V=0.3) since r_ must approach r2 
as the minority density becomes imperceptibly small. 

Once again, the propriety of associating experimental 
results with a model such as this should be confirmed 
from the temperature dependence. As temperature 
increases, one should go from strong trapping to weak 
trapping (and eventually towards hole trapping). 
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Theory of Cyclotron Resonance in Metals* 
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The surface impedance of a metal, in the extreme anomalous skin effect region and in the presence of a 
magnetic field Ho parallel to its surface, is calculated assuming specular reflection and spherical energy 
bands. We give the surface impedance in the cases in which the microwave electric field is parallel and at 
right angles with Hy ,which we call longitudinal and transverse, respectively. The position, intensities, and 
width of the cyclotron resonance lines are the same for longitudinal and transverse cyclotron resonance. 


I. INTRODUCTION 


HEN an electromagnetic wave impinges on a 

metal, the electric and magnetic fields are 
rapidly damped inside the metal by the surface currents 
arising from the influence of the fields on the conduction 
electrons. The fields decrease with a characteristic 
length 6 as we go into the metal surface. This length 6 
is called the skin depth. In the derivation of the result 
quoted above, the validity of Ohm’s law is assumed. 
However, at liquid helium temperatures, for a relatively 
pure sample and in the microwave region, we often 
find ourselves in a situation in which the mean free 
path / of the electrons is larger than the penetration 
depth 6. If this is the case, the electric field E varies 
considerably during an electron mean free path. In 
this condition, the current at a certain point within 
the metal does not depend upon the electric field E 
at that point alone but also on its value within a 
sphere centered at the point under consideration and of 
a radius equal to the electron mean free path. When 
I>é, we say that we are in the extreme anomalous 
skin effect region. 

Under the conditions that occur in the ordinary skin 
effect, the power absorbed by the metal from the 
electromagnetic wave is proportional to the square 
root of the product of the frequency and the resistivity. 
However, in the extreme anomalous skin effect region, 
the power absorption varies as the two-thirds power 
of the frequency and is independent of the resistivity. 
To explain these experimental facts, Pippard! introduced 
a rather crude but useful idea known as the “‘ineffective- 
ness concept.” According to this model, only those 
electrons that remain in the skin depth during most of 
their mean free path can contribute to the surface 
currents. With this assumption, the experimental 
results just described can be qualitatively explained. 

A theoretical treatment of the anomalous skin effect 
has been given in great detail by Reuter and Sond- 


* This work has been assisted in part by the Office of Naval 
Research, the Signal Corps, the Air Force Office of Scientific 
Research, and the National Security Agency. 

+ Present address: Department of Physics, University of 
Washington, Seattle, Washington. 

1A. B. Pippard, Solvay Congress Report 10, 123 (1954); 
Proc. Roy. Soc. (London) A224, 273 (1954). 


heimer.? Their work gives the relation of the current 
density J to the microwave field E as obtained from 
the solution of the Boltzmann transport equation for 
the conduction electrons in the metal. This relation, in 
conjunction with Maxwell’s equations, gives an 
integro-differential equation governing the variation of 
the electric field E inside the sample. The solution of 
this equation permits them to obtain the power absorbed 
in a variety of conditions. In the anomalous skin effect 
region, the result agrees with that obtained by Pippard. 

The extension of the results of Reuter and Sondheimer 
to a sample that is in the presence of both a constant 
magnetic field Hp and of a microwave electric field has 
been made by various authors. In all the cases, the 
microwave electric field is polarized in the plane of the 
sample. Azbel’ and Kaganov’ and Chambers‘ have 
considered the geometry in which the constant magnetic 
field is normal to the surface of the metal. The case in 
which the field Hy is contained in the plane of the 
sample has been treated by Azbel’,® Azbel’ and Kaner,® 
Mattis and Dresselhaus,’ and Heine.’ The latter 
situation is the most important to us, because, if the 
field Hy is chosen in such a way that the electron 
cyclotron frequency w, is equal to an integral sub- 
multiple of the microwave frequency w, we obtain a 
peak in the absorption that is caused by cyclotron 
resonance, as we shall soon explain. Here, we shall 
limit our considerations to the extreme anomalous 
skin effect region (>4) and to magnetic fields Ho such 
that the radius of the cyclotron orbit is much larger 
than the skin depth (this condition can be written in 
the form w.7é</, where 7 is the relaxation time of the 
electrons). 

We now explain how resonances arise when w,.=w/n, 
n being an integer. In the metal, there are some electrons 
whose cyclotron orbits have a portion inside the skin 
depth. If the condition w,=w/n is satisfied, these 

2G. E. H. Reuter and E. H. Sondheimer, Proc. Roy. Soc. 
(London) A195, 336 (1948). 

3M. Ia. Azbel’ and M. I. Kaganov, Doklady Akad. Nauk 
S.S.S.R. 95, 41 (1954). 

4R. G. Chambers, Phil. Mag. 1, 459 (1956). 

5M. Ia. Azbel’, Doklady Akad. Nauk S.S.S.R. 100, 437 (1955). 

6M. Ia. Azbel’ and E. A. Kaner, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 30, 811 (1956) [translation: Soviet Phys. JETP 3, 
772 (1956)}. 


7D. C. Mattis and G. Dresselhaus, Phys. Rev. 111, 403 (1958). 
8 V. Heine, Phys. Rev. 107, 431 (1957). 
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electrons will always see a microwave field in the same 
direction while they are in the skin depth. Thus, the 
electrons under consideration will acquire a drift 
velocity in the direction of the microwave field, and this 
gives rise to power absorption. This phenomenon has 
been observed in tin by Kip ef al.,? and in bismuth by 
Aubrey and Chambers."° 

Two different geometries will be considered here. 
In both, the constant magnetic field Ho is contained in 
the plane of the sample and the microwave field 
propagates in the direction of the normal to the surface 
of the metal. In the first, the microwave electric field 
E is parallel to Ho, while in the second, it is at right 
angles with Ho. We shall call these two cases longi- 
tudinal and transverse cyclotron resonance geometries, 
respectively. 

In the longitudinal case, the only nonvanishing 
component of the surface current density J is in the 
direction of E and therefore there will be no Hall field 
produced. However, in the transverse situation, the 
resonant electrons will give rise to a current normal to 
the metal surface, which, in turn, will produce a space 
charge (see reference 8). When the radius of the 
cyclotron orbit is much larger than the skin depth, 
the nonresonant electrons are able to reduce effectively 
the production of space charge. In fact, the increase of 
the space charge is opposed by two forces. The first is 
proportional to the space charge and its constant of 
proportionality is w,”, where w, is the plasma frequency 
of the electron gas. The second force is of a viscous 
nature and is inversely proportional to the conductivity 
relaxation time." These two forces are equivalent to an 
impedance which limits the production of space charge. 
In this paper the effect of the space charges is treated 
exactly. 

In Sec. II, we calculate the surface impedance of a 
metal in the extreme anomalous region and in the 
presence of a constant magnetic field, for both the 
longitudinal and the transverse cases described above. 
The surface impedance is the pertinent magnitude to 
calculate, aS the power absorption is proportional to its 
real part. The method of calculation consists in the 
solution of the Boltzmann transport equation in 
conjunction with Maxwell’s equations for the micro- 
wave field. The electrons are assumed to have an 
isotropic effective mass m and to constitute a degenerate 
Fermi gas. It will be seen that, in the extreme anomalous 
skin region, the surface impedances for longitudinal 
and transverse cyclotron resonance are the same. 


II. THEORY 


Consider a semi-infinite sample of metal with a 
plane surface. Take a system of Cartesian coordinates 

® Kip, Langenberg, Rosenblum, and Wagoner, Phys. Rev. 108, 
494 (1957). 

10 J. E. Aubrey and R. G. Chambers, J. Phys. Chem. Solids 3, 
128 (1957). 

1C, Kittel, Conference on Radio-Frequency Spectroscopy, 
Durham, North Carolina, November, 1957 (unpublished). 
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x, y, z, with the xz plane in the plane of the sample and 
the y axis normal to this plane and pointing into the 
metal. The external field Hy will be taken as parallel 
to the z axis. The eflect of the collisions of the electrons 
with the surface is now considered. The scattering 
of the electrons may be diffuse (7.e., the electrons are 
thermalized after colliding with the surface) or specular 
with a wide range of intermediate possibilities. Reuter 
and Sondheimer? have shown that, when Ho=0, the 
surface impedance, if the scattering is specular, differs 
from the result obtained in the case of diffuse scattering 
by a factor of 8/9. Therefore, we shall consider here 
that we have specular reflection, because the treatment 
is mathematically simpler. 

We notice that if we fill the remaining half of space 
(y<0O) with another piece of the same metal, and if we 
imagine that somehow it is possible to produce a 
microwave field in the xz plane, the situation for each 
of the two samples is the same as if the electron reflec- 
tion at the boundary were specular. 

The power absorbed by each half is proportional to 
the real part of the surface impedance Z, which is 
defined by 

4r E,(0) 
Z,=— —, (1) 
c H,(0) 


4x E,(0) 
Z,= aS eed ’ (2) 
c H,(0) 


for the two cases of longitudinal and transverse cyclotron 
resonance. Here H is the microwave magnetic field, 
and c the velocity of light. The argument zero indicates 
that the fields are to be evaluated at y=0. From 
Maxwell’s equations we obtain 


PE/dy+ (w/c) E= (4riw/c*)J, (3) 


assuming that the time variation of the field is of the 
form exp(iwt) with angular frequency w. J is the electron 
current density. It is convenient to work, not with the 
fields and currents themselves, but with their Fourier 
transforms. Therefore, we define the quantities &(s) 
and j(s) by the expressions 


(4) 


&(s)= (on) f E(y) exp(isy)dy, 


i(s)= (On) f J(y) exp(isy)dy. (5) 


The field E(y) is a continuous function of the 
coordinate y, but its gradient along y has a cusp at 
y=0, because there the field is damped in both the 
direction of the positive and of the negative y axis. If 
we denote derivatives with respect to y by primes, we 
shall have, by symmetry, 


E’(+0)=—E’(—0), (6) 
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where the arguments +0 and —0 indicate that the 
limits are to be evaluated for positive and negative 
values of y, respectively. From Eqs. (3), (4), (5), and 
(6), we obtain 


— (2/x)*E’(+0)—s°&(s)+ (w/c)*&(s) 
= (4riw/c*)j(s). (7) 


Another expression connecting j(s) and &(s) is found 
from the solution of the transport problem. We shall 
assume, for simplicity, that the collisions of the electrons 
with the lattice imperfections and the thermal phonons 
can be taken into account by assuming the existence of 
a relaxation time 7, which is a function of the electron 
energy alone. The electron distribution function f 
satisfies the well-known Boltzmann equation, 


e 1 
0 f/dt+ v- vpt| B+-¥x H, Vif 
Cc 


+(1/r)(f—fo)=0, (8) 


where v=fk/m is the velocity of the electrons, e and 
m their charge and mass, and k their wave vector. 
The function fo is the Fermi distribution function. 
In Eq. (8) we have neglected the force exerted by the 
microwave magnetic field on the electrons, because it 
is v/c times smaller than the force exerted by the 
electric field E. Here, 1 denotes the Fermi velocity of 
the electrons, which is of the order of 10* cm/sec for 
the monovalent metals. 
We shall assume a solution of Eq. (8) of the form 


f=foth, (9) 


where the deviation /; of the electron distribution 
function from its thermal equilibrium value is propor- 
tional to the electric field E. If we linearize the Eq. (8) 
in the usual way, and if we assume that /; has the same 
time periodicity as E, we get 


OE. 
(1+-tw7) fit+wer—+0r sin? sing— 
dg oy 


d 
== alle. (10) 


€ 


where n is a unit vector in the direction of v and @ 
and ¢ are the polar angles of v, with the z axis as polar 
axis. 

Equation (10) is a linear partial differential equation 
with the independent variables y and ¢, where 6 appears 
only as a parameter. Its solution can most easily be 
found if we introduce the function ®,, defined by 


(11) 


6, (s,0,¢) = (2m)? f frexplisy)dy. 
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The equation 


OP; 
(1+twr—isvr sin? sin g)®;+w.7r— 
d¢ 

dfo 


= ——evr&(s)-n, 
de 


is equivalent to (10). The solution of (12) is 


= 8(0—n) (¢/ma,)Lexp (2x9) — 1} f 4 ‘a 


¢ 
X&(s)-n(6,¢’) expLy(¢’— ¢) 
+iay sin6(cosy’—cos¢) ], (13) 
where 
v= (1+iwr)/(w-7), 


a=(sl)/(1+%wr), 


(14) 
(15) 


with /= vor. Here we have used the fact that at tempera- 
tures much smaller than the Fermi temperature, 


—d fo/de=8(e—«0), 


where € is the Fermi energy and 4 is the Dirac 6 function. 
The current density is given by 


e 
J-— [ pw dk, 
4x? 


which is equivalent to 


é€ 
i()=— faw dk. 
4r3 


From (17) and (13), we obtain the relation 


(16) 


j(s)=3(Ne/arme,) [exp (27) — 1} f do 


Qr 2r+~e 
xsind f dy n(o,c) f dg’ 
0 ¢ 


X&(s)-n(0,¢") expLy(¢’— ¢) 


+iay sin6(cosy’—cos¢) ]. 


(18) 


Here N is the number of conduction electrons per unit 
volume. 

Equation (18) defines a conductivity tensor which 
relates the components of j(s) to those of &(s). We can 
write, after some manipulation, 

(19) 
(20) 


(21) 


jz= OrzOztOryby, 
jv= Fyz82toyyby, 
je=Cerbs. 
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The components of the tensor are 


o 3r 3 34 
Or2=- " coth (ay) -—+— coth(ry) (1+ 97°) 
1+iwrl4a a 4a? 


© (—1)'a-*-4 
3x ———{142(r-+1)?(r+2)y} 
r=o (2r-+1)(2r-+3) 


x II + ory] (22) 


o 3x coth(zy) 
Ory > Oye sions ingen haemen —_ 


1+iwrL 4a’ ¥ 


3 «@ (—1)'a~*-4(r+1) + 
mh oe ne are II (1+ (nr) | (23) 


yr 2r 


o 3a 3 
Cyy=- “|-— coth(#y)+ ae 
I+iwrl 2a* ¢ 
a (— 1)’a a4 
+3>-- we Il + on9} (24) 


r=() ?r n=) 


o [3r oe ; 
=- aa -coth (ry) +—(1+47~) coth (ry) 
1+iw7rl4a a’ 


Oz 


w (—1)’a se - 
3 ——— I +09 | (25) 
m0 (2r-+1)(2r—1) 10 


For negative values of s, the components of the tensor 
have the same values as for —s. The symbol o denotes 
the electrical conductivity of the sample. The procedure 
for obtaining these expressions has been given elsewhere.” 

When E is parallel to the z axis, the only nonvanishing 
component of j is in the z direction. Then, from (7) 
and (21), we find 


&,(s) = — (2/r)E,'(+0)[s°— (w/c)? 
+ (49iw/c*)o.2(s) F. 


Combining (26) with the inverse transform of (4), 
we get 


(26) 


E,(y) = — (2/n)E,'(+0) f [s*— (w/e)? 


+ (42riw/c*)o22(s) } cos(sy)ds. (27) 


From Maxwell’s equations, we observe that the surface 
impedance in this case can be written in the form 
4riw E,(+0) 
Z,=— —_———. (28) 
C E,'(+0) 


Z, can now be easily calculated in the extreme anom- 


2S. Rodriguez, Phys. Rev. 112, 80 (1958). 
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alous skin effect region (>>6) and for moderate magnetic 
fields such that w.76</I, if we observe that a is of the 
order of //5. Thus, only the first term in the asymptotic 
expansion (25) needs to be taken into account. Also, 
the term w*/c? coming from the displacement current 
can be neglected. The argument to show that the 
displacement current is negligible in this case is similar 
to that given by Reuter and Sondheimer’ and will not 
be repeated here. Therefore, 


Z_= (ia/e) f [s*+ (39iwo/c*l)coth(wry) P'sds. (29) 
0 


Integration of (29) yields 


8 /V3rw'l\ 4 

z.=-( -) (1+7v3) tanh!(zy). (30) 
9\ cto 

We notice that, when Ho=0, Eq. (30) coincides with 
the result obtained by Reuter and Sondheimer.? The 
integral at the right of Eq. (29) is performed by a 
method similar to the one described in Appendix I of 
reference 2. 

We now consider the case when the microwave 
electric field is directed along the x axis at right angles 
with Ho. Here, a field F, in the direction of the normal 
to the surface of the sample is present. From the 
Maxwell equation relating the divergence of the 
electric field to the charge density, and using the 
continuity equation, we obtain 


jy(s)=— (iw/4n)8,(s). (31) 


From Eqs. (20) and (31) we get 


-_ Try ; 
&,(s)=— —86,(s), 
Oyyt (tw/4rr) 
so that 
jz(s) =¢,6,(s), 
where 
Tar 


C;>= Csat * 
Oyyt (iw/4ar) 
The surface impedance, 

4riw E,(+0) 


ce E,'(+0)’ 


(35) 


is obtained exactly as before with the difference that 
a; plays the role of o,2. In the extreme anomalous region, 
only the term containing s~! in the expansion of c; is 
important. The asymptotic expansion of ¢; is" 

18 In the conditions encountered in practice oy, is much larger 
than w/42. In fact, for a sample of copper with a ratio of conduc- 
tivity at 4°K to conductivity at room temperature of 1000 and 
w= 10" sec, we have 4x|oy,| /w~8X 10°. Here 1/8 is of the order 
of 10°. When //6 is about 108, o,, becomes comparable with 
w/4x. In any event the asymptotic expansion (36) is correct up 
to and including terms of the order of a~. 
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oz>= 


3x 3 
= [= coth (xy) —— 
1+iwr P 


4a a’ 


3r 
+— coth(ry)(1+¢y~)+--- 
4a’ 


| (36) 


As this expression differs from the expansion of o:, 
only in the third term, the surface impedance Z,=Z,, 
in the approximation considered in this note. 

The power absorbed by the metal turns out to have 
a series of maxima and minima of the same nature as 
that predicted in Sec. I. As Z,=Z,, we have shown 
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2, 


that the position and intensity of the peaks and the 
width of the resonant lines are identical in both lon- 
gitudinal and transverse cyclotron resonance, provided 
that the metal under investigation is in the extreme 
anomalous skin effect region. 
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Some Low-Temperature Properties of the R, M, and N Centers in KCl and NaCl 
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Temporary changes in the absorption spectrum of a colored NaCl crystal can be produced at 77 and 4°K 
by irradiating the crystal with a strong auxiliary light. The changes in the absorption spectrum indicate that 
the R, M, and N centers are not randomly distributed but are located near each other. It is concluded that 
previous arguments based upon less complete observations are not valid and that one cannot decide from 
this type of experiment whether the R; and R» bands arise from transitions in two distinct centers or from 
two transitions in the same center. Measurements of the degree of polarization of the emission excited with 
R,- or R2-band light indicate that the concentration of other centers probably affects this number. It is 
concluded that this measurement may not determine the symmetry of these centers. Measurements of the 
temperature dependence of the half-widths of the absorption and emission bands of the M center indicates 
that the optical transition is primarily influenced by local interactions of the center with neighboring ions 
and not by interactions with the long-range phonons of the lattice. 


INTRODUCTION 


WO prominent optical absorption bands lie be- 
tween the F and M bands in the alkali halides. 
These have been called the R bands and the centers 
giving rise to these absorptions are called R; and R». 
The most usual treatments for the production of these 
bands consist of optically bleaching the F band in 
additively colored crystals or of extensively irradiating 
the crystals with ionizing radiation. Both operations are 
done at room temperature. 

Although the mechanism of production of these 
centers is not well established it has been suggested that 
these centers result from the coagulation of F centers. 
A consideration of the kinetics of the coagulation led 
Seitz to suggest that the R; center consists of an electron 
trapped at a pair of negative-ion vacancies and the R, 
center consists of two electrons trapped at a pair of 
negative-ion vacancies." 

The observation that the ratio of the peak heights of 
the R, and R, bands is nearly constant for a large 
variation in the concentration of the centers led 


1 F, Seitz, Revs. Modern Phys. 26, 7 (1954). 


Herman, Wallis, and Wallis to suggest that both 
absorption bands arise from transitions in the same 
center.? They suggested that the center consists of two 
electrons trapped at a pair of negative-ion vacancies. 
The R: band results from the electronic transition from 
the ground state to the first excited state while the R; 
band results from the electronic transition from the 
ground state to the second excited state. These authors 
found reasonable agreement between the energies of the 
peak absorption of these bands and the transition 
energies calculated on the basis of their model. 

Lambe and Compton have argued that both absorp- 
tion bands cannot arise from transitions in the same 
center.* This was based upon the observation that 
irradiation at 77°K with an auxiliary R,-band light 
bleached the R,; band but did not affect the Ry band. 
When the auxiliary R,-band light was removed, the 
absorption in the R; band returned to its original 
value. It was argued that both bands should be bleached 
by the auxiliary RX; light if the same center is responsible 
for both bands. 


3 Herman, Wallis, and Wallis, Phys. Rev. 103, 87 (1956). 
8 J. Lambe and W. D. Compton, Phys. Rev. 106, 684 (1957). 





R, M, AND N 


Studies of the degree of polarization of the R-center 
emission at 77°K have led to different conclusions 
concerning the symmetry of these centers. Lambe and 
Compton’ concluded that both R centers have (110) 
symmetry while van Doorn* concluded that both 
centers have (111) symmetry. In neither case is the 
polarization as great as would be expected from a simple 
dipole aligned along the above directions. 

The results of a more extensive study of the temporary 
bleaching effect and the degree of polarization of the 
luminescence will be described in this paper. The 
arguments concerning the models of the R centers will 
be examined in terms of these new data. In addition 
some preliminary results on the nautre of the interaction 
of the M center with the lattice will be given. 


RESULTS 
Temporary Bleaching 


The experimental arrangement used to study the 
temporary bleaching effect was similar to that used 
before and is shown in Fig. 1.* The crystal was contained 
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Fic, 1. Block diagram of the equipment used to study the 
temporary bleaching effect. 


in a previously described helium Dewar that had been 
modified by the addition of a quartz window placed at 
right angles to the direction of light transmission.® 
The sample was cooled by conduction to temperatures 
near 77 or 4°K. Although the exact temperature was 
uncertain, the sensitivity of this measurement was 
greater than that of the previous work since the sample 
was not immersed in the bubbling liquid nitrogen.* The 
dc auxiliary light consisted of a 300-watt tungsten 
lamp and appropriate filters so that various wavelength 
regions could be used. 

The data of Figs. 2 and 3 were taken as follows. The 
transmission of the sample at a given wavelength was 
measured. The auxiliary dc light was turned on and the 
change A in the transmission was noted. The auxiliary 
light was then removed and the transmission was noted 
to return to its original value. This procedure was 
repeated for wavelengths between 3300 and 12 000A 
for each wavelength setting of the auxiliary light. A 


4C. Z. van Doorn, a Research Repts. 12, 309 (1957). 
5G. A. Russell and C. C. Klick, Phys. Rev. 101, 1473 (1956). 
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Fic. 2. Temporary change in absorption in NaCl at 77°K 
produced by irradiation with R,-band light. A positive change in 
absorption coefficient corresponds to a bleaching of the number 
of absorbing centers. The location of the peak of the absorption 
bands are indicated by the arrows. 


positive A results when the absorption decreases and a 
negative A when the absorption increases. 

If J is the intensity of the transmitted light with the 
auxiliary light off and 7A the intensity of the trans- 
mitted light with the auxiliary light on, then the change 
in the absorption constant is proportional to +A/J for 
small A. The light signal was adjusted so that J was 
constant for all readings. Thus, in a given sample, A is 
proportional to the change in the absorption constant 
or to the fractional change in the number of centers 
absorbing at a given wavelength. 

Figure 2 shows the results at 77°K for auxiliary 
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Fic. 3. Temporary wary xe in absorption in NaCl produced by 
irradiation with N~-band light. Crystal temperature —— 77°K, 
--- near 4°K. A age change in absorption coefficient corre- 
sponds to a bleaching of the number of absorbing centers. The 
location of the peaks of the absorption bands are indicated by the 
arrows. 
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irradiation in the R; band of NaCl.® It should be noted 
that both the R; and R» bands are bleached, that the 
M, Ni, and Nz bands are all bleached somewhat, that 
no change can be attributed specifically to the F band, 
that bands grow at 3950, 4800, and 6350 A and bleach 
at 3600 and 4300 A. Irradiation with auxiliary light of 
wavelength longer than the M band produces qualita- 
tively similar results. Figure 3 gives the results when the 
crystal was irradiated at 77°K and 4°K in the N» 
band.’ Note that this irradiation at about 9200 A 
produces marked changes in the 4000 A region. The 
change in the number of centers at the peaks was 
approximately 10% of the number initially present. 

Somewhat different results were obtained when the 
auxiliary light consisted of F-band light.* Here a distinct 
temporary bleaching of the F band occurred which was 
about three times as great at 77°K as at 4°K. No 
change occurred at the peak of the R; and R» bands 
although a band seemed to grow between them at 
5700 A. Bands at 3600 and 6300 A grew while the M, 
N,, and Nz bands were bleached somewhat by this 
irradiation. 

Results qualitatively similar to Figs. 2 and 3 were 
found for irradiations with auxiliary dc light lying in 
the M band, the R: band, and at 6350 A. Little change 
was produced in the M-band region with the R-band 
light sources, however. It was not possible to irradiate 
exclusively into the V, band. 

Semiquantitative measurements were made of the 
time delay involved in the temporary bleaching experi- 
ment. It was found that the buildup of the change in 
absorption was appreciably faster than the decay of 
that change. The time constant for decay was approxi- 
mately four seconds and was the same at 77 and 4°K. 
Likewise, this time constant was independent of the 
wavelength being examined or the wavelength of the 
auxiliary light. ; 

The data of Figs. 2 and 3 indicate that the previous 
argument of Lambe and Compton against the model of 
the R centers of Herman, Wallis, and Wallis is not valid. 
The change in the two R bands should be about the 
same with irradiation in either the R; or Rz bands, if the 
simple model that both R bands arise from transitions 
in the same center is valid. However, it is clear that a 
simple model of isolated centers cannot be applied. One 
is almost required to assume that the M, Ri, Ro, and 
N centers are close together in order to provide a 
mechanism of interaction between centers that absorb 
at 1.35 ev but influence centers that absorb at energies 
as high as 3.4 ev. It seems necessary to conclude, then, 


6 The auxiliary light filter consisted of Corning glass filters 5120, 
3484, and 4303 and a water cell. The combination had an optical 
density of 0.82 at 5480 A and 2.0 at 5300 and 5680 A. 

7 The auxiliary light filter consisted of Corning glass filters 2540 
and 2600 and a water cell. The combination has an optical density 
of 1.15 at 9200 A and 2.0 at 8350 A. The combination did not cut 
off on the infrared side until beyond 1.1 micron. 

8 The auxiliary light filter consisted of Corning glass filters 9788 
and 5543 and a water cell. The combination had an optical density 
of 0.34 at 4200 A and 2.0 at 3500 and 5100 A. 
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that this experiment does not allow one to choose 
between the two models of the R centers that have been 
proposed. 


Polarization of Luminescence 


The determination of the symmetry of a color center 
by the measurement of the degree of polarization of 
luminescence is meaningful only if it is certain that the 
excitation and emission occur in the same center, i.e., 
that energy is not transferred to some other center 
before the luminescent process occurs. Measurements 
of the R centers have indicated that excitation in either 
center gives the same emission band and that the degree 
of polarization of the luminescence is the same for 
excitation in either band and is much less than would 
be expected for a simple dipole.’ The conclusion that 
the M, R,, Ro, and N centers are located near others 
suggests that the above results may be explained in 
terms of the presence of other centers. 

In NaCl, the emission that is excited with R)- or 
R:-band light peaks at 1.19 microns and has a half- 
width of 0.207 ev. This is appreciably different from the 
1.07-micron emission of the M center. However, the 
emission from the N centers has not been reported. It 
was found that excitation with V,-band light gives an 
emission peak at 1.16 micron with a half-width of 
0.28 ev. The present experimental arrangement could 
not be used to measure the N2-center emission. Thus, 
one can say that the emission with R-band excitation 
does not coincide with that of the M or N, center, but 
it is not possible to say whether it coincides with the 
Nz center. However, it seems unlikely that the R and 
Nez centers have the same emission, for excitation 
spectra show much less excitation in either of the V 
bands than in the R bands. 

The polarization of the luminescence of the R-center 
emission was measured in several samples of KCI and 
NaCl at temperatures near 4°K in the hope that better 
results might be obtained at the lower temperature. It 
was found that the degree of polarization was the same 
for R; or R2 excitation and was about the same at 4°K 
as at 77°K in any given sample. However, the degree 
of polarization varied among samples that contained 
different amounts of R and N bands. The values of the 
degree of polarization P varied between 0.10 and 
—0.03 for excitation with light polarized along [100] 
and between 0.28 and 0.08 for excitation with light 
polarized along [110]. The negative values of Poo were 
found predominantly at 4°K. 

The variation in these values of polarization from 
crystal to crystal implies that the degree of polarization 
says little about the symmetry of the R center. These 
variations may result from the influence of other nearby 
centers, either as a result of lattice distortions, electric 
fields, or the like, or they may result from the transfer 
of energy from the R center to other centers making 
the polarization characteristic of the transfer process 
more than of the center. Variations among crystals 





a 


probably account for the different values of polarization 
of R emission published by Lambe and Compton’ and 
van Doorn.‘ 

A measure of the polarization of the emission excited 
by Ni-band light was made in NaCl at 4°K. It was 
found that 
Py00= 0.17. 


P3y9=0.40 and 


Although the center cannot be represented by a simple 
dipole, the above results indicate that the symmetry 
axis of the center is along (110). 


Interaction of the M Center with the Lattice 


The nature of the interaction of the M center with 
the lattice can be deduced from measurement of the 
variation of the half-width of the absorption bands as a 
function of temperature. Although a complete investiga- 
tion of this was not made, the half-width at room 
temperature and at 77°K can be used to get an estimate 
of the vibrational frequency v, that influence the center 
in its ground state.’ These half-widths were 0.182 and 
0.096 ev, respectively. The value of v, was found to be 
1.7X 16cps for NaCl. This number is appreciably less 
than 7.8X 10” cps, the longitudinal optical vibrational 
frequency of the lattice. It can be concluded, then, that 
the ground state of the M center is primarily influenced 
by local interactions and not by interactions with the 
entire lattice. The value of v, for the F center—4.4X 10” 
cps—is appreciably greater than the value found for the 
M center in NaCl. Thus, the local interaction is 
appreciably different in the two centers—a result that 
would be expected from the dissimilar nature of the 
two centers. 

An examination of the half-widths of the M-center 
emission peak at room temperature and 77°K gives 
half-widths of 0.273 ev and 0.172 ev, respectively. 
The vibrational frequency »v, that influences the center 
in the excited state was found to be 4.6X 10” cps. 

Pekar’ and Huang and Rhys" have considered the 
interaction of the F center with the vibrational phonons 
of the lattice at large distances from the center. In this 
treatment the F center is considered to be in a con- 
tinuous dielectric medium. The absorption of a photon 


®See reference 5 for a complete discussion of this type of 
measurement as applied to the F center. 

1S. I. Pekar, J. Exptl. Theoret. Phys. (USSR) 20, 510 (1950); 
22, 641 (1952). 

" K. Huang and A. Rhys, Proc. Roy. Soc. (London) A204, 406 
(1950). 
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excites the F center and simultaneously produces 
phonons at a large distance from the center. Thus, there 
is no relaxation of the lattice near the center after the 
absorption process. On this model it is expected that the 
absorption and emission bands will have the same half- 
widths. The experimental results show that the emission 
band is appreciably wider than the absorption band in 
the M center. This is further evidence that the center is 
predominantly influenced by local interactions with the 
neighboring atoms. 


DISCUSSION 


The above results on the temporary bleaching effect 
indicate clearly that the Ri, Ro, M, Ni, and N2 bands 
are affected by irradiation into the Ri, Re, M, or Ne 
bands. Since irradiation into the long-wavelength bands 
influences the short-wavelength bands, it is concluded 
that the centers responsible for these bands are not 
isolated from each other. The close proximity of all of 
these centers with the resultant interactions among 
them is such a complicated situation that arguments 
using these data are not conclusive in indicating 
whether the R; and R: bands arise from two isolated 
centers as suggested by Seitz or whether both R bands 
arise from transitions in the same center as suggested 
by Herman, Wallis, and Wallis. 

The symmetry of the R; and R» centers does not 
appear to be firmly established since the degree of 
polarization of the luminescence seems to be a func- 
tion of the presence of other centers. Thus, it is not 
possible at this time to say whether the models of the 
R centers have the correct symmetry. 

In contrast to the R centers, the M center appears to 
be rather well understood. The symmetry of the model! 
—an electron trapped at a complex of two negative- and 
one positive-ion vacancies—agrees with that observed 
for the center,*!? the properties of the center appear to 
be determined predominantly by the loca interactions 
with the lattice, and the theoretical calculations" give 
transition energies that are in reasonable agreement 
with the observed location of the M band. However, 
transitions to the second excited state have not been 
observed experimentally although they are predicted 
by the theory to have appreciable oscillator strengths. 


2M. Ueta, J. Phys. Soc. Japan 7, 107 (1952). 

Inui, Uemara, and Toyogawa, Progr. Theoret. Phys. Japan 
8, 355 (1952); B. Gourary and P. Luke, Phys. Rev. 107, 960 (1957) 
and 108, 1647 (1957). 
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Theoretical tight-binding corrections for the stopping-power deficiency of inner-shell electrons at low 
particle velocities are compared with the experimental data measured by Burkig and MacKenzie for 20-Mev 
protons and by Bakker and Segré for 300-Mev protons, with the following results. Walske’s accurate tight 
binding corrections for K and L shells are in complete agreement with experiment under conditions where 
only K and L shells are stopping-power deficient. If a larger fraction of the electron cloud of heavy atoms 
is deficient, extrapolations of Walske’s corrections beyond their intended validity range underestimate the 
stopping-power deficiency. The stopping-power deficiency of heavy elements is well described by a cutoff 
approximation by Lindhard and Scharff of the tight-binding corrections of the statistical atom. “‘Best”’ 
tight-binding corrections are recommended and areas for further theoretical work indicated. After correction 
for valence and tight-binding effects, the mean excitation potentials 7) from both sets of experimental 
data are in mutual agreement. The decrease of J)/Z with increasing Z confirms the Z~! dependence of the 


exchange effects in the statistical atom. 





1. INTRODUCTION 


HE mean excitation potential J of the target 

electrons is the only characteristic material con- 

stant in the theory of the stopping power of matter for 

charged particles. It is an average over all electronic 

excitation levels (i,k) of energy #Q,., each weighed ex- 
ponentially by the respective oscillator strength Fj, 


(1) 


I=h II QF *. 
ik 


I appears to be dependent on the energy of the pene- 
trating particle if the particle velocity is so low that 
transitions of the most tightly bound electrons cannot 
be excited. To preserve the inherent constancy of J as 
defined by Eq. (1), theoretical tight-binding corrections 
for the stopping-power deficiency of such electrons must 
be applied. 

The most accurate and extensive calculations for K 
and L shell corrections have been published recently by 
Walske.! They are based on the Henneberg-Bethe 
theory of tight-binding corrections, using hydrogenic 
wave functions. No detailed calculations are available 
for higher shells, where a description by hydrogenic 
wave functions is inadequate. An extrapolation of 
Walske’s corrections for K and ZL electrons to higher 
shells underestimates the tight-binding corrections for 
the intermediate region of the electron cloud, because no 
allowance has then been made for the coupling between 
the shells in their response to dynamic disturbances. 
Calculations for this region should be made with Hartree 
functions; however, this would pose a formidable com- 
putational task. The statistical model of the atom 
applies best to the intermediate region of the atom and 
should provide an adequate framework for estimates of 
the stopping-power deficiency of electrons in the bulk of 
the atomic electron cloud. Lindhard and Scharff? have 


1M. C. Walske, Phys. Rev. 88, 1283 (1953); 101, 940 (1956). 
2 J. Lindhard and M. Scharff, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 15 (1953). 


given such an estimate, based on a simple cutoff ap- 
proximation. 

Recent experiments by Bakker and Segré*® and by 
Burkig and MacKenzie‘ have provided accurate stop- 
ping-power data for high-energy (300 Mev) and low- 
energy (20 Mev) protons. In the following the theoreti- 
cal tight-binding corrections are compared with these 
experimental data. The comparison suggests areas for 
further theoretical and experimental work, and also 
helps in choosing the tight-binding corrections best 
suited for practical work. 

2. COMPARISON OF THEORETICAL AND 
EXPERIMENTAL TIGHT-BINDING 
CORRECTION FACTORS 

Figure 1 shows the tight-binding correction factors f; 
for 20-Mev and 300-Mev protons as defined by 

Tett(E,Z)= f (E,Z)1(Z), (2) 
where J, is the effective mean excitation potential and 
I the material constant defined by Eq. (1). E and Z 
denote particle energy and atomic number, respectively. 
Walske’s inner-shell corrections for isolated atoms, 
DnCn, are plotted as (fi)n=exp(X C,/Z) (dotted 
line). Where required, extrapolations to M and N shells 
are included; however, they amount to only a few per- 
cent of the correction factor for K and L shells. Longi- 
tudinal polarization effects in dense substances can be 
included by calculating (/;’)n=exp(>_,C,’/Z), where 
Cr’ =CalEn’ On) is evaluated for &n’=nn En (solid line) ; 
£, is the energy of the incident particle in units M (Z,*)? 
ry/m. The function 7, is well approximated by® 

Nn 1+ hw fn (On)/An(On) }', (3) 


3C. J. Bakker and E. Segré, Phys. Rev. 81, 489 (1951). The 
range measurements by R. C. Mather and E. Segré, Phys. Rev. 84, 
191 (1951), seem to be in good agreement with the stopping powers 
obtained by Bakker and Segré. 

4V. C. Burkig and K. R. MacKenzie, Phys. Rev. 106, 848 
(1957). References to previous work are given in this paper. The 
range measurements by Bichsel, Mozley, and Aron, Phys. Rev. 
105, 1788 (1957), seem to be in good agreement with the stopping 
powers obtained by Burkig and MacKenzie. 

5 W. Brandt, Phys. Rev. 111, 1042 (1958). 
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TIGHT-BINDING 
where w»= (42’p/m)! is the mean plasma frequency of 
all target electrons, f,(@,) the oscillator strength for 
optical transitions from the mth shell, A, (@,) the mean 
excitation potential of the mth shell, and 6, the corre- 
sponding ionization potential.’ The polarization effects 
as measured by 4;=(/;'fi"')u contribute only a few 
percent to the inner-shell correction factors calculated 
for isolated atoms of intermediate elements. 
The statistical correction factor is defined by 


(fi) stac=expAL (zx). (4) 


AL denotes the difference between the uncorrected and 
corrected stopping number per electron of the statistical 
atom. It is a function of the reduced variable x= 0?/n,°Z, 
where v is the particle velocity and v=e*/h. For the 
gradual cutoff approximation given by Lindhard and 
Scharff,? AL (x) = 1.73+ logxy— 1.36x'+-0.016x! for x2 20, 
and AL(x)=0 for x> 20. The constant 1.73 corresponds 
to 9.6 ev for Bloch’s constant of heavy metals (i.e., 
without valence shell corrections). Equation (4) is 
shown in this approximation as the dashed line in Fig. 1. 

The experimental stopping powers of the following 
metals are chosen for testing the theoretical tight- 
binding corrections: Be, Al, Fe, Cu, Ag, W, Au, Pb, U. 
No experimental values are reported on Au for 300-Mev 
protons and U for 20-Mev protons; interpolated values 
are used instead. The experimental tight-binding cor- 
rection factors are taken to be the ratios of the effective 
excitation potentials as measured with 20-Mev and 
300-Mev protons. Both sets of data are normalized to 
1(Al)=165 ev for the (high-energy) mean excitation 
potential of Al. The 300-Mev proton data of heavy 
elements are corrected for K-shell deficiencies according 
to Walske (Fig. 1, lower solid line). 

Figure 1 shows that the (/;) values are in agreement 
with the 20-Mev proton data for Z<74. For larger Z, 
the (f,)u decrease, whereas the (fi)exp continue to 
increase. At Z=92, the gap amounts to 20-30%, or 
(> Cadexp— (35 Cn) n™0.3Z. The statistical cutoff ap- 
proximation describes the (fi)exp well for Z>30. In 


1.4 
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Fic. 1. Tight-binding correction factors f;. «++: Walske’s inner- 
shell corrections. : Walske’s inner-shell corrections, including 
longitudinal polarization effects. ---: Statistical tight-binding 
correction in cutoff approximation by Lindhard and Scharff. X : 
Experimental. 
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short: under conditions where the stopping-power de- 
ficiencies of only K and ZL shells are observed, Walske’s 
corrections are in complete agreement with experi- 
ment. Although here confirmed explicitly only for the 
stopping powers of the lighter elements, this statement 
is expec ted to be correct also for heavier elements, be- 
cause the experimental ionization cross sections of K- 
and L shells for protons in heavy elements are found to 
be in good agreement with the Henneberg-Bethe theory 
in Walske’s approximation.* Under conditions where a 
larger fraction of the electron cloud becomes stopping- 
power deficient, extrapolated inner-shell corrections are 
too small, but the statistical cutoff approximation for 
tight-binding corrections is in essential agreement with 
experiment. An accurate calculation with Hartree func- 
tions probably would confirm the trend shown by the 
statistical cutoff approximation. 

For the present, it seems advisable to use as “‘best”’ 
theoretical tight-binding correction factors for 20-Mev 
protons the (/f;)m for 750, and the (/;)stat for Z> 50. 
For other particle energies, the larger of the two correc- 
tion factors should be used for heavy elements, and the 
(fi)n for light elements.’ A detailed theoretical analysis 
of the electronic excitations of the bulk of the statistical 
atom is required before the cutoff approximation by 
Lindhard and Scharff can be improved significantly. 
Such an analysis is desirable also for many other 
applications, e.g., for predicting the dispersive proper- 
ties of highly compressed atoms. On the experimental 
side, the points in Fig. 1 for Z=79, 82, and 92 are based 
partly on interpolated data, partly on the 20-Mev 
measurement on Pb, which according to Burkig and 
MacKenzie‘ gave an unexpected high J. value. Thus, 
the conclusions drawn above on the basis of the pres- 
ently available data need confirmation by further 
measurements on heavy metals with medium- and high- 
energy protons, under stringent conditions of geometry 
such that multiple scattering corrections can be applied 
appropriately. 


3. BLOCH’S RELATION 


Bloch’s relation,’ J)>= KZ, is based on the statistical 
Thomas-Fermi model, which does not include the ex- 
change interaction between electrons. The subscript 
zero denotes isolated atoms. If the exchange interaction 
of the stopping electrons is included (corresponding to 

®E. Merzbacher and H. W. Lewis, Handbuch der Physik 
(Springer-Verlag, Berlin, 1958), Vol. 34, p. 166. 

7 The limitations of the orbital and statistical tight-binding 
corrections in different ranges of Z are amenable to an explicit 
experimental test. They imply that experimentally for a given 
xo9<20, AL(xo) should decrease with decreasing Z. It is difficult to 
analyze existing data in this respect, because most investigations 
pertain to various Z in a narrow range of primary particle energies. 
The effects are too small to show up conclusively in a comparison 
of data obtained in different laboratories. But indications can be 
found that in a (corrected) Lindhard-Scharff diagram?” the ex- 
perimental] points for light elements start to fall below the high- 
energy straight line at lower x values than those for heavy 
elements. 

8 F. Bloch, Ann. Physik 16, 285 (1933). 
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Fic. 2. Valence-shell correction factors for several elements. 
I va1/lo= fvai exp(—52/2) is plotted as ordinate where f,s) is the 
valence-shell correction factor; 5: is defined in reference 12. 
For the metals of interest in the present context, 5.0. For 
insulators, 6.50.2 and accounts for the longitudinal polari- 
zation effects in a substance containing as a component the 
element under consideration. For the detailed notation of the 
various molecular valence states, see reference 13 and W. Brandt, 
Du Pont Radiation Physics Laboratory Research Report, October, 
1957 (unpublished). 


the Thomas-Fermi-Dirac model), 


Io= KoZ(1+-2Z-3). (5) 


The numerical value of the proportionality constant Ko 
is somewhat less than 1 ry; the exchange constant kp lies 
between 0.25° and 0.77.9" Experimental Jo values have 
been obtained from the stopping-power data discussed 
in Sec. 2, by the relation 


T ets=f ifvarlo, 


where fyai=//Jo is the valence-shell correction factor. 
Caldwell" and the author'®:’ have pointed out that the 
high- and low-energy J values do not show the same Z 
dependence if only (/;)” values are used in Eq. (6). For 
the present discussion, the “best” theoretical /; factors 
are used as recommended above, which resolves this 
discrepancy. The valence-shell correction factors fva 
are obtained as described elsewhere’? and summarized in 


(6) 


®H. Jensen, Z. Physik 106, 620 (1937). 

%P. Gombas, Die statistische Theorie des Atoms und ihre 
Anwendungen (Springer-Verlag, Berlin, 1949), p. 265. 

1D. O. Caldwell, Phys. Rev. 100, 291 (1955). 

#2 W. Brandt, Phys. Rev. 104, 691 (1956). 

13 W. Brandt, Health Physics 1, 11 (1958). 


BRANDT 


Fig. 2.4 The resulting Jo values are plotted in Fig. 3 in 
such a manner as to show most sensitively the Z de- 
pendence of the exchange term in Eq. (5). The best 
value of Bloch’s constant for Z—* is found to be 
Ko=9.2+0.5 ev. It is difficult to determine an accurate 
value of ko, because the statistical model properly 
should not be stretched to include Be, and because 
for the heavier elements the cumulative uncertainties 
of the experimental /.4¢ values and the semiempirical 
fifvai-correction factors become rather large. Neverthe- 
less, Fig. 3 confirms clearly that ko>0O. In fact, within 
the uncertainty of Ko the data support the prediction 
that 0.25<o<0.77 and agree with the currently “‘best”’ 
empirical value ko=0.70 proposed previously."* If mul- 
tiple scattering has been underestimated in the evalua- 











Fic. 3. Exchange effects on the Z dependence of mean excitation 
potentials [Eq. (5). ~--: Theoretical upper and lower limits. 
©, @: Experimental points for 20-Mev and 300-Mev protons, re- 
spectively. ——: Approximate euperimental error of Ko=9,.24-0.5 
ev. : “Best”? empirical Z~! dependence, corresponding to 


ko=0.70. 


tion of the data discussed here, the actual value of Ko 
would be higher by at most 10% and the experimental 
value of ko close to 0.5. Both changes would bring 
the data into excellent agreement with theoretical 
expectations. 
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4 For heavy metals, fyaiS1.05+0.05. The fya: of Be is ex- 
ceptionally large (1.42). It should be noted that fyai of Al is 
almost as large (1.35). The Bakker-Segré data in fact show this 
25% difference between the J/Z value of Al and those of heavy 
metals (see reference 12, Fig. 1). Clearly, 7(Al)/Z is not a good 
reference value for Bloch’s constant of heavy elements. 
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Magnetic Moment of Helium in Its *S, Metastable State*t 
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The ratio of the electronic gy value of He in its 152s, 4S, metastable state to the gy of H in its ground state 
has been redetermined by the atomic beam magnetic resonance method using separated oscillating fields. 


e 


At magnetic fields of about 540 and 575 gauss the transitions Am= +1, +2 in He and (F,m) = (1,0)<+(1, —1) 
in H are observed at frequencies of approximately 1570 Mc/sec and 1140 Mc/sec, respectively. The natural 
line shapes for the separated oscillating fields method are obtained with spacings between the oscillating 
fields of both 4.2 cm and 2.2 cm. The experimental result is gy (He,3S1) /gz(H,?S}) |exp=1— (23.340.8) X10-*, 
which agrees with an earlier measurement having an accuracy of 16 ppm, and also with the theoretical value 
gz (He,3S;) /g7 (H,2S}) | theor = 1 — (23.341.0) X10~* obtained by Perl and Hughes, which was computed from 
the Breit equation for He with the addition of a term to represent the interaction of the anomalous spin 
magnetic moment of each electron with the external magnetic field. 


1. INTRODUCTION 


XTENSIVE experimental tests of the quantum 

electrodynamic theory of a single electron in 
external fields have been made through measurements 
of the Lamb shift in hydrogen’ and singly ionized 
helium? and of the spin magnetic moment of the elec- 
tron.’ The calculated values of the virtual radiative 
corrections to the energy levels of the electron in 
external electromagnetic fields have been substantially 
confirmed by the experiments. For the two-electron 
system, however, the only critical test of the quantum 
electrodynamic theory is the measurement of the 
hyperfine structure of the ground state of positronium.‘ 
Since it is important to test the basic theory of two 
interacting electrons as completely as possible, a 
precision measurement of the magnetic moment of the 
two-electron system has been undertaken. Specifically, 
the ratio of the atomic gy value of helium in its met- 
astable °S, state to that of hydrogen in its ground *S; 
state is determined, and an increase in accuracy of a 
factor of 20 is obtained in the present experiment 
compared with an earlier measurement.’ The magnetic 
moment of helium in its *S; state has been computed 
from the Breit equation for helium with the addition 
of a term to represent the interaction of the anomalous 


* This research has been supported in part by the National 
Science Foundation and by the Air Force Office of Scientific 
Research. 

t Submitted by C. W. Drake in fulfillment of the Ph.D. thesis 
requirement at Yale University. 

+. Seeeny Mobil Company Fellow, 1956-1957. 

§ Now at I. B. M. Watson Laboratory, New York, New York. 

1 Triebwasser, Dayhoff, and Lamb, Phys. Rev. 89, 98 (1953); 
references to the earlier experimental work are given in this paper. 
The theory is summarized in H. A. Bethe and E. E. Salpeter, 
Handbuch der Physik (Springer-Verlag, Berlin, 1956), Vol. 35. 

2. Lipworth and R. Novick, Phys. Rev. 108, 1434 (1957). 

3 Koenig, Prodell, and Kusch, Phys. Rev. 88, 191 (1952); 
R. Beringer and M. A. Heald, Phys. Rev. 95, 1474 (1954); P. 
Franken and S. Liebes, Jr., Phys. Rev. 104, 1197 (1956); C. M. 
Sommerfield, Phys. Rev. 107, 328 (1957); Ann. phys. 5, 26 (1958). 

4 Weinstein, Deutsch, and Brown, Phys. Rev. 94, 758 (1954); 
Hughes, Marder, and Wu, Phys. Rev. 106, 934 (1957); R. Karplus 
and A. Klein, Phys. Rev. 87, 848 (1952). 

5 Hughes, Tucker, Rhoderick, and Weinreich, Phys. Rev. 91, 
828 (1953). 


spin magnetic moment of each electron with the external 
magnetic field.* This theory of the magnetic interaction 
energy is believed to be correct to order a?uo//) (a= fine 
structure constant, uo= Bohr magneton, and Ho=ex- 
ternal magnetic field). 


2. THEORY OF EXPERIMENT: LINE SHAPES 


The energy levels of helium in its metastable *S, 
state and of hydrogen in its ground *S; state in an 
external magnetic field have been discussed.’ At a 
fixed magnetic field Ho a Zeeman transition in helium 
and the transition (Fm) = (1,0)>(1, —1) (F=quantum 
number for total atomic angular momentum; m=as- 
sociated magnetic quantum number) in hydrogen are 
observed, and from the observed transition frequencies 
the ratio g,(He,*S,)/g,(H,7S;) is computed. The 
production and detection of a beam of He atoms in the 
metastable 4S, state have also been discussed.® 

The principal new feature of the present experiment 
is the use of a transition region with separated oscil- 
lating fields.? This method of inducing transitions can 
yield narrow, natural line widths even in the presence 
of magnetic field inhomogeneities, and hence allows 
more accurate determinations of the transition fre- 
quencies than does the usual resonance method with a 
single oscillating field. 

For hydrogen the transition involves only two energy 
levels, and the theoretical line shape for a transition 
induced by separated oscillating fields has been given.7: 
Assume that the time-dependent perturbation V(t) 
which induces the transition has matrix elements of 
the form Vyg=nbet™!, V,,=hbe—', V,>,>=V.,=0 for 
the two states p and g. Then the probability that an 
atom initially in the state p at time ¢=0 will be in the 
state g at time ‘= 7+ 2r is given by 


Py, q=4 sin’6 sin?(ar/2)[cos(AT/2) cos(ar/2) 
—cos6 sin(AT/2) sin(ar/2) ?, (1) 


6 W. Perl and V. W. Hughes, Phys. Rev. 91, 842 (1953). 

™N. F. Ramsey, Phys. Rev. 78, 695 (1950). 

§N. F. Ramsey, Molecular Beams (Oxford University Press, 
London, 1956). 
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where r=time spent by the atom in each oscillating 
field region of length /, and T7=time spent by the atom 
in the intermediate region of length L between the two 
oscillating field regions. 


cos#= (wo—w)/ a, 


w= (W,—-W,)/h, 


siné= 2b/a, 
a=[(wo—w)?+ (2b)? }}, 


in which W,(W,) is the energy of the atom in state 
p(q) in the regions of length /. 


\=((W.-W,)/h]—w, 


in which W,(W,,) is the space mean value of the energy 
of the atom in state p(qg) over the region of length L. 
In the actual experiment linearly polarized oscillating 
magnetic fields are employed, and V (¢) is given by 


V (t)=pogsJ - Hy, coswt+pogrI-H, coswt, 


in which H, is perpendicular to Ho. The quantities 
gz and g; are the electronic and nuclear g values 
gy=2 and g~—0.003. Only the dominant term of 
V (t), which is the interaction of the oscillating magnetic 
field with the electronic magnetic moment, need be 
considered. Furthermore, if the linearly polarized 
oscillating magnetic field is resolved into two rotating 
field components, and if only that rotating component 
which has the proper sense to produce a resonance is 
retained, then the matrix elements of V(t) are of the 
form assumed in the derivation of Eq. (1) and 2b 
=pogsH,/(2vV2h). The velocity distribution in the 
atomic beam is proportional to 2 exp[—(v/a*) ] 
(a=most probable velocity for an atom in the source), 
and the average, (P,,,), of the transition probability 
given by Eq. (1) over the beam velocity distribution 
can be evaluated numerically. 

For helium in its *S, state, a Zeeman transition 
involves three equally-spaced energy levels. The 
theoretical line shapes for transitions induced by 
separated oscillating fields can be related to the line 
shape for a transition involving only two levels by use 
of the Majorana formula,’ 


P mim = (costa)*7 (J+m)!(J+m’)!\(J—m)!(J—m’)! 
(—1)*(tanga)-=+~’ 


2J 2 
«|= roe ee ep @) 





Pm,m: is the probability that an atom initially in the 
magnetic substate m will be in the magnetic substate 
m’ at time t=7+2r. For helium in its *S; state the 
angular momentum quantum number, J, is 1. The 
quantity sin*(a/2) is the transition probability for a 
system with a spin of $ and a g value, gy, equal to that 
of helium in its *S,; state. For the method of separated 
oscillating fields and with a rotating magnetic field of 


® E. Majorana, Nuovo cimento 9, 43 (1932); F. Bloch and I. I. 
Rabi, Revs. Modern Phys. 17, 237 (1945). 
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amplitude H,/2, 
(2’) 
in which P;, _; is computed from Eq. (1) with 20 
=pogsH;/(2h). The average (Pm,m’) over the velocity 
distribution in the beam can be evaluated numerically. 
Two different schemes are used for the study of 
helium Zeeman transitions. The first is the observation 
of a transition from a particular magnetic substate, for 
example, m= +1, to either of the magnetic substates 
m=( or m= —1. The transition probability is given by 


sin*(a/2)=P3, -4, 


P\=1-P,1, (3) 


in which P),; is given by Eq. (2). The average over the 
velocity distribution of the beam is 


(P1)= 2(P, -4)— (P3, 3’). (3’) 


The other procedure is the observation of a transition 
from any of the magnetic substrates m=0, +1, or —1, 
to a different final magnetic substrate. If the beam has 
equal populations of the three magnetic substates, 
m=0(0, +1, and —1, then this transition probability 
Pr, is given by 
Pr= 4(1— P11) +4(1—Po, 0) +4(1—P- i, - 1). (4) 
The average over the velocity distribution of the beam is 
(Pr)= (8/3)(P3, -4)— 2(P, +”). (4’) 
Numerical evaluations of (P,,,) for Eq. (1), (P1) of 
Eq. (3’) and (Pr) of Eq. (4’) have been carried out in 
the neighborhood of the resonance and are valid 
provided (w—wo)<2b. Near resonance the following 
approximate expressions for (P;, -4)7* and (P,, -;°) 
apply: 
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Fic. 1. Transition eager (P»,q) as a function of frequency 


near resonance for the two-level system. Refer to Eq. (1) and 
accompanying text for definition of /, L, w, wo and b. The condition 
4bl/a=3.8 corresponds to the optimum amplitude of the oscil- 
lating magnetic field required to a maximum transition 
probability. The quantity 6» is the frequency width at half- 
intensity between the peak and the first minima. 





MAGNETIC 


ie 261 AL 
(Pya)=2 f exp(—y")y¥ sn'(—) cos'( —)ady, (5) 
ay 2ay 


0 


(Py.-4’) 


. 2b AL 
a J exp(— 9")? sin'( —) cos( —)ay, (6) 
ay 2ay 


0 


where y=v/a. These expressions can be written as, 
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Fic. 2. Transition probabilities (P;) and (Pr) as a function of 
frequency near resonance for the three-level system. (Pr) and 
(P;) are defined for Eqs. (3) and (4). Other quantities are defined 
for Eq. (1) or in the caption for Fig. 1. The conditions 46//a= 2.8 
and 46//a=3.8 correspond to amplitudes of the oscillating mag- 
netic field required to produce maximum transition probability 
for (Pr) and (P;), respectively. 
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Fic. 3. Transition probabilities at resonance (wo=w) as a 
function of the amplitude of the oscillating magnetic field. 
Symbols are defined in captions for Figs. 1 and 2. 


where 


1(B) -{ exp(—")y* cos(8/y)dy. 
0 


A table of the function /(8) has been given" and can be 
used to evaluate the above expressions. A table! of the 
related function 


K (30,*)= f exp(—y’)y* sin?(8/2y)dy 
0 


can also be used. 

Curves previously obtained’:* for (P,,,) near reso- 
nance are shown in Fig. 1. Plots for (P;) and (Pr) near 
resonance are shown in Fig. 2. The transition proba- 
bilities at resonance (w=wo) are shown in Fig. 3 as a 
function of the dimensionless parameter 46//a, which 
is proportional to the amplitude of the oscillating 
magnetic field. 


3. APPARATUS 


A schematic diagram of the essential features of the 
atomic beam magnetic resonance apparatus is shown 
in Fig. 4. The vacuum envelope consisted of a brass 
tube 5 feet in length and 15 inches in diameter, with 
across tube 31 inches in length and 13 inches in diameter 
in the region of the C magnet. The apparatu swas 
divided into three chambers—source chamber, inter- 
chamber, and main chamber—separately pumped by 
oil diffusion pumps with speeds of 1400, 300, and 700 


1 V. Kruse and N. F. Ramsey, J. Math. Phys. 30, 40 (1951); 
reference 8, Appendix D. 

1H. Salwen, Phys. Rev. 101, 621 (1956): Document No. 4716, 
American Documentation Institute Auxiliary Publication Project, 
Library of Congress, Washington 25, D. C. 





DRAKE, HUGHES, 


RF. Proton Wire 


tet Resononce 

Hoirpin tect 

» Probe roe jector 
| 


Source Chamber 


Collimotor 
Seporeting Chomber / 
Moin Chomber | 


ii / 


\ * 


| —/ 
- W(}}----"S 


Pironi 
Goge 


Dischorge Beom 


Tube Shotter C"Mognet 


“A” Magnet “B” Mogret 


Fic. 4. Schematic diagram of the atomic beam apparatus. 


liters/sec, respectively. The three pumps were backed 
by a 100-liter/sec booster oil pump and a 6-liter/sec 
mechanical pump. With liquid air cooling and with no 
flow of gas to the discharge tube, a pressure of 3X 10-7 
mm of Hg was obtained in the main chamber. With a 
flow of helium gas, the pressures in the main chamber 
and source chamber were 8X10~? and 3X10~ mm of 
Hg, respectively ; with hydrogen the pressure was about 
50% higher in the source chamber. 

The source and collimator slits were 0.0125 cm in 
width, and the height of the beam was limited to 0.3 
cm by stops placed on one of the interchamber slits 
and on the rear of the B magnet. The distance between 
the source slit and detector was 50 cm. 

A movable stop wire, consisting of a 0.125 cm 
tungsten wire, was located between the C and B fields. 
It could be positioned to block an undeflected beam and 
to allow only atoms with a particular sign of magnetic 
moment to reach the detector. 


3.1 Source 


The source was a Wood discharge tube” similar to 
that used in the earlier experiment.® The discharge 
tube consisted of a water-cooled 14-mm o.d. glass 
tube J m in length, and of water-cooled aluminum 
electrodes.'* The source slit was made from two pieces 
of quartz ground to give a knife edge and fused together 
at the top and bottom to form a single plate with a 
slit of width 0.0125 cm. The quartz plate was waxed 
on to the discharge tube in the usual manner.” 

The discharge was excited by a 400-cps ac supply. 
Typical operating conditions were 240 ma, 2750 volts, 
and a pressure of 0.1 mm of Hg for helium and 340 
ma, 4500 volts, and a pressure of 0.1 mm of Hg for 
hydrogen. From studies of beam deflection by the 
inhomogeneous magnetic fields, using the Pirani gauge 
detector and also the He metastable state detector, it 
was determined that between 20% and 80% of the 
particles in the hydrogen beam from the discharge tube 
were atoms and about one particle in 7X 10* particles 
in the helium beam was in the 4S, metastable state. 
A dc discharge was tried, using a current-regulated 
supply which could provide up to 500 ma at 5000 volts. 


2 Kellogg, Rabi, and Zacharias, Phys. Rev. 50, 472 (1956). 
18 G. Weinreich and V. W. Hughes, Phys. Rev. 95, 1451 (1954). 
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With the dc discharge the atomic hydrogen and 
metastable helium production was similar to that with 
the ac discharge, but for helium the photon background 
noise was larger for the dc discharge than for the ac 
discharge. Also, the operating conditions for the dc 
discharge were more critical. 

Sputtering of the electrodes resulted in irregular 
behavior of the discharge, and hence necessitated rather 
frequent changes of electrodes in the early phase of 
the experiment. It was found that running an oxygen 
discharge for about 15 minutes prior to the experiment 
and the use of a moderately high helium pressure in the 
discharge resulted in much longer life for the elec- 
trodes." Indeed, all final data were taken with one 
pair of electrodes in a discharge tube which was operated 
for about 100 hours. 

It was noted that the metastable 
intensity depended strongly and inversely upon the 
pressure of helium in the discharge tube. It is presumed 
that a decrease in pressure increased the production of 
metastable helium by shifting the mean electron energy 
toward the maximum of the metastable helium exci- 
tation curve, since with the geometry and gas pressures 
used the loss of metastable atoms in the discharge 
tube should occur primarily by wall collisions'® and 
hence should be more rapid at lower pressures. 


helium atom 


3.2 Detectors 


Hydrogen atoms were detected with a pirani gauge 
of the type described by Prodell and Kusch'® having a 
slit opening for the beam with a width of 0.0025 cm, 
a height of 0.33 cm, and a K factor of about 200. The 
sensitivity was 3.6X10* molecules sec"! per mm 
deflection of a galvanometer with a sensitivity of 
0.018 uv/mm at 3 m. The detection time constant 
was about 7 sec and was determined about equally 
by the gauge and the galvanometer. Helium atoms 
in the 4S, state were detected by electron ejection from a 
tungsten wire 0.15 mm in diameter and maintained at a 
negative potential of 22 volts. The electrons were 
collected by a copper tube 1.9 cm in diameter which 
surrounded the wire and was near ground potential, 
and the electron current was measured with an elec- 
trometer circuit’? having a 10" ohm input resistor. If 
the efficiency for ejection of an electron by a metastable 
atom’ is taken as 0.24, the over-all detector sensitivity 
was 2.6X 10° metastable atoms sec~! per mm deflection 
of a galvanometer with a sensitivity of 10~' ampere 
per mm at 3 m. 


4H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Oxford University Press, London, 1952), 

. 587. 

16 A. V. Phelps and J. P. Molnar, Phys. Rev. 89, 1202 (1953); 
A. V. Phelps, Phys. Rev. 99, 1307 (1955). 

16 A. G. Prodell and P. Kusch, Phys. Rev. 88, 184 (1952). 

17 F, Armistead, Rev. Sci. Instr. 20, 747 (1949). 

18R. Dorrestein, Physica 9, 433 (1942); 9, 447 (1942). H. D. 
Hagstrum, Phys. Rev. 89, 244 (1953). 
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3.3 Magnetic Fields 


The A and B magnets were of conventional design 
for the realization of the two-parallel-wire field with 
an electromagnet.’ For the equivalent two-wire field 
the distance between the wires, 2a, was 2.3 cm, and 
hence the ratio of field gradient to field was 0.92 cm“. 
The magnets were constructed of soft iron with Per- 
mendur pole pieces to prevent local saturation and had 
high-current windings consisting of water-cooled hollow 
copper tubing of square cross section 0.66 cm on a side, 
insulated by unsized Fiberglas sleeving and Teflon 
sheet. The Fiberglas sleeving was washed in acetone 
and alcohol before being inserted into the vacuum 
system and had no adverse effect on the vacuum 
attained. The A and B magnets each had 19 turns, 
and were usually operated at 150 amperes, supplied by 
3000 ampere-hour submarine batteries, to give a field 
of 7000 gauss. For a helium atom in the *S,, m=+1 
state and having the velocity a each magnet produced 
a deflection, s,, of 0.44 mm at the detector. The field 
gradients of the A and B magnets were in opposite 
directions so that an atom was refocused if it did not 
undergo a transition in the C region. 

The C magnet, made of Armco soft iron, had circular 
pole faces 20 cm in diameter and a return yoke of 
square cross section 7.62 cm on a side. The gap width 
between the pole faces was 1.27 cm. Adjustable brass 
spacers placed in the gap allowed for fine adjustment 
of the parallelism of the pole faces with a variation 
in spacing of up to 0.1 mm being possible. High-current 
windings (with 38 turns) similar to those of the A and 
B magnets were used. The Cmagnet was operated at 
about 15 amperes to give a field of 550 gauss. 

Studies of the magnetic field in the C region were 
made by the proton magnetic resonance absorption 
technique, using as a probe a cylindrical glass capsule 
1 cm in length and 0.8 cm in diameter containing 
mineral oil. The A and B magnets produced a field of 
about 50 gauss at the center of the C-magnet gap, and 
the homogeneity of the magnetic field in the C region 
in the horizontal direction along the beam trajectory 
could be controlled by small-percentage changes in the 
A- and B-magnet currents which did not appreciably 
affect the beam deflections. Control of the homogeneity 
of the magnetic field in the C region in the vertical 
direction along the beam height was obtained by 
adjusting the parallelism of the C-magnet pole faces 
with the brass spacers and could be done with the 
magnet mounted in the vacuum chamber. Typically, 
the field inhomogeneities obtained were 6 parts per 
million (ppm) in a horizontal direction over the 3-mm 
rf lengths of the loops and the same in a vertical direc- 
tion over the 3-mm height of the beam. 

Regulation of the magnetic field in the C region was 
achieved electronically by a feedback system which 
controlled the C-magnet current so as to maintain 
constant the proton resonance absorption frequency 
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at the probe shown in Fig. 4. The magnetic field 
regulator consisted of a marginal oscillator? with a 
mineral oil probe followed by a narrow band twin-tee 
amplifier, a phase detector,” and a differential cathode 
follower which supplied the correction current for the 
C magnet directly to the high-current magnet windings. 
The field at the probe was modulated by small coils 
surrounding the probe shield at a frequency of 44 cps 
supplied by a Wien Bridge oscillator. A field modulation 
amplitude of 5 milligauss at the probe had no observable 
effect on the line shapes obtained from rf induced 
Zeeman transitions in helium. A field modulation 
amplitude of 25 milligauss caused an observable 
broadening of the helium lines. 

The regulation only maintained constant the mag- 
netic field at the position of the probe and did not 
guarantee a constant field at the position of the rf 
loops. In particular, a change in the A- or B-magnet 
currents in general resulted in a change in field at the 
rf loops although the field at the proton probe was 
maintained constant by the regulator. Thus a one 
percent change in the A-magnet current caused a 
change in the helium resonance frequency of 18 ppm, 
and a one percent change in the B-magnet current 
caused a change of 90 ppm. The larger effect of a change 
in the B-magnet current was attributed to the nearness 
of the B magnet to the proton resonance probe. It was 
found necessary to monitor the A- and B-magnet 
currents; this was done manually by varying rheostats 
so as to maintain constant the voltages across current 
shunts as read by potentiometers. In this way the A- 
and B-magnet currents were held constant to one part 
in 3000 and one part in 30 000, respectively. The value 
of the C field at the proton probe was locked at a value 
corresponding to the proton resonance oscillator 
frequency to within 0.5 to 2 parts in 10®, depending on 
the line width of the proton resonance which depended 
in turn on the local field inhomogeneity over the proton 
probe and varied from run to run. The proton resonance 
oscillator frequency was monitored during each run 
and corrections were made for drifts, which were 
typically of the order of one part in 10° per hour. 


3.4 The Radio-Frequency System 


A block diagram of the radio-frequency system is 
shown in Fig. 5. The frequencies used were 1522 and 
1608 Mc/sec for the helium transition and 1092 and 
1166 Mc/sec for the hydrogen transition. The radio- 
frequency power was supplied by two shock-mounted, 
grounded-grid, coaxial-line oscillators using 3C22 light- 
house tubes (radar jammer T85/APT-5). With well- 
regulated high-voltage supplies and battery-operated 
filaments these oscillators were stable to within 50 cps. 

A multiple of 270 Mc/sec with strong 90 Mc/sec 


1 R. V. Pound and W. D. Knight, Rev. Sci. Instr. 21, 219 
(1950). 
® N. A. Schuster, Rev. Sci. Instr. 22, 254 (1951). 
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Fic. 5. Block diagram of the radio-frequency system. 


side bands was derived from the frequency standard 
by the harmonic generator and mixed with a signal 
from the appropriate oscillator to produce a beat 
between 5 and 15 Mc/sec and also between 80 and 100 
Mc/sec. The lower frequency beat could be heard on the 
receiver for an approximate frequency measurement. 
The oscillator frequency was measured accurately 
either by applying the higher frequency beat after 
wide-band amplification directly to a frequency 
counter (Hewlett-Packard 524B), or by comparing the 
lower frequency beat note after video amplification 
with the output of a frequency meter (BC 221). The 
latter system was faster and hence was used for most 
of the data-taking. The accuracy of the frequency 
measurement was about 5 parts in 10’. 

Two different rf structures were used to produce 
separated, in-phase oscillating fields. One structure 
had a separation of 2.2 cm between the two loops and 
the other (shown in Fig. 6) had a separation of 4.2 cm. 
Both structures had rf loops of 3-mm wide copper 
ribbon with a separation transverse to the beam of 1 
mm. Each loop was placed in a shield with an inside 
length of 5 mm in the beam direction. The connections 
to the rf loops were made with brass coaxial lines of 
50 ohms impedance and were brought out of the vacuum 
through Kovar-to-glass seals. 

The rf loops of the shorter 2.2-cm structure were 
connected together outside the vacuum by type BNC 
adapters. The two loops could be excited separately 
and the static magnetic field at each loop could be 
measured by observing a helium resonance line. In 
order to minimize the difference in phase between the 
rf at the two loops the reflection coefficient for each 
loop was measured with a slotted line and the two 
reflection coefficients were made equal by a slight 
movement of one of the loops with respect to its shield. 
In this way the phase difference was adjusted to be less 
than 1.5 degrees. 

The rf loops “db” of the longer 4.2-cm structure 
(Fig. 6) which provide the separated oscillating fields 
were connected together inside the vacuum system. 
The two loops were made identical and the length of 
the lines from the loops to the connection was short, so 
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that in view of the mechanical tolerances the difference 
in phase at the two rf loops should be less than 3 
degrees. The two separate auxiliary loops “a” were 
used for measuring the magnetic field near each of the 
loops 6 by observation of a helium resonance line. 

To improve the magnetic field homogeneity shimming 
of the field by use of current loops was employed. 
Thin three-turn rectangular spirals of jg-inch strip 
made of 0.001-inch brass stock, and placed between 
0.001-inch mica plates were mounted on each rf struc- 
ture. A 1-cm wide coil over each rf loop on the 2.2-cm 
structure and a 3.5-cm coil between the rf loops on the 
4.2-cm structure were used. Currents between 5 and 
50 ma were used. 


4. EXPERIMENTAL PROCEDURE 


At the start of each run various adjustments of the 
magnetic fields were made. First the fields at the two 
rf loops were made equal. This was accomplished by 


Fic. 6. Diagram of the separated oscillating fields radio-frequency 
system. The parts labeled “a” and “bd” are the rf current loops of 
copper ribbon. The loops 6 provide the separated oscillating 
fields while the auxiliary loops a are used to measure the mag- 
netic field. The brass plates ‘“‘c’”’ serve as rf shields for the loops 
and outer conductor for the coaxial feed to the loops. The groove 
“d” provides the beam path. 


observing for helium the broad resonance curves of 
about 425 kc/sec half-width obtained when the rf 
loops were separately fed in the 2.2-cm structure (or 
when the loops a were separately fed in the structure 
of Fig. 6), and by making slight changes (of the order 
of 3%) in the A and B currents until the centers of the 
two resonance curves agreed to within about 25 kc/sec. 
The total resonance curve was then observed with both 
rf loops fed in phase, and for many of the runs the 
central peak in helium was centered in the separated 
oscillating fields line pattern to within about 25 kc/sec 
by varying the current (on the order of 20 milliamperes) 
in the shim coils. A helium resonance line for which 
the central peak was centered in the line pattern is 
shown in Fig. 7. Frequently it was necessary to turn 
the C-magnet current on and off several times in order 
to obtain good field homogeneity over the region of the 
proton resonance probe, as determined by the transient 
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effect (wiggles) in the proton resonance signal at high 
modulation amplitudes. Good field homogeneity at the 
probe was required in order that the magnetic field 
regulator operate well at low modulation amplitudes. 

The rf power was adjusted to give an intensity for the 
central peak of about 75% of its maximum value. This 
adjustment was made for both hydrogen and helium, 
and the powers were than kept fixed during the run by 
means of a crystal diode power monitor. 

After the above adjustments of the magnetic fields 
and rf powers were made, resonance curves covering 
the central region of the line pattern were obtained as 
shown in Figs. 8 and 9. During the traversal of a 
resonance line significant changes in background oc- 
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Fic. 7. A complete experimental helium resonance curve taken 
with separated oscillating fields having a spacing of 4.2 cm between 
the rf loops. Corrections for zero drift of the detector have been 
made. One cm of galvanometer deflection corresponds to 107 
ampere. 


curred. Hence, customarily, several detector readings 
were taken with the rf power off during each traversal 
and were used to correct for the background changes. 
Resonance lines were taken alternately for hydrogen 
and helium. Usually the resonance line was traversed 
in both directions for one gas in about 15 minutes and 
then a change to the other gas was made. This procedure 
was repeated until about six changes of gas had been 
made. Changes in the resonance frequencies with time 
were observed despite the magnetic field regulation. 
The changes were due in part to the variation in 
frequency of the proton resonance oscillator, and 
corrections for this variation were made in the analysis 
of the data using observations of the oscillator frequency 
taken with the frequency counter. Additional slow 
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Fic. 8. Typical resonance curves for frequencies near resonance 
for helium and hydrogen taken with separated oscillating fields 
of 4.2 cm separation. The hydrogen resonance line is induced 
with a magnitude of rf magnetic field slightly greater than opti- 
mum while the helium resonance line is produced with a magnitude 
of rf magnetic field such as to produce an amplitude at resonance of 
about 60% of the maximum value. Corrections for zero drift of 
the detector have been made. 


changes also occurred which were believed to be 
caused by thermal drifts in the magnets which changed 
the magnetic field distribution. 

@ For hydrogen the background change was principally 
a uniform, monotonic detector zero drift of about 
one-tenth the peak signal amplitude over the traversal 
time. For helium the background change was caused 
primarily by variation in the light from the discharge 
tube which ejected electrons from the detector wire. 
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Fic. 9. A helium resonance curve taken for frequencies near 
resonance with a magnitude of oscillating magnetic field close to 
the value for maximum transition probability at resonance. The 
separation between the rf loops was 4.2 cm. Corrections for zero 
drift of the detector have been made. One cm of galvanometer de- 
flection corresponds to 3X 10-5 ampere. 
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This background normally produced about 5 times as 
much detector signal as that produced by a helium 
resonance, and the variation in the background was 
typically 7g to } the peak signal amplitude over the 
transversal time. 

In order to avoid systematic errors, data were taken 
for various changes in the controllable parameters. Two 
values of magnetic field in the C region—540 gauss and 
575 gauss— were used. Most of the data were taken 
without the use of the wire stop and hence transitions 
from all the magnetic levels of helium and from both 
levels of hydrogen were observed. Some data were 
taken with the use of a wire stop which allowed only 
one magnetic level of helium and one level of hydrogen 
to be refocused. Runs were made consecutively for 
three different beam trajectories obtained by moving 
the collimator in 0.125-mm steps and realigning the 
detector for maximum beam intensity with no applied 
rf power. Data were taken both with and without 
centering of the central peak in the line pattern. Each 
rf structure was used in its two possible orientations 
with respect to the direction of beam propagation. 


5. ANALYSIS OF DATA 


Typical resonance lines of the central peaks for 
hydrogen and helium are shown in Figs. 8 and 9. For 
the hydrogen line of Fig. 8 the rf power was somewhat 
greater than that needed for maximum line intensity 
which is given by 46//a=3.8. For the helium line of 
Fig. 8 the rf power was adjusted to give an intensity 
for the central peak of about 60% of its maximum value 
and for the helium line of Fig. 9 the power was adjusted 
for maximum intensity which is obtained when 46//a 
= 2.8. The experimental hydrogen line of Fig. 8 can be 
compared with the theoretical line shape of Fig. 1 
and the experimental helium lines of Figs. 8 and 9 
can be compared with the theoretical line shape (Pr) of 
Fig. 2. The experimental lines agree closely with the 
theoretical line shapes. In general, the predicted half- 
widths and peak separations were obtained. The 
theoretical half-width of the central peak is 38 kc/sec 
for hydrogen and 22 kc/sec for helium at maximum 
transition probability with the 4.2-cm rf structure and 
a source temperature of 300°K. 

The resonance frequency for each line was obtained 
by taking the average of the frequencies of the half- 
intensity points of the central peak. The observed 
frequency at the peak of the line in general agreed with 
the frequency determined from the _half-intensity 
points. The resonance frequency was normally chosen 
to 500 cps, as determined largely by knowledge of the 
oscillator frequencies. The resonance frequencies for 
the lines were then corrected for change of the magnetic 
field associated with the frequency drift of the proton 
resonance oscillator. The average resonance frequency 
for helium (and hydrogen) lines taken before and after 
a pair of hydrogen (and helium) lines was used, together 
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with the average resonance frequency of the hydrogen 
(and helium) lines to compute the ratio gy(He)/g,(H). 

Use of the Breit-Rabi equation: for hydrogen* and 
the expression for the Zeeman splitting in helium gives” 


gz (He,3S;) 
g7(H,*S;) 
ay] F+ 


VHe 





k+1 sama 


8F 128F* 
where 
' ga(H,?Sy)/gr—1 


F=vy/Av+3, : 
gs (H,2S;)/gr+1 


vue and vq are the observed helium and hydrogen 
resonance frequencies, Av (the hyperfine structure sepa- 
ration in hydrogen)= 1420.40573+0.00005 Mc/sec,” 
and g,(H,?S;)/gr=658.1977+0.0009.5 The uncertain- 
ties in Av and in g,(H,?S;)/gr do not significantly 
affect the calculated value of gy(He)/g,(H). 

The average of the g-value ratios thus obtained for 
each run is given in Table I. The root mean square 
deviation of the g-value ratios obtained in a single 
run was about 1 ppm. For different runs in which the 
central peak was centered in the line pattern the 
average g-value ratios differed by only about 1 ppm. 


TABLE I. Results. 


Deviation 


Number 
from 


of reso- 
nance 
lines 
Run measured 


Radio 
frequency 
struc 
ture> 
I 0.9999775 
0.9999767 
0.9999773 
0.99997 64 
0.9999725 
0.9999745 
0.99997 54 
0.9999763 
0.9999773 
0.9999775 
0.9999756 
0.9999768 
0.9999794 
0.9999811 
0.9999772 
0.9999778 
0.9999771 
0.9999769 
0.99997 64 
0.9999746 
0.9999760 
0.9999762 
0.9999777 


Weighted mean value=0.9999767 


Rela- weighted 
gs (He), tive mean value 
gs (H) weight (unit = 1077) 
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* A—magnetic field such that fe =1522 Mc/sec and fa =1092 Mc/sec; 
B—magnetic field such that fre =1607 Mc/sec and fu =1166 Mc/sec; 
C—indicates use of centered separated oscillating fields line pattern (see 
Se 


c. 6). 
> I—2.2-cm rf structure; II—4.2-cm rf structure. 


1G. Breit and I. I. Rabi, Phys. Rev. 38, 2082 (1931). 

2 In reference 5 a misprint occurs in the equation on page 837 
which should be the same as our Eq. (7). 

% J. P. Wittke and R. H. Dicke, Phys. Rev. 96, 530 (1954); 
P. Kusch, Phys. Rev. 100, 1188 (1955). 
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However, for different runs in which the central peak 
was not centered in the line pattern, the average g-value 
ratios differed by several ppm. Because of this observed 
discrepancy as well as for theoretical reasons given in 
Sec. 6, the runs in which the central peak was centered 
were assigned a weighting factor two times that of the 
runs in which the central peak was not centered. The 
other matter considered in the assignment of a weighting 
factor for a run was the number of resonance lines 
taken in the run. 


6. SOURCES OF ERROR 


Nonconstancy of the magnetic field in the C region 
was a principal source of error in the experiment. 
Monitoring of the A- and B-magnet currents limited 
any error due to change in the A and B fields to about 
5 parts in 10’ for a single g-value ratio determination. 
Imperfect regulation of the C field which varied greatly 
from run to run, depending on the width of the proton 
resonance signal, and drift in frequency of the proton 
resonance oscillator were the principal causes of random 
deviations within a single run and could cause a 
deviation in the g-value ratio of about 2 parts per 
million. 

If the magnetic field at the rf loops is not equal to the 
average value of the field between the loops, the central 
peak is not centered in the line pattern and a shift in 
frequency of the central peak from the true resonance 
frequency, (W,—W,)/h, occurs, which is given by 
(see Appendix I) 


dv= (io— v9)GI/L, (8) 


in which G depends on the value of the rf power and is 
of the order of 1 for the powers used; the quantity 
(io—vo) is the difference between the average field 
between the loops and the common value of the field at 
the loops, expressed in frequency units. For the 4.2-cm 
rf structure //L=1/15 and (i—v) was typically 
between 50 and 200 kc/sec. The fractional change in 
g-value ratio is given by 


@R/ R= (dvye/vHe— 1.155dvy/Av) y.~1520 Mc/secy (9) 


and could amount to as much as 4 parts per million for 
typical rf field amplitudes. Similar errors can arise 
with the 2.2-cm rf structure. The relatively large 
variations in g-value ratios obtained from runs in 
which the central peak was not centered in the line 
pattern (see Table I) are believed due to this effect. 
In the histogram of the results shown in Fig. 10 all 
values outside of the limits +10 parts in 10’ of the 
average value are due to runs in which the central peak 
was not centered. Since the rf powers vary from run to 
run, the g-value ratios should vary randomly from run 
to run, and indeed the average g-value ratio obtained 
from the uncentered runs agrees with the value obtained 
from the centered runs. If the central peak of the 
separated rf field line pattern is set to be within 20 
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Fic. 10. Histogram of experimental data for the ratio 
gs(He)/g;(H). The value zero on the abscissa corresponds to the 
weighted mean value of all the experimental data. 


kc/sec of the center of the broad peak, the error in the 
g-value ratio will be less than about 8 parts in 10’. 

The measurements of the g-value ratio for various 
beam positions in the C-field region were done to 
ascertain whether field inhomogeneities introduced any 
error due to the slightly different trajectories for 
hydrogen and helium and they indicated no appreciable 
systematic variations. 

A difference in phase between the two rf fields causes 
a shift in frequency of the central peak by the amount 
dv=(6v)(Ad)/x, where dy is the frequency half-width 
of the central peak and Ag is the phase difference in 
radians. For A¢=0.03 radian, which was the maximum 
value indicated by tests on the 2.2-cm rf structure, an 
error in the g-value ratio of about 5 parts in 107 results. 
A reversal of the rf structure with respect to the direc- 
tion of beam propagation should result in an error of 
the opposite sign. Both rf structures were used with 
both orientations and no systematic differences in the 
g-value ratio were observed. 

The error in picking the center of the line due to 
source and detector noise was estimated to be about 1 
ke/sec. An error of about 500 cps in a single rf frequency 
measurement was possible due to the noise band width 
of the frequency standard (~ 300 cps) and the calibra- 
tion error of the frequency meter (about 200 cps). No 
significant error can arise from the frequency standard 
since it was calibrated daily against radio station WWV 
to several parts in 10’, and since further any error in the 
frequency standard is greatly reduced in the compu- 
tation of the g-value ratio. 


7. RESULTS 


The results for all the runs are listed in Table I. The 
average g-value ratio for the six runs in which the 
central peak was centered in the line pattern was 
gy (He,*S)/g7(H,?S;) = 1— (23.2 10~*) with a standard 
deviation of 0.3 10~-°. The average of all other runs (17 
in number) was g7(He,'S;)/g7(H,’S;) = 1— (23.4 10-), 
with a standard deviation of 0.3X10-*. The over-all 
average of all the data give g,(He,°S,)/gs(H, S;) 
=1—(23.3X10-*), with a standard deviation of 


* N. F. Ramsey and H. B. Silsbee, Phys. Rev. 84, 506 (1951). 
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0.25X10-*. Reasonable variations in the assigned 
weighting factor do not change the results by more than 
a few parts in 10’. The final result is gy(He,*S,) 
g(H, S;)=1—(23.340.8)X10-*, where the stated 
uncertainty is three times the standard deviation. 

It is believed that the ratio g;(He)/g,(H) could be 
measured to an accuracy of one part in 10” or better 
with certain modifications in the experiment described 
in this paper. The principal modification would be the 
use of a higher value of the C field so that the resonance 
frequencies occur at about 10000 Mc/sec. Since the 
natural line width is independent of the field value, a 
substantial increase in the ratio of resonance frequency 
to line width can be expected. Improvement in the 
control and homogeneity of the fields would be necessary 
and are believed possible. 


8. DISCUSSION OF RESULTS 


The theory of atomic magnetism based on a Dirac- 
Breit equation for helium with the addition of a term 
to represent the interaction of the anomalous spin 
moment of each electron with the external magnetic 
field gives,® for the *S, state, 


g1(He2S,)=2(1+a/2"—0.32802/2 
—}(T)/me— i(e/r12)/me) 
= 2(1+1161.4X 10-*— 1.8 10~* 
— 38.7X 10-*— 2.3 10-*) 
= 2(1,0011186), 


(10) 


in which (7) is the expectation value for the kinetic 
energy of the electrons and (e?/r;2) is the expectation 
value of the electrostatic interaction between the two 
electrons. The term (a/27—0.328a7/x?) is the contri- 
bution of the anomalous spin magnetic moment of the 
electron.> The term involving (7) is a relativistic 
bound state correction similar to that in hydrogen.” 
The term involving (e?/ri2) is a correction arising from 
the Breit interaction.27 Use of the theoretical g 
value*6 for hydrogen, g,(H,1°S;)=g,(free)(1—a?/3) 
=2(1.0011419), together with Eq. (10) gives 


ga(He,’S1)/g7(H,2S;) | theor 


=1—[(23.341.0)X10-*]. (11) 


The uncertainty is assigned to account for the neglect 
of virtual radiative terms of order a.’ The g-value ratio 
obtained in this experiment is 


26 J. Schwinger, Phys. Rev. 73, 416 (1948); R. Karplus and N 
Kroll, Phys. Rev. 77, 536 (1950); C. M. Sommerfield, Phys. Rev. 
107, 328 (1957) and Ann. phys. 5, 26 (1958). 

26 G. Breit, Nature 122, 649 (1928); H. Margenau, Phys. Rev. 
57, 383 (1940); N. F. Mott and H. S. W. Massey, The Theory of 


Atomic Collisions (Clarendon Press, Oxford, 1949), second 


edition, p. 72. 
27 G. Breit, Phys. Rev. 34, 553 (1929); 39, 616 (1932). 
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gz(He,®S1)/g7(H,2S}) | exp 


=1—[(23.340.8)X10-*], (12) 


in excellent agreement with the theoretical value. 

If the experimental value” g ,(H,?S;)=2(1.001139 
+0.000010) is used together with Eq. (12), one obtains 
gz(He,*S;) = 2(1.001116+0.00010), where the uncer- 
tainty arises from the measured value of g,/g». If the 
theoretical value of g,(H,?S;) is used together with the 
experimental value of g7(He,*S,)/g7(H,?S;) given in Eq. 
(12), one obtains gy(He,*S;) = 2(1.0011186+-0.0000012) 
in agreement with the theoretical value of Eq. (10). 

The agreement provides strong confirmation of the 
theory of the relativistic contributions to atomic 
magnetism as based on the Dirac-Breit equation to 
order a?uof, and confirms that the anomalous magnetic 
moments of the two electrons in helium are additive to 
this order. The measurement also provides a test for 
any more rigorous theory of atomic magnetism for 
helium based on the Bethe-Salpeter equation.” 

The excellent agreement of theory and experiment 
for helium justifies confidence in the relativistic theory 
of atomic magnetism for multielectron atoms based on a 
generalized Dirac-Breit equation® and hence indicates 
that the magnetic moments of more complex atoms 
can be calculated to order a’uo if sufficiently good 
atomic wave functions are available. Conversely, the 
experimental value of an atomic magnetic moment can 
serve as a test for the excellence of an atomic wave 
function. 


APPENDIX I 


In this appendix the shift in frequency of the central 
peak of the line pattern obtained by the method of 
separated oscillating fields from the true resonance is 
computed for the case in which the field at the rf loops 
is not equal to the average field between the loops. Use 
the notation’'* a)= (W,—W,)/h and w= (W,—W,)/h, 
in which W’, and W’, refer to the energy levels at the 
positions of the rf loops and W, and W,, refer to the 
space-average energy levels in the region between the 
rf loops. Assume @p#wo. Then in the neighborhood of 
the resonance peak where A\T/21 and (wo—w)/26<1, 
Eq. (1) reduces to 


Pyq=4S°C1— y°— (S/C)2brx2 


— 2v2(S/C)xy+ (C/S)2bra?— 2x7], (13) 
in which y=AT/2, x=(wo—w)/(2b), S=sinbr, and 
C=cosbr. This expression has its maximum value at 


28 This number is computed from the unweighed averages of 
the two measurements of g,(H,2S;)/gp and of the two measure- 
ments of g:/gp given in reference 3. The quantity g; is the orbital 
g value of the free electron. 

* E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951); 
M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951); H. Araki, 
Progr. Theoret. Phys. (Japan) 17, 619 (1957). 

* W. Perl, Phys. Rev. OL. 852 (1953); A. Abragam and J. H. 
Van Vleck, Phys. Rev. 92, 1448 (1953). 
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w= @o+dw, where 


dw= (@)—wo)GI/L, (8’) 
in which 


tanbr+1/ L[tanbr—cosbr-+1, (br) ] 
2/L tanbr+br-+ (1/L) Ttanbr—cosbr-+1/( 


G= 


(br))} 
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For //L=1/15 and for values of 467 between 1 and 5, 
G is between 0.9 and 2.0. If (ao—wo)/2r= 100 kc/sec, 
dw/2mr is between 6 and 12 kc/sec. 

Consideration of the velocity distribution of the 
beam and of the case of a system with three equally- 
spaced energy levels (helium) is not expected to change 
the order of magnitude of the above estimate. 


NUMBER 5 DECEMBER 1, 1958 


Effects of an Electric Dipole Moment of the Electron on the 
Hydrogen Energy Levels* 
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The bound states in a Coulomb field of a charged, 


spin 4, particle with an electric dipole moment are 


obtained. The nonrelativistic Schrédinger equation for such a particle is solved in closed form. The wave 
functions are generalizations of the Coulomb wave functions, involving Laguerre polynomials of nonintegral 


upper index. 


The accidental degeneracies of the Coulomb energy levels are removed by the dipole inter- 


action. In particular, there will be an additional contribution to the splitting between the 2S; and 2P; states 
coming from the dipole moment. By requiring that this extra energy shift should not destroy the agreement 
between the theoretical and experimental values of the Lamb shift, it is found that the dipole moment of the 
electron must be less than 10~" cm times the electron charge. Other effects of the dipole moment on the 


hydrogen energy levels are discussed. 


I. INTRODUCTION 


HE possible existence of electric dipole moments 

for the spin } elementary particles has been the 
subject of some recent theoretical and experimental 
investigation. Theoretically, it has been shown that the 
invariance of physical laws under space reflection or 
time reversal would imply the nonexistence of such 
moments,! provided that there is no more degeneracy of 
the states of a free spin } particle at rest than that given 
by the two spins and the particle-antiparticle.2 Experi- 
mentally, there is a very accurate measurement of the 
neutron electric dipole moment through a magnetic 
resonance method.’ This indicates that the electric 
dipole moment of the neutron is less than 5X 10-* cm 
times the electron charge. There do not seem to be any 
such accurate limits known for the dipole moments of 
charged partictes such as electrons. In view of some 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 Lee, Oehme, and Yang, Phys. Rev. 106, 340 (1957). 

2 The requirement of the lack of degeneracy has been stressed 
by N. F. Ramsey, Phys. Rev. 109, 225 (1958). If there exist spin 
} particles with two otherwise degenerate states for each value of 
the spin, momentum, and charge, and these states have opposite 
but nonvanishing electric dipole moment, then the definition of 
space reflection and time reversal may be extended so that these 
states are transformed into each other under these operations, and 
the invariance of the Hamiltonian will be maintained. The 
particles which constitute ordinary matter, i.e., the electron, 
neutron and proton, presumably cannot be of this type, because 
such an added degeneracy would change the form of the periodic 
table and the nuclear shell structure by allowing twice as many 
particles into each closed shell. 

3 Smith, Purcell, and Ramsey, Phys. Rev. 108, 120 (1957). 


recent experiments which have been interpreted 
indicating that the positron has a large dipole mo- 
ment,‘ it seems useful to see what limits for the 
electron dipole moment are implied by the measure- 
ments of the hydrogen energy levels by Lamb and 
others.® In particular, one may expect that the 2S; and 
2P; states, which are split only by radiative corrections 
to the Dirac equation, would further be split by the 
interaction of an electric dipole moment with the 
Coulomb field, and so the dipole moment must be small 
enough so as not to spoil the agreement between the 
experimental value of this splitting and the value 
predicted by quantum electrodynamics. The depend- 
ence of the splitting on the dipole moment will be ob- 
tained in Sec. II, where the nonrelativistic Schrédinger 
equation for a charged particle, with a dipole moment, 
in a Coulomb field is solved in closed form. The energy 
levels depend only on the square of the dipole moment, 
as would be expected from a perturbation calculation. 
The energy levels and wave functions obtained are 
used in Sec. III to discuss the limits on the dipole 
moment of the electron implied by various measure- 
ments on the hydrogen atom. 


II. WAVE FUNCTIONS FOR A PARTICLE WITH 
AN ELECTRIC DIPOLE MOMENT IN 
A COULOMB FIELD 


We consider the Schrédinger equation for a non- 
relativistic charged particle with an electric dipole 


‘Ff. E. ‘Obenshain and L. A. Page, Phys. Rev. 112, 179 (1958). 
5 Triebwasser, Dayhoff, and Lamb, Phvs. Rev. 89, 98 (1953). 
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d in a Coulomb field 6=(—Ze/r’)?. The spin-orbit 
coupling produced by the magnetic moment of the 
particle is neglected in this approximation. Therefore, 
if the dipole moment vanishes, the energy levels are 
completely determined by the total quantum number 
n and the degeneracy for a state with given m is 2n*. As 
we shall see, this degeneracy will be split by the dipole 
interaction so that the energy will depend not only on 
one principle quantum number, but also on the total 
angular momentum j, and on another quantum number 
which indicates which of the 2 states of opposite parity 
and equal 7 is predominantly present in the eigenstate. 
The Hamiltonian of the system is 
P La Lado-r 
————— ; 


2m fr rs 


(1) 
(A=c=1), 


where the last term represents the interaction de-& of 
the intrinsic dipole moment with the Coulomb field. 
We wish to solve 


HV=- EW, (2) 


where — |£) is the energy of one of the bound states. 

The total angular momentum J=L+4e@ commutes 
with H, so that we can separate the equation by 
writing 


Wy (r)= fa(r)\J, l=J—3)+g,(r)|J, l=J+}). (3) 


Here the functions f,, gy depend only on the distance 

r_, and the states |/,/) are eigenfunctions of J?, L?, and 
J, with the indicated quantum numbers. The quantum 
number for J, which is inessential, has been omitted. 
Thus the state |4,0) would be an S, state; |$,1) a P; 
state, etc. With the usual normalization of J, these 
states satisfy 


o -f| J,l=J—})=|J, l=J+4). (4) 
Furthermore, 


PL fs(r)| J J=J—-4)] 


1 dys df, 
-|-5 (2) +09] —4), 
r dr dr 


(5) 
PLgs(r)|JJ=J+3)] 


1 d dgy 
-|-55( @)+u+nu+ne|ie-s+p. 
redr\ dr 


Substituting (1) and (3) into (2) and using (4), (5) and 
the orthonormality of |J,/=J—}) and |J,/=J+4), 
we get the two equations 
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sae pe eons er icamee’ | 
r r 
Zad —_ 
Gr E| fs, 


4 


11d/ dfs\ aZ (J—})(J+4) 
se (ee i 


2m r dr dr 


(6) 
1 i dgy aZ (J+3)(J+3) 
where (° 9 sees Bu 
2m r° dr 


dr r r? 


Zad 
+- : fr=\E\gs. 


r 


We introduce the dimensionless variable p= (8m! E! )!r, 
and let 


¢=2maZ/8m\ E|; k=2mZad. (7) 


Then (we drop the index J) 


1 dys df ¢ (J+3)-3] 1, ek 
—<(¢ ‘)+(- a ~~) f+—9=0, 
p’dp\ dp p p° 4 e 
1 d/ dg ¢ (J+3JV+3) 1 k 


p p” p 


p?>dp\ dp 


The similarity of the terms kg/p? and k/f/p? coming from 
the dipole moment to the terms (J—})(J+}4)f/p? and 
(J +43)(J+$)g/e coming from the centrifugal potential 
suggests that we look for solutions of the form 


g(r)=cf(r). (9) 


Substitution of this into the Eqs. (8) gives the con- 
sistency condition 


k 
ke— (J—3)(J+4)=-— (JF) +9), 


c 


a 


which is more conveniently written 
k 
c+. ™= ae" 
J+}+[(J+3P +h} 
{J+34+L(I+3)2+2}} 


Cm 





b 


When this condition is satisfied the two Eqs. (8) 
become identical, and 


ie ae Ord 


where 


54(sg+1 
See pet 808 


$4(S+1)=(J+4PFLI+3 +R) (13) 





EFFECTS OF AN ELEC 
Equation (11) is the same as the ordinary radial wave 
equation for a particle without a dipole moment in a 
Coulomb field, with s, replacing the angular momentum 
1. For small & (i.e., small dipole moment) it can be 
seen by expanding Eq. (12) that 


9 


54(s4+1)~(J—4)(J+3)-—-— ‘ 
2(J+3) 
| (14) 
s_(s_+1)~(J +4) (J+3)+ 
2(J+3) 


Then according to (9), (11), (12), and (14), if the dipole 
moment is small the two solutions of (10) represent 
states which contain mostly one or mostly the other of 
the two states of the hydrogen atom with equal J and 
different /. In the following we shall sometimes refer 
to the exact solutions by the quantum numbers of the 
pure Coulomb states which they approach for small 
dipole moments. 

The normalizable solutions of Eq. (12) are “general- 
ized” Coulomb wave functions of the form 


fin,J,84.= Nn,ssg€7 8? p**L y244*"(p). (15) 


Here .Vn,J,s4 is a normalization constant, m is a non- 


negative integer related to the eigenvalue ¢ by 


(16) 


n={—s—l, 


and L,?**t'(p) are the associated Laguerre polynomials 
of the indicated argument as defined in Morse and 
Feshbach!®: 


l'(m+2s,+2) e* d” ? 
L,2#++1(p) _ (e ppntrestl) 
C'(n+1) p?*++1 dp” 


(17) 


It may be seen from the definition that L,?***! is 
indeed a polynomial when » is an integer, even if sz is 
not an integer, in which case L,,?***! cannot be expressed 
as a derivative of the ordinary Laguerre polynomial. 

It is apparent from Eqs. (13) and (15) that fn,4,s; 
will behave like a negative irrational power of p near 
the origin. For sufficiently large dipole moments, this 
implies that the expectation value of the kinetic energy 
operator for instance, will become undefined, and so the 
solution (15) will break down. This occurs for the 
states with J=} at k=}, corresponding to a dipole 
moment on the order of ed) (a9= Bohr radius). Such a 
large dipole moment would produce a radical change in 
the energy levels and we will not consider this possibility 
here. If the dipole moment is small compared to this 
critical value, the wave function near the origin is not 
so singular as to make the expectation values of T and 
V diverge and the solution (15) is valid. 

The energy levels corresponding to the eigenfunctions 


®P. M. Morse and H. Feshbach, Method of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), p. 784. 
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are obtained by solving Eqs. (7), (16) for E. 


—Z*’m 1 
En.J#4= ; (18) 
2  (n+s3+1)? 

The energy levels are thus given by an expression 
similar to the Bohr formula, however, m+s-+1 is not an 
integer in general. Each value of n, J and each choice 
of s, or s_ will correspond to a different value of the 
energy, except for special values of k which are all 
bigger than the critical value, and so are not considered. 
This has two main consequences about the degeneracy 
of the levels. 

Let us denote by L, the nearest integer to s, so that 
if the dipole moment vanished L= s= orbital momentum 
of the state. States which have different values of J, 
but the same value of n+, which are degenerate in 
the ordinary hydrogen spectrum when the spin-orbit 
coupling is neglected, are now no longer degenerate, 
since n+s will be different for them. An example of 
such states are the states n=0, J=}, s=s_ and n=0, 
J =%, s=s,, which go into the 2P; and 2P; states when 
the dipole moment vanishes. Of course, the degeneracy 
between such states is already removed by the (much 
larger) fine-structure energy, which has not been 
included. Thus one effect of the dipole moment would 
be to change the fine-structure splitting by a small 
amount, whose magnitude we discuss in the next 
section. 

The second change in degeneracy is that states with 
equal J, different m, and equal (n+), which are 
degenerate in the Dirac theory without radiative 
corrections, are no longer degenerate if a dipole moment 
is present because n+s will be different. Thus a dipole 
moment would contribute a small amount to the Lamb 
shift of the 2S, and 2P, states of hydrogen like atoms. 

We summarize the results of this section by writing 
the normalized wave functions for the bound states, 


Vas. = Nn,J 04 Pp preLsr-r(g)| [J =I-3 ) 


k 
+—_______—__ 11=1+9)], (19) 
I+34+[U+43+h}! 


where 





2Z ] n 

a, Petes enero ao —_ 

(n+5,+1)aoJ 2(m+5,+1)[T (n+ 25,42) }8 
“ {J+$4+L(J+3P+R ]}!? 


(JH3+ (UE! 


and 
Wns s_= Nn,Js_€- pl2ys-J 28-+1 (p) 


=J—}) 


2 





x|- an J] 
J+34(U+) +8) 
+ Ji=J+4)| (20) 





1640 G. 


where 


y F 2Z ] n! 
Nal tOe| eee ff —— ion 
(n+s_+1)ao} 2(m+s_+1)[T (n+ 2s_+2) }8 


(J+3+LJ +2) +R ht}? 


(J+34+ [UH P+ EYP +E 
The corresponding energies are given in Eq. (18). 


III. LIMITS ON THE ELECTRON DIPOLE MOMENT 


In order to compare the energy levels of the charged 
dipole with the observed hydrogen levels, it is necessary 
to include, as a perturbation on the Hamiltonian (1), the 
relativistic and Lamb shift interactions. This can be 
done by standard perturbation theory, using the wave 
functions (19) and (20) for the unperturbed states. 
There are two problems which arise when this is done. 
First, the states Wn,J =4,s, which go over into the s states 
as k—0 will contain some admixture of p state when k is 
not zero, as can be seen from (19). Because of this, the 
expectation value of the usual fine structure operator 
(1/r)(dV /dr)o-L, in these states, will diverge. This 
difficulty can be avoided by using a fine-structure 
operator corrected at short distances for the effect of 
the Coulomb field, as discussed in Bethe and Salpeter.’ 
When this is done it is found that for states which were 
not accidentally degenerate for k=0, the energy is just 
the sum of the usual relativistic and Lamb-shift 
corrections, calculated for hydrogenic wave functions, 
and the dipole energy of Eq. (18) expanded to order k.? 
The corrections to this are smaller by factors of a or 
higher. For states such as 2S; and 2P; which are 
degenerate for k=0, one has the additional problem 
that the perturbing effect of the Lamb shift is much 
larger than the energy splitting due to the dipole, at 
least for small &. It can be shown here also that the 
energy shift is the sum of the Lamb-shift and relativistic 
corrections computed for hydrogenic wave functions 
and the dipole energy evaluated to order k’, with 
corrections that are higher order in a. Thus the main 
additional effect of the dipole on the energies is given by 
Eq. (18) expanded to order #?, and it is this quantity 
which will be compared with experiment. However, the 
wave functions (19), (20) will not be a good approxi- 
mation for the 2S; and 2; even to first order in k. 

Let us consider the states with the following quantum 
numbers : 


’ 


J 
f 
J 


BI 
2 
1 
2 
3 
2 


7H. A. Bethe and E. E. Salpeter, Quantum Mechanics of One- 
and Two-Electron Atoms (Academic Press, Inc., New York, 1957), 
p. 60. 
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which go into the 2.5;, 2P;, and 2/P, states, respectively, 


as k-0. 


; , 
))? 


1 


2 (14s,[7=3))? 
Using Eq. (13) and expanding in powers of k’, we get 
ES4= —}Za?m[l1+3+0(k') |, 
E2Pi= —1Z%?ml 1-4 +0(k*) ], 
E2Pt= —1Z7e?m[1+q5h’+0(k') J. 


(22) 


We write d=\/m, so that \ measures the dipole moment 

in electron Compton wavelengths, and k= 2Za\. Then 
E25t= — Ey—1Z'a'm\?+0(n4), 
F2P4= — Eot+psZ'a'mN?+0(M), 
EePi= — Ey— (1/24)Z4a*md\?+0(A4), 


(23) 


where Eo= —§Z*a*m. 

Note that the energy of the 2.5; state is lowered while 
that of the 2P; state is increased, which effect is 
opposite to the Lamb shift. 

The energy difference between the 2S; and 2/, states, 
neglecting terms of order A‘ and higher, is 


EPS\— EFP4= — YZta'm?. 


(24) 


This corresponds to a frequency shift of the correspond- 
ing line of 10" \?(cycles/sec) in hydrogen. 

It is known’ that the measured value of the 2S5,;—2P, 
splitting in hydrogen agrees with the theoretical cal- 
culation to about 3X 10° cycles/sec. It seems reasonable 
to require that the shift due to the electric dipole 
moment should be less than 10° cycles/sec. This then 
gives 

A<3X 10%, (25) 


or the electric dipole moment of the electron must be 
less than 3X10-* times its Compton wavelength 
multiplied by e. According to the 7CP theorem,' a 
similar result holds for the positron. 

There are several other effects of an electron dipole 
moment on the properties of hydrogen which do not 
lead to more accurate limits than the above, which will 
be mentioned briefly.* 

1. There is an addition to the fine-structure splitting 
between the 2P; and 2P, states. From Eq. (23), we see 
that 

EPPs— FPPi= fam)’. 


(26) 


8 T would like to thank Dr. G. Breit for interesting discussions 
on the possibility of using the lifetime of the 2S state at a test of 
the admixture of P state, 





EFFECTS 


The experimental formula for this splitting is in agree- 
ment with the fine-structure formula including radiative 
corrections’ to within about 10° cycles/sec. The require- 
ment that the dipole splitting be less than this then 
implies \< 107. 

2. If the relativistic form of the electric dipole 
interaction Y4¢Ysewl*y» is used, it is seen that there will 
also be an interaction of the electric dipole moment with 
the magnetic field produced by the proton magnetic 
moment, of the form 


V =dea-H. (27) 
This interaction will lead to a hyperfine splitting in the 
s states of hydrogen which would add to that produced 
by the usual interaction weo-H. In the 18 state this 
splitting will be very small, since it is of second order 
both in the electron dipole moment and the proton 
magnetic moment, and is furthermore a relativistic 
effect because of the odd operator a-H. The ratio of the 
dipole splitting to the Fermi splitting in the 15 state 
will be about a‘(m,/m,)d*, which gives no limit on \ of 
any interest. 

We conclude that the electric dipole moment of the 
electron is less than 10~' cm times the electron charge. 
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APPENDIX 


According to Eqs. (13) and (18), the energy levels 
depend only on the square of the dipole moment 
parameter &. It might have been expected that because 
the 2S; and 2P, states are degenerate in the non- 
relativistic theory and have opposite parity, the dipole 
interaction would have a matrix element between them 
which would give a splitting in first order, as for 
example happens when an external electric field is 
applied to the hydrogen atom. The reason that this 
does not happen is because of a peculiar property of the 
nonrelativistic hydrogen wave functions, which we now 
derive.® 

Let V?5?, WV?" be the nonrelativistic wave functions 
for the 2S, and 2/P, states (i.e., the eigenstates with 
the indicated quantum numbers of H= ~*?/2m—Za/r). 


W’St= Rys(r)| I=}, 1=0), 


, A.l 
W??t= Rop(r)| J =}, l=1), ; 


where Ros and Rep are the radial wave functions for the 
states, and |J=4,/=0), |J=4,/=1) are the angular 
momentum eigenstates introduced previously. The 
matrix element of the dipole interaction between these 
® This point has been noted in private communications to the 
author by Dr. M. Schwartz, Dr. N. Kroll, and Dr. J. Weneser. 
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states is proportional to 


Ros(r)Rep(r) 
u-f Recehetiadtatlt F 


9 


r 


|J=4,1=1)d*r, (A.2) 


Upon using Eq. (4), this becomes 


M= { Ras()Rer(0)ar (A.3) 

The following theorem may be proven for the radial 
wave functions of the nonrelativistic Schrédinger 
equation for any central potential : 


[RR Pdr, E) + [ale +1) 
x f RRe(ar=0, (A.4) 


where R;, Re are the radial wave functions for two 
states with energy /;, E2 and orbital angular momentum 


l;, 12. This result follows directly from the two radial 
wave equations 


1d dR, 1 (1,+1) 
~ —(#—) +2m( Es V)R.~———£, = 0, 


r’ dr dr r 


1 d dR, 12(l2+1) 
. -(r )+2m(s— V)Re— 


r dr dr r 


If /;=/2, Eq. (A.4) is just the ordinary orthogonality 
condition on the radial wave functions for states of 
different energy. If however /;#/2 but -,= F2, as is the 
case for the 2S; and 2P, states, then Eq. (A.4) implies 


[RR ar=o, (A.6) 


so that M=O, and therefore there is no first-order 
splitting due to the dipole interaction. 

This vanishing of the first-order matrix element of 
the dipole operator no longer holds if we use the 
relativistic expression for the dipole interaction, 

V =dZary 4750 url wo, (A.7) 
and use the Dirac wave functions for the 2S and 2P 
states. However, since the matrix element must vanish 
in the nonrelativistic limit, it will be proportional to 
some power of (v/c)=a. An explicit evaluation of the 
matrix element for hydrogen gives 

da 


1 
(2S;| V|2P;)=— — Xa? 
4v3 ay? 


1 =(") 
4v3 ay c 
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which is indeed smaller by a factor a® than the matrix 
element (|.S;{V|2P,) which does not vanish in the non- 
relativistic limit. 

Since the matrix element (A.8) is an off-diagonal 
perturbation between states which are also split by 
the Lamb shift, the total splitting is obtained by 
diagonalizing the 2X2 matrix 


Mad Vos, 2ptivole 
Vos, optipole = Vopl . 


where V2s", Vop" are the matrix elements of the Lamb 
shift operator for the indicated states and Ves, op4iP°* is 
the matrix element (A.8). The eigenvalues of this 
matrix are 


E,= 3 (Vos'+ Vop") 


+3[ (Vos'—Vop")?+4| Vos, 2ptipole|2}4.  (A.9) 


We expect that the dipole moment will be so small 
that the splitting due to the Lamb shift alone, 
Vos"—Ve2p", is much larger than the dipole matrix 
element V2s,2p‘'P°* so that these eigenvalues can be 
approximated by 
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Ex™}(Ves"+Vep")4} (V2s"—V op”) 
+ | (Vos, opti?!) |2/(Ves"—Vop"). 


The first two terms are just the usual Lamb-shift 
splitting, so that the change will be 


17 ; a | f r ° 
2| Vos, opti?’ |?/(Ves"—Veop"), 


(A.10) 


which is again proportional to d? rather than to d. 
This may be compared with the splitting coming 
from second and higher order perturbations using the 
nonrelativistic wave functions, which we have cal- 
culated exactly in Sec. II, and which is of order 


| Vop, 1 s1ipole|2 (Exp— E\s), 


as can be seen immediately from perturbation theory. 
The ratio of these two is approximately 


| Vos, optivole|? E2p— Eig 1 
x ~a'X—=a, 
3 


| Vop,1stiPole |? Eop— Eos a 


(A.11) 





so the relativistic contribution to the splitting is small 
compared to the nonrelativistic part, even though there 
is a first-order matrix element with the relativistic 
wave functions. 
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A parity-violating perturbation, corresponding physically to a permanent electric dipole moment of an 
electron parallel to its spin, is introduced into the Dirac equation for an electron. For positrons two choices 
of the relative sign of electric moment and spin are considered. Some numerical consequences of such a 
perturbation for hydrogenic atoms and for positronium are calculated. 


From various experiments carried out previously, rough upper limits are obtained for 


&, the electric 


dipole moment expressed in units of eh/mc: From the numerical value of the Lamb shift, §<0.004; from 
the metastability of the 2s-state in hydrogen, §<0.03. From the absence of KL; x-ray transitions in the 
heaviest atoms, the upper limit for ¢ is about 0.005 or, probably, even smaller. From the value of the hyper- 


fine splitting of the positronium ground state, §<0.02. 


1. INTRODUCTION 


ECENT experiments! on the formation and decay 

of positronium in the presence of a static external 
electric field have brought up the question of the 
possible existence of a small intrinsic electric dipole 
moment of the electron and positron. In connection 
with these experiments more complicated possibilities 
might be of interest, such as parity-violating field- 
theoretic terms? which give some effects in positronium 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1 F. E. Obenshain and L. A. Page, Bull. Am. Phys. Soc. Ser. II, 
3, 228 (1958). 

* P. Stehle (unpublished work). 


akin to those produced by electric dipole moments but 
have no effect on single-electron atoms. We shall not 


.consider any such possibilities in this paper but only a 


small permanent electric point-dipole moment coupled 
with the spin of individual electrons or positrons. We 
merely calculate, for future reference, some effects such 
a dipole moment would have on hydrogenic atoms and 
on positronium and discuss upper limits on such a 
moment which are already implied by various experi- 
ments which were carried out in the past for other 
purposes. Some discussion of the effects of such a 
moment on more complex atomic and molecular systems 
will be found elsewhere.’ 


3M. Sachs (to be published). 
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Wherever possible we shall use the notation of Bethe 
and Salpeter.‘ We introduce an electric dipole moment 
in a Lorentz-covariant manner into the Dirac equation 
for a single electron in an electromagnetic field by 
means of a term analogous to the Pauli anomalous 
moment term but multiplied by the pseudoscalar Dirac 
operator ys. In covariant notation we put, by analogy 
with (I, 10.15), 


e eh 
(p.+54, )na—imeu— -2( - _) ast (1) 
Cc 4mc? 


In conventional notation the Dirac equation then reads 
(Ho+H’)u=Eu, Hy=mBc?+a- (cp+eA)—e¢, 
H' = &(eh/2mc)Blo-E+ia-K ], 


where & and & are the electric and magnetic field. In 
the Pauli approximation, which will be sufficiently 
accurate for part of our calculations, the pseudoscalar 
perturbation Hamiltonian H’, expressed in atomic units, 
reduces to 

H'=ta(s: E+ }ip-K+}sXp-K), (3) 


where a=1/137.04 is the Sommerfeld fine structure 
constant and s=}e” is the Pauli spin-operator. ¢ is a 
dimensionless constant throughout which measures the 
electric dipole moment in units of the Bohr magneton. 
We shall assume &<1, i.e., electric dipole moment 
small compared with e times the Compton wavelength 
of the electron. 

We shall find as rather sensitive, although indirect, 
tests for the presence of an electric dipole moment some 
second-order perturbation energy shifts. For hydrogenic 
atoms these shifts contribute to the Lamb shift and 
are discussed in Sec. 2. For positronium they contribute 
to the hyperfine splitting of the ground state and are 
discussed in Sec. 4. More direct effects of the parity- 
violating perturbation Eq. (3), the breakdown of the 
metastability of the 2s-state in hydrogenic and of 
equivalent selection rules in the x-ray spectra of heavy 
atoms, are discussed in Sec. 3. The behavior of an 
electric dipole moment in the presence of an external 
static electric field is discussed in Sec. 5. 


2. CONTRIBUTIONS TO THE LAMB SHIFT 


We consider a hydrogenic atom with charge Z in the 
absence of any external field, using at first the lowest- 
order Pauli approximation. The perturbation Hamil- 
tonian H’ in Eq. (3) then reduces to 


H'=—éZar~s,, 5s,=r~'r-s, (4) 


in atomic units. We assume this perturbation to be 
small compared with the fine structure splitting (<1) 
and consider matrix elements of H’ between the usual 

4H. A. Bethe and E. E. Salpeter, Quantum Mechanics of One- 
and Two-Electron Atoms (Springer Verlag, Berlin and Academic 


Press, Inc., Heidelberg-New York, 1958); hereafter referred to as I. 
Equation (m.m) in this reference will be referred to as (I, m.m). 
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stationary states which are simultaneous eigenstates of 
the operators k?, M?, and M, with quantum numbers 
(1,j,m), where M=k-+ sis the total angular momentum. 
The operator s, commutes with M? and M, but has 
odd parity.® Its only nonzero matrix elements are 


(l= j+4, j, m|s,|1= 74, j, m=}. (S) 


We need next the matrix element of r~? between the 
radial wave functions for two different atomic states. 
We shall find it useful to rewrite this radial integral in 
the following manner. Let X,; be 7 times the radial 
wave function and £,, the corresponding energy eigen- 
value for principal and orbital quantum numbers 
and ?, for an electron in an arbitrary central V(r). This 
function satisfies the equation [in atomic units (a.u.) ] 


{{ 2uV —d?/dr? |+1(1+1)r?—2pEnj}Xu=0, (6) 


where uw is the reduced mass in units of the electron 
mass m,. Multiplying on the left by X,, integrating 
over r and subtracting an equivalent expression with 
nl and n’l’ interchanged, we obtain the desired relation 


(H0+1)—0'4+1)] ff dr Xue Xn 
=2u(En—Ewe) fdr XniXa'l- (7) 
For our hydrogenic atom, with V(r) replaced by the 


Coulomb potential, we then obtain for the only non- 
zero matrix-elements of H’ in Eq. (4) 


(n,l,,j,m| H’ | n’ L_,7,m)= — §Za(2j+1)“ 


X (£,— Ew) fa XnlXn'l, (8) 


where /,=j+} and we have replaced the reduced 
mass uw by unity. As expected, our parity-violating 
perturbation Hamiltonian H’ mixes a given unperturbed 
state with the states of opposite parity and the same 
values of j and m. 

It is important to note that our nonrelativistic matrix 
element (8) vanishes between the two degenerate fine 
structure components with n=n’. These two states are 
still degenerate in the relativistic Dirac theory and are 
split only by the Lamb shift by an energy of order 
(Za)*a times the energy difference to states of different 
principal quantum number n’. If we were to consider 
the Lamb shift as due to a phenomenological extra 
potential of order (Za)*a, then Eq. (7) shows that the 
nonrelativistic matrix-element of H’ for n=n’ would be 
an order of (Za)*a smaller than for n¥n’. In fact we 
shall show that the correct relativistic matrix element 
for n=n’, even disregarding the Lamb shift, is smaller 
than for n¥n’ only by a factor of order (Za)?. The term 
with n=n’ thus contributes only a fraction of the order 

5 For further details, see E. U. Condon and G. H. Shortley, 
The Theory of Atomic Spectra (Cambridge University Press, 
Cambridge, 1953). 
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of Z*a to the second-order perturbation energy due 
to H’. In evaluating this perturbation energy for 
reasonably small values of Z we are then justified in 
using the nonrelativistic approximation which replaces 
the contribution from n=n’ by zero. However, in 
evaluating the (square of) mixing into a given state of 
wave functions of the opposite parity, due to H’, we 
shall see that the term with n=’ contributes an order 
of a* more than the terms with mn’ and we shall 
have to evaluate the matrix element relativistically. 
We can now evaluate the second-order perturbation 
energy AE due to H’ for a state (n,/,,j,m), using the 
nonrelativistic matrix-element (8), a sum rule and 


Eq. (6): 
AEn,14.5=L |(njla,j|H’|n' J,j)|*(Ex— En) 


= (§Za/2j+1)? f dr Xnta[ E,+3d?/dr* 


+Zr— blz (le +1)r-? )Xnig.. 


Using Eq. (6) again, this expression reduces to a 
multiple of the expectation value of r~* [see (I, 3.25) ] 
and we get 


AF n,15.,.5= &Z*E'n(27+-1)-"(1.4+-3)e? ry. (9) 


The difference AE;s between this energy shift for the 
2s,- and the 2f;-state, i.e., the second-order perturba- 
tion contribution of H’ to the observed Lamb shift for 
n=2, is then 


AE s= — (Z4¢"/6)a? ry 

= —Z*#X2.9X 104 Mc/sec. (10) 
The contribution of H’ to the 2p;-2p; energy difference 
is of AEzs. In reducing H’ given in Eq. (3) to the 
expression (4) we have omitted the interaction of the 
electric dipole moment with the virtual radiation field. 
This interaction, calculated in second-order perturba- 
tion theory in close analogy with the ordinary Lamb 
shift, also gives a contribution to AE;s. However, as 
will be discussed briefly in Sec. 4, this contribution 
(with divergent integrals cut off at momenta of order 
mc) is an order of a smaller than Eq. (10) and we 
omit it. 

The difference® between the experimentally observed 
and the theoretically calculated (with ¢=0) Lamb 
shift is about (—0.26+0.25) Mc/sec for Z=1 and 
(—17+8) Mc/sec for Z=2. The stated probable errors 
do not include an estimate of the field-theoretic terms 
of order Z%a® ry, which have not been calculated yet. 
Such terms could be as large as +0.2Z° Mc/sec and, 
if negative, would remove most of the remaining dis- 
crepancy mentioned above both for Z=1 and 2. If 
positive, these terms would enhance the discrepancy, 


6 E. Lipworth and R. Novick, Phys. Rev. 108, 1434 (1957). 
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but this discrepancy would have a somewhat stronger 
Z dependence than a correction term of form (10), 
due to any electric dipole moment. The value of AE;,s 
in Eq. (10) is thus most probably less than about 
—0.5 Mc/sec, giving an upper limit of about 4x10-* 
for &. 


3. PURITY OF THE 2s;-STATE IN 
HYDROGENIC ATOMS 


One striking effect of the perturbation H’ is the 
mixing in of small amounts of states of the opposite 
parity (and same /) for any given state njlm. Let R® be 
the sum of the integrated squares of the mixed-in wave 
functions of opposite parity (with the unperturbed 
wave function normalized to unity). For a non- 
Coulombic potential with no orbital degeneracy, the 
small ratio R would be of the order of fa. In some non- 
hydrogenic atoms where two states of opposite parity 
and different principal quantum numbers accidentally 
have very similar energy eigenvalues, such as the 3d- 
and 4p-states in Al (Z=13), the numerical value of R 
might be enhanced considerably. We shall not consider 
such cases but only the states njlm of hydrogenic atoms 
in the absence of any external electric fields : The mixing 
in of states with n¥n’ would again only give a ratio R 
of the order of ta. We have seen that the nonrelativistic 
matrix-element of H’ between the two states with the 
same n and j values vanishes. We shall show that the 
relativistic matrix-element does not vanish exactly and 
that the mixing ratio between the two almost-degener- 
ate fine structure components is of order . We there- 
fore consider only this mixing and neglect contributions 
from states with n¥n’. 

We consider fixed values of n, 7, and m and denote 
the Dirac wave functions in a Coulomb potential with 
1,=j+} by u, and u_. We can write these Dirac 
spinors in partitioned form as 


Ue=7'[Xos(r)nje; —Ma(r)nve], 


’ 


where the X_ and X; are the “large” and “small” 
normalized radial components, respectively, and the 7 
are Pauli-spinor and orbital wave functions. With H’ 
defined in Eq. (2) and using Eq. (5) we then get, in the 
absence of any external electromagnetic field 


(n,jl4,m | H’ | n,jl_,m) 


co] 


= —}iZa f dr 1-*(XasXa—XyXr). (11) 
0 


Before evaluating the integrals in Eq. (11) explicitly, 
we digress a moment: If we had omitted the Dirac 
operator 8 in the definition Eq. (2) of H’, the only 
effect on Eq. (11) would be a change of sign of the term 
X14X,;_. One can show as follows that the integral in 
Eq. (11) with this changed sign would vanish: In our 
present notation the exact quadratic Dirac equation 
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[see (I, 12.9) ] reads 

[2H o+ls(l.+ 1 \r- 2X24. = —Zar~ X14, 

[ 2H +/+ (l¢+1)r 2X14= +Zar~*X>o,, 
where Hyp=2W+e¢+0?(W+e)?+ 02/dr? and —W is 
the binding energy which is the same for both states 
even in the Dirac theory. After some cross-multiplying, 
integrating, and subtracting, one obtains the two re- 
lations 


(12) 


-f dr 1~*X94X__=Za(2j+1) “4 
0 


xf dr r~*(Xo_X14—Xo4X1_) 
0 


-+f drr~*X1,X,. (13) 
0 


The matrix element of H’ modified by the omission of 8 
in Eq. (2) would thus vanish, but this omission would 
destroy the Lorentz invariance of the Hamiltonian 
which is presumably unacceptable (even if one might 
be prepared to admit the parity-violating H’ alto- 
gether). 

We return now to the matrix element Eq. (11). As 
Eq. (13) shows, the square bracket in (11) contributes 
simply twice as much as either term in it. For small Za, 
we have as a simple approximation for the ‘small 
component” X;, using (I, 14.12), 


X14= Sal d dr+ (j+})r ')X4= 4a(DsX4), 


where X, are the normalized radial Schrédinger wave 
functions for /, = 7+}. In this approximation then 


x 


Kl|H'\L)= eat f dr(D,X,)r-?(D_X_), (14) 


where we have omitted the fixed labels n, 7, and m. 
The most interesting case is n=2, j=}, since this 
mixing between the 2s; and 2p; wave functions destroys 
the metastability of the 2s;-state. Equations (14) and 
(I, 3.18) then gives, in this approximation for small Za, 


(2s, | H’ | 2p,)= &2Z°a*/8V3. (15) 
Using the exact Dirac wave functions (I, 14.40) and 
(I, 14.41), the integrals in Eq. (11) for n=2, j=} can 
also be evaluated exactly and give, with y=(1—Z’a’)!, 
(2s;| H’| 2p,)= &Z%a(y—1) 
[2y(2y— 1) (y+1) (2y+1)#). 
Equation (15) is the first nonzero term in the expansion 
of Eq. (16) in powers of Za. 
The presence of the perturbation H’ alters the wave 
function of the 2s;-state to 


Ur,t+Ru2,,, R=(s|H'| p)/AW, 


where AW is the energy separation between the 2s)- 


(16) 
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and 2;-states. In the absence of a magnetic field, AW 
is simply the Lamb shift (7.76a*Z‘/6r) a.u.~1000Z* 
Mc/sec, and (for Za<1) 


R=0.18ZE. (17) 


rhe half-life ¢, of the 2;-state is 1.610~° sec for 
Z=1, 1.0X10-" sec for Z=2. The half-life ¢, of the 
metastable 2s;-state in the absence of an external 
electric field and without our parity-violating term H’ 
is 0.7 sec for Z=1 and 2.2X10- sec for Z=2. For 
£310-*, the presence of H’ considerably shortens the 
life of the 2s;-state to t,~R-*t,. The value of /, has 
never been measured directly, but in the course of 
various microwave experiments on the metastable state 
in H, D, and Het lower limits on ¢, have been obtained 
as a by-product. In Lamb shift experiments® for Het, 
for instance, ¢, for Z=2 is bigger than at least 10~® sec, 
so that R?<10~ and | £! <0.03. In hyperfine structure 
experiments’ on H and D, the line-width of the 2s5)- 
states give a lower limit of about 3X10~ sec for ¢, for 
Z=2, i.e., R?<5X10-*. The same hyperfine structure 
experiments also yield a more sensitive, although more 
indirect, test for the presence of our perturbation 
Hamiltonian: With a fraction R? of the state in 29;- 
form, the theoretical value of the hyperfine splitting 
energy has to be multiplied by a factor (1—2R?/3). 
This factor is absent in the nondegenerate 1s ground- 
state. The experimental and theoretical ratios of hyper- 
fine splitting in the 2s- and 1s-states in H and D agree 
to about 1 or 2 ppm (parts per million), so that R?<2 
X10-* for Z=1 and |£| 20.008. In principle, direct 
measurements of the lifetime of the 2s;-states could 
furnish quite a sensitive test for the presence of H’: 
In the presence of an external magnetic field the 
2s; 2p, energy separation for one of the m values is 
decreased and for a suitably chosen magnetic field the 
mixing ratio R for Z=2, for instance, can be increased 
to about 2¢ or more. If lifetimes up to about 10~ sec 
could be detected (and stray electric fields kept to a 
small fraction of a volt/cm) one could detect values of 
|€| as small as 0.0002, say. 

The mixing ratio R according to Eq. (17) increases 
with increasing Z, but accurate experiments cannot be 
carried out on hydrogenic atoms of large Z and for non- 
hydrogenic atoms there is no orbital degeneracy and 
the mixing ratio R is not large. Nevertheless, x-ray 
experiments on neutral atoms of very large Z again 
provide a sensitive and very direct test for &. Although 
there is no true orbital degeneracy and no metastable 
states, the energy separation between the Z; and Ly 
shells (a 2s;- or a 2;-hole) is relatively small for very 
large Z and single-photon radiative transitions’ between 
the K shell and Z; shell (jump of a 1s hole to a 2s hole) 


7 Heberle, Kusch, and Reich, Phys. Rev. 101, 612 (1956); 
104, 1585 (1956). 

§ The two-photon radiative transition has a non-negligible 
probability for large Z but, of course, does not lead to mono- 
energetic x rays. 
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are still strictly forbidden in the absence of any parity- 
violating perturbation Hamiltonian. In the presence of 
our perturbation H’ this selection rule breaks down and 
the ratio between the intensities for a K-L; to a K-Ly 
(1s;-2;) transition is simply equal to R?, the square of 
our mixing ratio. For U (Z=92), for instance, the 
experimental energy separation AW between Z; and Ly 
is only 30 a.u. and the matrix-element Eq. (16), using 
hydrogenic Dirac wave functions, is about 760 a.u. and 
the mixing ratio R is about 26. Screening corrections 
for this matrix-element are probably appreciable even 
for Z as large as 92, but our factor of 26 for R/é is 
probably in error by less than a factor of two. The 
forbidden K-L line for heavy elements would probably 
have been detected already if R® were as large as 10~*, 
say, which gives an upper limit for |£ of the order of 
0.005. A careful analysis of previous experiments on the 
“wings” of K-Ly lines might already be able to de- 
crease our upper limits for R? and £ considerably. The 
ratio R/é increases rapidly with increasing Z and a 
high-dispersion specific search for this forbidden K-Ly 
x-ray line in the transuranic elements (or in U) would 
provide a particularly sensitive test for &. 


4. POSITRONIUM 


Once we are prepared to accept the parity-violating 
perturbation H’ in Eq. (2) for an electron, it is not 


clear how we should require this term to transform 


under charge conjugation. We therefore shall consider - 


separately two cases in which the term H’ for a positron 
has the same and opposite sign, respectively, than H’ 
for an electron. In positronium the Coulomb field vector 
seen by the electron and positron are equal and parallel. 
The perturbation Hamiltonian in Pauli approximation 
equivalent to Eq. (4) is then 


Dr Sir t Ser 
H,'=—éZar*X 


Sir — Sor 


for case (i) 
(18) 
for case (ii), 


where $;, S2 are the electron and positron spin and 
S=s,+s, is the total spin. We need the matrix- 
elements of H’ between the unperturbed positronium 
eigenstates of k*, S?, M’, and M., with quantum 
numbers /, S=0 (singlet) or 1 (triplet), J/=|/—S| to 
1+S, and m (M=k-+ S is the total angular momentum). 
The operator S, connects a state /, S, J, m only with 
states +1, S, J, m and has zero matrix-elements for 
S=0. The operator (s;,—52,) connects 1, S=0, J, m 
with J+1, S=1, J, m. 

We evaluate explicitly the second-order perturbation 
energy due to H’ only for the ground state of posi- 
tronium, i.e., for the S=0 and S=1 levels with n=1 
and /=0. Since /=0 the operator S, (or s;,—52,) con- 
nects the ground state only to states with /=1. We 
again use the relation (7) with reduced mass n=}, sum 
rules and (I, 3.25) as in the derivation of Eq. (9) for 
hydrogen. One factor needed in our derivation is the 
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expectation value 
3(S/)1-0, s=s=(S?)= S(S+1), 


3 (Sir— Sar)?)1—0, t= = (2(81?+ 82?) — S?) 


=3-—S(S+1). (19) 


We call AE, the second-order perturbation energy for 
S=1 minus that for S=0 (for the ground state, n=1), 
i.e., the contribution of the perturbation H’ to the 
hyperfine splitting of the positronium ground state. 
Our final result is 


AE.= F$#a? ry, (20) 


where the minus and plus signs refer to cases (i) and (ii), 
respectively, in Eq. (18). 

We now have to consider also the interactions Hy’ 
and H,’ of the electric dipole moment of the electron 
and positron with the virtual radiation field. H,’ is 
simply given by Eq. (2) [or, in Pauli approximation, 
by Eq. (3) ] with & and & replaced by the usual sum- 
mation of electric and magnetic field of plane waves 
multiplied by photon creation and annihilation oper- 
ators. The term involving & behaves essentially like & 
times the ordinary magnetic dipole radiation term and 
the one involving 3 somewhat like (£k/2mc) times the 
ordinary total radiation term (k is photon momentum), 
except that the photon polarization direction e is 
replaced by eXk/k. For a two-electron system or for 
positronium, H,’ and H,’ taken together in second- 
order perturbation theory then contribute corrections 
of relative order £ to the ordinary Breit interaction. 

The spin-spin interaction part of the Breit inter- 
action, Hs; in Eq. (I, 39.14), can be thought of as 
coming from the magnetic dipole radiation term. 
Explicit calculations show that this term in Pauli 
approximation is simply multiplied by (1+ &), the 
upper and lower signs referring to cases (i) and (ii), 
respectively, in Eq. (18). The corresponding term 
(I, 23.4) in positronium is multiplied: by the same 
factor, adding another £?-correction term AF, besides 
AE, to the hyperfine splitting in the positronium 
ground state 


AEs = 3a? ry. (21) 


To lowest order in @ there is no corresponding £-cor- 
rection to the “pair annihilation term,” Eq. (I, 23.5). 
The perturbations H,’ and H,’ also result in tetms akin 
to the Lamb shift, which involve divergent integrals. 
If momentum cutoffs of order mc are applied, the result 
is of order £a* ry, which we neglect. It should also be 
pointed out that cross-terms between H,’ (or H»’) and 
the ordinary radiation interaction, which would have 
been linear in £, vanish from symmetry considerations. 
Adding Eqs. (20) and (21) we have 
AE= = (5/6)? ry=F (5/7)2AW, (22) 


where the minus sign refers to case (i), plus sign to 
case (ii) and AW is the lowest order hyperfine splitting 
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in the positronium ground state, Eq. (23.6). The experi- 
mental® hyperfine splitting agrees with the theoretical 
calculations (assuming <=0) to within the combined 
experimental and theoretical errors of about 1 part in 
4000. This yields an upper limit of about 0.02 for |é!. 
This upper limit is not as sensitive as those obtained in 
previous sections from single-electron atoms but it 
tests, to some extent, any field-theoretic two-electron 
terms which might give effects akin to those of an 
electric dipole moment only in many-electron atoms or 
in positronium. 

The situation is very similar, although the calcula- 
tions slightly lengthier, for the excited states n52 of 
positronium to that for the ground state, i.e., corrections 
of relative order £ are obtained to the fine and hyperfine 
structure splitting energies. The (squared) mixing 
ratio R? between states of opposite parity is simply of 
order £a?. The contribution to R? from states of the 
same principal quantum number » is not any larger 
than £«? in positronium, unlike hydrogen, since the 
hyperfine structure ensures energy separations of order 
a’ ry (instead of a’ ry) between all states with the 
same » value. 


5. EXTERNAL ELECTRIC FIELDS 


We consider now the effects of an external homo- 
geneous electric field F (in atomic units) in the z 
direction. For a single electron we now have, besides 
the ordinary Stark effect operator Hs, a perturbation 


Hy’ representing the direct interaction between the 
electric dipole moment and the external field, 


Hs.=—Frcosé, Hpr'=taFs;. 


(23) 


We shall obtain terms linear in ~ not only from the 
direct term Hr’ taken in first order, but also from the 
combination in second-order perturbation theory of 
Hs, and H’, the operator linear in & involving only the 
Coulomb potential and given in Eq. (4). 

We consider first the ground state of a hydrogenic 
atom with charge Z. Using the fact that the operator s, 
couples s states only to p states, and using Eq. (7) and 
a sum rule, we can write the second-order term AF» 
which is linear in é in the form 


2 aa (Eo— Ex) s1)ox( 0) o= = 2(Fr cosbéZas,)oo. 


Using the explicit definition (4) of s,, the fact that the 
orbital part of the ground-state wave function is 
spherically symmetrical and the expectation value 
(I, 3.20) for r, we have 


AE.= — 2tZaF(r C0SO) 905200, 


24 
AE=(H pr’) p+ AE2=0. se 


Equation (24) demonstrates that the second-order 
term involving H’ and Hs exactly cancels the direct 
term of order éaF for the hydrogen ground state, if one 


® Weinstein, Deutsch, and Brown, Phys.: Rev. 98, 223 (1955); 
Hughes, Marder, and Wu, Phys. Rev. 106, 934 (1957). 
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uses nonrelativistic matrix elements. Explicit calcula- 
tions for the positronium ground state lead to similar 
results: The direct term alone would lead to an energy 
splitting of order ¢aF for the triplet states if case (i) 
holds and to a mixing of order fa//AW between the 
singlet and triplet m=0 states if case (ii) holds. In both 
cases the direct term is canceled exactly by the second- 
order term when evaluated in nonrelativistic approxi- 
mation. 

The fact that terms linear in the small parameter & 
vanish in nonrelativistic approximation can also be 
demonstrated more generally as follows. Let Ho be the 
nonrelativistic Hamiltonian for a hydrogen (or posi- 
tronium) atom in an arbitrary external electrostatic 
field, in the absence of any terms involving &, and let H; 
be the terms involving &. For hydrogen, in atomic units, 


Hi=3p’—¢(r), H:=—tas-Vo=tas-[p,Ho]}. (25) 
p 


¢(r) is the total electrostatic potential, Coulomb plus 
external. The Pauli spin operator s commutes with the 
nonrelativistic Hamiltonian Ho. It then follows from 
Eq. (25) that the expectation value of H; over any 
eigenstate of Ho vanishes, as does the matrix element 
of H; between two degenerate eigenstates of Ho. An 
equivalent argument holds for positronium. 

I have not carried out detailed relativistic calcula- 
tions for the Stark effect in the presence of an electric 
dipole moment, but some statements can be made 
without extensive calculations. As we have seen, the 
second-order terms which involve the nonrelativistic 
matrix elements between states of different principal 
quantum numbers cancel the direct terms of order faF’. 
The relativistic corrections to these matrix elements 
must be smaller than faF by at least one power of a 
(probably by a* or more). Thus the most interesting 
terms are the second-order ones which involve the 
relativistic matrix elements of H’ between states of the 
same principal quantum number (which are discussed 
in Sec. 3 and vanish in nonrelativistic approximation). 
For the states with n=2 and j=3 in hydrogen, the 
calculation is particularly simple:,The mixing between 
the s; and p; states due to the ordinary Stark effect 
operator Hs, is given by (I, 55.7) and the matrix- 
element of H’ by our Eq. (15). If the ordinary Stark 
effect of order F is small compared with the Lamb shift 
(F500 volts/cm for H) we get a splitting of the levels 
with equal and opposite m, due to our parity-violating 
interaction, which is linear in the field-strength F. 
This splitting is given by 


AE= + (3n/7.76)tF'm atomic units, (26) 


where the plus sign refers to 2f;, the minus sign to 25). 
Thus, for such weak electric fields, the “electric 
Zeeman” splitting is actually larger than éaF, i.e., of 
order &F. However, for F large compared with the Lamb 
shift this “electric Zeeman” effect becomes field-inde- 
pendent and is given by £(a*/8v3)m; i.e., the splitting 
between m= +} is about £X 185 Mc/sec. 
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For the excited states of positronium the second-order 
coupling of Hs, and H’ with fixed m cannot (unlike in 
hydrogen) produce any effects much larger than faF, 
since all fine structure components in positronium are 
split by an order of a’ry (rather than by a’ry). 
Neglecting any accidental near-degeneracies, all energy 
splittings and mixing ratios between singlet and triplet 
states, linear in £, are expected to be at most of order 
taF (probably smaller than this for F>a? ry). I have 
not evaluated these effects in detail but give, for future 
reference, the ordinary Stark effect plus fine structure 
pattern (for m= 2 and ¢=0), on which any é terms are 
merely small perturbations. 

For the m=2 states in positronium, the spin-de- 
pendent parts of the fine structure operators in Pauli 
approximation (including the pair annihilation term) 
can be reduced (see” I, Sec. 23a) to the form 


HA rs= { (406 s1— 306 s0)b +6 5161 
X[4+6S8-k—3(S-k)*J} (a?/480) ry. 


We consider now strong enough fields so that the 
Stark effect is large compared with the fine structure 
(F>>5000 volts/cm, say). In zero order the spatial 
wave functions are the usual ones in parabolic coordi- 
nates with quantum numbers (#,%2,m,). The states 
(0,0, +1) are unshifted and the wave functions equal 
Us,my=+1. The states (1,0,0) and (0,1,0) have energies 
+6F and —6F and wave functions (u,+4,)/V2, where 
u, and “, are the spatial functions for n=2, /=0 or 1 
and m,;=0. The components of this Stark triplet are 
now split by Hrs, considered as a perturbation, as 
follows (S is still a good quantum number, / and J are 
not). For the (1,0,0) and (0,1,0) states: The triplet 
states (S=1) lie higher than the singlet (S=0) state by 
[ (34/15)+ (m?/10) ](a?/32) ry. For the (0,0,1) states: 
The two states with m=+2 (triplet states only) are 
degenerate and raised by (7/480)a? ry. The two singlet 
states with m= +1 are unshifted, the two triplet states 
with m=+1 are degenerate and raised by (a?/480) ry. 
For m=0 there are two triplet states (with m,=—m, 
= +1), lowered by — (a?/96) ry and — (11a?/480) ry. 


(27) 
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The coefficient of the last term in square brackets in 
Eq. (I, 23.3) should read —3 instead of —#. 
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Note added in proof.—In the experiments by F. E. 
Obenshain and L. A. Page [ Phys. Rev. 112, 179 (1958) ] 
published so far an electric field F of about 15 kv/cm 
seems to have effects similar to those produced by a 
magnetic field of about 2 kilogauss. Expressed in 
atomic units such an electric field is more than ten 
times weaker than the corresponding magnetic field and 
the Stark effect splitting is slightly larger than the fine 
structure and hyperfine structure splittings for »=2 
states in positronium. If we attempt to explain these 
results in terms of singlet-triplet mixing for n=2 states 
due to a static electric dipole moment of both the elec- 
tron and positron we find that the direct term Hr’ and 
the indirect effect of H’, discussed in Sec. 5 of the pres- 
ent paper, are of the same order of magnitude. To 
obtain the rather appreciable singlet-triplet mixing 
implied by the experiment we would require a value of 
about ten for our dimensionless parameter £ Such a 
large value is clearly out of the question even if it 
applied only to positronium and not to other atoms 
since we have seen in Sec. 4 that positronium ground- 
state experiments give §<0.02. 

If one still wanted to explain the Obenshain-Page 
experiments in terms of some parity-violating electric 
moment-like perturbation one would be forced to 
hypothesize a term more complicated than our Eq. (3). 
Such an interaction would have to include an additional 
position, field or velocity dependence in such a way 
that there is no cancellation in the Pauli-approximation 
matrix element between 2s and 2 so that the matrix 
element of order go* in our Eq. (15) would be replaced 
by one of order éa. If one were bold enough to assume 
such an interaction, the Obenshain-Page experiments 
might require values for of not much more than 10% 
which would not be incompatible with our Sec. 5. 
However, even such an interaction would have to be 
postulated to exist only for positronium and not for 
single electron atoms since the experiments on the life- 
times of 2s states in hydrogen or ionized helium, dis- 
cussed in our Sec. 3, would require §<10~® for such an 
interaction in hydrogenic atoms. Finally, it should be 
noted that, if such an interaction in positronium were 
responsible for the Obenshain-Page effect, this effect 
should saturate at electric field strengths of about 5 
or 10 kv/cm. The effect would depend on field strength 
only through the amount of 2s-2p mixing and for 10 
kv/cm this mixing is already very close to the maximum 
value contained in the Stark effect states labeled (1, 0, 0) 
and (0, 1, 0) in our Sec. 5. 
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A new method is developed for solving the wave equation for two-electron atoms. The wave function is 
expanded into a triple orthogonal set in three perimetric coordinates. From the wave equation one obtains an 
explicit recursion relation for the coefficients in the expansion, and the vanishing of the determinant of these 
coefficients provides the condition for the energy eigenvalues and for the eigenvectors. The determinant was 
solved on WEIZAC for Z=1 to 10, using an iteration method. Since the elements of the determinant are 
integers, and only an average of about 20 per row are nonvanishing, it has been possible to go to an order of 
214 before exceeding the capacity of the fast memory of WEIZAC. The nonrelativistic energy eigenvalues 
obtained for the ground state are lower than any previously published for all Z from 1 to 10. In the case of 
helium, our nonrelativistic energy value is accurate to within 0.01 cm™ and is 0.40 cm™ lower than the value 
computed by Kinoshita. From the wave functions obtained, the mass-polarization and the relativistic 
corrections were evaluated for Z=1 to 10. Using the values of the Lamb shift computed by Kabir, Salpeter, 
and Sucher, we obtain an ionization potential for helium of 198 310.67 cm~ as against Herzberg’s value of 
198 310.82-+0.15 cm. Comparison is also made with the available experimental data for the other values 
of Z. By the use of our magnetic tape storage, the accuracy of the nonrelativistic energy value for helium 
could be pushed to about 0.001 cm~, should future improvements in the experimental values and in the 
computed radiative corrections warrant it. 





1. INTRODUCTION With 

HE nonrelativistic Schrédinger wave:equation for s=ntn, t=m—n, b=, 
two-electron atoms is, on neglecting the motion y is assumed to have the form 

of the nucleus, given (in atomic units) by vain 


Z 2 1 y= Ne~}*s =: Cinnk tm tng lymyn. (7) 
mveviv+2(£+—+——— v0. (1) and the “scale parameter” & as well as the coefficients 


oa 'S Cimn are determined from the equivalent variational 

Z denotes the nuclear charge, r; and rz the electron form of (5). Now the asymptotic behavior of the 

distances from the nucleus, and rj. their mutual dis- solution of (5) for large s requires that in the exact 

tance. In the ground state, one has solution & equal 2e, where 

Y=V(r1,72,712), (2) e=\/—-E. (8) 

and eee we Se an oe solution of (1) has By allowing & to deviate from 2e in the variational 

uae sp ang oy I ock,' but has not yet been method, we obtain a better over-all behavior of y, at the 

care out. The exact solution starts out with the linear. -rifice of its proper asymptotic behavior, and thus 
terms F . achieve higher accuracy for a given number of terms. 

¥=1—Z(ritre)+ $ret: --, (3) 

which are followed by terms of the form R InR, R!InR, 

R?*(InR)? etc.,? where If we attempt to develop ¥(r1,72,712) into an orthogonal 

R=r2+r22. (4) set of its three variables, we meet with the difficulty 

that, because of the triangular condition, these variables 

are not independent. This difficulty can be obviated by 

Hylleraas? whereby (2) is substituted into (1), leading to the use of the perimetric coordinates u, v, w, defined by 

= ° o— ‘C 

ay 2H WY 2M W 4 wy w= e(retrie—r1), (9) 
aS Gn ROeere: Seechenes a” Sane meinen - ~ / 

or? Tr) Or; Or? 1. Ore Or," Ti2 Orie e(ntrie r2), (10) 

w= 2e(r1+72—Pi2). (11) 


(7? —72?+112") ay (ro? —ry?-+119") 
7 — + -— 


2. METHOD OF SOLUTION 


Pending a derivation of the exact solution, the 
practice has been to follow the classical method of 








These coordinates‘ are independent, and range each 
from 0 to ©. We have 


toh fe «A 
x ~42(8+-+--—)yno. (5) dxPdxe = 897 ror yodr drodry2 
Or20ri2 rm 12 Tie (x?/32¢€®) (u+v) (2u+w)(20+w)dudedw. (12) 


Ee © Fock, Izvest. Akad. Nauk. S.S.S.R. Ser. Fiz. 18, 161 Put 

(1954). y= eutetw) F (4 0,.w), (13) 
2V. A. Fock, reference 1; J. H. Bartlett, Phys. Rev. 51, 661 —— 

(1937). ‘ Perimetric coordinates were first used by H. M. James and 


+E. A. Hylleraas, Z. Physik 54, 347 (1929). A. S. Coolidge, Phys. Rev. 51, 857 (1937). 
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thus assuring the proper asymptotic behavior of y at 
infinity (k=2e). The wave equation (5) takes on the 
form 
€{ (4020+ 4u0?+ 4?w+ 4uvw+ 2uw*) Fue 
+ (4u*0+4ur?+ 40°wt 4uvwt 2vw*) Fre» 
+ (81? w+ 8r?w+4uw*+4ow?) Fw 
—4uw(2ut+w)F yw—4ow(20+-w) Fow 
+ (—4u?+-40?+ 2w?+- 4uw+ 4ow+ 8ur— 4uvw 
— 4uv?—4u0)F + (4u?—40°+ 2w* 
+4uw+4vw+ 8ur— 4urw — 4uv?— 4?) F, 
+ (8u?+ 8v?—4w?— 2uw?— 2vw?— 4u?w—40?w) Fy 
—4(u+v)(u+0+w)F} 
+[42(u+»)(u+0+w) —(2u+w)(20+w) JF=0. 


The equivalent variational form of (14) is 


2 ) x) 
=f "i “iu f ede | e“dw 
0 0 0 


X {el (4ur? + 4u0?0+ 4?w+ 4urw+t 2uw*) F 2 

+ (4u0?+ 470+ 40°wt 4uvw+ 20w?) F,? 

+ (8?w+ 8v?w+4uw*+ 4ow?) F,, 

—4uw(2u+w)F .F.—4ow(20+w) FL Fy 

+4(u+)(u+o0+w) F?]+[—42Z(ut+2)(u+0+w) 
+ (2u+w) (20+w) ]F*}. 


(14) 


(15) 
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We now assume the expansion 


F= 3 AGimp)Li(u)la(0)L.(w), (16 


i,m,n=0 


where L,(w) denotes the normalized Laguerre poly- 
nomial® of order m. 


L,(w) z(")— 
an(W) = aaaumen 
k/ k! 


f ; e-“[L,(w) Pdw=1. 


(17) 


k=O 


(18) 


By substituting (16) into the wave equation (14), we 
obtain an explicit recursion relation between the coeffi- 
cients A (/,m,n), on using the relations® 


(19) 
(20) 


xL n(x) = (x—1)L,'(x)—nL, (x), 
xLn'(x)=nL,(x)—nL,_1(x), 


xL n(x) = — (n +1) Lair (x) 


+ (2n+1)L,(x)—nLna(x), (21) 


the primes denoting derivatives with respect to x. The 
recursion relation between the A (/,m,n) thus obtained, 
containing 33 terms, is 


4(1+-1)(/4+-2)[—Z+e(1+m-+n) JA (/4-2, m, n)+4(m+1)(m+2)[—Z+e(1+/+n) JA (1, m+2, n) 
+4(/+1)(m+1)[1—22+€(2+/+m) JA (+1, m+1, m)+2(/+1)(n+1)[1—2Z+ €(2+2m+n) ] 
XA (/+1, m, n+1)+2(m+1) (n+ 1)[1— 22+ €(2+2/+n) JA (1, m+1, n+1)+ (n+1)(n4+2)A (1, m, n4+2) 
+ (l+-1){4Z(41+-4m-+-2n+-7)—8m—4n—6— 2 (m+n)(4m+ 121)+n?+ 12/4 18m-+ 15n-+ 14 ]} A (/+1, m, n) 
+ (m+ 1){4Z(4/+4m-+ 2n+7) —81—4n—6—2e[_(/+-n) (4/+-12m) + n?+ 12m+ 18/+ 15+ 14 ]} A (1, m+1, n) 
+4(n+1){Z (2/4 2m+2)—l—m—n—2—€ —P—m?+4lm+ n+ 2nm+3l+-3m-+ 2n+2]} A (1, m, n+1) 
+4e(m+1)(m+2)nA (1, m+2, n—1)+4e(1+1)(1+2)nA (1+2, m, n—1) 
+2(n+1)(n+2)A (l—1, m, n+2)+2em(n+1)(n+2)A (1, m—1, n+2) 
+ {4(2/+-1)(2m+1)+4(2n+1) (l4+-m-+ 1)+6n?+6n+2—42Z[ (i1+-m) (6l+-6m+4n-+ 12)—4/m+4n+ 8] 
+4e{ (/+m) (10/m+ 10mn+ 10/n+-10/+ 10m+ 18n+4n?+ 16) +lm(4—12n)+8+12n+4n?]} A (1,m,n) 
+41 (m+1)[1—22-+(1+)+-m) JA (I—1, m+1, n)+4(1+1)m[1—2Z-+(1-+/-+-m) JA (+1, m—1, n) 
+ 21(n+1)[1—2Z+ €(2m—4l—n) JA (1-1, m, n+1)+2m(n+1)[1—2Z+ €(2/—4m—n) JA (1, m—1, n+1) 
+2(1+-1)n[1— 22+ «(2m—4i—n—3)]A(J+1, m, n—1)+2(m+1)n[1—2Z+4 €(21—4m—n—3) JA (1, m+1, n—1) 
+ 2U{ — (4m+2n+3)+Z(8I-+8m+4n+6)— [ (mt+n+1)(121-+4m+2)-+n-+n?}} A (I—1, m, n) 
+2m{ — (41+-2n+-3)+Z(8/+8m+4n+6)— ef (l+-n+1)(12m+4/+2)+n+n?]} A (1, m—1, n) 
+4n{ — (l+-m+n+1)+Z(2/+ 2m+2)—[(/4+-m) (14+ 2n—1—m)+6lm+ 2n]} A (1, m, n—1) 
+2en(n—1)(/+-1)A (+1, m, n—2)+2en(n—1)(m+1)A (1, m+1, n—2)+4el(1—1)(n+1)A (1—2, m, n+1) 
+4em(m—1)(n+1)A (1, m—2, n+-1)+41(l—1)[—Z+(1+m-+n) JA (1—2, m, n) 
+4m(m—1)[—Z+€(1+/+n) JA (1, m—2, n)+n(n—1)A (1, m, n—2) 
+4im[1—2Z+ «(/-+m) ]A (l—1, m—1, n)+2in[1— 22+ €(2m+n+1) JA (/—1, m, n—1) 


+ 2mn[1—2Z+ €(2/+n+1) ]A (1, m—1, n—1)=0. 


(22) 


5 The Laguerre polynomials defined in Courant-Hilbert as well as in Morse-Feshbach are mot normalized. 
6A. Erdélyi, Higher Transcendental Functions (McGraw-Hill Book Company, Inc., New York, 1953), Vol. 2, p. 188. 





GROUND STATE 


We note that if we write Eq. (22) in the form 


+2 
dX Cap. y(l,m,n)A(l+a, m+B8,n+y7)=0, (23 


a,B,y=-2 


then 


C_a,—p,—y(l,m,n) =Ca,p,y(l—a, m—B,n—y). (24) 


If y is symmetrical in the two electrons, then 


A (l,m,n)=A(m,l,n), para, (25) 


while in the antisymmetrical case 


A(l,m,n)=—A(m,l,n), ortho. (26) 


Equation (22) represents a set of linear equations for 
the determination of the coefficients A (/jm,n), and the 
vanishing of their determinant yields the eigenvalues of 
the energy parameter ¢. For this purpose, it is necessary 
to arrange the triple series of coefficients A (/,m,n) into 
a one-dimensional array. We do this by first ordering 
the (/,m,n) in a suitable manner, and then assigning to 
each triplet of indices (/,m,n) an index k by the relations, 
A (l,m,n) = By, (27) 
k(L,m,n) = (1/24)w (wt 2) (20+ 5)+75[1-— (—1)*] 

+4(/4+m)*?+3[1-—(-—1)4*"]+/+1, (28) 
where 


w=l+m-+n. (29) 


The scheme which we have adopted for ordering the 
(1,m,n) is illustrated in Table I for the symmetrical case. 
Substituting successively the triplets (/,m,n) into (22), 
we obtain the equations 


> CunB.=0, (30) 
k 


C n= iret biz. (31) 


Here the a,, and 6,, are integers and 
Ciu=Cri. (32) 
A sample of the determinant for the symmetrical case 

is shown in Table II. 
3. COMPARISON WITH THE VARIATIONAL METHOD 


Had we substituted the assumed expansion (16) for 
F into the variational form (15), then the resulting 
Eulerian variational equations would also have yielded 
the same recursion relation (22). Our method is there- 


TABLE II. The determinant of 
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TABLE I. Ordering of the indices /, m, nm in the symmetrical case. 
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fore equivalent to the variational method. Indeed, in 
one respect our method is weaker than the variational 
method of Hylleraas because the fixed exponential form 
introduced in (13) deprives us of the disposable ‘‘scale 
parameter k” (k= 2e). For a given number of terms B,, 
Eq. (30) therefore yields an inferior value for ¢ than is 
possible to attain when the disposable constant & is 
available. Indeed, our solution is biased to assure proper 
behavior at infinity. However, from the point of view of 
economy of the electronic computer, the fixed expo- 
nential form in (13) is to be preferred because firstly it 
makes the elements a,, and 6,;, of the determinant in 
(30) integers. This allows us to maintain double-preci- 
sion (18 decimals) floating accuracy in the computations, 
and at the same time to accommodate about four times 
as many elements of the determinant in the fast 
memory. The second advantage is that the resulting 
determinant is very sparse, having on the average only 
about 20 nonvanishing terms per row. In this way we 
have been able to reach an order of the determinant of 
214, before exceeding the capacity of the fast memory 
of WEIZAC; while with the Hylleraas type of solution 
(7), where every element of the determinant is non- 
vanishing and nonintegral, only a determinant of order 
about 42 could be accommodated. The results obtained 
by our method are therefore to be compared with those 
of Hylleraas’ method on the basis of a determinant of 
order 214 of the former, as against a determinant of 
order of about 42 of the latter. 


4. SOLUTION OF THE DETERMINANT 


The solution of the determinant (30) was carried out 
on the electronic computer (WEIZAC) of the Weizmann 
Institute. A program was prepared for computing the 
elements of the determinant a; and 6,, in (31), based on 


order 7 for the symmetrical case. 








Ba 


B; 





—16Z+5+ 166 
4Z—4— 4¢ —24Z+15+48e 

28Z—6—28e — 4Z+ 2— 8e —112Z7+26+1446. 

1 8Z—12—16¢ 4e 

— 4Z7+2+ 4e 36Z —10—60¢€ 16Z—12— 166¢ 

— 8Z + 8 8e 88Z —12—104e 


— 4Z+2+ 4e 44Z—14— 72 


—32Z+31+%66¢ 
— 82+ 4—206¢ 


—144Z+54+336¢ 
— 82+ 4— 32 
— 42+ 2— 


—224Z+34+3206¢€ 
— 162+ 8+ 246 


— 104Z+25+208¢ 
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TABLE III. Values of the energy parameter ¢ for various orders m of the determinant used. E= —2¢ ry. The computed values are 
uncertain by about one unit in the last decimal figure. w is the order of the polynomial used, m the order of the a determi- 
e 


nant. #* denotes the highest order determinant used in which & was not consecutive after about 95; &* and w* denote t 


of k and of w, respectively, in the determinant of order n*. 


highest values 








8 9 10 


¥ 


95 125 101 


203 n* 


Extrapolated n* 





.726 4644590 0.726 464 6308 
.704 0316542 1.704031 7225 
6 


0.726 4640504 0 
1 
2.698 1313613 2.698 131 4111 
3 


1.704 031 510 6 
2.698 131 255 2 
3.695 343 695 3 
4.693 716 047 0 
5.692 648 357 9 
6.691 893 891 6 
7.691 332 382 5 
8.690 898 172 8 
9.690 552 367 8 


0. 

1 

2 

.695 3437780 3.695 3438166 3 
4.693 7161144 46937161457 4 
5.692 6484147 5.692648 4410 5 
6.691 8939406 6.691 8939633 6 
7.691 332 425 6 7 
8.690 898 211 2 8 
9.690 552 402 5 9 


7.691 332 445 5 
8.690 898 229 0 
9.690 552 418 6 
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.726 464 683 0 
.704 031 756 8 
.698 131 4360 
695 343 835 7 
.693 716 161 2 
.692 648 454 0 
.691 893 974 5 
691 332 455 4 
690 898 237 8 
690 552 426 4 


0.726 4647012 214 
1.704031 7936 210 
2.698 1314620 214 
3.695 343 8556 213 
4.693 7161772 206 
5.692 648 4674 204 
6.691 8939860 201 
7.691 3324654 207 
8.690 898 2467 206 
9.690 552 4345 207 


0.726 464 709 7 
1.704 031 781 1 
2.698 131 453 6 
3.695 343 849 6 
4.693 716 172 2 
5.692 648 463 5 
6.691 893 982 7 
7.691 332 462 9 
8.690 898 244 5 
9.690 552 432 4 








the recursion relation (22) and on (28). Following the 
scheme of ordering indicated in Table I, all of the 
elements of the determinant were generated up to the 
end of a given value of w. The determinant was then 
solved by an iterative procedure.’ If we truncate the 
determinant at the order m, then we may put B,=1, say, 
and use the m equations to solve for the (m—1) re- 
maining B, and for «. In the case of the ground state, 
we may use the first equation to solve for e, and each 
kth row to solve for B,. If we start with initial values of 
e and of the vector B which are close to the exact 
solution for the order m, then the iteration procedure 
will converge rapidly. We have programmed the solution 
to take as initial values for the order the final values 
which were obtained for the order n—1, and to put 
B,,=0. The iterations for a given m were programmed to 
stop after the value of ¢« had stabilized to within a 
preassigned accuracy. Thus the computations were 
started at m= 1 and allowed to proceed through all n up 
to n=125, which constitutes the complete polynomial 
in the variables u, v, and w of order w=9. Next we did 
n= 161 (w= 10) by starting with the solution for n= 125, 
and guessing initial rough values for the additional B,. 
The next step was n= 203 (w= 11). Up to this stage, the 
computations were made in single-precision floating 
arithmetic. For the final refinement of the cases n= 95, 
125, 161, and 203, we changed to double-precision 
arithmetic, in order to avoid possible errors from round- 
off. At this point, the pattern of the relative magnitudes 
of the B,, for a given value of Z, when proceeding to a 
new value of w became clear. We then rejected certain 
components B, beyond about k=95, which were small, 
and put in their place other elements (different k for 
different Z), up to about k*= 450 which were anticipated 
to be larger. This constitutes our solution for n=n* 
below. 

The results for the values of the nonrelativistic energy 
parameter ¢ are given in Table III for Z=1 through 10. 
These values are higher than any previously pub- 


7C. L. Pekeris, J. Appl. Phys. 17, 683 (1946). 


lished®" for all Z. For helium, Kinoshita® obtained a 
value of e= 1.704 031 25 by direct variational computa- 
tion with a determinant of order 39, in which the “‘scale 
parameter k” was also varied. The latter came out 3.72, 
which is markedly different from 2e. He also arrives at 
an extrapolated value of e= 1.704 031 6. 

In order to exhibit the rate of convergence of ¢€ with 
increase in the order w of the polynomial used, we have 
made an extrapolation to w+. The extrapolation is 
based on the fact that, except for the case Z=1, the 
ratios of the successive differences of « are nearly con- 
stant. The extrapolated values in Table III were derived 
from the computed values of ¢ for n= 95, 125, 161, and 
203 by fitting the formula 


(€125— €95) 

(i—s)> 
where the constants x and a are determined from 
(€161—€125) (a+ I)x (€203— €161) 
(€125— €95) 2 


If the ratio of successive differences were constant, as it 
nearly is, and equal to x, then a would be 1. The slight 
deviation of a from unity allows us to take account of 
the variability of this ratio. 


(33) 


Ex = €95 


(34) 





ax= = ; 
(€161— €125) 


5. MASS POLARIZATION 


Our computations, so far, are based on the wave 
equation (5), in which the motion of the nucleus has 
been neglected. The nonrelativistic energy values given 
in Table III have first to be corrected for the motion of 
the nucleus. Anelementary correction is to use a Rydberg 
constant Ry appropriate for the atom in question, 


(35) 


M m 

Ru=Re———~Re( 1), 
M+m M 

®S. Chandrasekhar and G. Herzberg, Phys. Rev. 98, 1050 


(1955). 
® T. Kinoshita, Phys. Rev. 105, 1490 (1956). 
0 J. F. Hart and G. Herzberg, Phys. Rev. 106, 79 (1957). 
u E, A. Hylleraas and J. Midtdal, Phys. Rev. 109, 1013 (1958). 





GROUND STATE OF TWO-ELECTRON 


ATOMS 


TABLE IV. Values of the mass-polarization correction ey =2¢(m/M)(A/N)Ru cm™,. 


Ru 


(cm=) n=95 


€u 
(cm™~!) 


—@€(A/N) 
125 203 





iN 


Element 
H! 
Het 
Li’ 
Be® 
Bu 
Ce 
N'“ 
Or 
FY 


Ne” 


0.032 884 3 
0.159 072 
0.288 981 
0.420 529 
0.552 764 
0.685 349 
0.818 136 
0.951 049 
1.084 047 
1.217 104 


109 677.577 
109 722.267 
109 728.727 
109 730.628 
109 731.840 
109 732.291 
109 733.009 
109 733.544 
109 734.140 
109 734.297 


COONAN Se WH 


_ 


A second correction is the so-called mass-polarization 
correction ey. According to Bethe,” this is given by 


f ( ey ey Oy 


OxX,9X2 Ay, Ayo 92,022 
provided y is normalized. If y is represented by (13), 
then one has 


m 
‘ye? -- 


M 


)wantase, (36) 


m A 


eu=e— —, (37) 


where 
A= 


xf e“dw{ — (8u?w+S8urw+4uw’) F ? 


0 
— (8r?w+ 8urw+ 4ow*) F,2+-32urwF ,,? 
— 16(u?v+ur?) FP, + (16uw+ 8uw*) FP w 
+ (160?w-+-80w?) FoF wv 


+ (u+v) (4u0—2uw—2vw—w*)F*}, (38) 


f evan f e~*dv 
0 0 


N 


x f e-“dw(u+v)(2u+w)(20+w)F*%. (39) 
0 


TABLE V. Values of the nonrelativistic ionization potential J = (2e¢—Z?)Ra cm™. n denotes the order of the determinant used. 


— 3.928 
—4.785 
— 4,960 
—5.619 
— 6.046 
— 6.878 
— 7.036 
—7.160 
— 6.871 
—7.331 


0.032 879 9 
0.159 069 8 
0.288 976 
0.420 521 
0.552 754 
0.685 336 
0.818 121 
0.951 032 
1.084 028 
1.217 082 


0.032 880 1 
0.159 070 
0.288 977 
0.420 522 
0.552 755 
0.685 338 
0.818 123 
0.951 034 
1.084 030 
1.217 085 


0.032 881 2 
0.159 071 
0.288 978 
0.420 524 
0.552 758 
0.685 342 
0.818 127 
0.951 039 
1.084 035 
1.217 091 


With the coefficients A(/,m,n) in the expansion (16) 
known, the integrals in (38) and (39) can be evaluated 
by using the relation 


J €-*L n(x) Lim (x) xdx= Nb nm, (40) 
0 


and Eqs. (20) and (21). Table IV gives values of the 
mass-polarization correction ey for Z=1 through 10. 
These agree to within 0.001 cm~ with the values of 
Hart and Herzberg.” 


6. RELATIVISTIC CORRECTIONS 
A. General 


Since an up-to-date discussion of the relativistic 
corrections is available in reference 12, p. 275, it will 
suffice here to give a summary of the results and to show 
how the various terms can be evaluated from our solu- 
tion of the wave equation. It is customary to express the 
energies in terms of the ionization potential J (see 
Table V), 

J=(é— 42") atomic units, (41) 
which is the quantity measured experimentally. The 
shift Z; in the ionization potential due to relativistic 
effects is given, in atomic units, by" 


E;=a* —§Z'+4(pr')— 2Z(6(r2)) — 4(8(r12)) ]— Ee. 


Here a denotes the fine structure constant, and the 
various terms have the following origin: —ja°Z‘ is the 


(42) 








95 125 


n* Extrapolated 





6087.239 

198 317.265 

610 072.595 
1 241 177.54 
2 091 701.96 
3 161 660.75 
4 451 087.87 
5 959 978.71 
7 688 349.52 
9 636 164.95 


6087.109 

198 317.158 

610 072.469 
1 241 177.40 
2 091 701.82 
3 161 660.61 
4 451 087.72 
5 959 978.57 
7 688 349.37 
9 636 164.80 


1 241 177.60 
2 091 702.03 
3 161 660.82 
4 451 087.93 
5 959 978.78 
7 688 349.58 
9 636 165.02 


= N 
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6087.294 
198 317.316 
610 072.654 


6087.317 

198 317.370 

610 072.714 

1 241 177.66 
2 091 702.09 
3 161 660.88 
4 451 088.00 
5 959 978.85 
7 688 349.65 
9 636 165.09 


6087.319 

198 317.360 

610 072.704 
1 241 177.65 
2 091 702.08 
3 161 660.87 
4 451 087.99 
5 959 978.84 
7 688 349.64 
9 636 165.08 


6087.311 

198 317.342 

610 072.683 

1 241 177.63 
2 091 702.06 
3 161 660.85 
4 451 087.97 
5 959 978.81 
7 688 349.62 
9 636 165.05 








2 H, A. Bethe and E. E. Salpeter, Handbuch der Physik (Springer-Verlag, Berlin, 1957), Vol. 35, Part 1, p. 252. 


13 Reference 12, Eq. (41.4). 
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shift for the ion, }a*(p;*) stems from the relativistic 
variation of mass with velocity. The last two terms in 
the square brackets arise from a term characteristic in 
the Dirac theory, and from the interaction of the spin 
magnetic dipole moments of the two electrons. The last 
term is due to the retardation of the electromagnetic 
field produced by an electron. 


B. (pi') 
We have 


(p= f dnaiss(viy) 
<3 f dstaxel(vy)+(W2¥)] (43) 


Now from the wave equation (1), it follows that 
(ViY)*+ (WeW)*= —2V,5Y-ViV+4[E— VV, 


where 


(44) 


V (9) = —Z/2,—Z/r24+-1/niv. (45) 


We have used the right-hand side of (44) in the integrand 
of (43). In terms of F defined in (13), the final result is 


(pi)=Q/N, (46) 


o-f edu f e*dv 
0 0 
2 16€°GH 
xf “in| - 
0 (u+n) 
where 


G= {uwF y+ (2uv+ 20°+ ww) Fy t+ 4uwF we 
—4uwF ywt+ (uw—2u+w)F y 
+ (—2uv—2v?—vw+2u+40+w)F, 
+ (—2uw+4u—2w)F , 
+[4(u+v)(20+w) —2(u+2) JF}, 


H={vwF y+ (2uv+20?+-uw) F uu t40wF ww 
— 4vwF y+ (vw—20+w) Fy 
+ (—2u0—2uw?—uw+20+4u+w)F, 
+ (—2rw+40—2w)F 
+[4(u+0)(2u+w)—2(u+v) ]F}, 


+26F*| (47) 


(48) 


(49) 
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e*(u+v) (2u+w) (20+w) 


— 16€Z (u+v) (u+0+w)—322Z(u+0+w) 
+46 (2u+w) (20+-w)+322Z?(u+v) 
162Z7(u+v)(2u+w) 16€2Z?(u+2)(20+w) 


(2u-+w) 


(2v+w) 
42 (2u+w) (20+w) 


ne ' (50) 
(u-+-v) 


N is given by (39). 

In order to carry out the integration in (47) we have 
found it expedient to prepare a program for the evalua- 
tion of the coefficients F (a,b,c) in the conversion 


F= > A(lmn)L,(u)Ln(v)L,(w) 


l.m.n 


= > F(a,b,c)u%v we. 


a,b.¢ 


(51) 


We then use the following relations, which can be easily 
proved: 


p(abo= f edu f e~*dv 
0 0 


« uv we 
pie A 
0 (ut+v) (a+6+1) 


a!b!c! 


uy we 


n(abo= f e “du f é€ cdo [ e~’dw vi? ; 
0 0 0 (2u+w) 


n=c C 
=b!(at+c)!> (—( )xiatn), 
nO 


n 


(—)¢ 
N(0)=(=)o nd 14+ | 


a 


Values of (p:*) are given in Table VI. 


TaB.e VI. Expectation values of (p:*) in atomic units. 








125 161 


Extrapolated 


203 





2.462 5 
54.088 8 
310.549 
[1047.280 
2659.734 
'5663.364 
10 693.62 
18 505.96 
29 975.83 
46 098.68 


310.549 
1047.279 
2659.736 
5663.368 

10 693.63 
18 505.97 
29 975.86 
46 098.72 
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2.462 6 
54.088 7 


2.462 
54.088 2 

310.548 
1047.29 
2659.74 
5663.38 
10 693.65 
18 506.00 
29 975.84 


2.462 6 
54.088 6 
310.548 
1047.280 
2659.737 
5663.371 
10 693.64 
18 505.98 
29 975.86 
46 098.74 











95 


0.164 6 
1.810 064 
6.851 133 
17.196 58 
34.756 22 
61.439 92 
99.157 52 
149.8189 
215.333 9 
297.612 4 
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TABLE VII. Expectation values of (6(r2)) in atomic units. 


125 


0.164 5 
1.810 181 
6.851 406 
17.197 07 
34.756 99 
61.441 02 
99.159 04 
149.8209 
215.336 4 
297.615 5 


c. (0(r2)) 


161 
0.164 5 
1.810 255 
6.851 580 

17.197 38 
34.757 50 


61.441 75 
99.160 03 


149.822 2 
215.338 1 
297.617 6 


203 


0.164 5 
1.810 303 
6.851 700 
17.197 60 
34.757 84 
61.442 25 
99.160 71 
149.823 1 
215.339 3 
297.619 0 


n* 


0.164 5 
1.810 430 
6.851 870 
17.198 04 
34.758 18 
61.442 97 
99.161 89 
149.824 4 
215.340 6 
297.620 8 


Extrapolated 


0.164 5 
1.810 403 
6.851 97 
17.198 1 
34.758 6 
61.443 4 
99.162 2 
149.826 
215.342 
297.622 


With a normalized y, one has 


(6(r2)) - f axe ¥"(11,0). 
Now if r2=0, we have 


u=w=0, v=2e, dx = (r/2é)v*d2, 


and from (12) 


If r1::=0, we have 


u=v=0, w=4er,, dx = (r/16é)u 


(( T12)) = face y*( r),Fr)) 


= (7 16¢+) f F?(0,0,w) we 


As before, we write 


“dw. 


16é 


f e~*v’ F?(0,v,0) dv. 
N Jo 


6 ( ro)) =- 


TT. 


F(0,0,0)=X. KmLm(), 


where 
iw 


By applying Eq. (21) 


=> A(l,m,n). 


I,n 


we get 


vF (0,2,0)=>> DnLm(2), 


with 


T 


D= —MK mrt (2M+1)K m— (M+1)K mys. 


It then follows that 


(6( re 


Values of (6(r2)) are 


95 


N 


0.002 755 
0.106 590 
0.534 472 
1.524 43 
3.315 04 
6.144 98 
10.253 0 
15.877 7 
23.258 0 
32.632 4 


SSC ONAU SW 


4 Reference 12, p. 267. 
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given in Table VII. 


TABLE VIII. Expectation values of (5(ri2 


125 
0.002 749 
0.106 517 
0.534 244 
1.523 96 
3.314 24 
6.143 76 

10.251 2 
15.875 4 
23.255 0 
32.628 7 


H,=- 


0.002 746 
0.106 469 
0.534 095 
1.523 65 
3.313 72 
6.142 98 
10.250 1 
15.8739 
23.253 0 
32.626 3 


F(0,0,w) => PL» (w), 


‘hen 


’ 


P,= > A(lmn). 


l,m 


wF(0,0,w)=>- G,L,(w), 


Ga=—nPo_it(2n4+1)Pa— (m+1)P ays, 


) 


“ 


Pas 
(6(r2))=— > G,?. 


wN n 


(65) 


(66) 


(67) 


(68) 


(69) 


Values of (6(rj2)) are given in Table VIII. 


E. E; 


Fy is the expectation value of" 


203 
0.002 744 
0.106 436 
0.533 995 
1.523 45 
3.313 37 
6.142 45 

10.249 4 
15.8729 
23.2518 
32.624 6 


e Ti2° (Ti2- Pi) Pe 
Pi: Pe+— 
2m?Cris 


ro 


in atomic units. 


n* 


0.002 742 
0.106 405 
0.533 892 
1.523 19 
3.312 75 
6.141 52 
10.248 1 
15.8710 
23.249 4 
32.621 7 


aS 
(70) 


8rirerie® 


Extrapolated 


0.002 74 
0.106 36 
0.533 78 
1.523 0 
3.312 6 
6.141 3 
10.247 8 
15.871 
23.249 
32.621 
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TABLE IX. Values of — (2/a*)E: in atomic units. 








Extrapolated 
0.017 75 
0.278 20 
0.856 01 
1.757 6 
2.984 1 
4.5359 
6.413 2 
8.6160 

11.1445 


95 125 161 203 


0.017 78 0.017 77 0.017 76 0.017 76 
0.278 385 0.278 310 0.278 266 0.278 240 
0.856 434 0.856 256 0.856 155 0.856 095 
1.758 32 1.758 01 1.757 83 1.757 73 
2.985 20 2.984 72 2.984 45 2.984 30 
4.537 46 4.536 78 4.536 41 4.536 19 
6.415 26 6.414 35 6.413 85 6.413 57 
8.618 68 8.617 52 8.616 88 8.616 51 


N 
4 





0.017 75 
0.278 21 
0.856 04 
1.757 6 
2.984 1 
4.535 7 
6.413 2 
8.615 6 
11.1447 


11.147 8 11.146 3 11.145 5 
14.002 5 ! 
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11.145 1 
; 13.998 5 











where 
S= (— 27 Pre? + rr? + 29 rie? t+riitret— 
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x — 8ri rer i2— — Brien?’ 
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+4rerie(—re+r?—ni2’) 
Or, Ori2 
+4ririo(r?— re? — 112") (71) 
r20Pi2 


This leads to 


4a? 
e~*dv , (72) 


(u-+v)? 


e- “dw 


e “du 
with 
T= wl (u+v) (4u+20)+1w+ 2uw JF un 
+vwl (w+) (2u+40)+uw+ 2ow |Foe 
—uvw(8u+80—4w) Fw 
+uvl (ut) (8u+80+ 4w)+ 2v* Fru 
—uw(utv) (8u+4w) F uw—vw(ut2) (80+ 4w) Few 
+ [4u0(u+o+w) (1—u—v)+2w(u?+0*)+w?(u+) | 
X (Fut Fy) + [40 (+2) — 8uv(u++w) 
+ (2w*— 4w) (u?+v*) + 2w(u+2) (6uv—w) Fo 
+[uv(u+v) (2u+20—w) 
— dw? (u?+2*)—w(w+r) JF. (73) 


In carrying out the integration in (72) we use the relation 


(abo= [ evi f e-*dv 
0 0 
x uy we 
xf e~“dw 
0 


(u+0)? 
Values of — (2/a?)E are given in Table IX, and the 
combination of all the above into £; in Table X. 


albic! 


(a+b)(a+b+1) 





7. THE LAMB SHIFT 


The radiative corrections to the ground-state energy 
of two-electron atoms have been treated by Kabir and 


Salpeter'® and by Sucher.!* According to Kabir and 
Salpeter, the leading terms of the Lamb shift in the 
ionization potential of two-electron atoms AZ; are 
given by 

AE;= Ex.1— Ex.2— Ex, 2. (75) 


Exz,; represents the Lamb shift for the one-electron ion, 


Ex,1= 2 In——lIn f-— 


~"| 1 Ky 19 
Ze f2ry W 


ry, (76) 


oT 
where Ko denotes the average excitation energy for a 1S 


state,!7-9 
(77) 


Ex,2 and Ez,» represent radiative corrections to the 
ground state of two-electron atoms, 


Ko= 19.772" ry. 


16 1 ky 19 
Ex, -—o20(0)|2 In-—In—+— =| ry, (78) 
3 eS ty 


28 1 
E.ye= ~ yr oles) in(-) ry. (79) 


Here ko denotes the average excitation energy for the 
ground state of two-electron atoms. In the case of 
helium, Kabir and Salpeter arrive at a value ko= 80.5 ry, 
and a more approximate calculation for lithium yields 
ko=191.6 ry. These values of ko were used in Table XI 
for Z equal to 2 and 3, respectively, while for the other 
values of Z we have used the values of Ko for the one- 
electron ion given by Eq. (77). The justification for this 
is, as Kabir and Salpeter point out, the fact that the 
values of Ko given by (77) for Z equal to 2 and 3 are 
79.08 and 177.9, respectively, which are close to their 
values of ko quoted above. 


DISCUSSION OF RESULTS 


The principal results of this investigation are the 
values of the energy parameter ¢ for the ground state of 


16 P. K. Kabir and E. E. groom, Phys. Rev. 108, 1256 (1957); 
see also reference 12, 

16 J. Sucher, Phys. Rev. 109 1010 (1958). 

17H. A. Bethe, Phys. Rev. 72, 339 (1947). 

18H, HaAkansson, Arkiv Fysik’ 1, 555 (1950). 

1@ J. M. Harriman, Phys. Rev. 101, 594 (1956). 





GROUND STATE 


TaBLE X. Values of the relativistic shift of the ionization potential EZ; in cm™, evaluated from Eq. (42). 


95 


OF TWO-ELECTRON 


ATOMS 











161 


Extrapolated 





—0.304 
—0.542 7 
19.759 
114.655 
373.222 
919.583 
1 912.93 
3 547.51 
6 052.64 
9 692.66 


6 052.04 
9 691.83 


SOON AU PWN 


—_ 


—0.304 


—0.553 2 


19.723 
114.565 
373.051 
919.287 

1 912.46 
3 546.79 
6 051.66 
9 691.27 


two-electron atoms given in Table ITI. The highest 
values obtained by the direct solution of the determi- 

nant are those shown in the column labelled n*. The 
extrapolation is based on the values for n= 95, 125, 161, 
and 203 and Eqs. (33) and (34). The purpose of the 
extrapolation was to obtain an estimate of the accuracy 
that one may attach to the n* values. Judged by this 
criterion, the m* values for the nonrelativistic ionization 
potential J given in Table V are probably within 0.01 
cm~ of the exact values. It is to be noted that they have 
been computed for the particular isotopes of the ele- 
ments which are listed in Table IV. Values for the other 
isotopes can be obtained by using the appropriate Ry. 
The numerical values in Table V are of course subject to 
the uncertainty” in R,, which amounts to +0.012 cm“. 
In the Tables VI to X, where values of the terms 
entering in Eq. (42) for the relativistic shift in the 
ionization potential Z; are given, the accuracy of the 
results may again be judged by comparing the n* values 
with the extrapolated values. 

For the completion of the calculation of the theoretical 
value of the ionization potential of two-electron atoms 
we need to apply the Lamb shift correction. Whereas we 
have aimed at an accuracy of 0.01 cm™ in all the terms 
excluding the Lamb shift, the available calculations of 
the Lamb shift to date are subject to a larger uncer- 
tainty. Using the value of Inko=4.39, given by Kabir 


—0.304 
—0.562 
19.69 
114.52 
372.88 
919.00 
1911.9 
3 545.9 
6 050.3 
9 689.5 





and Salpeter’ for helium, in Eq. (78) and the values of 
(6(r2)) and (6(r2)) given in Tables VII and VIII, we 
obtain a value of — 1.267 cm“ for EZ; in (75), compared 
with the value of — 1.264+0.2 cm™ given by Kabir and 
Salpeter. Adding to this an additional a* correction, 
evaluated by Sucher,'® of —0.072 cm™, we arrive at a 
value of —1.339 cm for the Lamb shift correction to 
the ionization potential of helium. With the value of J 
for n* in Table XI, this leads to a theoretical value for 
the ionization potential of helium of 198 310.67 cm™. 
The error in this value would be about 0.01 cm~ if the 
above-mentioned Lamb shift correction is not subject 
to a larger uncertainty. Herzberg’s experimental value”! 
of 198 310.82+0.15 cm™ is within his stated experi- 
mental error of our theoretical value. 

As for the heavier elements, the available experi- 
mental values for the ionization potential are subject to 
an uncertainty of the order of 100 cm~. Further refine- 
ment of the experimental values will therefore be neces- 
sary before our theoretical values can be subjected to 
experimental test appropriate to their accuracy. 

The values for the Lamb shift correction for the 
ionization potential of the heavier elements may also be 


‘ subject to a larger uncertainty than is indicated by the 


values given in Table XI. Another source of error is the 
uncertainty in the value of R,,, which enters as a factor 
in the J values of Table XI. When one aims at an 


TABLE XI. Values of the ionization potential J of two-electron atoms, including the mass-polarization and relativistic corrections, but 


seseantin the Lamb shift. J tteor® equals J for n * plus the Lamb shift of os ionization pao. 





J inem™ 


Lamb J theor* Jexp* 


shift 


95 


2 


125 


161 


203 


n* 


Extrapolated 


(cm~) 


(cm~) 





6082.877 

198 311.830 

610 087.268 
1 241 286.44 
2 092 069.00 
3 162 573.31 
4 452 993.62 
5 963 518,92 
7 694 395.14 
9 645 850.13 


SCCemsIAUNswne 


= 


6083.009 
198 311.931 
610 087,372 


1 241 286.52 
2 092 069.04 
3 162 573.28 
4 452 993.49 
5 963 518.64 
7 694 394.69 
9 645 849.45 


6083.06 


198 311,977 
610 087.417 


1 241 286.55 
2 092 069.03 
3 162 573.23 
4 452 993.36 
5 963 518.41 
7 694 394.37 
9 645 848.96 


2 


6083.080 

198 312.001 

610 087.436 
1 241 286.56 
2 092 069.01 
3 162 573.17 
4 452 993.26 
§ 963 518.23 
7 694 394.06 
9 645 848.58 


6083.087 

198 312.011 

610 087.435 

1 241 286.54 
2 092 068.96 
3 162 573.01 
4 452 993.04 
5 963 517.88 
7 694 393.69 
9 645 848.00 


6083.085 
198 312.023 
610 087.44 
1 241 286.57 
2 092 068.93 
3 162 573.01 
4452 992.9 
5 963 517.6 
7 694 393.1 
9 645 847.3 


—0.003 7 
—1.339b¢ 


—7.83 
—27.1 


—844 


6083.08 
198 310.67 
610 079.61 
1 241 259.4 
2 092 003.3 
3 162 441 
4452 758 
5 963 135 
7 693 810 
9 645 004 


198 310.82+0.154 


3 162 450+300 
4 452 800 +500 
5 963 000 +600 
7 693 400 +800 








. « heme for helium, the values for Jexp were taken from i Energy Levels, edited by C. E. Moore, National Bureau of Standards Ce No. 


(U. S. Government Printing Office, Washington, D. C., 1 


b See reference 15. 
¢ See reference 16. 
4 See reference 21. 
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*” E. R. Cohen and J. W. M. DuMond, Handbuch der Physik (Springer-Verlag, Berlin, 1957), Vol. 35, Part 1, p. 82. 
21 G. Herzberg, Proc. Roy. Soc. (London) A248, 309 (1958). 
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accuracy of 0.01 cm™ in the ionization potential, the 
isotopic purity of the element has also to be considered. 
In the case of lithium, where this is most serious, our 
computations are based on the isotope Li’. For the 
naturally abundant element, which contains an admix- 
ture of 7.5% of Li®, the ionization potential becomes 
uncertain by about 0.7 cm™ due to the isotope effect 
alone. 


PHYSICAL REVIEW VOLUME 


32. 


PEKERIS 


It is clear that our method is directly applicable also 
to the treatment of the excited states of two-electron 
atoms, including the ortho states. Work is now in 
progress on the 2 |S, 2°S, and 2P states. 
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Measurements of the Interaction of 95-Mev Protons with He‘ 
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Elastic and inelastic scattering and the (,d) ‘‘deuteron pickup” process have been studied using a proton 
beam of energy about 95 Mev incident on a liquid helium target. The elastic scattering shows a nuclear 
Coulomb interference dip at 9°, a slight diffraction-type minimum at about 57°, and a deep minimum, 
approximately 10~** cm*/sterad at 135°. (All angles and cross sections are in the center-of-mass system.) 
Inelastic scattering spectra were obtained at laboratory angles of 10°, 15°, and 30°. These spectra are 
characterized by broad peaks, roughly 10-Mev wide, centered around an energy about 6 Mev below the 
upper kinematical limit for inelastic scattering. Their interpretation is discussed qualitatively both in terms 
of quasi-elastic nucleon-nucleon scattering and in terms of strong interaction between parts of the dis- 
sociated a particle in virtual or continuum states. A minimum was observed in the He‘(p,d)He? differential 
cross section at about 29°. Analysis of the (p,d) data at 95 Mev and 32 Mev in the “transparent nucleus” 
Born approximation yielded inconsistent results; presumably this inconsistency is due to the failure of the 
model at the lower energy due to the tightly bound structure of He‘. 


I. INTRODUCTION 


HE interaction of high-energy nucleons with Het is 
of particular interest because with high incident 
energies, one can expect to study the internal structure 
of the target nucleus, and the presumed complete space 
symmetry of the He‘ wave function should simplify the 
interpretation of the results. At high energies the 
proton-He‘ interaction can proceed through at least 
seven channels, from elastic scattering through com- 
plete disintegration of the alpha particle. The possible 
reactions, together with their respective Q values, are 
listed in Table I. 

We hoped when this investigation was begun that by 
obtaining data on both the elastic differential scattering 
cross section and the He‘(p,d) He’ “pickup” cross section 
at a sufficiently high energy, we could deduce an 
equivalent single-particle wave function for He‘. This 
purpose might be accomplished as follows: (A) If the 
elastic scattering is analyzed on the impulse approxi- 
mation, the total scattering amplitude factors into the 
product of a nuclear form factor and a sum of nucleon- 


+ Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. : : 

* Now at the University of Pennsylvania, Philadelphia, Penn- 
sylvania. ; 

t Now at the California Institute of Technology, Pasadena, 
California. 


1G. F. Chew, Phys. Rev. 80, 196 (1950). 


nucleon scattering amplitudes. The latter sum involves 
the non-spin-flip parts of the triplet and singlet p-n and 
p-p scattering amplitudes. If one knew what to insert 
for these amplitudes, one could then obtain from the 
experimental data the nuclear form factor—which is 
equivalent to obtaining the nuclear wave function. 
(Inversely, of course, if the nuclear wave function were 
known, one could get information on the nucleon- 
nucleon scattering amplitudes.) (B) Analysis of the 
(p,d) pickup data, on the “transparent-nucleus”’ or 


TABLE I. Possible interactions and Q values of 
high-energy protons with Het. 


QO (Mev) 


Reaction Experimental observation 


Elastic scattering 
“Pickup” deuterons 

—19.81 a (Quasi-elastic p-p type) 

— 20.55 a (Quasi-elastic p-n type) 

— 23.75 a, b 

. Het(p,2pn)H? — 25.97 a, b 

. He*(p,2p2n)H! —28.2 a 

. [He*(p,p')He** ] ? Peak on the inelastic proton 

continuum 


1. He*(p,p)Het 0 
. He*(p,d)He® 
. He*(p,2p)H# 
. Het(p,pn)He! 
. He*(p,pd)H? 








* Reactions 3, 4, 5, 6, and 7 all contribute to the inelastic proton con- 
tinuum, with varying “‘threshold"” proton energies roughly equal to the 
difference between incident proton energy and the appropriate Q value. 

> Reactions 5 and 6 both contribute to the deuteron continuum with 
deuteron “‘threshold”’ energies roughly less than the peak from reaction 2 
by the difference in the Q values (see Fig. 2). 
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Chew-Goldberger type Born approximation method,?* 
should also give an equivalent single-particle wave 
function for the pickup neutron—that is, a wave func- 
tion for He’. 

We originally hoped that if we could make good 
guesses as to how the experimental nucleon-nucleon 
scattering cross sections should be decomposed into the 
appropriate partial scattering amplitudes, then we 
could obtain a wave function from method (A) which 
would be consistent with that obtained from (B), and 
we would have information both as to the He* wave 
function and as to the accuracy of the approximation 
methods used. There was some reason to hope that 
these approximation methods might indeed give useful 
results, for both have been used with some degree of 
success at energies about the same as or less than the 
energy used here.*-® This degree of success has been 
obtained for nucleons having much less binding than 
have the nucleons of He’, it is true, but nevertheless, 
it was hoped that because He‘ has so few nucleons it 
might still be amenable to treatment by these methods, 
which essentially involve the assumption that the 
incident particle interacts with a single target nucleon 
at a time, rather than with a cluster. 

The inelastic scattering of protons by He’ is also of 
interest because of the information that it might pro- 
vide about possible excited states and about the con- 
tinuum states of the four-nucleon system. For this 
reason the inelastic scattering of protons by He‘ has 
been studied at lower energies®; no discrete inelastically 
scattered proton group corresponding to an excited 
state in He‘ has been observed. Recent electron-He* 
scattering measurements, however, have suggested that 
excited states in He* may actually exist.’ 


II. EXPERIMENTAL METHOD AND RESULTS 


The external proton beam of the Harvard cyclotron, 
analyzed in energy to a width of about 2 Mev, was 
scattered from a liquid helium target. The incident 
proton flux was measured with a Faraday cup, and the 
scattered particles detected in an eight-scintillation- 
counter telescope. The scattered protons and deuterons 
were analyzed in energy and separated as to mass by 
simultaneous measurement of range and specific ioniza- 
tion. The scattering chamber‘ and counter arrangement? 
have been described in more detail elsewhere. The 
cryostat and target are shown in Fig. 1. The rate 
of liquid helium cohsumption with this system was 
approximately 250 cc/hr. 

The data on elastic scattering at laboratory angles 
from 5° to 90°, on inelastic scattering from 10° to 30°, 


2 G. F. Chew and M. Goldberger, Phys. Rev. 77, 470 (1950). 

3 W. Selove, Phys. Rev. 101, 231 (1956). 

4S. Glashow and W. Selove, Phys. Rev. 102, 200 (1956). 

5Q. Chamberlain and M. O. Stern, Phys. Rev. 94, 666 (1954). 

6 See R. M. Eisberg, Phys. Rev. 102, 1104 (1956) for work at 
40 Mev and references to other work. 

7R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 

§ Kruse, Teem, and Ramsey, Phys. Rev. 101, 1079 (1956). 
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PROTONS WITH He‘ 1659 
and on the scattered deuterons from 6° to 50° were 
taken’ at an effective proton energy in the center of 
the target of about 94 Mev. Additional elastic scattering 
data at angles up to 170° were taken at an effective 
beam energy of about 98 Mev. The helium target 
thickness was measured at 0.32+5% g/cm? He (i.e., 
4.8X 10-*” atoms/cm’) during the former run and about 
5% less than this value during the latter run, by ob- 
serving the energy loss of the incident protons in the 
target. An integral range spectrum of the beam through 
the target cell was measured first with the target empty 
and then filled with liquid helium, using the Faraday 
cup to count the number of protons through various 
amounts of aluminum absorber. The transmitted in- 
tensity was normalized to the number of incident 
protons as measured with a thin ion chamber in front 
of the target. The apparent change in range of the 
protons on filling the target combined with the calcu- 
lated dE/dx of protons in aluminum and helium yielded 
the target thickness. 

The angular resolution of the defining counter was 
about 23° in the laboratory system. The effective 
energy resolution of the counting equipment, including 
incident beam energy spread, straggling, and finite- 
resolution effects in the range telescope, was about 
3 Mev for protons and about 4 Mev for the “pickup” 
deuterons. Figure 2 shows a typical range spectrum, in 
this case for deuterons at 223° in the laboratory. The 
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Fic. 1. Liquid helium target and cryostat. 


® These results have been reported briefly previously: Teem, 
Selove, and Kruse, Phys. Rev. 98, 259(A) (1955). 
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Fic. 2. 94-Mev He‘(p,d)He?: Deuteron range 
spectrum at @j.,= 224°. 


separation of the deuterons due to reaction 2, Table I, 
from those due to reactions 5 and 6 is seen to be un- 
ambiguous. In Fig. 3 is shown a typical proton spec- 
trum, in which the range spectrum has been converted 
into a laboratory cross section, d*c/dQdE, as a function 
of the laboratory proton energy. The counting rate, 
analogous to the ordinate of Fig. 2, after subtraction 
of background from the empty target, has also been 
corrected for the proton attenuation in the telescope 
due to nuclear absorption, diffraction scattering, etc." 
in calculating the cross sections. The errors shown on 
sample data are those due to counting statistics only. 
Additional sources of error in the absolute cross sections 
include estimates of 5% for target thickness, from 2% 
at the low-energy to 8% at the high-energy end of the 
spectrum for the attenuation corrections, 1% each from 
errors in the incident proton flux and solid angle, and 
up to 3% from uncertainty in the angle of the plane of 
the target with the incident beam. 

By integrating under the elastic peaks, the elastic 
differential cross section may be calculated. The results, 
together with their absorption corrections, are tabu- 


10 The attenuation correction factors for protons and deuterons 
in this telescope have been determined by calculation and checked 
experimentally: see J. M. Teem, Ph.D. thesis, Harvard Uni- 
versity, 1954 (to be published). The magnitude of these. correc- 
tions varied from 4% to 21% for the proton spectra, and from 
44% to 11% for the He*(p,d)He* deuterons. 


M. TEEM 


TaBLE II. Elastic scattering of protons from He‘ at about 
95 Mev. Background has been subtracted; some representative 
background values relative to the scattered intensities from He‘ 
were 150% at 9°, 95% at 13°, 40% at 19°, 7% at 28°, 1% at 73°, 
60% at 133°, and 35% at 157° (all angles in the c.m. system). 
The data have been corrected for absorption and scattering in 
the range telescope, and the attenuation correction factor and 
its estimated uncertainty are listed together with the statistical 
standard deviations for each value of the cross section. 
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Incident proton energy about 93 Mev at center of target 
225 140 
133 82.3 
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Incident proton energy about 98 Mev at center of target 


73° 28’ 1.149 1.41 1.13 
105° 26’ 1.096 0.073 0.076 
119° 51’ 1.084 0.036 0.043 
133° 14’ 1.066 0.0035 0.005 
145° 46’ 1.054 0.024 0.037 
157° 34’ 1.045 0.075 0.128 
168° 54’ 1.040 0.124 0.224 
172° 38’ 1.039 0.155 0.283 
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lated in Table II and plotted semilogarithmically as a 
function of angle in the center-of-mass system in Fig. 4. 
Also plotted for comparison are the elastic-scattering 
results at approximately 30 Mev."-” Similar results of 
high accuracy have recently been reported on the elastic 
scattering at 40 Mev.” The total elastic scattering 
cross section (exclusive of the Coulomb contribution) 
was determined by integration as 73+6 mb. The 
He‘(p,d)He’ differential cross section can be similarly 
obtained by integrating under the peak of, for example, 
Fig. 2. These data have also been corrected for the 
attenuation of deuterons in the telescope, and the 
results are shown in Table III and are plotted in Fig. 5, 
together with the corresponding results at 32 Mev." 
The inelastic proton spectra, d’e/dQdE versus proton 
energy in the laboratory system, obtained at the two 
other angles are plotted in Figs. 6 and 7. To check for 
the existence of possible systematic errors, separate 
symbols are used in plotting the data from each of the 
four stopping counters. An attempt was made in 
choosing the absorber values used to overlap these 
points as much as possible, in order to investigate and 
eliminate spurious peaks due to possible feed-throughs 
or counter inefficiencies which could shift counts from 


1 B. Cork, Phys. Rev. 89, 79 (1953). 
12 A, F, Wickersham, Phys. Rev. 107, 1050 (1957). 
13M. K. Brussel and J. H. Williams, Phys. Rev. 106, 286 


(1957). 
4 J. Benveniste and B. Cork, Phys. Rev. 89, 422 (1953). 
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Fic. 3. 94-Mev (p+Het) scattering: Proton energy spectrum at @)4)= 15°. 


the proper stopping interval to an adjacent one. There 
is some indication in the data that counter F may at 
times have been counting systematically by as much as 
10% too high a rate. 


Ill. DISCUSSION 


Several qualitative features of the elastic scattering 
are readily apparent from Fig. 4. The cross-section 
dependence upon angle is roughly exponential, falling 
with an exponential coefficient of approximately 3.8 
rad“! to a value roughly 10~ of the forward scattering 
cross section at 135°, and then rises again to a back- 
ward peak of the order of 5X 10~ of the forward cross 
section. Superimposed upon this general trend are two 
minima, one at 9° which is due to the nuclear-Coulomb 
interference, and one broad shallow dip at about 57° 
which is probably due to diffraction. The backward 
peaking can be understood qualitatively as due to an 
exchange or “pickup” process, in which the incident 
proton exchanges with a proton in the He‘ nucleus, and 
is analogous with the backward peak in proton-deu- 
teron scattering.’ In the spirit of the “transparent 
nucleus” Born approximation discussed above, one 
could expect the cross section in this region to be 
primarily determined by a “pickup” amplitude pro- 
portional to the square of the “single nucleon” mo- 
mentum wave function of an alpha particle (i.e., of a 
proton-triton configuration). 


There are also several qualitative features that are 
worth noting in the three inelastic spectra of Figs. 3, 6 
and 7. Since there are certainly no bound excited states 
of He‘, the maximum energy that an incident 94-Mev 
proton scattered inelastically can possess can be calcu- 
lated from the kinematics of reaction 3, Table I, 
assuming that an unbound proton and triton recoil 
together with zero relative velocity. The upper energy 
limits of the spectra are seen to agree with these limits 


TABLE III. Angular distribution of deuterons from He‘(p,d)He® 
for 93-Mev protons. Background (generally less than 2%) has 
been subtracted. The data have been corrected for absorptionand 
scattering in the range telescope, and the attenuation correction 
factor and its estimated uncertainty are listed together with the 
statistical standard deviations for each value of the cross section. 
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within the energy resolution of the experiment. Similar 
upper energy limits can be calculated for the other 
reactions of Table I. To a good approximation they will 
fall lower than the indicated limit by just the difference 
in Q values of the reactions. 

Each of the three inelastic proton spectra is charac- 
terized by a broad peaking (roughly 10 Mev wide) of 
the cross section about an energy roughly 6 Mev below 
the upper kinematic limit. The cross sections for the 
lower energy protons (corresponding to an excitation 
of the He‘ nucleus roughly 5 Mev to 20 Mev in excess 
of the energy of complete dissociation) approach a 
constant value of 0.55 mb/sterad-Mev, independent of 
either laboratory angle or proton energy. This behavior 
is in pointed contrast to the inelastic proton spectra 
obtained at the same incident energy for a wide range 
of elements from Li to Bi.’* While numerous inelastic 
peaks, corresponding to nuclear excitation of discrete 


18K. Strauch and F. Titus, Phys. Rev. 104, 191 (1956). 
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levels or several unresolved levels, are observed among 
the light nuclei, they are superimposed on an inelastic 
continuum with an energy dependence that has been 
fitted by the relationship KE exp(— £/k), where E is 
the inelastic proton energy in the center-of-mass system, 
and K and k are empirical constants. The falling off of 
the inelastic continua with increasing energy, which is 
apparently most emphasized in the lightest nuclei, is 
obviously not demonstrated for He‘, where the cross 
section appears constant or increases with increasing 
energy. One should not necessarily expect that the 
energy dependence of the inelastic proton continuum 
from He‘ should be predicted by any model that works 
for nuclei even as light as Li’ and Be®. Nevertheless, 
simple phase-space arguments would indicate that, near 
the upper end of the spectrum, one might indeed expect 
a decreasing cross section with increasing inelastic 
proton energy, since there is more phase space available 
for large momentum transfers than for small. The 
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observed inelastic spectra from Het would indicate a 
preference for energy transfers of the order of 26 Mev, 
possibly suggesting strong interaction between parts 
of the dissociated He‘ nucleus in virtual or continuum 
states. Before discussing this interpretation, however, 
we should first consider another mechanism which 
could produce peaks in the inelastic continuum. 

One might hope that at sufficiently high interaction 
energy the spectra of protons from reactions (3) and (4), 
Table I, could be deduced qualitatively, at least, by 
assuming that the incident proton is quasi-elastically 
scattered from a single nucleon in the He‘ nucleus.!® 
(Such a picture is certainly consistent with the “trans- 
parent nucleus” Born or impulse approximations that 
we were trying to apply to this work.) This quasi- 
elastic scattering will differ kinematically from scatter- 
ing from the free nucleon in that here part of the kinetic 
energy of the incident nucleon is used to liberate the 
bound target nucleon, and also because the struck 
nucleon is in motion in the laboratory system, due to 
the nucleon’s internal momentum distribution in the 
nucleus. Thus the spectrum predicted by this model will 


16 This model has been successful in explaining the qualitative 
features of the inelastic scattering continua produced by 340-Mev 
and 270-Mev incident nucleons and has been used to infer nucleon 
momentum distributions in nuclei from such data. See, for ex- 
ample: Cladis, Hess, and Moyer, Phys. Rev. 87, 425 (1952); 
and J. M. Wilcox and B. J. Moyer, Phys. Rev. 99, 875 (1955). 


consist of a broad peak, modified at the upper energy 
end by the inelastic kinematical limit and centered 
around an energy which is different from the “free 
nucleon” value at that angle (approximately o cos*6ja») 
due to the effect of the binding energy of the struck 
nucleon. 

It would be of interest to investigate the applicability 
of the quasi-elastic scattering interpretation to the 
present results. Unfortunately, it is not a simple matter 
to calculate the theoretically expected inelastic spec- 
trum resulting from quasi-elastic scattering, nor even 
to estimate the energy of the peak that should result 
from this process. The difficulty lies in the fact that 
although the total energy of the two nucleons leaving 
the nucleus is reduced, from the energy of the incident 
nucleon, by the binding energy of the ejected nucleon, 
this reduction in energy cannot be associated in a simple 
way with one or the other of the two departing nucleons. 
A crude semiclassical approach suggests that when one 
of the nucleons leaving is a relatively high-energy 
proton, then it will not show much of the binding-energy 
effect, which will then be exhibited by the other, lower 
energy nucleon leaving the He‘ nucleus. This conclusion 
is reached in the following way. If a proton leaves the 
(He‘+p) system with a majority of the energy of the 
incident proton, then it leaves at a time when the re- 
maining nucleons consist of the same set found in He‘; 
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this set does not interact very strongly with an addi- the inelastic spectra reported here are not inconsistent 
tional proton, and hence the departing nucleon will with a quasi-elastic scattering mechanism. 

not be slowed appreciably. This is obviously a very A new measurement of the He‘(p,p’) spectrum for 
crude picture. When numerical estimates are made on _181-Mev incident protons has recently been reported.!” 
this model, it can only be said that the peaks seen in That work shows broad peaks similar to those found 
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17 Tyren, Tibell, and Maris, Nuclear Phys. 4, 277 (1957). 
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here, although somewhat more distinct. The greater 
distinctness can be interpreted as resulting from the 
greater transparency of the He‘ nucleus at the higher 
energy; the position of the peak, at the various angles 
measured, is again consistent with the quasi-elastic 
interpretation. 

The history of past investigations, experimental and 
theoretical, concerned with possible excited states of 
the He‘ nucleus is reviewed thoroughly in references 6 
and 14. The results of the present experiment are in 
complete agreement with those at lower energies in 
showing no evidence of bound excited states. There is 
also agreement on the absence of any evidence for 
inelastic groups corresponding to isolated virtual states 
with widths less than 3 Mev. With regard to the 
possible existence of virtual states, the present data 
could be qualitatively interpreted as resulting from a 
broad virtual level or group of levels, y~10 Mev, 
E~25 Mev above the ground state; although, as dis- 
cussed above, these data may be explainable as due to 
quasi-elastic scattering. Both of these interpretations 
are consistent with the other reported proton-He‘ 
measurements. No peaks have previously been ob- 
served in the measurements at lower incident energies, 
but this may be understood as due to the fact that the 
lower energies did not permit exploration of the detailed 
energy spectrum over a very broad energy range. The 
recent measurement!’ at 181 Mev is also consistent 
with both the quasi-elastic and the virtual-level in- 
terpretations. 

It would appear that a fruitful study might be made 
of p-He‘ inelastic scattering in a helium bubble chamber 
or cloud chamber, since in this case the inelastic spectra 
for each of the reactions in Table I could be measured 
separately to determine whether there is, indeed, a 
strong attractive interaction between some of the 
nuclear groups that result from the particle dissociation. 
This should show up in an angular correlation of the 
products and in a kinematic behavior for the inelasti- 
cally scattered proton similar to that appropriate to 
two-body reactions. 

Recent measurements of the inelastic scattering of 
400-Mev electrons from He‘ at 60° have also shown 
some indication of a similar broad peak’ in the spectrum. 
In this experiment, this peak shows up as a bump, 
possibly only just apparent within the counting sta- 
tistics, on a broad continuum. The width of this peak 
is also of the order of 10 Mev, but the estimated energy 
is only 21 Mev below the elastically scattered electrons. 
Within the accuracies of the two experiments, this 
difference is probably not significant. It would be 
interesting to compare the present results with higher 
accuracy measurements of the inelastic proton-He‘ 
scattering at several angles. 

The He‘(p,d)He* differential cross section (Fig. 5) 
shows a definite minimum at about 28° and a suggestion 
of a second minimum at about 67°. Qualitatively, this 
behavior is quite similar to the results at 32 Mev. We 
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Fic. 8. Neutron momentum wave function amplitude for a 
neutron “picked up” from a He*+m configuration in He* as 
deduced from a Chew-Goldberger type analysis of He*(p,d)He* 
results. 


have made a Chew-Goldberger type Born approxi- 
mation analysis?* of our 94-Mev data to infer the 
momentum density function for a neutron in a (n-He*) 
configuration in the He* nucleus. The results of this 
analysis are shown in Fig. 8 in which is plotted the 
momentum wave function amplitude (the square root 
of the momentum density). Unfortunately, analysis of 
the 32-Mev data gives a momentum density function 
(also shown in Fig. 8) which is completely incompatible 
with that inferred from the higher energy data. This is 
in sharp distinction to the consistency of the momentum 
distributions inferred for the loosely-bound neutron in 
Be’ for (p,d) measurements from 16 Mev to 95 Mev.‘ 
This failure indicates that Het is probably too compact 
a structure to be well treated by this type of “single- 
particle, transparent-nucleus” Born approximation ap- 
proach, at least at energies up to 32 Mev. Such an 
approach may nevertheless be correct at 95 Mev. In 
fact, from the interpretation of (p,d) measurements on 
several nuclei at 95 Mev, there is reason to believe 
that there is indeed some accuracy in this approximation 
for He‘ at this higher energy. (See Fig. 11 and the 
associated discussion, in reference 3, for further details.) 

At lower energies the “‘opaque-nucleus” Born approxi- 
mation has been employed by a number of workers!*-”° 

18S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951) 
and Phys. Rev. 106, 272 (1956). 

19 W. Tobocman, Phys. Rev. 94, 1655 (1954) and W. Tobocman 


and M. H. Kalos, Phys. Rev. 97, 132 (1955). 
®” Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 
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Fic. 9. He*(p,d)He?: E,=94 Mev; Tobocman’s fit of data. 


with considerable success in interpreting data from low- 
energy (p,d) and (d,p) reactions. The 32-Mev He'- 
(p,d)He* has been analyzed in this manner both by 
Benveniste and Cork” and by Tobocman.” The param- 
eter adjusted in this model to fit the data is the effective 
radius of the He* nucleus, which determines the posi- 
tions of the cross-section minima. The qualitative 
features of the 32-Mev data are reasonably well repre- 
sented by this model (see, for example, Fig. 6 of 
reference 14), except that the theoretical cross section 
falls below the experimental values at larger angles. 
It is also interesting to see how well this approximation 
can account for the He‘(p,d)He*® data at 94 Mev. The 
results of Tobocman’s analysis™ are shown in Fig. 9. 
The qualitative features of the data would seem to 
be almost as well represented by this model at 95 Mev 


“2 W. Tobocman (private communication). We are grateful to 
Dr. Tobocman for helpful discussions of this problem and for 
his permission to show his unpublished results in Fig. 9. 


TEEM 


as they are at 32 Mev, except for an even greater 
disparity in magnitude at larger angles. However, there 
is a significant difference in the values that must be 
assigned the He* radius, R, at the two energies. 
Benveniste and Cork" used a value of R=4.2 fermis 
(one fermi=10-" cm) and Tobocman* achieved a 
reasonable fit to the 32-Mev data with R=5.5 fermis. 
The value that Tobocman has found to provide the 
proper angles for the minima at 95 Mev is R=2.44 
fermis. The dashed curve that rises for increasing angle 
in Fig. 9 was calculated from the ‘‘exchange” amplitude 
associated with the pickup of a deuteron by the proton 
to form He’. It is apparent that this process may be- 
come important at the larger angles. The curve calcu- 
lated for R=0 is also shown and is seen to give much 
closer agreement in magnitude with the experimental 
points, which probably indicates that the ‘‘transparent- 
nucleus” approximation might, indeed, be a better 
approximation at this energy. While the ‘“opaque- 
nucleus” picture is of questionable validity at this 
energy, nevertheless the analysis suggests that both 
the observed minimum at 29° and the probable second 
minimum at 67° possibly arise from diffraction effects. 

Because of the uncertainties involved in the assump- 
tions, as emphasized by the inconsistencies that arise 
in the analysis of the He*(p,d)He’® results at the two 
energies, we have not attempted to carry the program 
of analysis outlined in Sec. I any further. It would be 
worthwhile, we believe, to look at this problem again 
whenever similar data are available on the p-He‘ inter- 
action at energies somewhat below and above that used 
here, to see if a consistent program of analysis can then 
be carried out. 
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Angular distributions and Q values were determined for proton 
groups from (d,p) reactions with isotopically enriched targets of 
Zn™, Zn**, Zn*7, and Zn*’. The incident deuteron energy was 
10 Mev. The angular distributions were fitted by Butler curves, 
from which values of /, were determined, where /,h is the orbital 
angular momentum of the captured neutron. The fits were only 
fair, presumably because the Butler theory cannot be expected 
to give good fits at Z=30 without modification. In addition, 
several peaks are evidently superpositions of closely spaced, 
unresolved groups with different /,. Well-resolved empirical dis- 
tributions which appear to correspond to /,=0, 1, 2, 3, and 4 
were observed; these serve to indicate in which direction the 


HIS paper summarizes a series of experiments to 

determine ( values and proton angular distribu- 
tions from (d,p) reactions with isotopically enriched 
zinc targets. The 10-Mev external beam from the 
Washington University cyclotron was used. A low- 
resolution detection system was employed which in- 
cluded a proportional counter telescope and an arrange- 
ment of remotely controlled aluminum absorber stacks 
of variable thickness, for range measurements and 
energy determinations. The general features of the 
experimental apparatus were described in an earlier 
paper.? 

Four different isotopically enriched samples? of ZnO 
were available, of which the major constituents were 
Zn™, Zn®, Zn*’, and Zn®*, respectively. Target thick- 
nesses of 4.0 to 5.0 mg/cm? were used. The experimental 
results are summarized in Table I, in which are listed 
the Q values, /, values, and the relative maximum 
intensities of the different proton groups, each measured 
at the peak of the angular distribution curve for the 
group. The /, values were determined by comparison 
of the angular distributions with curves computed 
from the theoretical cross section derived by Butler.’ 
Table I also gives suggested spins and parities for 
levels in the odd-A residual nuclei Zn®, Zn®’, and Zn®, 
based on speculations about the various nucleon con- 
figurations in terms of shell structure and an extreme 
single-particle point of view. In this connection we are 
especially indebted to Raz‘ for his suggestions and 
comments. 

In the reactions studied, the 35th, 37th, 38th, or 
39th neutron is being added to form the residual 


* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research 
and Development Command. 

t Presently at Brookhaven National Laboratory, Upton, New 
York. 

1A. J. Elwyn and F. B. Shull, Phys. Rev. 111, 925 (1958). 

? Obtained on loan through courtesy of the Isotopes Division 
of the U. S. Atomic Energy Commission. 

3S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1952). 

4B. J. Raz (private communication). 


Butler curves should be shifted, thus increasing confidence in 
the correctness of the values of /, which were assigned. For 
Zn™(d,p) we find Q=5.71 Mev with /,=1 and 3, @=4.89 Mev 
with /,=1 and 3 or 4, 0=4.43 Mev with /,=2, Q=3.86 Mev 
with /,=0, and Q=3.31 Mev with /,=perhaps 2 and 4. For 
Zn**(d,p) the results were 02=4.76 Mev with /,=1 and 3, Q=4.38 
Mev with /,=1 and 3 or 4, Q=3.85 Mev with /, =2, and Q=3.15 
Mev with /, uncertain. For Zn*7(d,p) we find Q=8.01 Mev with 
1,=3, Q=6.90 Mev with /,=1, Q=6.13 Mev with /, unknown, 
and Q=4.52 Mev with /,=perhaps 1 and 3. For Zn®*(d,p) the 
results were 0=4.22 Mev with /,=1, Q=3.78 Mev with /,=4, 
and Q=3.40 with /, =2. 


nucleus. The neutron configuration of a zinc nucleus 
consists of a core of definitely filled shells, including 
1s, 1p, 1d, 2s, and 1f7,2, to which are added from 7 to 
11 neutrons variously occupying 23/2, 21/2, 1fs/2, and 
1gs/2 single-particle levels. In earlier work on (d,p) 
reactions with chromium,! iron,® and nickel,® we have 
found /,=1 for the angular distribution of every ob- 
servable proton group (except one) from isotopically 
enriched targets of Cr®?, Cr, Fe5®, Fe5”, Ni®, Ni®, 
and Ni®. This suggests that neutron capture into 23/2 
and 21,2 single-particle levels plays a major role when 
neutron number JN is from 29 to 35, and one might 
expect indications of capture into fs;2 and gg/2 orbitals 
to occur among the zinc isotopes. This is found to be 
the case. As discussed below, however, we also find 
that angular distributions for which /,=1 and having 
substantial cross sections continue to occur frequently 
for low-lying levels formed in all the Zn(d,p) reactions. 
Thus the p32 and 1,2 single-particle orbitals continue 
to be important for V from 35 to 39. This suggests 
that in many instances the fs,2 shell is being filled by 
twos, in such a way as to permit the appearance of a 
single hole in one of the p shells. A pairing energy which 
is sufficiently higher in the f shell than in the p shells 
could make this possible. Moreover we find several 
examples of /,=2 and one of /,=0 distributions, which 
may imply similar hole formation in the d3/2 or s1/2 
shells, and thus account for the appearance of excited 
states having even parity. 

The four reactions are discussed individually and in 
somewhat greater detail in the paragraphs which 
follow. 

Zn®* (d,p)Zn® 


Zn® is known to have an excited state at 0.86 Mev 
from threshold measurements’ on the Cu (p,m) _re- 


5C. E. McFarland, Ph.D. thesis, Washington University, 1955 
(unpublished). 

6A. J. Elwyn, Ph.D. thesis, Washington University, 1956 
(unpublished). 

7C. F. Cook and T. W. Bonner, Phys. Rev. 94, 807(A) (1954). 
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TABLE I. Q values, excitation energies (EZ), J, values, relative 
maximum intensities (Jmax), and suggested spins and parities of 
residual nuclei for four Zn(d,p) reactions. The maximum intensities 
are to an arbitrary scale, and account has been taken of different 
target compositions and thicknesses, so that yields can be com- 
pared between different reactions. The maximum intensities were 
measured at the peak of the angular distribution for each proton 
group. The suggested spins are highly tentative and are based on 
simple single-particle shell model considerations. 


Suggested 
spin of final 
nucleus 


Q (in Mev) 


Imax 


E (in Mev) ln 


Zn“ (d,p)Zn85 
5.71+0.06 0 : 460 
(?) 1144 
0.82? 680 
0.82? 410 


! 


NOON 


4.89+0.07 


+ 


1.28 746 
795(10°) 
(1600 est. at 0°) 
350 


4.43+0.09 
3.86+0.09 


+ 


mW wu 


Sy 


1.85 


3.31 2.40 
Zn**(d,p)Zn™ 
4.76+0.07 0 3 290 
0.092? 1 730 
0.38? 1 580 
0.38? 4(3) 350 
0.88 2 680 
1.61 ? ? 
Zn" (d,p)Zn* 
8.01+0.07 0 15 
6.90+0.07 1.11 40 
6.13+0.12 1.88 ? low 
4.52+0.10 3.49? ? 355 
3.49? ? 170 
Zn**(d,p)Zn® 
4.22+0.07 0 1 997 
3.78+0.09 0.44 4 617 
3.40+0.08 0.82 2 


4.38+0.09 


3.85+0.09 
3.15+0.11 


action. It probably has other excited levels near the 
ground state, in view of gamma rays with energies 
0.052, 0.092, and 0.114 Mev observed by Crosemann* 
in the beta decay of 15-min Ga®. Ga® also has an 
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Fic. 1. Proton spectra from Zn™(d,p)Zn® at angles of 7.5° and 
15°. Each foil of the variable aluminum absorber was 1.72 mg/cm? 
thick. Q values are 5.71, 4.89, 4.43, 3.86, and 3.31 Mev, respec- 
tively, for groups 0, 1, 2, 3, and 4. 


8 B. Crosemann, Phys. Rev. 93, 1034 (1954). 


AND A. 


J. ELWYNN 


8-min isomeric activity, but all of the gamma rays 
listed above decay with a 15-min period, while no 
8-min gamma rays were found. The possibility exists 
that one of the three gamma rays occurs as a transition 
from the 15-min to the 8-min level in Ga®. Hence 
information concerning energies of one or more excited 
levels within 200 kev of the ground state in Zn® is 
inconclusive, but the existence of such levels seems 
certain. We would be unable to resolve levels with 
such close spacing with our apparatus. 

The isotopic composition of the target material was 
93.12% Zn™, 6.29% Zn, 0.16% Zn*’, 0.43% Zn*®, and 
0.01% Zn”. In preparing proton spectra such as those 
shown in Fig. 1, a correction for the effect of Zn® was 
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Fic. 2. Angular distributions of proton groups from Zn*- 
(d,p)Zn®. The curves were calculated from the Butler theoretical 
cross section, and each is arbitrarily normalized to unity at the 
peak. See Table I for comparison of actual peak intensities for 
the different groups. The solid curve in each picture is for a Butler 
radius parameter ro equal to the Gamow radius (1.7+1.22A!) 
10-4 cm. 


subtracted from each. The angular distributions for the 
five proton groups which were found are pictured in 
Fig. 2. 

f§ The angular distribution for the ground-state re- 
action (Q=5.71 Mev) appears to be a mixture of 
1,=1 with either /,=3 or ],=4. The hump at about 
45° is best fitted with a Butler curve for /,=4. On the 
other hand, /,=3 would be more consistent with the 
predictions of the shell model. Presumably the two 
lowest levels have the odd neutron in an fs. and a 
pj orbit, respectively, reflecting the close spacing of 
these orbitals in this region of neutron number. A prefer- 
ence for 5/2- rather than 3/2- for the ground state is 
not strong, and the spins might be reversed. Way, King, 
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et al.® chose 5/2- because the ft product is rather large 
for the positron decay of Zn®*, which suggests that this 
is an /-forbidden transition. We have listed /,=3 for 
the ground state in Table I to be consistent with this 
conclusion. 

We find the binding energy of the last neutron in Zn 
to be E,=Q+2.23=7.94 Mev. This may be compared 
with values of E,=7.92 Mev found by Harvey,” also 
from the (d,p) reaction, and of E,= 8.14 Mev computed 
from the masses!! of Zn™ and Cu® together with the 
energy release in the beta decay of Zn®. 

The angular distribution for the second proton group 
(O=4.89 Mev) resembles that for the ground-state 
group, but its secondary maximum is more pronounced. 
What appears from a best fit with Butler theory to be 
a mixture of /,=4 with /,=1 may well be a mixture of 
instead. This suggests two closely 
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Fic. 3. Proton spectra from Zn®*(d,p)Zn® at angles of 15° and 
35°. Q values are 4.76, 4.38, 3.85, and 3.15 Mev, respectively, for 
groups 0, 1, 2, and 3. 


near 0.82 Mev in Zn. This excitation energy agrees 
fairly well with the figure 0.86 Mev obtained from the 
Cu”(p,2)Zn® reaction. It is suggested that one of these 
states might involve an odd neutron in a 1/2 orbital. 
The other level might have an odd neutron in a go/2 
level (if 7,=4) or a single hole in the previously filled 
fzj2 shell, formed by promoting an f7/2 neutron to the 
fsy2 shell (if 7,=3). 

The third and fourth proton groups (0=4.43 and 
3.86 Mev) have angular distributions which are best 
fitted by /,=2 and /,=0, respectively. The situation 
here resembles that found in Ca*-*?(d,p)Ca*! by 


® Nuclear Level Schemes, A=40—A=92, compiled by Way, 
King, McGinnis, and van Lieshout, U. S. Atomic Energy Com- 
mission Report TID-5300 (U. S. Government Printing Office, 
Washington, D. C., 1955). 

10 J. A. Harvey, Phys. Rev. 81, 353 (1951). 

1 Collins, Nier, and Johnson, Phys. Rev. 86, 408 (1952). 
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Fic. 4. Angular distributions of proton groups from Zn*®*(d,p)Zn®”. 
See also the caption for Fig. 2. 


Bockelman, Buechner, e¢ a/.,!*:!* where levels with /,=2 
and /,=0 were found at excitation energies of 2.014 
and 2.677 Mev, respectively, in Ca‘! and at 0.991 and 
1.957 Mev, respectively, in Ca*. Raz* is of the opinion 
that these levels, as well as the similar ones in Zn®, can 
be interpreted as single-hole levels formed by pro- 
moting a d3)2 or an $1/2 neutron from the core to the fs, 
shell at the same time that another neutron is being 
captured into the fs/2 shell. Similar levels with /,=2 are 
also found in Zn*®*(d,p)Zn® and in Zn**(d,p)Zn®™ (see 
Table I). 

A fifth proton group (Q=3.31 Mev) is clearly re- 
solved at larger angles, but overlaps strongly with the 
C"(d,p) ground-state group at small angles. Its angular 
distribution cannot be easily determined, and our best 
attempts lead to a distribution which is not obviously 
identifiable with any particular value of /,. 


Zn® (d,p)Zn™ 


Zn*’ is known? to have excited states at 0.092, 0.182, 
0.388, and 0.88 Mev in consequence of numerous in- 
vestigations of the beta decays of Cu’ and Ga®’. The 
ground state spin is known to be 5/2-, and the four 
excited states have been assigned the spins 3/2-, 5/2-, 
3/2-, and either 3/2- or 5/2-, respectively. We could 
not expect to resolve the three lowest levels, but were 
able to distinguish a level at about 0.38 Mev. 

The isotopic composition of the target material was 
93.79% Zn, 2.57% Zn™, 1.60% Zn*’, 2.00% Zn, and 
0.05% Zn™. No correction for the less abundant 
isotopes was made in the proton spectra such as those 
pictured in Fig. 3. 

The angular distributions shown in Fig. 4 for the 
first three of the four proton groups are very similar to 
those for the first three groups from Zn™(d,p), and thus 


2 C. K. Bockelman and W. W. Buechner, Phys. Rev. 107, 1366 
1957). 

18 Bockelman, Braams, Browne, Buechner, Sharp, and Sperduto, 
Phys. Rev. 107, 176 (1957). 
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Fic. 5. Proton spectra from Zn**(d,p)Zn®™ at angles of 15° 
and 35°. Q values are 4.22, 3.78, and 3.40 Mev, respectively, for 
groups 0, 1, and 2. 


our interpretation of the resulting states in Zn® is 
correspondingly similar to the one invoked for that 
reaction. We regard the ground state group (0=4.76 
Mev) as an overlap of at least two, one with /,=1 and 
the other with /,=3. The /,=3 must belong to the 
ground-state group, in view of the 5/27 spin of Zn®’. 
We associate the /,=1 with the 0.092-Mev level, with 
the odd neutron going into a 3,2 orbital. We are 
unable to resolve the 0.182-Mev level, and if its spin 
assignment of 5/2- is correct, its angular distribution 
would merge with that from the ground-state reaction. 

The binding energy of the last neutron in Zn® comes 
out to be E,=6.99 Mev. This may be compared with 
values of 7.00 Mev from a measurement of the Zn*® (y,7) 
threshold by Sher, Halpern, and Mann" and of 7.50 
Mev computed from mass measurements!! for Zn* 
and Zn®, 
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Fic. 6. Angular distributions of proton groups from Zn"*(d,p)Zn®. 
See also the caption for Fig. 2. 


4 Sher, Halpern, and Mann, Phys. Rev. 84, 387 (1951). 
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The second proton group (0=4.38 Mev) is apparently 
also an overlap of two unresolved groups, one with 
1,=3 or 4, the other with /,=1, and is quite similar in 
this respect to the second group from Zn™(d,p). Again 
it is suggested that one level may have spin 1/27, with 
its odd neutron in a 21/2 shell. The other level could be 
7/2- because of a single hole in the f7/2 shell (if /,=3) 
or might be 9/2+, with the odd neutron in the go/2 
shell (if /,=4). 

The third group (OQ=3.85 Mev) seems to be prin- 
cipally 7,=2 and again it is suggested that this may 
be the result of a single hole in the d3,2 shell caused by 
promotion to the fs,2 shell of one neutron while a second 
is being captured also in the fs/2 shell to form a pair. 

A fourth group (Q=3.15 Mev) suffers interference 
at small angles from the C'*(d,p) reaction, and no 
conclusions concerning /, can be drawn. 


Zn" (d,p)Zn°*® 


This reaction is discussed ahead of the Zn*’(d,p) 
reaction because of the residual nucleus is odd A and 
thus one might expect some similarity with the two 
preceding cases. The isotopic composition of the zinc 
in this target was 95.47% Zn*®, 1.19% Zn™, 1.83% 
Zn, 1.40% Zn*’, and 0.11% Zn”. No corrections for 
the effects of the less abundant isotopes were made in 
the proton spectra such as those displayed in Fig. 5. 
Three principal proton groups were observed, and the 
corresponding angular distributions are shown in Fig. 6. 

The angular distribution for the ground state group 
(O=4.22 Mev) lies between Butler-curves for /,=1 
and /,=2. We favor the choice /,=1 because the beta 
decay of Zn® is allowed, which leads us to expect the 
Zn® parity to be odd, the same as that assumed for 
the daughter Ga®. Moreover, it appears quite generally 
that our angular distributions, at least for /,=1, are 
slightly shifted to higher angles relative to the Butler 
curves, especially for Q as low as 3 or 4 Mev. We believe 
the ground state of Zn®™ is probably 1/2-, with an odd 
neutron in the py/2 shell. 

The other two groups clearly indicate the presence 
of even parity excited states of Zn®. The second 
proton group (0=3.78 Mev) is best fitted by /,=4, 
so that the odd neutron would appear in the go,2 shell. 
This level appears to be the 13.8-hour isomeric level 
at 0.436 Mev which, according to Duffield and Langer, 
decays by an M4 transition to the ground state. This is 
consistent with our assignments of 1/2~ to the ground 
state and 9/2* to the 0.44-Mev level. 

The third proton angular distribution is somewhat 
broader than usual and may represent an overlap of 
two closely spaced levels. It seems certain that /,=2 is 
correct for at least one such level, and again this may 
result from promotion of one neutron from dj,2 to- 
gether with capture of another, to form a pair in another 
orbit of higher angular momentum and pairing energy. 


18 R. B. Duffield and L. M. Langer, Phys. Rev. 89, 854 (1953). 
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The binding energy of the last neutron in Zn®™ we 
find to be E,=6.45 Mev. If £, is computed from the 
masses"! of Zn® and Ga® together with the beta-decay 
energy for Zn®, the result is E,=6.6 Mev. Eby'® 
obtained a figure of 6.39 Mev from the Zn**(d,p) 
reaction. If fact, all our findings with respect to this 
reaction are in good agreement with those of Eby for 
all three proton groups. 


Zn" (d,p)Zn® 


The isotopic abundances in the Zn* target were 
56% Zn*’, 18.7% Zn™, 10.5% Zn, 8.1% Zn, and 
6.7% Zn™. Corrections were subtracted to eliminate 
the effects of Zn®™, Zn, and Zn*® from the proton 
spectra, such as those in Fig. 7, but nothing could be 
done about the Zn”. 

Four proton groups could be distinguished for certain, 
but there appear to be others which are unresolved. 
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Fic. 7. Proton spectra from Zn®"(d,p)Zn® at angles of 15° 
and 35°. Q values are 8.01, 6.90, 6.13, and 4.52 Mev, respectively, 
for groups 0, 1, 2, and 3. 


The angular distributions for three of the four are shown 
in Fig. 8. No reliable distribution was obtained for the 
other one (0=6.13 Mev) because its presence became 
evident only after correction for the other zinc isotopes. 
The Q value is likewise unreliable. 

The ground-state group (0=8.01 Mev) is of very 
low intensity, but seems well fitted by /,=3, which is 
consistent with the measured spin of 5/27 for Zn® and 
the assumption of 0* for stable Zn®*. The second group 
(O=6.90 Mev) is just as clearly fitted by /,=1, and 
again the intensity is very low. The excitation energy of 
1.11 Mev for this level agrees with the figure 1.10 Mev 
for the energy of the gamma ray® which follows the 
beta decay of Ga®*. Nothing can be said for certain 
about /, for the low-intensity third group, while the 
fourth group (0=4.52 Mev) is the first to show in- 
tensity comparable with those observed in the other 


16 F, S, Eby, Phys. Rev. 96, 1355 (1954), 
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Fic. 8. Angular distributions of proton groups from Zn®"(d,p)Zn®. 
See also the caption for Fig. 2. 


three zinc reactions and seems to be an overlap of at 
least two groups, possibly with /,=1 and /,=3. 

Interpretations in terms of the extreme single-par- 
ticle picture are not appropriate here where the residual 
nucleus is even-even. It is possible that the levels of Zn® 
might include a sequence of two-particle shell model 
states with spins 0+, 2+, and 4*, and perhaps also a col- 
lective level with spin 2+. We have not attempted, 
however, to assign specific spins to any of the three 
excited states which were observed. 

It is interesting to note that among the four Zn(d,p) 
reactions we have investigated, we find what appear to 
be relatively clean experimental angular distributions 
with /,=0, /,=1, 1,=3, and /,=4, plus somewhat less 
certain examples of /,=2. In Fig. 9 are smoothed-out 
curves representing selected angular distributions ob- 
served in this work. They show the decided and regular 
shift in angular position of the maximum which charac- 
terizes the Butler theory and its variants. To be sure, 
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Fic. 9. Smoothed-out curves for selected experimental angular 
distributions from Figs. 2, 6, and 8. The /,=0 and /,=2 curves 
are for 0=3.86 Mev and 4.43 Mev in Zn®(d,p). The /,=1 and 
1, =3 curves are for 0=6.90 and 8.01 Mev in Zn*"(d,p). The 1,=4 
curve is for 0=3.78 Mev in Zn*8(d,p). These particular distribu- 
tions were selected in the belief that they are relatively free of 
unresolved contributions having different /,. 
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our empirical curves are for rather disparate Q values, 
but we have found,!*-* for 7,=1 at least, that the 
position of the maximum appears to be rather insensi- 
tive to the magnitude of Q, for 10-Mev incident deu- 
teron energy. 

Comparison of empirical angular distributions with 
theoretical curves becomes somewhat unreliable as a 
method for determining /, for moderate or high values 
of Z, because a complete theoretical treatment of the 
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problem, which omits no factor of importance and 
from which differential cross sections can be computed 
without elaborate computational aids, is not available. 
The Butler derivation, in particular, contains several 
simplifying assumptions whose validity is especially 
questionable as Z becomes fairly large. The behavior 
of the empirical distributions as shown in Fig. 9 
encourages us to believe that our assignments of /, are 
meaningful. 
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The (p,a) reactions induced by 23-Mev protons in targets of a wide range of atomic number were studied 
by observing the outgoing alpha particles. Alpha-particle energy distributions and absolute differential cross 
sections were measured at 30, 60, 90, 120, and 150 degrees. For targets of atomic number <50, the energy 
spectra and angular distributions indicate that most of the alpha particles are produced in compound nucleus 
reactions ; however, there is evidence that the Coulomb barriers of the excited compound nuclei are somewhat 
lower than those of ground state nuclei. The alpha particles from the heaviest elements and the high-energy 
parts of the spectra from lighter targets are strongly forward peaked and are produced by direct interaction 
reactions. Total (f,a) cross sections vary from 175 mb for Al to 3.8 mb for Pt. 


INTRODUCTION 


HE properties of particles emitted in nuclear 
reactions are influenced by the nuclear processes 
involved in the reactions. If the energy level spacings 
of the residual nuclei are smaller than the energy 
resolution of the instruments used to study the emitted 
particles, the observed energy distributions are 
smoothly varying. The statistical theory of nuclear 
reactions predicts particles emitted from compound 
nucleus reactions to have energy distributions that are 
Maxwellian and characterized by the temperatures of 
the residual nuclei; in the case of charged particles, 
these energy distributions are altered by the Coulomb 
barrier, which is usually thought to be a function of 
nuclear size. 
A number of studies of (~,a) reactions have been 
reported ;!—-"* however, these have all used targets of 
* Present address: University of Pittsburgh, Pittsburgh, Penn- 
sylvania. 
+ Operated for the U. S. Atomic Energy Commission by Union 
Carbide Corporation. 
1]. W. Cronin, Phys. Rev. 101, 98 (1956). 
2H. A. Hill and J. M. Blair, Phys. Rev. 104, 198 (1956). 
3]. G. Likely and F. B. Brady, Phys. Rev. 104, 118 (1956). 
4 Weber, Davis, and Marion, Phys. Rev. 104, 1307 (1956). 
5 Marion, Weber, and Mozer, Phys. Rev. 104, 1402 (1956). 
® Squires, Bockelman, and Buechner, Phys. Rev. 104, 413 
(1956). 
7R. Malm and D. R. Inglis, Phy~. Rev. 95, 614 (1954). 
§ Almqvist, Clarke, and Paul, Phys. Rev. 100, 1265 (1955). 
® A. Sperduto and W. W. Buechner, Phys. Rev. 100, 961 (1955). 
1 Paul, Clarke, and Sharp, Phys. Rev. 90, 381 (1953). 
1 Phillips, Famularo, and Gossett, Phys. Rev. 91, 462 (1953). 


light nuclei, and most have dealt with the ground state 
or low-energy excited levels of the residual nuclei. 

In the work reported here, a survey of (p,q) reactions 
induced by 23-Mev protons was made by observing 
the outgoing alpha particles from targets of a wide 
range of atomic number. Energy distributions and 
absolute differential cross sections were determined at 
several angles to the proton beam. 


EXPERIMENTAL 


The energy-analyzed external 23-Mev proton beam 
of the ORNL 86-in. cyclotron was used for these 
experiments. The beam was collimated and passed 
through thin foils of the targets being studied and into 
a Faraday cup which monitored the beam. The out- 
going alpha particles were observed through holes 
located in the wall of the 11-in. diameter scattering 
chamber at angles of 30, 60, 90, 120, and 150 deg from 
the proton beam. 

The particles were detected by a proportional counter 
—scintillation counter telescope. The scintillation 
counter consisted of a 0.1-in. thick CsI(T]) crystal and 
a Dumont 6291 photomultiplier tube. Energy distri- 
butions were determined by pulse height analysis of 
the scintillation counter pulses; a coincidence gate on 
the 20-channel pulse height analyzer was triggered with 
proportional counter pulses which passed an integral 

12 W. A. Fowler and R. G. Thomas, Phys. Rev. 91, 473 (1953). 


18 P. H. Stelson, Phys. Rev. 93, 925 (1954). 
4 E, Newman and W. L. Alford, Phys. Rev. 94, 748 (1954). 
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Fic. 1. (~,a) data for copper. The data are not corrected for 
particle energy loss or center-of-mass motion. There is no signifi- 
cance to the vertical position of each set of data; the high-energy 
parts of each set of data approach zero count. 


discriminator; thus, background pulses were eliminated 


from the data. The 2-in. thick proportional counter 
was filled to a pressure of 12 cm Hg with a 90% argon 

10% methane gas mixture. The scintillation crystal was 
mounted directly in the wall of the proportional counter. 
The particles passed through absorbers, including mica 
window and proportional counter gas, and through a 
light reflector equivalent to 3 mg/cm? of aluminum 
between the target foils and the scintillation detector. 

An energy calibration of the scintillation detector 
was obtained with the ground-state alpha particles 
from the F"(p,a)O"* reaction. A thin Teflon film was 
used as the target. Aluminum absorbers were used to 
obtain lower energy alpha particles. Natural alpha 
particles from Po” and from U** were also used. A 
scintillation pulse height vs energy curve was obtained 
for alpha particles ranging in energy from 2.5 Mev to 
25 Mev. Pulse heights of elastically scattered protons 
were also measured. The results were such that if the 
pulse height vs energy curve for protons is represented 
by £,=kN (E, is the proton energy in Mev and N is 
the pulse height), the curve for alpha particles above 
~4 Mev is represented by (Z,—1.5)=kN. 

The scintillation pulse heights of protons elastically 
scattered from the targets were checked frequently 
during the experiments, and the photomultiplier tube 
voltage was adjusted to maintain the same value of &. 

The energy calibration for alpha particles was ob- 
tained at the beginning of the series of experiments and 
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Fic. 2. (p,a) data for silver. The data are not corrected for 
particle energy loss or center-of-mass motion. There is no signifi- 
cance to the vertical position of each set of data; the high-energy 
parts of each set of data approach zero count. 


repeated four months later. There was no shift in the 
energy calibration. In general, the absolute energy 
calibration is accurate to within } Mev at all energies. 

Energy losses of the particles in the target foils and 
between the targets and detector limited energy dis- 
tribution measurements to energies 25 Mev. The 
energy distributions of the lightest targets studied were 
the only ones affected by this limitation. The peaks of 
the energy spectra from aluminum were observed only 
at angles less than 90 degrees. However, the similarity 
of the high-energy part of the energy distribution at all 
angles and the small anisotropy of the alpha-particle 
spectra (except the high-energy tails) for all heavier 
targets with Z<50 indicated that the alpha particles 
produced by (f,a) reactions in aluminum are emitted 
almost isotropically. Alpha-particle spectra from a 
magnesium target were also observed. The target used 
was thick enough (6.2 mg/cm?) that the peak of the 
energy distribution was not observed at any angle. 
The high-energy parts of the spectra were very similar 
to those of aluminum. 

The procedure for taking data was as follows. A 
target wheel with six target foils was mounted on a 
motor-driven shaft in the scattering chamber; to 
change targets, the motor was operated remotely from 
the counting room. The proportional counter was filled 
with gas at the beginning of each day’s run. The 
scintillation pulse height spectrum without propor- 
tional counter gating was observed, and the photo- 
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Fic. 3. Energy distribution of alpha particles observed from 
copper. The curve is drawn through the 120- and 150-deg data. 
The curve labeled oc shows the barrier penetration factors as a 
function of alpha-particle energy for the Coulomb barrier that 
has been measured in (a,”), (a,2n), and (a,3m) reactions. 


multiplier tube voltage was adjusted to position the 
peak from elastically scattered protons to the proper 
value. The pulse height spectrum of the proportional 
counter pulses in coincidence with scintillator pulses 
was observed; from this the desired integral discrimi- 
nation level was determined. The proportional counter 
pulses were then used to gate the 20-channel pulse 
height analyzer which recorded the alpha-particle 
spectrum. 

The spectrum from each target was observed at each 
detector position three or more times over a period of 
several weeks. The data obtained from two targets are 
shown in Figs. 1 and 2. These data show the energy 
distributions of the particles observed by the scintil- 
lation detector. The counting statistics are indicated 
for typical data points. Smooth curves were drawn 
through the accumulated data plots for each target and 
detector position ; these curves were corrected for energy 
absorption and center-of-mass motion to determine the 
energy distributions of the alpha particles. 
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Fic. 4. Energy distribution of alpha particles observed from 
palladium. The curve is drawn through the 120- and 150-deg data. 
The curve labeled o, shows the barrier penetration factors as a 
function of alpha-particle energy for the Coulomb barrier that 
has been measured in (a,n), (a,2m), and (a,3m) reactions. 
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Fic. 5. Energy distribution of alpha particles 
observed from platinum. 


RESULTS 


Energy distributions of the alpha particles observed 
at 30, 60, 90, 120, and 150 deg to the proton beam for 
targets of Cu, Pd, and Pt are shown in Figs. 3, 4, and 
5, respectively. Each group of points represents the 
average of three or more runs corrected for energy losses 
between target and detector and for center-of-mass 
motion. The spectra from Ni and Zn are almost identical 
to those from Cu; the spectra from Ag and Rh are 
almost identical to those from Pd; and the spectra from 
Au are almost identical to those from Pt. Energy 
distributions of the alpha particles observed from Al, 
Cu, Pd, and Pt targets at 90 deg are shown in Fig. 6 
for comparison. 

In Fig. 7 measured values of the differential cross 
sections for (p,@) reactions induced by 23-Mev protons 
are shown for all targets studied. In Table I average 
Q values for (pa) and (p,m) reactions are listed for all 
targets studied. The total (~,a) cross sections are also 
listed in Table I; in addition, the best estimates of 
cross sections for (p~,a) reactions by direct interaction 
are shown. 

The energy distributions for targets of atomic 
number less than ~50 are characterized by broad 
maxima that fall sharply to zero on the low-energy 
side; the energies of the maxima increase with atomic 
number of the target; the angular distributions are 
peaked forward, but the anisotropies are not large 
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Fic. 6. Energy distribution of alpha particles observed from 
aluminum, copper, palladium, and platinum at 90 deg. 





(p,a) REACTIONS 
except in the high-energy tails (see Fig. 8). For the 
heaviest elements studied, the maxima in the energy 
distributions occur near the highest energy, and the 
angular distributions are strongly forward at all 
energies. 

The alpha-particle energy distributions and the cross 
sections for targets of neighboring atomic number are 
very similar. The data show no large effects associated 
with variation of Q values or to evenness or oddness of 
mass or atomic number of the residual nuclei. 


DISCUSSION 


The general features of the data from all but the 
heaviest elements are in qualitative agreement with 
the expectation from a compound nucleus theory. In 
particular, the angular distributions are generally quite 
isotropic and the energy spectra are peaked at low 
energy. In fact, in the latter lies the most striking 
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Fic. 7. Differential (~,@) cross sections for 23-Mev protons 
on the various targets studied. 


difficulty in explaining the data in detail, namely, that 
the majority of the alpha particles are emitted with an 
unusually low energy. This may be explained to be 
due to either an unusually low Coulomb barrier, or 
unusually low nuclear temperature. 

The low Coulomb barrier explanation is, at first, 
not appealing since, in accordance with the reciprocity 
theorem, the barrier encountered by alpha particles 
leaving the nucleus must be identical with that en- 
countered by alpha particles entering the nucleus. The 
latter has been well measured in experiments which 
determine (a,m), (a,2n), (a,3n), (a,pn), and (a,fission) 
excitation functions'® 20. the results of several such 


WE. L, L. Kelley and E. Sent: Phys. Rev. dng 999 (1949), 

16S, H. Ghoshal, Phys. Rev. 80, 939 (19 50). 

17 Bleuler, Stebbins, and Tendam, Phys. Rev. 90, 460 (1953). 

’K.G. Porges, Phys. Rev. 101, 225 (1956). 

1% Vandenbosch, Thomas, Vandenbosch, Glass, and Seaborg, 
Phys. Rev. 111, 1358 (1958); quoted by J. O. Rasmussen, Revs. 
Modern Phys. 30, 424 (195 

» Kerlee, Blair, and Fare, Phys. Rev. 107, 1343 (1957). 
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TABLE I. (p,a) and (p,m) Q values and (f,a) cross sections for 
23-Mev protons on the targets studied. The accuracy of total 
o(p,a) values, for all targets except Al, is +20% (95% confidence 
interval), and the accuracy for the direct interaction values is 
15%. 





ev Total o(p,a) 
(p.m) (mb) 


—4.8 175450% 
—9.5 93.5 
—3.9 122 
—6.5 147 
—1.5 32.2 
—3.3 24.9 
—1.7 32.2 0.34 
—1.9 3.8 ~1.0 
—7.9 5.0 ~1.0 


aes —- ¢ (P.a) direct a, 


o(b, @) total 


0.20 
0.25 
0.30 
0.25 
0.34 
0.35 


(p,a) 

+2.5 
—0.7 
+3.7 
+2.1 
+6.2 
+2.9 
+6.2 
+6.3 
+7.6 


experiments are given in Table II where the barrier 
penetration factors are expressed in terms of the radius 
parameter ro that corresponds with the tables of Blatt 
and Weisskopf.” Optical model analyses of the data 
from elastic scattering of alpha particles yield reaction 
cross sections and interaction radii”~* for alpha par- 
ticles that correspond to ro values as large as 1.7 fermis 
(1 fermi=10-" cm); however, these include contri- 
butions from direct interaction processes and are 
therefore overestimates. 

Most of the data for alpha particles entering the 
nucleus are in excellent agreement with the barrier 
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Fic. 8. Angular distributions of alpha particles from (p,«) 
reactions in various targets. The dotted curves show the relative 
heights of the peaks of the energy distributions; the solid curves 
show the relative height of the energy distributions at the highest 
energies for which data were reliable at all detection positions. 
There is no significance to the vertical position of each pair of 
curves. 


21 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 353. 
a Igo, Phys. Rev. Letters 1, 72 (1958). 
957). . Cheston and A. E. Glassgold, Phys. Rev. 106, 1215 


(19 
™ G. Igo and R. M. Thaler, Phys. Rev. 106, 126 (1957). 
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TABLE II. Measured cross sections of reactions induced by 
alpha-particles and protons in heavy nuclei. Results of experi- 
ments are expressed as ro values in tables from Blatt and 
Weisskopf* which give cross sections that fit the data. 


Reaction ro (fermis) Reference 





(15) 
(16) 
(17) 
(18) 
(18) 


(a,2n) +(a,3n) 

(a,n) +(a,2m) 

(a,") +(a,2m) 

(a,n) +(a,2n) +(a,pn) 
(a,") +(a,2n) +(a.pn) 
(a,fission +spallation) 
(a,a 

(p, fission) 

(p, fission) 


n 


min Dainin rnin 
in 


oun 


About 60 nuclei 
ranging from Ni® 


to Gd's7 (p.m) 1.50 (average) 





® See reference 21. 


penetration factors (actually, the cross sections for 
alpha-particle capture) calculated by Blatt and 
Weisskopf# for ro>=1.5 fermis. There is, moreover, 
extensive evidence that approximately this value of 
ro corresponds to the barrier encountered by protons 
entering the nucleus as determined by (p,m)** and 
(p,fission)**.*" excitation functions. 

There is thus a strong temptation to attribute the 
low energies of the peaks of the alpha-particle energy 
distributions to unusually low nuclear temperatures. 
The consequences of this explanation were investigated 
and the results are summarized in Tables III and IV. 
The a values are the values of the parameter a, in the 
level density formula w(e)=c exp(ae)!. It is seen that 
the low nuclear temperature explanation of the data 
leads to several major difficulties. 

(1) The temperatures thus obtained are much lower 
than those encountered in any previous experiment. 
For example, the values obtained require the a to be 
about 190 Mev for Ni-Cu-Zn and about 80 Mev™ 
for Rh-Pd-Ag, whereas it was generally found to be 
between 5 and 50 Mev~ in the most reliable previous 
experiments.”* It is also unusual for a to decrease as A 
increases. The agreement is even worse when a com- 
parison is made with the nuclear temperature obtained 
from (a,p) reactions, since, according to the reciprocity 
theorem, the reaction mechanism must be the same as 
that of the (p,a) reactions studied here. The values of 
a obtained from (a,p) experiments are ~5 Mev.” 

(2) If the nuclear temperatures were actually as low 
as required for this explanation of the energy spectra 
(0.6 Mev for the peaks of Ni-Cu-Zn energy distribu- 
tions and 0.85 Mev for the peaks of Rh-Pd-Ag energy 
distributions), (p,a) reactions would be extremely rare. 
Neutron emission [i.e., (~,m) reactions] would pre- 
dominate by many orders of magnitude and even 


25 Blaser, Boehm, Marmier, and Scherrer, Helv. Phys. Acta 
24, 441 (1951); Blaser, Boehm, Marmier, and Peaslee, Helv. Phys. 
Acta 24, 3 (1951). 

( 26G. H. McCormick and B. L. Cohen, Phys. Rev. 96, 722 
1954). 

37 C. B. Fulmer (to be published). 

28 G. Igo and H. E. Wegner, Phys. Rev. 102, 1364 (1956). 

® Eisberg, Igo, and Wegner, Phys. Rev. 100, 1307 (1955). 
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inelastic proton scattering would be far more probable. 
Even when the large positive Q value for (p,a) reactions 
are taken into account, the low nuclear temperature 
explanation predicts that (~,”) cross sections should 
be, for example, about 2000 times larger than (p,q) 
cross sections, whereas the experimental ratio is only 
about 30. 

(3) In addition to the difficulty in explaining the 
absolute values of the (p,a) cross sections, low nuclear 
temperatures would predict very great sensitivities of 
these cross sections to Q values and bombarding energy. 
For example, they would predict the (p,a) cross section 
for Ag to be 20 times as large as it is for Pd; actually, 
it is larger by only about 25%. The low nuclear tem- 
perature explanation predicts a (p,q) cross section 
decrease by a factor of 30 for a proton energy change 
from 17 Mev to 23 Mev. The experimental change 
measured for a large number of elements is an increase 
by a factor of ~2.¥ 

The foregoing results of the low nuclear temperature 
explanation of the data are similarly obtained from 
Ni and Cu data (see Table IV). 

These results would be exaggerated if the energy 
calibration of the detector were too low. The effect on 
the results was investigated by assuming the energy 
calibration to be 4 Mev too low at tall energies. The 
nuclear temperature thus obtained for the peak of the 
energy distribution of alpha particles observed from 
Rh-Pd-Ag is 0.95 Mev for ro=1.5. This predicts for 
Pd a ratio of (p,m) to (p,a) cross sections equal to 250; 
it predicts the ratio of the (p~,a) cross sections for Ag 
to be 6.5 times as large as for Pd; and it predicts the 
(p,a) cross section for Pd to increase by a factor of 25 
for a proton energy change from 17 to 23 Mev. Thus, 
the difficulties resulting from the low nuclear tempera- 
ture explanation of the data cannot be attributed 
entirely to any inaccuracy in the energy calibration of 
the detector. 

In view of the resulting difficulties of the “low nuclear 
temperature” explanation of the low energies of the 
peaks of the observed alpha-particle energy spectra, a 
re-examination of the “reduced Coulomb barrier” 
explanation seems to be in order. One difference between 
the barriers encountered in (p,a) reactions or (p,m) 
reactions and those encountered in (a,m) reactions is 
that in the former, ground state nuclei are involved, 
whereas, in the latter, the nuclei are in highly excited 
states. It is easily conceivable that the Coulomb barrier 
in a highly excited nucleus is considerably lower than 
in a ground state nucleus. For example, Hill and 
Wheeler* have proposed that highly excited nuclei are 
strongly distorted; portions of the nuclear surface are 
thus quite far from the center of charge, so that the 
Coulomb barriers are reduced. As another example, 
Lane* has pointed out that the nuclear surface should 


*C. B. Fulmer (to be published). 
=D. L. Hill and J. W. Wheeler, Phys. Rev. 89, 1102 (1953). 
= A. M. Lane (private communication). 
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TABLE III. Values of the level density parameter a (in Mev~") obtained from the data for Coulomb barriers that 


correspond to various values of ro and values of @ obtained from other experiments. 








ro=1.5 fermis 


ro =1,7 fermis 


From other 


ro =1.9 fermis experiments* 





Ni-Cu-Zn 190 
Rh-Pd-Ag 80 
Pd (if energy 

calibration 

is } Mev too 

low) 


6-30 


82 46 
5-50 


66 38 











* See reference 28. 


be considerably more diffuse for a highly excited nucleus 
than for a nucleus in its ground state. Thus, the point 
at which the Coulomb force is neutralized by the nuclear 
force is at a somewhat larger radius for the former, and 
the Coulomb barrier is effectively reduced. After con- 
sideration of the difficulties of the “low nuclear tem- 
perature” explanation, the “lowered Coulomb barrier” 
explanation seems to be the more appropriate one. 
The results obtained by assuming Coulomb barriers 
corresponding to ro>=1.7 fermis and ro>=1.9 fermis are 
shown in Tables III and IV.'It is seen that a barrier 
corresponding to ro=1.9 fermis removes much of the 
difficulty encountered by the “low nuclear tempera- 
ture” and conventional barrier explanation discussed 
above. For this barrier, a nuclear temperature of 1.2 
Mev, corresponding to a=46 Mev~, satisfies the peak 
of the energy distributions of alpha particles from 
Ni-Cu-Zn, and a nuclear temperature of 1.3 Mev, 
corresponding to a=38 Mev™, satisfies the peaks of 
the energy distributions from Rh-Pd-Ag. The lower 
Coulomb barrier predicts (p,m) to (p,a) ratios that are 
not in sharp disagreement with experimental results. 
It also predicts variations of (~,~) cross sections with 
Q values and proton energies that agree reasonably 


well with experiment. Almost as good agreement with 
experiment is obtained if it is assumed that the energy 
calibration of the detector is } Mev too low, and an 
ro value of 1.7 is used to compute ratios of o(p,m) to 
a(p,a), dependence of o(p,a) on Q values, and de- 
pendence o(p,a) on proton energy. However, this value 
of ro is larger than any obtained from alpha-particle 
reactions with ground state nuclei. There is thus strong 
evidence that a “lower Coulomb barrier” explanation 
of the data gives much better agreement between 
experiment and theory than does the “low nuclear 
temperature” explanation. 

In a previous paper® evidence was reported from a 
(p,an) excitation function that Coulomb barriers are 
not lowered when alpha particles are emitted from 
nuclei. However, recent redeterminations of nuclear 
masses reveal that the Q values used in that work 
were in error by 2.5 Mev. If this correction is taken 
into account, those data are in good agreement with 
the results reported here. 

The energy distributions of the alpha particles from 
Ni-Cu-Zn are in reasonable agreement with that of 
photo-alpha particles from cobalt** and copper.*® The 
principal parts of the spectra of Rh, Pd, and Ag 


TABLE IV. Some results predicted by theory for Coulomb barriers that correspond to various values of ro; 


experimental results are shown for comparison. 











ro =1.5 fermis 


ro =1.7 fermis 


ro =1.9 fermis Experimental results 





2000 
250 


20 
6.5> 


o(p,a); Ep=17 Mev 30 


o(p,a) for Ag 
o(p/a) for Pd 


for Pd 





o(p,a); Ep=23 Mev 25> 


o(p,n) 
for Cu 100 
o(p,a) 


o(p,a) for Cu 
35 
o(p,a) for Ni 


100 20 30 
40> 
10 1.25 
5b 
2.5 ; 0.5* 








® See reference 30. 


> These values would be predicted if the energy calibration of the alpha-particle detector were } Mev too low. 


® Cohen, Newman, Charpie, and Handley, Phys. Rev. 94, 620 (1954). 
*«M. Elaine Toms and William E. Stephens, Phys. Rev. 95, 1209 (1954). 
35 M. Elaine Toms and John McElhinney, Phys. Rev. 111, 561 (1958). 
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Fic. 9. Energy spectra, plotted as logio(N/o-E), for alpha 
particles from nickel, palladium, and silver at 150 deg. The solid 
curves show the observed spectra. The dotted curves show the 
spectra that would be observed if all the alpha particles were 
produced in compound nucleus reactions with a single value of a 
for each target (see text). 


reported here are in reasonable agreement with that 
from 17-Mev protons on Rh observed by Brady at 
Princeton.** 

The high-energy parts of the observed alpha-particle 
energy spectra and the entire spectra from the heaviest 
elements are characterized by forward-peaked angular 
distributions. This is generally interpreted as an indi- 
cation that these reactions proceed by some sort of 
direct interaction. If it is assumed that this direct 
interaction has zero cross section at 150 deg and that 
deviations of the spectra observed at other angles are 
due to direct interactions, the cross sections for the 
direct interactions are <10% of the total (p,@) cross 
section for Al and for Ni-Cu-Zn, ~20% for Rh-Pd-Ag, 
and >95% for Pt-Au. 

In a detailed consideration of direct interactions, 
however, there is little reason to expect strongly forward 
angular distributions since the momenta of the emitted 


36 The (p,a) spectra from 17-Mev protons on Rh, observed by 
Brady, are discussed by R. Sherr in the Proceedings of the 
University of Pittsburgh Conference on Nuclear Structure, June 
6-8, 1957 (unpublished). 
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alpha particles are much larger in absolute value than 
the momenta of the incident protons. Some of the 
spectra observed at 150 deg are shown in Fig. 9, plotted 
as logi(N/o-£) vs E. The dotted curves show the 
spectra one would expect if all the particles were 
produced in compound nucleus reactions. If the 
deviations are taken as a measure of direct interaction, 
the fraction of all (p,@) reactions with 23-Mev protons 
on targets with ZS 50 proceeding in this way is [35%. 

There is little doubt that the alpha particles observed 
from Pt and Au are produced by direct interaction. 
Even the lowered Coulomb barrier, which satisfies the 
data from lighter targets, and a nuclear temperature 
of 1 Mev, which is quite low, lead to the prediction 
that the ratio of (p,m) to (p,a) cross sections is greater 
than 1000. 


CONCLUSION 


The results of this survey of (p,a) reactions show that 
some of the alpha particles from all targets and all of 
them from targets of high atomic number result from 
direct interaction. For targets of atomic number $50, 
a large fraction of the alpha particles result from 
compound nucleus reactions. The most important 
result, however, is evidence that the Coulomb barrier 
encountered by an alpha particle leaving an excited 
compound nucleus is appreciably lower than that 
encountered by an alpha particle entering a ground 
state nucleus. 

This study of (p,@) reactions is being extended by 
determination of (~,a) excitation functions and energy 
distributions of the alpha spectra for incident protons 
of various energy values. The results will be reported 
in a later paper. 
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Evaluation of Bremsstrahlung Cross Sections at the High-Frequency Limit 
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Recent experimental values for the bremsstrahlung cross section near the high-frequency limit with 
electron energies from 0.05 to 15 Mev and with target atomic numbers from 13 to 79 are compared with 
theoretical estimates. Calculations made to lowest order in Z/137 show large differences with the experi- 
mental results for large Z. Improved estimates, derived by detailed balancing arguments from more accurate 
photoelectric cross sections, agree reasonably well with the experimental results throughout the indicated 


range of electron energies and atomic numbers. 


HEORETICAL estimates of the bremsstrahlung 
cross section near the high-frequency limit have 
not been available for comparison with recent measure- 
ments.'~ In particular, Born-approximation calcula- 
tions’ break down completely at the high-frequency 
limit. The Bethe-Maximon method® does not apply, 
and the exact Sommerfeld calculations’ are only valid 
for nonrelativistic electron energies (less than 10 kev). 
Only estimated corrections to the Born-approximation 
theory have been suggested.*® 
A Sauter approximation method has been recently 
developed? for calculating the cross section at the high- 
frequency limit. The method applies to an outgoing 
electron with velocity near to zero and involves an 
expansion in powers of Z/13789 and Z/137 instead of 
Z/1378 as used in the Born approximation. (89 and 8 
are, respectively, the incoming and outgoing electron 
velocities divided by the velocity of light.) In the 
Sauter approximation, detailed-balancing arguments 
can be used to relate this cross section to the photo- 
electric cross section for the A shell. Inspection of 
experimental data shows that for high-Z targets, the 
Sauter approximation is inadequate both for brems- 
strahlung (see Figs. 1-5) and photoelectric cross section 
calculations (see reference 5, p. 210, Tables II and III). 
However the connection between the bremsstrahlung 
and photoelectric processes is not restricted to the Sauter 
approximation ; on the contrary, one can relate the more 
accurate experimental and theoretical results available 
for the photoeffect to bremsstrahlung calculations. 
The detailed balancing connection between the 
photoelectric and bremsstrahlung cross section is based 


1J. W. Motz and R. C. Placious, Phys. Rev. 109, 235 (1958). 

2 J. W. Motz, Phys. Rev. 100, 1560 (1955). 

3N. Starfelt and H. W. Koch, Phys. Rev. 102, 1598 (1956). 

‘Fuller, Hayward, and Koch, Phys. Rev. 109, 630 (1958). 

5 See, e.g., W. Heitler, Quantum Theory of Radiation (Oxford 
University Press, Oxford, 1956), third edition, pp. 242-247. 

*H. A. Bethe and L. C. Maximon, Phys. Rev. 93, 768 (1954). 

7A. Sommerfeld, W ellenmechanik (Frederick Ungar Publishing 
Company, New York, 1950), Chap. 7. 

8G. Elwert, Ann. Physik 34, 178 (1939); E. Guth, Phys. Rev. 
59, 329 (1941). In addition, F. Nagasaka (University of Notre 
Dame thesis, 1955) and M. V. Mihailovic, Nuovo cimento 9, 331 
(1958), have carried out calculations at the high-frequency limit 
using Sommerfeld-Maue wave functions; however they do not 
discuss the significance of these wave functions at B=0. 

®U. Fano (to be published). 


on the following arguments. (a) Emission of brems- 
strahlung near the high-frequency limit may leave the 
electron in states with alternative sets of quantum 
numbers / and 7 (although the values /=0, j=} are 
most likely). (b) The wave function of a bound atomic 
electron with quantum numbers 2, /, 7, goes over at the 
limit »—>© into a free-electron wave function with 
the same quantum numbers / and j. This limit is 
approached rapidly by the values of the wave function 
near the nucleus, which alone are relevant, at relativistic 
energies, to the photoeffect or to the emission of x-rays 
at the high-frequency limit.!° (c) For the comparison 
of properties of highly excited bound states with 
quantum numbers n, /, j, with those of free particle 
states of the same / and j, each discrete bound state 
corresponds to a band of free particle states whose width 
equals the energy separation of successive bound states 
Enuy—En—u;. (d) Allowance must be made for differ- 
ences in the density of final states and in the velocities of 
the incident electron and x-ray for the processes of 
bremsstrahlung and photoeffect, respectively. 

On this basis, the probability that an electron of 
energy Eo emits a photon of energy k= Eo— mc? and is 
left with zero kinetic energy in a state with quantum 
numbers /, j, can be related to the cross section o,:; for 
absorption of a photon of energy k by 2j+1 electrons 
occupying an atomic subshell with quantum numbers 
nlj. The cross section for bremsstrahlung emission at 
the high-frequency limit is obtained by summing over 
all values of / and j and is 


do :, 2 
(Oat 
dk] k=Ev—ma Eqg+me 


Talj 


qj Eay— En RO 


The factor (Ho—mc*)/(Eo+mc), which is equal to 
k®/Bopolioc takes into account that (a) the numbers 
of states available for bremsstrahlung and _ photo- 
electron emission are in a ratio k?/poEoc, and (b) the 
ratio of the incident beam velocities for bremsstrahlung 
and photoeffect is Bo. 

For high-energy photons and for an electron shell of 
given n, the photoelectric cross section, ono), of the s; 

10 The screening action of atomic electrons differs in the photo- 
electric and bremsstrahlung processes, but this difference should 
be very small near the nucleus. 
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subshell exceeds greatly the cross section for the other 
subshells. More specifically, the ratio on1;/on0; for 10 is 
generally larger than one at the photoelectric threshold 
of the mth shell but decreases rapidly with increasing 
photon energy and eventually becomes much smaller 
than one." Therefore, a first simplification, to be called 
simplification A, can be made by disregarding the terms 
with /+0 of the sum in (1). These terms are actually of 
higher order in Z/1378o and have therefore been dis- 
regarded in the Sauter approximation treatment of 
reference 9. Another important simplification, to be 
called simplification B, holds in the Sauter approxima- 
tion and will be utilized in this paper; it consists of 
replacing the ratio 


lim [on0x/(Enoy— En—104) } 


at the series limit with a ratio appropriate to the K-shell 
state, namely, o10;/(Z/137)?mc?. 

Even though more information is available on the 
cross section for the photoelectric effect than for 
bremsstrahlung at the spectral limit, the information is 
not quite adequate for the evaluation of the right side 
of (1). Most of the data pertain to the photoeffect in 
the K shell, i.e., to m=1 and J=0. Accordingly we shall 
use Eq. (1) as a guide to indicate what error is incurred 
by performing the simplifications A and B and we will 
substitute a better value of the K-shell cross section 
710; than is provided by the Sauter approximation. The 
available data on the photoelectric cross sections are 
discussed by Bethe and Salpeter," p. 381 ff.; by 
Heitler,® p. 207 ff.; and by Grodstein.” 

As a first evaluation of the bremsstrahlung cross 
section at the spectral limit, we have taken the Sauter 


TABLE I. Bremsstrahlung cross sections 
at the high-frequency limit. 








Electron (millibarns) 
kinetic 
energy 
(Mev) Sauter-Fano 


0.05 Al 39.5 21 
Au 240 23 
0.50 Al 1.64 1.3 
Au 9.97 3.4 
1.00 Al 0.954 0.71 
Au 5.80 1.8 
4.5 Au 4.3 2.0 
15.1 Al 0.698 0.55 
Au 4.23 1.77 
W 3.97 1.66 


2 -|=] ka Bg—me* 
Corrected 
Sauter-Fano 


Experimental 
(extrapolated) 


21+2 
3143 
1.5+0.6 
5.2+2.0 
0.6+0.3 
1.7+0.7 
1.80.3 


Target 





(1.47+0.44) 
1.38+0.41 








See, e.g., H. A. Bethe and E. Salpeter, Encyclopedia of Physics 
(Springer-Verlag, Berlin, 1957), Vol. 35, pp. 393-394. 
White Grodstein, Natl. Bur. Standards Circ. No. 583 
(1987). 
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approximation result from reference 9 which is 


da 
(5) 

dk ke=Eo—mc* 

Zz e\? Eyme 
Ae a 
(137)?\meJ (Eo— me)? 


4 Eo(Eo—2mce*) mc? 1 1+Bo 
3 mc?(Eo+mce*) 2Bo 1—Bo 
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Fic. 1. Dependence of the bremsstrahlung cross section 
integrated over photon angle on the photon energy for 0.05-Mev 
electrons. The Born-approximation cross sections are shown by the 
solid curve, and the experimental values are shown by the open 
circles for gold and the closed circles for aluminum. The Sauter- 
Fano and corrected Sauter-Fano arrows indicate the theoretical 
cross sections at the high-frequency limit which are estimated from 
the relationship between the bremsstrahlung and photoelectric 
processes. 


This equation has been derived by applying the simpli- 
fications A and B to Eq. (1) and by adopting the Sauter 
cross section for the photoelectric effect in the K shell. 
The values obtained in this manner are compared with 
experimental results in the figures and in Table I, where 
they are labeled “‘Sauter-Fano.” 

It is known®"'!? that the Sauter formula greatly 
overestimates the true values for the photoelectric 
cross section. Therefore, as a next step of approximation 
the Sauter value of 010, was replaced with more accurate 
theoretical values as described below for the various 
energy ranges. The resulting estimates of the brems- 
strahlung cross section are called “corrected Sauter- 
Fano.” No attempt was made to correct for the simpli- 
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fications A and B, whose quantitative influence is 
discussed in the concluding paragraph. 

A detailed comparison between the experimental and 
theoretical results requires a certain amount of analysis 
to reduce data from different experiments to a common 
basis. The comparison is presented in Figs. 1-6. 
Figures 1-5 show the dependence of the bremsstrahlung 
cross section integrated over photon angle on the 
photon energy for given electron energies and target 
materials. The data for these figures were obtained as 
follows: 
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Fic. 2. Dependence of the bremsstrahlung cross section 
integrated over photon angle on the photon energy for 0.50-Mev 
electrons. The Born-approximation cross sections are shown by 
the solid curve, and the experimental values are shown by the 
open circles for gold and the closed circles for aluminum. The 
Sauter-Fano and corrected Sauter-Fano arrows indicate the 
theoretical cross sections at the high-frequency limit which are 
estimated from the relationship between the bremsstrahlung and 
photoelectric processes. 


(1) In Fig. 1, the experimental results obtained in 
reference 1 for 0.05-Mev electrons are shown by the 
open circles for gold and the closed circles for aluminum. 
The solid curves give the cross sections predicted by 
the Born-approximation calculations. [See reference 5, 
Eq. (16), p. 245.] At the high-frequency limit, theo- 
retical values for the cross section are indicated by the 
arrows. As discussed in the foregoing, the Sauter-Fano 
values which are obtained from Eq. (2), are only valid if 
(Z/13780)<K1, and are seen in Fig. 1 to be much larger 
than the experimental values for both aluminum and 
gold. The corrected Sauter-Fano values are obtained by 
multiplying the Sauter-Fano values with the ratio of 
photoelectric cross sections for the K shell that are 
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Fic. 3. Dependence of the bremsstrahlung cross section 
integrated over photon angle on the photon energy for 1.0-Mev 
electrons. The Born-approximation cross sections are shown by the 
solid curve, and the experimental values are shown by the open 
circles for gold and the closed circles for aluminum. The Sauter- 
Fano and corrected Sauter-Fano arrows indicate the theoretical 
cross sections at the high-frequency limit which are estimated 
from the relationship between the bremsstrahlung and photo- 
electric processes. 


derived by “exact” and by Born-type calculations. In 
the case of aluminum, we used the ratio f as discussed 
and defined by Eq. (15), p. 208 in reference 5. In the 
case of gold, we used the same ratio extrapolated 
according to the procedure of Lewis." 

(2) In Figs. 2 and 3, the experimental results 
obtained in reference 2 for 0.50- and 1.0-Mev electrons, 
respectively, are shown by the open circles for gold and 
the closed circles for aluminum. The solid curves give 
the Born-approximation cross sections. The theoretical 
cross sections at the high-frequency limit are shown by 
the arrows and have the same designation as in (1). The 
corrected Sauter-Fano values were obtained by multi- 
plying the Sauter-Fano values by the ratio of (ox) Hu1me 
to (cx)sauter, Where (7x) Hulme is the photoelectric cross 
section for the K shell derived by Hulme ef al."* with 
exact relativistic calculations, and (ox) sauter is the same 
cross section derived in the Sauter approximation. 
This ratio was evaluated for both aluminum and gold 
from the Tables II and III in reference 5, p. 210. 

(3) In Fig. 4, the experimental results given for 
4.5-Mev electrons in reference 3 are shown for a gold 


13 Margaret N. Lewis, Natl. Bur. Standards Rept. 2457 (1953 
(unpublished). 

Hulme, McDougall, Buckingham, and Fowler, Proc. Roy. Soc 
(London) 149, 131 (1935). 
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Fic. 4. Dependence of the bremsstrahlung cross section 
integrated over photon angle on the photon energy for 4.5-Mev 
electrons. The Born-approximation cross sections are shown by 
the solid curve. The experimental values are shown by open 
circles and were inferred for gold from data that was differential 
in the photon angle. The Sauter-Fano and corrected Sauter-Fano 
arrows indicate the theoretical cross sections at the high-frequency 
limit which are estimated from the relationship between the 
bremsstrahlung and photoelectric processes. 


target. In order to obtain a cross section integrated over 
photon angle, the averaged ratios of the experimental 
results to the Born-approximation predictions as deter- 
mined by differential experiments and given in Fig. 11 of 
reference 3, were applied to the Born-approximation 
integrated cross sections calculated by means of Eq. (16) 
of reference 5. The result is shown in Fig. 4 for the 
energy region close to the high-frequency limit of a 
4.5-Mev spectrum. The solid curve is the Born-approxi- 
mation cross section. The theoretical values at the high- 
frequency limit are shown by the arrows. The correction 
factor to the Sauter-Fano value was taken as the ratio 
of the Nagasaka’® to the Sauter photoelectric cross 
section. The Nagasaka cross section was selected 
because this calculation was performed with the 
Sommerfeld-Maue wave function for the final state and 
the exact Dirac wave function for the initial state of the 
K electron. The calculation agrees with Hulme’s exact 
calculations at 0.69m0c? and 2.2moc? and should be 
more correct than any other calculation available. See 
reference 12 for a more detailed discussion. 

(4) In Fig. 5, the experimental results obtained in 
reference 4 are shown for 15.1-Mev electrons and for a 
0.010-in. tungsten target.'® The curves drawn in the 


18F, G. Nagasaka, thesis University of Notre Dame, 1955 
(unpublished) ; see also reference 12. 

16 Unfortunately, quantitative interpretations of the results in 
reference 4 are difficult because the targets used were relatively 
thick and required target corrections; and, more seriously, because 
the experiment showed evidences for multiple traversals. The only 
target from which the x-ray angular distribution showed no 
evidences for multiple traversals was the 0.010-in. tungsten 
target. Therefore, these data are the only results that are compared 
with the predictions of this paper. In making this comparison, the 
experimental points shown in Fig. 4(c) of reference 4 were shifted 
down by 50 kev. This small modification should provide a more 
suitable and justified assignment of an energy scale for the present 
case than the assignment used in reference 4. 
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Fic. 5(a). Dependence of the bremsstrahlung cross section 
integrated over photon angle on the photon energy for 15.12-Mev 
electrons and for a tungsten target. Curve 1 shows the Born- 
approximation cross section. The true cross section is assumed to 
be represented by curve 2 which has the Born shape below 14.74 
Mev and has a constant value above 14.74 Mev determined by the 
corrected Sauter-Fano value. (b) Dependence of the relative 
number of 15.12-Mev photons produced by electrons with kinetic 
energies of Eo—mc* in a tungsten target whose thickness was 
370 kev. Curve 1 is the Born-approximation yield curve corrected 
for target thickness; curve 2 is the yield curve calculated for 
spectra similar to curve 2 of (a) corrected for target thickness. 
The experimental points were obtained from the data of reference 
4. The cross-section value at the high-frequency limit as inferred 
from this comparison for tungsten is 1.65/1.20=1.38(+0.41) mb. 
The extrapolated value for gold is 1.47(+0.44) mb. 


upper part of Fig. 5 are (1) the Born-approximation 
spectrum derived from Eq. (16) of reference 5, and (2) 
the spectrum shape'’!* obtained from the corrected 


17 The analysis of the experiments at 15 Mev requires an 
estimate of the cross section for x-ray emission near the limit of the 
spectrum, because the target thickness was such as to make the 
incident electron energy inhomogeneous by ~0.4 Mev. This 
estimate involves an interpolation between the theoretical value 
expected at the limit and the Born-approximation value corre- 
pending to photon energies 1 or 2 Mev lower than the limit, since 
the Born-approximation value agrees with experiments rather well 
at lower photon energies. However, the Sauter approximation 
utilized in reference 7 provides no firm theoretical basis for the 
interpolation. Even less guidance is available regarding the 
variation of the corrective factor ox/(cx)Sauter which we have 
applied to the Sauter approximation value at the limit. 

18 Tt is remarkable that the Sauter approximation to the cross 
section at the limit is in error by a factor greater than two for 
high-Z targets, whereas the ordinary Born approximation provides 
a much higher accuracy for energies very close to this limit. This 
fact may be partially explained by the rapid variation of the 
minimum value of the nuclear recoil momentum, g, near the limit 
of the spectrum. In this range we have gmin~mc(mc?/E), where E 
is the energy of the electron after x-ray emission. It seems plausible 
that the Born approximation improves rapidly as soon as q 
becomes smaller than mc, i.e., as soon as the radiation originates 
outside the immediate vicinity of the nucleus. Another partial 





EVALUATION OF BREMSSTRAHLUNG CROSS SECTIONS 


Sauter-Fano value at the limit and from a constant- 
value interpolation to the Born spectrum. The Sauter- 
Fano value is also shown. The correction factor was the 
ratio of the Nagasaka to Sauter photoelectric cross 
sections. The experiment of reference 4 provides a test 
of curve (2) of Fig. 5(a) because the shape of the high- 
frequency end of the spectrum was examined by varying 
the primary electron kinetic energy and by examining 
the relative number of photons at 15.12 Mev as a 
function of electron energy. When the curve (2) is 
reinterpreted in terms of the photon yield at 15.12 Mev 
and corrected by the thick-target procedure of Penfold,” 
the result is the predicted curve (2) of Fig. 5(b). 
Curve (1) is the corrected Born-approximation brems- 
strahlung shape. The experimental points at 15.6, 15.9, 
16.18, and 17.07 Mev were averaged and normalized to 
the predicted curves at 16.40 Mev. The experimental 
data show a cross-section value that is approximately 
20% below the curve (2) of Fig. 5(a). The error limits 
are estimated to be +15% of this corrected end-point 
cross section. 

Experimental values for the bremsstrahlung cross 
section at the high-frequency limit were obtained by 
extrapolation of the experimental points, as shown by 
the dashed curves in Figs. 1-5. A summary of these 
values and the corresponding Sauter-Fano and the 
corrected Sauter-Fano values are shown by the solid 
and dashed curves, respectively, in Fig. 6. 

The corrected Sauter-Fano values are seen to agree 
reasonably well with the experiments. These estimates 
should probably be a Jittle lower than the true values for 
the following reasons: (a) The terms with /#0 in 
Eq. (1), which have been disregarded through simpli- 
fication A, are positive. These terms would probably 
yield contributions no larger than a very few percent 
of the corrected Sauter-Fano value for the low-Z 
targets at all energies and also for the tungsten target 


explanation may be the surmise that the errors introduced by the 
Born-approximation form of the wave functions before and after 
the emission of radiation cancel out when both §» and 8 are 
close to 1. This surmise is suggested by the mathematical form 
of the “Elwert factor.’’>* 

1” A. S. Penfold, University of Illinois report (unpublished). 
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Fic. 6. Dependence of the bremsstrahlung cross section 
integrated over photon angle at the high-frequency limit on the 
incident electron kinetic energy. The solid curves (Sauter-Fano) 
give the values calculated from Eq. (2) and the dashed curves 
(corrected Sauter-Fano) have been smoothly drawn through the 
values given in Table I. The experimental values which have been 
extrapolated to the high-frequency limit from Figs. 1-5 are shown 
by the open and closed circles for gold and aluminum, respectively. 


at 15 Mev. The contribution of terms with /=1 should 
be more substantial for the gold targets at ~ 1 Mev, and 
very substantial for gold at 0.05 mev. (In this last case 
the “impact parameter’’—defined as the ratio of h to 
the nuclear recoil momentum—is of the order of the 
L-shell radius whereas it is smaller than the K-shell 
radius for all other energies and targets.) (b) The 
difference in the photoelectric cross sections for the 
K-shell states and states at the s; series limit, which has 
been disregarded, arises from differences in the magni- 
tude and shape of the wave function near the nucleus. 
The difference in magnitude increases the cross section 
at the series limit by a factor (1+~7)/I'(2y+1), where 
I'(2y+1) is the gamma function and y= (1—Z?/137?)!. 
This factor is approximately 1.24 for gold (Z=79). 
This factor has not been taken into account in the 
figures because it has little influence as compared to 
other uncertainties in the discussion. The effect of shape 
differences in the wave function has not been evaluated. 
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The polarization of the beta rays from five negatron emitters has been studied by the method of Mller 
scattering in a magnetized NiFe foil. The scattered incident electron and the recoil electron from the target 
foil are detected in coincidence by two scintillation counters. The difference between the coincidence count- 
ing rates for the two directions of foil magnetization divided by the average rate gives a quantitative 
measure of the longitudinal polarization of the incident beta rays. Our experimental results are as follows: 
Pp, P= — (0.94+0.06)0/c; Y*, P= — (0.86+-0.06)0/c; Pr, P= — (0.9040.22)0/c; Au, P= — (0.98+0.18) 
Xv/c; and for RaE, P= —(0.69+0.10)v/c. The first four results may indicate a polarization magnitude 
slightly less than full —v/c. The differences are, however, within the range of possible systematic errors. The 
result obtained with RaE is significantly lower than the average of the other four results. This indicates a 


departure from —v/c polarization for this nuclide. 





I. INTRODUCTION 


VARIETY of experimental techniques has been 

used to demonstrate the longitudinal polarization 
of beta rays from randomly oriented nuclei. The longi- 
tudinal polarization of these beta rays is a consequence 
of the nonconservation of parity in beta decay. The 
polarization predicted theoretically depends on the 
nature of the beta interaction. The dominance of the 
vector and axial vector interactions now seems well 
established experimentally.! Assuming the two-com- 
ponent neutrino theory’ the polarization is, in first 
approximation,’ P=-+0/c, the sign being opposite for 
positrons and negatrons. Experimental studies have 
shown that negative beta particles have a longitudinal 
polarization in the opposite direction to their motion, 
while the longitudinal polarization of positive beta 
particles is along their direction of motion. Although a 
few of the early experiments suggested a polarization 
of considerably less than 2/c, e.g., for Au’* and Ga®,*-® 
the majority of the experimental measurements are 
consistent with a longitudinal polarization magnitude 
of v/c in both positive and negative beta decay, to 
within the experimental errors of 10-20%.’ 

Three methods have been used in studying the longi- 
tudinal polarization of negative beta rays. These are 
(a) conversion from longitudinal to transverse po- 
larization (analyzer or nuclear scattering) followed by 
a Mott scattering analysis of the transverse polariza- 


1 Herrmannsfeldt, Burman, Stihelin, Allen, and Braid, Phys. 


Rev. Letters, 1, 61 (1958). 

2T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957); 
A. Salam, Nuovo cimento 5, 299 (1957); L. Landau, Nuclear 
Phys. 3, 127 (1957). 

3G. E. Lee-Whiting, Can. J. Phys. 36, 252 (1958). 

4 Frauenfelder, Bobone, von Goeler, Levine, Lewis, Peacock, 
Rossi, and De Pasquali, Phys. Rev. 107, 909 (1957). 

5H. de Waard and O. J. Poppema, Physica 23, 597 (1957). 

* Frauenfelder, Hanson, Levine, Rossi, and De Pasquali, Phys. 
Rev. 107, 910 (1957). 

7C. S. Wu, Proceedings of the Rehovoth Conference on Nuclear 
Structure, edited by H. J. Lipkin (North-Holland Publishing 
Company, Amsterdam, 1958), p. 359. 


tion,*"° (b) measurement of the circular polarization 
of the bremsstrahlung by Compton scattering in 
magnetized iron," and (c) scattering of beta rays from 
longitudinally polarized electrons in a thin magnetized 
foil (M@ller scattering, see Frauenfelder et al.).1* Method 
(a) requires an electrostatic analyzer to obtain quanti- 
tative results and is most readily applied to low-energy 
electrons. Method (b) is suitable only for a few high- 
energy beta emitters which do not emit energetic gamma 
rays. Method (c) can be used to study beta rays over a 
wide range of energy and can be made insensitive to 
accompanying gamma rays. Furthermore this method 
measures directly the longitudinal polarization of the 
beta particle. 

Initially, studies were made in this laboratory of the 
circular polarization of the bremsstrahlung produced by 
negative beta particles stopping in a uranium absorber. 
The apparatus used was similar to that of Goldhaber, 
Grodzins, and Sunyar." In the case of Y® the effect 
observed is in agreement with that expected from beta 
particles of longitudinal polarization —v/c. Attempts to 
study the circular polarization of the bremsstrahlung 
produced by beta rays from Pr and K® were un- 
successful. The difficulties encountered resulted from 
pileup of low-energy gamma-ray pulses in the electronic 
circuitry and the presence of weak gamma rays with 
energies approaching those of the beta spectrum end 
point : a 2180-kev y ray (0.8%) for Pr and a 2760-kev 
¥ ray from Na*™ contaminant in the case of K®. 

This paper describes an investigation of the longi- 
tudinal polarization of the beta rays from P®, Y*, Pr, 
Au"®, and Bi#°(RaE) carried out using the Mller 
scattering technique, method (c). Preliminary results 


8 Frauenfelder, Babone, von Goeler, Levine, Lewis, Peacock, 
Rossi, and De Pasquali, Phys. Rev. 106, 386 (1957). 

® Cavanagh, Turner, Coleman, Gard, and Ridley, Phil. Mag. 2, 
1105 (1957). 

1 de-Shalit, Kuperman, Lipkin, and Rothem, Phys. Rev. 107, 
1459 (1957). 

1 Goldhaber, Grodzins, and Sunyar, Phys. Rev. 106, 826 (1957). 

2 Frauenfelder, Hanson, Levine, Rossi, and De Pasquali, Phys. 
Rev. 107, 643 (1957). 
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LONGITUDINAL POLARIZATION OF 6 RAYS 


were reported at the January, 1958, New York Ameri- 
can Physical Society Meeting’® and a brief account 
has been submitted to C.I.P.N. (Conférence Inter- 
nationale de Physique Nucléaire, Paris, July, 1958). 
The beta rays from all of these negatron emitters were 
observed to have a negative helicity. 

The magnitudes of the polarizations observed with 
sources of P®, Y%, Pr’, and Au!’ are the same within 
errors and are slightly less than |v/c|. The differences 
from —v/c polarization are within the range of possible 
systematic errors and do not necessarily imply a de- 
parture from P=—v/c. 

The RaE result is distinctly lower than the average 
for the other four nuclides. It is difficult to account for 
this discrepancy on the basis of possible systematic 
errors. We feel that this low result for RaE is significant 
and that it indicates a departure from v/c polarization 
for this nuclide. 


II. THEORY OF THE METHOD 


When an electron strikes a thin foil the two principal 
scattering processes are Mott (or nuclear) scattering 
and Mller (or electron-electron) scattering. The cross 
section for Mott scattering is considerably larger than 
that for the electron-electron scattering, and hence it is 
difficult to detect variations in the electron-electron 
scattering cross section by observing directly the in- 
dividual scattered electrons. However, the target elec- 


tron in the Mller scattering case is ejected from the 
foil. By observing both the deflected incident electron 
and the recoil target electron in coincidence, it is 
possible to distinguish scattering events of the electron- 
electron type. 
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Fic. 1. Theoretical scattering cross-section ratios for longi- 
tudinally polarized electrons incident upon target electrons which 
are polarized parallel or anti-parallel to the direction of incidence. 
W is the total energy of the incident electrons in units of moc*. 


~ 13 Geiger, Ewan, Graham, and MacKenzie, Bull. Am. Phys. 
Soc. Ser. II, 3, 51 (1958). 
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Fic. 2. Predicted effects for monoenergetic electrons in the 
experimental arrangement used. In the upper part coincidence 
asymmetries are plotted for full polarization (P=—1) and a 
—v/c polarization (P=—2/c). The broken lines were computed 
without taking multiple scattering into account. The solid curves 
are the result of the approximate graphical analysis discussed in 
the text. 


Electron-electron scattering of relativistic Dirac par- 
ticles was studied theoretically by Mller" several years 
ago. More recently, calculations of the dependence of 
this cross section on the relative spin orientation of the 
incident and scattering electrons have been made by 
Bincer® and by Ford and Mullin.'* The predicted 
variation of (o,/e_) with scattering angle in the labora- 
tory system is shown in Fig. 1 for a series of incident 
electron energies. The angle corresponding to the 
minimum of each of these curves is that at which the 
electrons come off symmetrically with respect to the in- 
cident electron direction; this is the condition for the 
incident electron kinetic energy to be shared equally. 

From a knowledge of the geometrical arrangement of 
the apparatus (see Figs. 3 and 4) and of the number of 
polarized target electrons in the scattering foil, it is 
possible to calculate the expected asymmetry in the 
true coincidence counting rate for the two directions of 
foil magnetization with longitudinally polarized elec- 
trons incident on the foil. Calculations have been made 
for monoenergetic incident electrons, taking into ac- 
count (a) source size and the angular spread of the 
incident beam, (b) the angular range and solid angles 
subtended by the counters, (c) the energy selection in 
the counters, 150-1500 kev, (d) the variation of the 
Mller scattering cross section with angle, and (e) the 
variation of o,/o— with angle. The results of these 
calculations, which take no account of the multiple 
scattering in the Deltamax foil, are given in Fig. 2 for 
incident monoenergetic beta particles having a longi- 

4C, Mgller, Ann. Physik 14, 531 (1932). 

18 A, M. Bincer, Phys. Rev. 107, 1434 (1957). 

*°G. W. Ford and C. J. Mullin, Phys. Rev. 108, 477 
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See also K. Nagy and I. Farkas, Nuovo cimento 7, 570 
J. M. C. Scott, Phil. Mag. 2, 1472 (1957). 
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Fic. 3. Schematic diagram of Mller scattering apparatus. 


tudinal polarization of —v/c. Appreciable multiple 
scattering of the electrons does occur in the 2.65- 
mg/cm? scattering foil used in our experiments. The 
total energy loss of the electrons in passing through the 
foil is small (5-30 kev) and has a negligible effect on the 
coincidence counting rate asymmetries predicted for 
the present experiments. The angular deflections which 
the electrons may undergo, in particular for those of 
lower energies, can be large, e.g., for 150-kev electrons 
the 1/e half-width of the Gaussian distribution is 
#.,~34°.7 This smearing of the electron direction re- 
duces the asymmetries expected for incident electrons 
of low energy. 

Graphical means were used in determining this re- 
duction in expected coincidence counting rate asym- 
metry as a function of the incident electron energy. In 
order to simplify the computation the distribution in 
direction produced by multiple scattering in the foil 
was approximated by a rectangular distribution having 
an angular half-width equal to the 1/e half-width given 
by the Moliére scattering theory.!’ The calculations 
were done by first considering the influence of the 
multiple scattering on the outgoing scattered electrons 
for a series of incident electron energies and incident 
electron directions. A weighted integration over the 
direction of incidence was then performed to take 
account of both the finite collimator aperture and the 
multiple scattering of the incident electrons in the foil. 
The expected asymmetries calculated in this way for 
monoenergetic incident electrons of polarization —v/c 
are shown in Fig. 2. The relative detection efficiency of 
the apparatus as a function of incident electron energy 
is also given. It is evident that while the multiple scat- 
tering reduces the expected asymmetry from low- 
energy beta rays, it also reduces the detection efficiency 
of the apparatus at these energies. 

An integration over incident electron energy, weighted 
in proportion to the product of the beta-spectrum and 
the detection efficiency of the apparatus, is necessary 
to obtain the experimental asymmetry expected for 
each nuclide. 


17H. Bethe and J. Ashkin, in Experimental Nuclear Physics, 
edited by E. Segré (John Wiley and Sons Inc., New York, 1953), 
p. 289. 
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Ill. APPARATUS 


A schematic diagram of the apparatus used in the 
present experiment is shown in Fig. 3. The electron 
beam from the source passed through a simple collimator 
giving an angular half aperture of 4° from a point 
source. The electrons were scattered from a 2.65- 
mg/cm? Deltamax foil inclined at 30.5° to the beam 
direction. The foil was magnetized along its length by 
the simple magnetic frame shown and the direction of 
magnetization could be reversed by reversing the cur- 
rent to the magnetizing coil. The two counters used to 
detect the electron pairs consisted of plastic phosphors 
cemented to Lucite light pipes which were shaped to 
give high light-collecting efficiency and were coupled 
to 6342 photomultipliers. The output pulses from the 
counters were fed into a fast-slow coincidence circuit!® 
of resolving time 27~3X10-* sec. The two counters 
were placed symmetrically about the electron beam 
direction at plus and minus 37.5°. Each detector covered 
an angular range of 28.5°-46.5°. The counter pulse 
height windows were set to record only electrons of 
energy between 150 and 1500 kev for all the experi- 
ments described in this paper. 

Figure 4 is a multiple-exposure photograph of the 
apparatus with vaccum lid removed. This shows the 
beam catcher which helped to minimize scattering of 
electrons from the vacuum chamber walls. The colli- 
mator was positioned by centering the light beam so 
that it passed midway between the counters. This align- 
ment was checked using beta-ray sources and photo- 
graphic film both in the position of the Deltamax foil 
and also at the mouth of the beam catcher. The counter 
angles were measured using a mirror mounted on a 
simple goniometer whose axis intersected the target 
area of the electron beam on the Deltamax foil. 


Fic. 4. Multiple exposure photograph of the apparatus with 
vacuum-tight lid removed. A frosted lamp placed at the source 
position reveals the beam direction (using smoke with foil re- 
moved) and the region of impact on the Deltamax ‘oil (using 
translucent paper). 


18 Bell, Graham, and Petch, Can. J. Phys. 30, 35 (1952). 
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IV. SOURCE PREPARATION 


Sources with strengths of several millicuries were re- 
quired for these Mller scattering experiments. Circular 
spot sources of 3-mm diameter were used; this di- 
ameter provides a reasonable compromise between co- 
incidence counting rate and polarization sensitivity 
which decreases with increasing beam aperture. In 
order to minimize the energy degradation and de- 
polarization of the beta rays which results from scatter- 
ing in the source material and backing these were made 
as thin as practicable in each case. A backing of 2.1- 
mg/cm? Al foil was used for a majority of the sources, 
the remainder being prepared on 800-ug/cm? Al leaf. 
Most of the sources were given a thin coat of “Quick 
Spray” plastic before use to prevent the spread of 
contamination in the apparatus. Brief descriptions of 
the materials and methods used in the source prepara- 
tions are given in the following. 


ps 


These sources were prepared from “carrier-free’”’ P® 
supplied by the Radiochemical Center, Amersham. No 
additional purification was attempted. The solutions as 
received were evaporated to dryness with excess HNO; 
to eliminate HCI. The activity was taken up in 2d of 
distilled water for deposition on the aluminum backing 
(one A= 10~ liters). The two sources used had strengths 
of ~40 mC and thicknesses of ~1.0 mg/cm’. 


y» 


Carrier-free Y*® was prepared by separating the Y” 
from its Sr® parent with a small cation exchange 
column. HCI was eliminated from the carrier free ma- 
terial by evaporation with HNO; and sources were 
prepared by direct pipetting of the activity in 2A of 
H,O. In the carrier-free preparations, the organic 
residues were sufficiently great that they limited the 
specific activity of the sources. The strengths of the 
three sources used were in the range 30-100 mC and 
the surface densities were estimated to be ~ 1 mg/cm’. 


Pr'“4 


The 17-minute half-life of Pr’ made it impractical 
to use sources of the separated activity. Instead, a 
source of Pr in equilibrium with its 285-day Ce™ 
parent was prepared from “carrier-free’’ Ce-Pr'“ ob- 
tained from the Oak Ridge National Laboratory. This 
material contained a disappointingly large weight of 
inactive cerium. After the chemical separation of iron 
and other impurities, spectrographic analysis revealed 
only traces of barium and aluminum and 0.5% calcium 
impurities. The source was prepared by homogeneously 
precipitating cerium hydroxide, slurrying the pre- 
cipitate with a small volume of water and depositing it 
on the source mount. The source strength was ~5 mC 
and its estimated thickness was ~5 mg/cm’. 


Au! 


Two 3-mm diam disks of 3.5 mg/cm?-gold leaf were 
irradiated in the N.R.X. reactor at fluxes > 10 neu- 
trons/cm*/sec to give Au’ activities of ~20 mC. 
These disks were mounted on 2.1-mg/cm? Al foil back- 
ing. The Au™ activity produced in these irradiations is 
estimated to be <5% of the Au’ disintegration rate.” 


RaE 


(Bi’"°) RaE was separated, carrier-free, from both its 
parent Pb*° and its daughter Po?!’ with a small anion 
exchange column in order to minimize the danger of 
long-lived contamination of the apparatus. The RaE, 
eluted in concentrated HCl, was converted to the 
nitrate and dissolved in 2A of water for deposition on the 
source mount. The three sources had initial strengths 
of 10-20 mC and estimated thicknesses of ~ 1 mg/cm’. 

Since a low value for the polarization could result 
from scattering in the source material’ the thicknesses of 
six deposited sources were measured. This was done by 
measuring the air range of a 2-mm diam beam of 
ThC’ (8.58 Mev) alpha rays with and without the 
source material in the beam. Four of the sources had 
surface densities of <1 mg/cm? as had been estimated 
from the source preparation techniques. One P® source 
had a surface density of 2.6 mg/cm? and one RaE 
source 3.7 mg/cm?. The strongest RaE source, however, 
was only 0.9 mg/cm? thick. 


V. EXPERIMENTAL PROCEDURE 


The data of these experiments were accumulated 
using automatic programming and recording. Counting 
intervals of both two and five minutes have been used. 
The program provided for measurement of both the 
total and the random coincidence rates for the two 
directions of foil magnetization. The random coinci- 
dence rates were determined by delaying by 30 musec 
the pulses from one of the counters. The detected elec- 
trons contributing to the measured coincidence rates 
were restricted to those of energies from 150 to 1500 
kev by pulse-height selection. The channel counting 
rate from each counter was continuously monitored by 
a counting-rate meter and pen recorder. 

Experiments were carried out with the Deltamax 
scattering foil replaced by both Cu and Al foils of 
comparable surface density in order to measure the 
asymmetry in the coincidence rates resulting from 
deflection of the electrons by the magnetizing field. 
Initially asymmetries of several percent were observed 
with a magnetizing field of ~5 oersteds. The asym- 
metry was reduced to (0.5+0.5)% by careful align- 
ment of the apparatus as discussed in Sec. III. In the 
Deltamax scattering measurements a magnetizing field 
of 0.5 oersted was used and no significant portion of the 
observed asymmetries can be attributed to deflection 


19 Bell, Graham, and Yaffe, Can. J. Phys. 33, 457 (1956). 
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Fic. 5. Measurement of the foil magnetization using a Grassot 
Fluxmeter as shown in the insert. This fluxmeter was calibrated 
to 0.7% accuracy using a 275-turn, 2.94-in. diam flux coil, a pair 
of 61.3-cm diam Helmholz coils 30.7 cm apart, and a Weston 
Laboratory standard ammeter. The closed circles are the data 
taken with and without the Deltamax foil in place using a surge 
condenser, C=50 yf. The crosses are the differences and give the 
Deltamax contribution. The broken line shows the Deltamax 
magnetization without a surge condenser in the circuit. 








of the electrons by the magnetizing field. The coinci- 
dence counting rates observed with the Al, Cu, and 
Deltamax foils were comparable. The individual count- 
ing rates, however, showed the Z dependence char- 
acteristic of the Mott scattering cross section. 

Corrections to the observed coincidence counting 
rate asymmetries were made for coincidence counts 
which did not arise from Mller scattering in the 
Deltamax foil. In general these were due to scattering 
from the edge of the collimator slits and contributed 
4-5Y% of the observed coincidence counting rate. In 
the case of Au’ and Pr™ an additional correction had 
to be applied for the observed coincidence rate between 
gamma-rays and Mott scattered electrons. This was 
measured experimentally by placing an Al absorber in 
front of one of the counters to remove the beta rays. 
The lead shielding surrounding the source was sufficient 
to markedly attenuate the intense 411-kev gamma ray 
of Au® but was less effective for the higher energy 
gamma rays which accompany the weak beta branches 
(~2%) in the Pr™ decay and 6% of the coincidence 
counting rate resulted from beta-gamma coincidences 
for both Au" and for Pr. 

The surface density of the Deltamax scattering foil 
was determined in the following manner. The uniformity 
was first examined using an ~7-mm diam beam of 
beta rays from a Ca** source and a proportional counter. 
With this beta thickness gauge, the counting rate 
changed ~ 16% per mg of absorber. The annealed foil 
was found to have a surface density which was uniform 
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to ~1%. The central region was carefully compared 
with a similar piece of unannealed foil. The counting 
rates were identical to (0.1+0.3)%. A 95-cm? piece of 
the unannealed foil was weighed to determine its surface 
density. From these measurements we conclude that 
the annealed foil had a surface density of 2.65+-0.03 
mg/cm’. 

The magnetization of the Deltamax foil was measured 
with the foil im sitw in the scattering apparatus. The 
foil was oriented perpendicularly to the earth’s mag- 
netic field and a small steady field applied to maintain 
the magnetization. The momentary large field neces- 
sary to reverse the direction of foil magnetization was 
produced from the discharge of a condenser through the 
magnetizing coils. The variation of the magnetization 
of the foil with magnetizing current is shown in Fig. 5. 
The dashed curve shows the variation when the im- 
pulse condenser was disconnected. The fraction of the 
electrons which are polarized was deduced from the 
measurements of Fig. 5, and the surface density and 
width of the foil. At the 0.5-oersted magnetizing field 
used in the Mller scattering measurements, the frac- 
tion of electrons polarized, allowing 5%* for the orbital 
contribution to the magnetization, was (4.59+-0.14)% 
and the induction in the foil was B= 12 900+300 gauss. 


VI. RESULTS 


The experimental results of the Mller scattering 
measurements are summarized in column 4 of Table I 
and plotted in Fig. 6. The experimental asymmetries 
listed, for each nuclide except Pr, are based on the 
data accumulated using several sources. The results 
obtained with the individual sources are in each case 
statistically consistent with that presented in this 
table. The errors given for these observed asymmetries 
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Fic. 6. Plot of the polarization results as a function of 
beta-spectrum end-point energy. 


”S. J. Barnett and G. S. Kenny, Phys. Rev. 87, 723 (1952). 
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TABLE I. Experimental results. 








Experimental 
asymmetry 6 


Spectrum 


Transition end point 


Predicted Predicted 
asymmetry asymmetry 
a 


=—v/c =—1 


Polarization 





(Mev) 
0.959 
1.17 
1.71 
2.27 
2.99 


2— + 2+ 
1— 0+ 
1+ — 0+ 
2— 0+ 
0— 0+ 


— (0.98+0.18)0/c 
— (0.69+0.10)0/c 
— (0.94+0.06)»/c 
— (0.86+0.06)0/c 
— (0.90+0.22)0/c 


5.9+0.18> 
5.9+0.18 
5.9+0.18 
5.9+0.18 
5.9+0.18 


§.1+0.15> 

5.2+0.16 

5.4+0.16 
5.47+0.16 
§.55+0.17 








® These are the statistical standard deviations based on the number of counts. 
> The 3% uncertainty associated with these predicted asymmetries allows only for the uncertainty in the fraction of the target electron spins which are 


polarized. Allowance has been made for a 5% orbital contribution to the magnetization (Barnett, reference 20). 


are the statistical standard deviations based on the 
number of counts accumulated. The predicted asym- 
metries for both the —»/c and full negative longitudinal 
polarization cases are given in columns 5 and 6 of 
Table I. These include allowance for the effects of 
multiple scattering in the Deltamax foil as discussed in 
Sec. II. The errors listed for the predicted values repre- 
sent only the uncertainties in the measurement of the 
surface density, width, and magnetization of the Delta- 
max foil. In the final column of this table the observed 
asymmetries are compared with those expected in the 
case of a v/c polarization of the beta rays. 


VII. DISCUSSION 


With the exception of the RaE result, the observed 
asymmetries are consistent with the results predicted 
for the —v/c beta polarization. The approximations 
made in the multiple scattering calculations, i.e., the 
neglect of energy loss in the foil and the rectangular 
angular distribution assumed, may be responsible for 
these measured asymmetries all falling on the low side 
of the predicted values. Furthermore, scattering in the 
sources which, in general, had surface densities of ~2 
mg/cm? may have somewhat depolarized the beta rays 
which would reduce the measured asymmetries.’ 

In Table II the present results are compared with 
those of other studies of the polarization of the beta 
rays from these nuclides. The polarization is expressed 
as the ratio of the effect experimentally observed to 
that expected from beta rays of +2/c longitudinal 
polarization. The assigned uncertainty in the polariza- 
tion in many cases makes no allowance for systematic 
uncertainties and is simply the statistical error in the 
effect observed, based on the number of counts. It now 
appears that some of the early polarization values re- 
ported were low because of experimental effects whose 
importance was not fully realized at the time.*!:** These 
include the importance of symmetrical alignment, 


21 de Waard, Poppema, and van Klinken, in Proceedings of the 
Rehovoth Conference on Nuclear Structure, 1957, edited by H. 
J. Lipkin (North-Holland Publishing Company, Amsterdam, 
1958) p. 388. 

2H. Frauenfelder, in Proceedings of the Rehovoth Conference on 
Nuclear Structure, 1957, edited by H. J. Lipkin (North- 
Holland Publishing Company, Amsterdam, 1958), p. 378. 


source thickness, and unwanted effects due to accom- 
panying gamma rays. 

The measurement of the longitudinal polarization of 
the beta rays from Au" reported in this paper supports 
a —v/c polarization of these beta rays. This agrees 
with the recent result of Benczer-Koller et al.% who 
studied only the most energetic of these beta rays and 
the result of Cavanagh ef al. who examined the po- 
larization of 128-kev beta rays from Au’* by the Mott 
scattering method. 

The experimental studies to date on the polarization 
of beta rays from P® all support P= —»/c for this decay. 
In this case one is free from the effects of gamma rays. 

The measurements of the beta polarization from a 
Sr®— Y” source by Langevin-Joliot e¢ al.** are consider- 
ably below the v/c value. These authors attribute this 
discrepancy to backscattering in the Sr®—Y® source 
used. The result of the work presented in this paper on 
Y™ jis in statistical agreement with the —2/c results 
obtained by Alikhanov ef al. and Benczer-Koller 
et al.** However, it may indicate a small departure from 
full —v/c polarization. 

While the Pr™ measurements have rather large 
statistical uncertainties, the results of the present in- 
vestigation are in good agreement with the earlier 
observations of Frauenfelder e¢ al.” and are consistent 
with full —v/c polarization. It has been suggested by 
Berestetsky et al.* that a deviation from P=—9/c in 
the case of 0— to 0+ beta decays can in principle be 
used to determine the pseudoscalar contribution. It 
should be noted, however, that pure axial vector inter- 
action accounts for the experimentally observed spec- 
trum shape of the dominant 0— to 0+ Pr™ beta 
spectrum.”? 

The asymmetry observed for RaE beta rays is 3.1 
standard deviations lower than the value predicted for 


% Benczer-Koller, Schwarzschild, Vise, and Wu, Phys. Rev. 
109, 85 (1958). 

* Langevin-Joliot, Marty, and Sergent, Compt. rend. 244, 
3142 (1957). See also footnote, p. 393, Proceedings of the Reho- 
voth Conference on Nuclear Structure, 1957, edited by H. J. Lipkin 
(North-Holland Publishing Company, Amsterdam, 1958). 

%8 Alikhanov, Eliseiev, Lubimov, and Ershler, Nuclear Phys. 5, 
588 (1958). 

26 Berestetsky, Ioffe, Rudik, and Ter-Martirosyan, Nuclear 
Phys. 5, 464 (1958). 

27 Graham, Geiger, and Eastwood, Can. J. Phys. 36, 1084 (1958). 
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TABLE II. Summary of polarization data. 








8-energ 
studie 
(kev) 


Nuclide Experimental method 


v/c 


P/(2/c) 


Reference 





>900 
~250 


pe Multiple scattering, Mott scattering 
Multiple scattering, Mott scattering 
Multiple scattering, Mott scattering 
Electrostatic deflection, Mott scattering 
Electrostatic deflection, Mott scattering 


Bremsstrahlung circular polarization 


168 
170 


{ 300-1000 
800-1600 
>300 


Mller scattering 


Mller scattering 


Bremsstrahlung circular polarization 
Bremsstrahlung circular polarization 


Crossed fields, Mott scattering 


Electrostatic deflection, Mott scattering 
Bremstrahlung circular polarization 
1200-1800 


> 300 
{ 400-1100 
1200-3000 
> 300 
{9 
120 
>0.3 
0.3-0.8 
168 
170 
~250 
128 


> 600 


> 300 
> 300 


Mller scattering 
Mller scattering 
Mller scattering 
Mller scattering 
Electrostatic deflection, Mott scattering 


Mller scattering 


Electrostatic deflection, Mott scattering 
Electrostatic deflection, Mott scattering 
Multiple scattering, Mott scattering 
Crossed fields, Mott scattering 


Mller scattering 


Mgller scattering 
RaE(Bi*) Mller scattering 


>0.93 
0.75 


0.66 
0.66 


~ 1* 
negative, same as Au!% 
(—1.13 +0.08) 
—0.76 +0.17 
negative, same as Au! 


de-Shalit et al.4 

Lipkin et al.* 

Dulgeroff et al.‘ 

de Waard and Poppema* 
de Waard et al.» 


~~.75 


Cohen et al.i 


negative, comparable to Y™ 
Frauenfelder et al.i 


(0.85)av —1,00 +0.13 
(0.94)av —1,00 +0.17 
>0.78 —0.94 +0.06 
negative 
negative 
78 —1.02 +0.15 
91 —1.15 +0.4 


Present work 
a and Galster* 
Goldhaber e¢ al.! 
Alikhanov et al.™ 


7 —0.624+0.164° 
6 —0.343+0.157 
negative, comparable to P® 
—0.93 +0.21 
—0.99 +0.14 
—0.86 +0.06 
—0.78 +0.21 
—1.08 +0.26 
—0.90 +0.22 
—0.05 +0.06° 
—0.06 +0.05 
+0.05 +0.12° 
+0.02 +0.23 
—0.24 +0.05¢ 
negative, same as P® 
negative, same as P® 
—0.97 +0.20 
—1.02 +0.19 
—0.95 +0.25 
—0.98 +0.18 
—0.69 +0.10 


Langevin-Joliot® 


Cohen et al.' 
0.95-0.98 Benczer-Koller e¢ al.° 
>0.78 
(0.86)av 
(0.97 av 
>0.78 
0.55 
0.6 
>0.78 
0.78-0.92 
0.66 
0.66 


Present work 
Frauenfelder et al.i 


Present work 
Frauenfelder et al. 


Frauenfelder et al.? 


de Waard and Poppema* 
de Waard et al.» 

Lipkin et al.* 

Cavanagh et al.4 
Benczer-Koller et al.° 


0.6 
0.89-0.94 


0.78-0.94 
>0.78 


Present work 
Present work 








* See analysis of F. Giirsey [Phys. Rev. 107, 1734 (1957)]. 


+ Gamma circular polarization approaches 100% as Ey approaches the yttrium spectrum end point energy, indicating a 9/c beta polarization. 
* These low values were apparently due to technical difficulties (see references 21 and 22). 


4 See reference 10. 


¢ Lipkin, Cuperman, Rothem, and de-Shalit, in Proceedings of the Rehovoth Conference on Nuclear Structure, 1957, edited by H. J. Lipkin (North-Hol- 


land Publishi 
{ Dulgeroff, 
® See reference 5. 
» See reference 21. 


Company, Amsterdam, 1958) p. 400. 


mbe, and Pond, Bull. Am. Phys. Soc. Ser. II, 2, 348 (1958). 


i Cohen, Wiener, Wald, and Schmorak, in Proceedings of the Rehovoth Conference on Nuclear Structure, 1957, edited by H. J. Lipkin (North-Holland Pub- 


lishing Company, Amsterdam, 1958) p. 404. 
i See reference 12. 
. H. =o and S. Galster, Nuclear Phys. 6, 125 (1958). 
11 


a —v/c beta polarization. This discrepancy exceeds any 
uncertainties suggested by the results for the other 
four nuclides. The difference between the RaE asym- 
metry and the weighted mean of the observed asym- 
metries for the other nuclides is (1.3-0.5)%, i.e., 2.6 
standard deviations. This quantity is independent of 
the uncertainty in foil magnetization. Cavanagh ef al.® 
have pointed out that scattering in the source material 
can lower the apparent polarization of the outgoing 
beta rays. Over half the RaE data was obtained from a 
source which was as thin as any of the sources used in 
our experiments (~1 mg/cm*). The individual asym- 
metries observed with the three RaE sources were 
(3.640.6)%, (3.941.2)%, and (3.540.8)%. It is 
difficult therefore to attribute the large RaE discrepancy 
to depolarization resulting from scattering in the source 


material. These runs were interspersed with those of 
other sources over a period of several months. The sta- 
tistical probability of being low by 2.6 standard devia- 
tions is small. We therefore feel that there is evidence 
for a genuine discrepancy from full —v/c polarization 
in the case of RaE. 

The theoretical expressions for polarization of elec- 
trons in forbidden beta decay give to first order 
P=-0/c if one assumes that (a) time reversal holds, 
(b) the two component neutrino theory holds, (c) the 
interaction is VA (or STP), and (d) that the lepton 
de Broglie wavelengths are large compared to the 
nuclear radius. The large value of log fie~8 for RaE and 
the forbidden shape of its spectrum are evidence for 
almost complete cancellation in the expressions for the 
spectrum shape and hence also for the polarization. If 
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one retains higher order terms one will not necessarily 
predict exactly P= —v/c for first-forbidden transi- 
tions.*8 Kotani and Ross** have shown for RaE that 
if one assumes invariance under time reversal, the ex- 
pression for longitudinal polarization reduces to Pz 
=— (p/W)(R2/C), where p and W are the momentum 
and total energy of the electron, C is the spectrum 
shape factor, and R: is dependent only on nuclear pa- 
rameters and is not a function of electron energy. Since 
the ratio of nuclear matrix elements cannot be deter- 
mined exactly from the energy spectrum shape, the 
value of R, is uncertain. Kotani and Ross consider that 
a low value of R, may reasonably be expected for RaE 
but they have not made quantitative estimates as yet.” 
In a recent communication Bincer, Church, and 
Weneser® have calculated the degree of polarization 
expected for beta rays of RaE using Plassmann and 
Langer’s®' best fit to the spectrum shape. Their pre- 
dictions show that the polarization is a function of 
the beta-ray energy for a given fit and that the absolute 
value depends on the choice of fit. The average value 
expected in our apparatus from the mean of their pre- 
dicted range of values is ~ —0.6v/c in agreement with 
our experiment. A detailed study of the polarization of 
RaE beta rays as a function of »/c would prove valuable 
in establishing the nuclear parameters for this inter- 
esting nuclide. 


28 T. Kotani and M. Ross, Progr. Theoret. Phys. Japan (to be 
published). 

*T. Kotani and M. Ross (private communication). 

*® Bincer, Church, and Weneser, Phys. Rev. Letters 1, 95 
(1958). 

# E. Plassmann and L. Langer, Phys. Rev. 96, 1593 (1954). 
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VIII. CONCLUSION 

The experiments reported here on P®, Y®, Pr, and 
Au!’ give results which are consistent with the current 
view that the longitudinal polarization of negative 
beta rays is —v/c. The RaE experiments, however, in- 
dicate a polarization magnitude of less than v/c. Inter- 
ference between the Fermi and Gamow-Teller con- 
tributions is believed to account for the large ft value 
and the nonallowed shape of the RaE beta spectrum; 
such interference may also give rise to low polarization. 

Note added in proof —Low values for the longitudinal 
polarization of RaE 8 rays have recently been reported 
by two other groups. W. Biihring and J. Heintze [ Phys. 
Rev. Letters 1, 176 (1958) ] compared the longitudinal 
polarization of 250-600 kev 8 rays from TI, Y", and 
RaE using the technique of multiple followed by Mott 
scattering. They find that (P/{—»/c)) for RaE in this 
energy range is 0.83+0.02. Wegener, Bienlein, and 
Issendorff (preprint) have measured the polarization of 
the RaE 8 rays using a spherical electrostatic analyzer 
and Mott scattering. For 8 energies of 120, 155, 209, 
and 290 kev their measured longitudinal polarizations 
are P/(—v/c)=0.69+0.04, 0.75+0.04, 0.75+-0.03, and 
0.66+0.06, respectively. 
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Excited States of V™ and Cr*“t 


M. Mazart,* W. W. BuECHNER, AND A. SPERDUTO 
Physics Department and Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received August 4, 1958) 


The region of excitation in V" up to 4.12 Mev has been investigated through studies of the inelastic 
scattering of protons. In this region of excitation, thirty-five excited states .ere found. The low-lying 
excited states of Cr** were investigated through the Cr®*(d,)Cr®° and the Mn®*(d,v)Cr reactions. The 
ground-state Q values for these reactions are 5.720+-0.006 and 8.275+0.008 Mev, respectively. The first 
two excited states in Cr are at 0.565 and 1.008 Mev. In these studies, the bombarding beam was provided 
by an electrostatic accelerator, and the reaction products were analyzed with a broad-range magnetic 


spectrograph. 


EXCITED STATES OF V® 


N a previous paper,’ we reported on studies of the 
inelastic scattering of protons from vanadium and 
remarked that, in the region of excitation above the 


t This work has been supported in part by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

* Now at the National University of Mexico. 

1 Buechner, Braams, and Sperduto, Phys. Rev. 100, 1387 (1955). 


fourth excited state at 1.819 Mev, the level scheme was 
of considerable complexity. We have recently rein- 
vestigated this reaction under somewhat better condi- 
tions than in the previous work. 

A 6.51-Mev proton beam from the MIT-ONR ac- 
celerator was used, and the scattered particles were an- 
alyzed with the broad-range magnetic spectrograph 
at an angle of 130 degree with respect to the beam. 
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Fic. 1, Energy-level diagram for V™, 


TaBi£ I. Energy levels of V" from the V*!(p,p’)V" reaction. 








Excitation Excitation 
energy (Mev) energy (Mev) 





0.320+0.004 3.562+0.008 
0.930+0.004 3.575+0.008 
1.609+0.004 3.613 +0.008 
1.813+0.008 3.630+0.008 
2.409-+0.008 x 3.664+0.008 
2.545+0.008 3.678+0.008 
2.675+0.008 : 3.74340.008 
2.699+0.008 3.779+0.008 
2.790+0.008 3.797 +0.008 
3.082+0.008 3.874+0,.008 
3.215+0.008 3.900 +0.008 
3.262+0.008 3.917+0.008 
3.279+0.008 : 3.939+0.008 
3.376+0.008 4,002+0.008 
3.382+0.008 4.024+0.008 
3.392+-0.008 4.052+0.008 
3.451+0.008 ‘ 4.122+0.008 
3.515+0.008 


CONAU PWN 





* Probable double levels. 


These new data, together with those presented in ref- 
erence 1, lead to the values listed in Table I for the 
excited states of V™ between the ground state and 
4.12 Mev. 

In the previous work, values were given for the first 
four excited states, and these are in excellent agreement 
with the values presented here. An energy-level diagram 
for V™ based on the present results is shown in Fig. 1. 


EXCITED STATES OF Cr* 


The low-lying excited states of Cr have been inves- 
tigated with the Mn**(d,a)Cr® and the Cr®*(d,p)Cr® 
reactions. This work was carried out primarily as a 
part of a study of the ground-state Q values for these 
two reactions. In the case of the (d,a) reaction, the 
measurements were made with a bombarding energy 
of 6.54 Mev and an angle of observation of 50 degrees. 
The ground-state Q value was found to be 8.275+-0.008 
Mev, and alpha-particle, groups were found corre- 
sponding to excited states in Cr® at 0.562 and 1.008 
Mev. In the case of the (d,p) reaction, a natural 
chromium target was employed with a bombarding 
energy of 6.54 Mev and an angle of observation of 
130 degrees. A large number of proton groups were ob- 
served, and those associated with the formation of 
Cr® were identified on the basis of the correspondence 
of the calculated excitation energies with those deter- 
mined from the studies of the Mn**(d,a) reaction. In 
this way, the ground-state Q value was found to be 
5.720+0.006 Mev, and excited states in Cr were 
established at 0.565 and 1.008 Mev. An additional 
intense proton group was observed and is also assigned 
to the Cr®*(d,p)Cr® reaction on the basis of its yield 
compared with the other observed groups. The cor- 
responding excitation energy in Cr® is 2.325 Mev. It 
was not possible to check this assignment through the 





EXCITE 


Mn**(d,a)Cr® studies, since the corresponding region 
of the alpha-particle spectrum was obscured by groups 
from contaminants. 

While the good agreement between the values for the 
excited states in Cr obtained from the Mn**(d,a) and 
Cr®(d,p) reactions provides a check on the correct 
assignment of the ground-state groups of these reac- 
tions, additional confirmation is obtained by comparing 
the Q value for the Mn**(p,a)Cr* reaction calculated 
from the results reported here with that observed 
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experimentally.? This latter value is 2.568+0.008 Mev 
and is in agreement with the calculated one within the 
experimental errors. The present results on Cr® are in 
substantial agreement with those reported by other 
workers.’ 4 
2 Mazari, Buechner, and Sperduto, Phys. Rev. 107, 1383 (1957). 
3A. J. Elwyn and F. B. Schull, Bull. Am. Phys. Soc. Ser. II, 1, 


281 (1956). 


4 Nuclear Level Schemes, A=40—A=92, compiled by Way, 


King, McGinnis, and van Lieshout, Atomic Energy Commission 
Report TID-5300 (U. 
1955). 
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A steady-state free precession technique for observing nuclear magnetic resonance 


is described. A mathe- 


matical analysis is presented for certain special conditions, and initial experiments verifying the results of 
this analysis are reported. This technique provides two opportunities for improving the signal-to-noise ratio. 


First, it provides a mechanism, similar to that of the ‘spin echo, 
This permits the effective use of larger samples. In the 


geneity of the magnetic field on signal strength. 


” for eliminating the effect of the inhomo- 


second place it provides a steady-state signal which can be observed with a narrow-band detector. Under 
certain conditions the technique has a broad response as a function of frequency or field. The upper limit 
to the width of this response is determined by the electronic apparatus supplying the rf pulses rather than 


the magnet or the nuclear sample. 


I. INTRODUCTION 


UCLEAR magnetic resonance in condensed mat- 
ter was first observed by Purcell, Torrey, and 
Pound! and by Bloch, Hansen, and Packard.? The 
experimental techniques used by these two groups? 
provide an output signal which can be related to the 
forced precession of a steady-state nuclear magnetic 
moment associated with the bulk sample. The precession 
is called forced because at the time the output signal 
is observed, the precession is determined not simply by 
the static magnetic field but also to a large extent by 
an additional component of the field oscillating near 
the resonance frequency. The net nuclear moment is 
considered in a steady-state because in periods of time 
equal to or shorter than the spin relaxation times it 
does not undergo changes in amplitude comparable to 
its maximum amplitude. 
Torrey® in subsequent experiments introduced a 
transient forced precession technique. Although he also 
observed his output signal while the oscillating com- 


* This work was partially supported by the Rutgers University 
Research Council, The Radio Corporation of America, and the 
United States Air Force Office of Scientific Research, Air Research 
and Development Command. 

1 Purcell, Torrey, and Pound, Phys. Rev. 69, 37 (1946). 

2 Bloch, Hansen, and Packard, Phys. Rev. 69, 127 (1946). 

3 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 

4 Bloch, Hansen, and Packard, Phys. Rev. 70, 474 (1 946). 

6H. C. Torrey, Phys. Rev. 76, 1059 (1949). 


ponent of the external field was being applied, he was 
primarily interested in the transient growth of the 
nuclear moment at the beginning of a pulse of the 
oscillating field. The “rapid passage” method intro- 
duced by the Bloch group* may also be considered a 
transient forced precession technique. 

By pursuing a suggestion which had been made by 
Bloch,® Hahn’ successfully observed a transient signal 
or “tail” following the removal of an intense pulse of 
the oscillating magnetic field. Later, using essentially 
the same technique, Hahn® discovered and explained 
the “spin echo” effect. Since both “tails” and “echoes” 
occur when the oscillating field is removed, this is a 
free precession technique. Furthermore, it is a transient 
technique since the net nuclear moment undergoes 
large changes in amplitude. The transient “wiggles” 
effect? may be considered a mixture of free and forced 
precession. 

It is the purpose of this paper to describe an experi- 
ment using a steady-state free precession technique 
and to indicate its special properties. The experimental 
apparatus used in this experiment is identical to that 
of the conventional transient free precession equipment 
with one exception. It is essential that the oscillating 


rf field be phase coherent from pulse to pulse. 
6 F, Bloch, Phys. Rev. 70, 460 (1946). 
iE L. Hahn, Phys. Rev. 77, 297 (1950). 
‘E. L. Hahn, Phys. Rev. 80, 580 (1950). 





Il. MATHEMATICAL ANALYSIS OF 
THE TECHNIQUE 


A mathematical analysis of this experiment will be 
presented. The reader is encouraged, however, to de- 
velop his own qualitative description using a vector 
model.®* Such a model is helpful in providing a physical 
understanding of the experiment. 

The terminology and notation used by Carr and 
Purcell® will be used for this analysis. The nuclear 
sample has a total magnetic moment M. The magnitude 
of this total moment under equilibrium conditions in 
the strong static applied field, H=H,k, is Mo. 

In describing the precessional motions of the nuclear 
moments of the sample, it is necessary to take account 
of the inhomogeneity of the applied field. The fraction 
of the nuclear moments located in fields having a value 
within a small interval about H, will be denoted by 
f(H.)dH,. The normalized distribution function f(#,) 
is considered centered at 7,=H,. The field deviations 
from the center of the distribution are 64,=H,—H,0. 
The root-mean-square value of these deviations is 
designated «. With each value of H, and with an 
increment dH,, there exists an incremental magnetic 
moment dM(B#,), which is the vector sum of the 
moments of all nuclei within regions of the sample 
where the field strength is between H, and H,+dH,. 

In free precession experiments the oscillating field is 
applied to the sample in short pulses. For convenience 
the terminology “radio-frequency” pulses will be used 
here although in certain low-field experiments the 
frequency lies in the audio range. The rf magnetic 
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Fic. 1. Relationship of the resonance field w,/y to the center 
Hw of the inhomogeneity distribution {(H,) and the field H, 
identifying an increment of nuclear moments. The rf pulses of 
amplitude 2H,;, width r,, and spacing P are represented in the 
laboratory coordinate system. 


*H. Y. Carr and E. M. Purcell, Phys. Rev. 94, 630 (1954). 
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Fic. 2. The rf pulses represented in a coordinate system 
rotating with the frequency wrt. 





field with frequency w,: is applied to the sample at 
right angles to the strong static field. As is customary, 
the magnitude of a linearly polarized rf field will be 
denoted by 2H,. The static field in which the magnetic 
moments will have a precessional frequency equal to 
the frequency of the rf field, is given by H,=w,+/y, 
where ¥ is the gyromagnetic ratio. 

In this experiment a steady series of equally spaced 
rf pulses having equal width and magnitude is applied 
to the sample. This is indicated schematically in Fig. 1. 
The pulse width 7, is made small compared with the 
pulse separation P. The experiment is best described 
in a rotating coordinate system® (see Fig. 2) whose 
frequency Q=—w,+k is determined by the frequency of 
the rf field. It is convenient to choose the phase of the 
rotating system such that the appropriate rotating 
component H, of the rf field will be along the x’ axis. 
Thus in the rotating system during a rf pulse, an 
incremental moment will see an effective field H= AH,k’ 
+H,i’ where AH,=H,—w,1/y. In the special case 
treated by Carr and Purcell,® AH,=H,—H,.. Their wrt 
was not varied but instead had the particular constant 
value yH,». 

A nonviscous liquid sample such as water has been 
used in the initial experiments described in this paper. 
The well-known Bloch equations provide an adequate 
description of the dynamic motion of the net magnetic 
moment for such liquid samples. In order to simplify 
these equations and their solutions the following nota- 
tion is introduced : 


dM, (H,) 


dM..(H.) 
eM oH) 


dM,,(H.) 
u= , v= 
dM \(H,) 


~ dMi(H,)’ 





v 


Here the primes refer to the rotating coordinate system 
and dM,(H,) is the equilibrium value of the net mag- 
netic moment for a given increment. In this notation, 
the Bloch equations for a particular increment are: 


u 
u=——+7vAH,, (2) 
T2 


v 
b= ——— yuAH,+ymH-~, (3) 
T: 


1 
n=—(1—m)—yHe. (4) 
T 


1 





NUCLEAR MAGNETIC RESONANCE 


The equatorial components u and »v decay with a 
characteristic time constant 7; while the polar com- 
ponent m attains its equilibrium value with a charac- 
teristic time constant 7;. During the time 7, that the 
pulses are on, H,, =H. During the off-time P—r..+P, 
H,=0. 

The steady-state nuclear signal in this experiment is 
determined by the precessing equatorial component of 
the steady-state nuclear moment. This resultant com- 
ponent is determined from the steady-state values of u 
and v given by the solutions to the above equation. 
These steady-state values can be determined by assum- 
ing « and v have the values mo and % at the beginning 
of each period P after the initial transient of the experi- 
ment has died away. Using these initial conditions the 
solutions to the above equations yield u(r.), 0(rw), 
u(P), and »(P). By equating the expressions for u(P) 
and v(P) at the end of a period P to the initial values uo 
and v%, the steady-state values may be obtained. 

In the present mathematical analysis, the special 
case of H,>AH, and H,;>¢ will be considered. Not 





u(t) cosA¢(t) 
v(t) | = | —sinAd¢(Z) 
m(t) 0 0 


where Ad(/)=yAH, ¢ is the change in the azimuthal 
angle in the equatorial plane x’—y’ with 2’ as polar axis. 

It is the object of the present steady-state experiment 
to obtain components u, v, and m which do not change 
appreciably during the time P from the values uo, 0 
and mo. This is possible by making PK 72S 7). Further- 
more, in this initial analysis it is assumed that 
T,+T2=T. This is an adequate approximation for non- 
viscous samples such as liquid water. With these con- 
ditions, the steady-state solutions are 


u= uo=[cot}A0(sin}A¢ cos} A¢) ]/A, (7) 
v=9= — (cot}Ad sin24A¢)/A, (8) 
m= m= (cot?ZA0 sin?A¢@), (9) 


where A= 1+ (cot}Aé sin} A@)*. If the detector is sensi- 
tive only to amplitude, the nuclear signal will be 
directly proportional to the amplitude of the resultant 
equatorial component. This is 


cot3Aé sinsA@ 


1+ (cot}A0 sin}Ag)? 





(10) 


w= wo= (Uo?+ 09)! = 


Here Aé@ is determined by H; and 1, while A¢@ is de- 
termined by AH, and P; that is, A@=yHr, and 
Ad=yAF,P. 

The solution for w is periodic in A¢, vanishing when- 
ever $4¢=}yAH,P=2nz, where n is any integer. Since 
AH,=H,—«,1/y, this periodicity can be observed by 
varying P, H,, or ws. Between the null points, the 


sind¢(t) 0 
cosA¢(t) 0 
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only do these conditions simplify the mathematical 
solution, but it will be demonstrated that they are 
necessary conditions for the elimination of the effects 
of field inhomogeneity on signal strengths. Furthermore, 
in solving the Bloch equations for the times when the 
rf pulses are on, it is always assumed that rxK72S7}. 
The amplitudes of the components undergo very little 
decay during these times and the terms in the differ- 
ential equations related to the decay can be neglected. 
Thus the solution is simply the rapid precession of M 
about the x’ axis for the short time 7, 
u(t) 1 0 0 


v(t)| = |0 cosA6(t) sinA@(t) 
m(t) 0 —sinA@(t) cosAé(t) 


u(0) 
v(0) (5) 
m(0) 


where A@(t)= Ht is the change in the azimuthal angle 
in the equatorial y’—2’ plane with 2’ as polar axis. 

For the periods P—r,.=P when the pulses are off, 
the decay terms cannot be neglected, but H;=0. The 
solutions to the Bloch equations are found to involve 
both precession and decay: 


u(O)e~*/ 72 
v(O)e~“/ 72], (6) 
1) Li—[1—m (0) Je“! 





signal has a form similar to that of a dispersion curve. 
The amplitude, however, is positive on both sides of 
the nulls. In Fig. 3 the signal has been plotted as a 
function of A@ for six values of A@. The width of the 
dispersion curve is determined by A@. The first peaks 
occur at tan}A¢=sin}Aé@ for A9< 90°, and at A¢=z for 
90° < A@< 180°. The peak value is } for AS 90°. 

There is a null point at the center of the response 
where w,=7H,. It is possible, however, to shift the 
entire response by 180° in Ag. This is done by providing 
alternate rf pulses with a 180° shift in phase. For these 
alternate pulses H,,= —H),. In this case, there will be 
a peak at the center of the response when A@2 90°. It is 
not difficult to use the vector model to illustrate 
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Fic. 3. The steady-state free precession response w plotted 
as a function of Aé=yAH,P as predicted by Eq. (10). Six different 
values of A9=+H)ry are illustrated. 
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qualitatively the differences between these two versions 
of the experiment. 


III. SPECIAL PROPERTIES OF THE TECHNIQUE 


This technique possesses the general properties of 
steady-state and free precession techniques. A steady- 
state signal can be observed with a narrow-band de- 
tector, thus improving the signal-to-noise ratio. There 
generally is no need in a free precession experiment 
for a bridge or other similar device to buck out the 
externally applied rf signal while observing the weak 
nuclear signal. However, if a large number of pulses 
is used, it may be useful to devise a method to buck out 
the signal caused by the pulses alone. 

This technique has two special properties which 
should be noted. One involves the band width of the 
response and the other the effect of the inhomogeneity 
of the magnet. It is possible in this experiment to 
obtain a nuclear signal over a wide range of frequencies 
or magnetic fields. The upper limit to this wide-band 
response is determined not by the nuclear sample or the 
magnet, but by the electronic equipment. In many 
situations electronic equipment is varied more easily 
than the properties of the magnet or the sample. To 
obtain a response at larger values of AH., one simply 
increases the power of the rf pulse amplifier sufficiently 
to insure that H; always remains much larger than the 
desired AH,. Frequently a wide-band response is a dis- 
advantage, but in certain applications this may be an 
advantage. One example might be the search for an 
unknown resonance. 

This over-all broad response may contain fine struc- 
ture. Equation (10) indicates that for very small 
values of A@, the width A¢ from the nulls to the peaks 
of the dispersion structure is equal to A@. Thus if P is 
kept constant, the peaks come at smaller values of AH, 
as Aé is decreased. It is not possible, of course, to use 
this technique to obtain an infinitely narrow response. 
The natural relaxation time of the incremental samples 
places a lower limit on the width. Equation (10) was 
derived on the assumption that (A@)7/P21. For a 
given T and a small Aé@ this implies that P must be 
small; that is, in the limit of small A@ there must be a 
large number of pulses within one relaxation time. The 
band width of the dispersion curve is dependent on the 
value of P. At the first peaks, AH,=Ad/yP=A6/yP. 
But in the limiting case P= (A@)T, this width becomes 
AH,=1/yT. This is the natural line width of the nuclear 
sample. 

Finally, this technique possesses an important prop- 
erty similar to that of the “spin echo.” The effect of 
the inhomogeneity of the magnetic field on signal 
strength can be eliminated under certain conditions. 
Equation (10) represents the solution of the Bloch 
equations for one increment of the sample. This is the 
fraction {(H,)dH, located in the field H,. The effect of 
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Fic. 6, Photograph of the central portion of a steady-state free 
precession response as a function of A9=yH,7. The pulse repeti- 
tion frequency is 1000 cps and the markers correspond to 10 sec 
or 0.31 gauss. Time increases to the left. 


Fic. 5. Photograph of the central portion of a steady-state free 
precession response as a function of pulse repetition frequency. 
Time markers correspond to 10 sec or 0.31 gauss, and A9=90°. 
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the inhomogeneity enters as one integrates over the 
entire sample to determine the equatorial component W 
of the total magnetic moment. This is accomplished by 
multiplying Eqs. (7) and (8) by f(H,) and integrating 
each over all values of H,: 


(11) 


U=Uy= J uof(H.)dH,, 


V=Vo= f vof(H.)dH (12) 


The total signal from the sample is determined by the 
magnitude of the resultant: 

W = Wo= (UP+Vo?*)!. (13) 
For values of A@=1 the widths of the factors uo and 1 
in Eqs. (11) and (12) are the order of 1/y/. Thus if one 
makes 1/yP much larger than the width o of f(H,), the 
inhomogeneity distribution acts like a delta function 
and U and V are identical to m and 1% with H, replaced 
by H.o. Thus the response is as though all moments 
were situated in the field Ho; that is, as though the 
effect of the inhomogeneity had been eliminated. The 
above condition can be expressed in terms of a decay 
time 7,*=1/yo associated with the static inhomo- 
geneity. To eliminate the effect of the inhomogeneity 
on signal strength one must make P<T>}*. 

It is of interest to ask if one can obtain simul- 
taneously both a large signal strength and a narrow 
dispersion curve band width. The answer is that this is 
impossible. For small values of A@é, W is determined 
by Uo. But the form of Uo is determined by the factor 
uo Which for small values of A@ has a width the order of 
Aé/yP. Thus the necessary condition for eliminating 
the effect of the inhomogeneity of the magnet on signal 
strength is A@/yP>1/yT.*. If, in an effort to obtain 
a narrow band width, A@/yP becomes smaller than 
1/yT.*, then the response will be determined by {(H,) 
instead of uo. In this case the effect of the inhomogeneity 
on signal strength is not eliminated. This question may 
be approached in an alternate way. It was shown above 
that for a given increment the dispersion response can 
have the natural line width 1/y7. This corresponds to 
the smallest possible A@= P/T. If the field is inhomo- 
geneous, then to obtain a steady state involving the 
maximum signal contributed by all increments, the 
smallest A@ one can allow is the order of P/T>*. The 
line width will be 1/y7,*. Thus the lower limit to the 
width of the dispersion curve in this case is again seen 
to be determined by the inhomogeneity of the magnet. 
A nuclear sample in a very homogeneous external field 
but possessing a complex distribution function f(H,) 
due to local chemical shifts, should reflect the chemical 
shift structure in the response pattern near the nulls. 


Fic. 7. Photograph of the central portion of a steady-state free 
precession response from an oxygen-free water sample with 
T,=+3.5 sec. The effect of a sweep time comparable to the relaxa- 
tion time is illustrated. Time increases to the left. Each marker 
indicates 10 sec. 


In summary, this free precession technique, unlike 
the transient free precession technique, provides a 
steady-state signal which can be detected with a narrow- 
band receiver thus improving the sensitivity. Further- 
more, this steady-state technique, unlike the steady- 
state forced precession technique, provides a free 
precession response in which the effect of inhomogeneity 
of the magnet on signal amplitude can be eliminated. 
Finally, the technique provides a very wide-band re- 
sponse which may be useful, for example, in searching 
for unknown resonances or in applications in which a 
large number of side bands are desired. 


IV. EXPERIMENTAL RESULTS 


Exploratory experiments utilizing this technique have 
been carried out in this laboratory. The phase-coherent 


Fic, 8. Photograph of the steady-state free precession response 
obtained using a strip chart recorder with time constant long 
compared to the time used to sweep through a null in the dis- 
persion structure. The fine structure of Fig. 4 is averaged out. 
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3 gauss. 


= 180°. As AH, assumes values comparable to H;, the 180° 
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rf pulses were obtained by feeding the output of a 
General Radio Oscillator, Model No. 1001, into a gated 
tuned amplifier similar to that used by Dicke and 
Romer." The remainder of the equipment is equivalent 
to that of any conventional free precession experi- 
ment.®+!!.!2 

The third picture in Fig. 4 is a photograph of one- 
half of the central portion of a strip chart recording of 
the detected nuclear signal as the magnetic field H, was 
varied. The center of the resonance is located at the 
right edge of the picture. Transient free precession tech- 
niques initially were used to set A@ at approximately 90°. 
P is equal to 0.001 sec and 7. 20 usec. Since the signal 
is from protons in glycerine (y= 2.68X 10*), the separa- 
tion between nulls is approximately 0.235 gauss and 
H,+3 gauss. The inhomogeneity over the sample is 
o=0.01 gauss. 

The photographs in Fig. 5 illustrate the dependence 
of the central portion of the response on the pulse 
frequency. The field spacing between nulls varies di- 
rectly with the pulse repetition frequency as predicted 
in Eq. (10). The inhomogeneity for Fig. 5 corresponds 
to ¢=0.003 gauss. 

The photographs in Fig. 6 record an experimental 
verification of the dependence of the response on Aé 
predicted in Eq. (10). The pulse widths used in the 
experiments recorded in Fig. 6 are very close to those 
used in the theoretical plots given in Fig. 3. In these 
experiments 46 was changed by varying rw. 

Particularly in those pictures where the amplitude is 
large, the photographs do not have precisely the pre- 
dicted symmetry about the nulls. This can be attributed 
to a sweep rate which is not slow compared to the 
relaxation times. The steady state is not attained. 
Since the time record is progressing from right to left 
one expects the peaks to the right of a null to be larger 
than those to the left. This effect is clearly illustrated 
in Fig. 7. Here an oxygen-free water sample (7)=3.5 
sec) was substituted for the glycerine (7\=+0.05 sec). 
The saw-toothed response results from the failure to 
reach a steady state during the signal growth deter- 
mined by 7). On the other hand, a complete steady 
state is attained during the signal decay which is 
determined by 7.*KT}. 

Another effect is illustrated in the photograph of 
Fig. 8. Here a glycerine sample is used, but the response 
time of the recorder is made so long that the fine 
structure of Fig. 4 is averaged out. It is not difficult to 
obtain such response curves 10 gauss wide, even though 
a liquid with its very narrow natural line width is used 
as the sample. 


R. H. Dicke and R. H. Romer, Rev. Sci. Instr. 26, 915 
(1955). 

J. Schwartz, Rev. Sci. Instr. 28, 780 (1957). 

2 Buchta, Gutowsky, and Woessner, Rev. Sci. Instr. 29, 55 
(1958). 
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The “off-resonance” shape of a steady-state free 
precession response is illustrated in the top two pictures 
of Fig. 4. An appreciable signal is detected as far out 
as approximately 65 markers (20 gauss) from the center 
of the response. The sample was removed from the rf 
coil between the 58th and 59th iaarkers in order to 
determine the zero signal level. In the second picture an 
envelope minimum is observed at the 40th marker or 
approximately 12 gauss from the center of the response. 
This response minimum comes at a position given by 
a null in the frequency distribution of a single pulse of 
width zy. This is at the field AH,=2Nx/yr.~ where 
N=1. Similarly, a Fourier analysis of a series of such 
pulses equally spaced with a period P can be used to 
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describe the fine-structure nulls within the envelope of 
the response. 

In general, as one moves away from the center of the 
response to a value of H, comparable to H,, the effective 
value of A@ is altered. The effective value of A@ is 
defined by comparison with the shapes shown in Fig. 6. 
Figure 4 illustrates this point for A@=90° at the center 
of the response. Figure 9 does the same for A@= 180°. 
In the latter case the effective value of A@ appears to 
be less than 90° at about 10 markers or approximately 
3 gauss from the center of the response. This illustrates 
that the 180° pulse adjustment is more sensitive than 
a 90° pulse adjustment, a fact also very basic to 
transient free precession adjustments. 
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Differential cross sections for the elastic scattering of protons from S* have been measured for the center- 
of-mass scattering angles 167.8°, 141.0°, 125.5°, 92.0°, and 63.9° for laboratory proton energies between 1.5 
and 4.0 Mev. The cross sections for inelastic scattering to the 2.237-Mev level of S® were also studied for 
incident proton energies between 2.7 and 3.8 Mev. These data were analyzed in terms of the single-level 
approximation of the dispersion theory. The results yield the following resonance energies (Mev) and 
assignments of spin and parity for the levels of the compound nucleus Cl: 1.900 (}-), 2.310 (47), 2.578 
($-, 5), 2.810* ($-), 2.895 (3-), 2.902* (§-, 37), 2.917* (3%), 3.094* (§-), 3.195* (§*), 3.273 (4+), 3.379" 
(3), 3.480 (3-), 3.570 (4*), and 3.716* ($-). Those resonances which exhibit observable widths for inelastic 
scattering are designated in the above tabulation by an asterisk. The analysis of the angular dependence 
of the inelastic cross sections supports the assignment 2* to the first excited state of S*. 


I. INTRODUCTION 


HE investigation of proton scattering from S® 

was considered particularly worthwhile because 
states of relatively low excitation energy in the com- 
pound nucleus Cl* could be reached in this way. For 
the range of incident proton energies covered here (1.5 
to 4.0 Mev), the corresponding excitation energies in 
C]*® lie between 3.8 and 6.2 Mev. Further, the interpre- 
tation of the scattering data can be expected to provide 
a rather complete description of the level structure of 
C}* in the region investigated. 

The low-lying states of Cl* have been studied in 
earlier investigations of several different reactions for 
excitation energies up to about 4 Mev. From the 
stripping reaction S*(d,n)Cl*, levels have been re- 
ported! at excitation energies of 0.76, (1.89), 2.84, and 
4.22 Mev, and several more closely spaced levels above 
4.22 Mev. States reached by proton bombardment of 
S® have been investigated by Gove and Ferguson? for 
proton energies between 1.0 and 2.8 Mev. Resonances 
for elastic scattering were observed at proton energies 
of 1.90 and 2.31 Mev, corresponding to levels in Cl* 
with excitation energies of 4.13 and 4.53 Mev with 
spins and parities of $- and }-, respectively. More 
recently, cross sections for the capture reaction 
S*(p,y)CI® have been studied for proton energies 
between 0.20 and 0.80 Mev.’ Levels were reported at 
excitation energies of 0.806 and 2.862 Mev, with spins 
and parities of + and $+, respectively. This work also 
confirmed the $+ assignment for the ground state of 
Cc. 

The present investigation of proton scattering from 
S® and its interpretation in terms of the level structure 


t This research was supported by the U. S. Atomic Energy 
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* Part of a dissertation presented by J. W. Olness in partial 
fulfillment of the requirements of the degree of Doctor of Phi- 
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1 Middleton, El-Bedewi, and Tai, Proc. Phys. Soc. (London) 
A66, 95 (1953). 

2 A. J. Ferguson and H. E. Gove, Phys. Rev. 91, 493(A) (1953). 

*C. van der Leun and P. M. Endt, Physica 22, 1234(L) (1956). 


of the compound nucleus Cl* was undertaken to provide 
a more complete description than had been obtained 
previously. Differential cross sections for elastic scat- 
tering were measured for five angles of scattering for 
proton energies between 1.5 and 4.0 Mev. Cross sections 
for inelastic scattering to the first excited state of S* 
at 2.237 Mev were also studied for proton energies 
above 2.7 Mev. In this work, the proton beam from 
the Duke University Van de Graaff accelerator was 
analyzed by a 90° cylindrical electrostatic analyzer, 
which could be set to limit the energy spread of the 
incident proton beam to one part in 2000. A gas scat- 
tering chamber containing H2S was used for the 
measurement of the absolute cross sections for elastic 
and inelastic proton scattering. A solid target was 
used for a study of the gamma rays resulting from the 
inelastic scattering process. 

The observed resonance structure was analyzed in 
terms of the single-level approximation of the dispersion 
theory to provide information on the characteristic 
energies, widths, spins, and parities of the levels of Cl*. 
The theory of angular correlations was applied to the 
analysis of the inelastic scattering data to obtain 
additional information on the angular momenta in- 
volved in the inelastic scattering process. 

The reaction diagram of Fig. 1 illustrates the two 
scattering processes, and also serves to define the 
notation used in the remainder of this paper. The 
proton orbital angular momenta in the elastic and 
inelastic scattering channels are designated by / and /’, 
respectively. The corresponding channel spins are 


Fic. 1. Reaction diagram for S®(p,p)S* and S®(p,p’7)S*. 
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designated by s and s’. Since S® has spin and parity 
0+, a particular resonance level A of Cl® has total 
angular momentum j/, equal to the total angular 
momentum of the proton forming that state, and even 
or odd parity depending on whether / is even or odd. 
From the conditions for conservation of total angular 
momentum and parity, it follows that only one value 
of / can contribute to the formation of a given state. 
Further, the outgoing / and s in the elastic scattering 
channel are necessarily the same as in the incoming 
channel. However, since 7;=2, more than one value of 
I’, and also s’, may appear in the inelastic scattering 
channel. Consideration must also be given to the fact 
that the assignment for the first excited state of S® is 
somewhat uncertain. From previous work‘ the assign- 
ment 2+ seems likely, but 1* and 3+ have not been 
ruled out. In Fig. 1 it has been assumed that the 2+ 
assignment is correct. Additional support for this 
assignment is presented in the following report on the 
analysis of the inelastic scattering data. 


II. ELASTIC SCATTERING: EXPERIMENTAL 


The differentially-pumped gas scattering chamber 
used for the measurement of the cross sections for 
elastic and inelastic scattering is shown in Fig. 2. The 
proton beam entered the chamber through a three- 
stage differentially-pumped tube. Two 0.16-cm aper- 
tures located 40 cm apart in this tube served to define 
the beam size and angular spread. The cylindrical body 
of the chamber contained the target gas, hydrogen 
sulfide (H2S), which was rated by the supplier at a 
purity of 99.9%. The pressure was measured with an 
oil-filled U-tube manometer and two traveling micro- 
scopes. From measurements of temperature and pres- 
sure the number of target nuclei per cm* was determined 
with an accuracy of about 0.5%. The number of protons 
incident upon the target volume during a given bom- 
bardment was determined to an accuracy of about 1%, 
using a current integrator to record the charge deposited 
on the collector cup of Fig. 2. The collector chamber was 
isolated from the main chamber by a 0.5-u nickel foil 
and was pumped continuously by an oil diffusion pump; 
the repeller ring was biased at —900 volts. These 
precautions were taken to reduce the effects of ioniza- 
tion and electron emission upon the charge collection. 

The circular plate on one end of the chamber carried 
the detector slit system and the detector itself. The 
angle of observation was changed by rotating the plate 
by means of a gear and crank; a sliding O-ring main- 
tained a vacuum seal. The detector consisted of a thin 
(~0.3 mm) CsI crystal coupled to a Du Mont-6292 
phototube by a 45° Lucite prism. The number of 
protons Y (@) scattered into the acceptance angle of the 
detector at an angle of observation @ is related to the 


‘Paul, Gove, Litherland, and Bartholomew, Phys. Rev. 99, 
1339 (1955). 
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Fic. 2. Cutaway view of differentially pumped gas scattering 
chamber. The detector is shown at an angle of observation of 0°. 
The chamber pressure was controlled by a needle valve located 
in the H,S input line. Important components not labeled are 
designated by number: (1) charge collector cup, (2) repeller 
ring, (3) 0.5-u nickel foil, (4) 0.3-mm CsI crystal mounted on a 
45° Lucite prism and coupled to (5) Du Mont-6292 phototube, 
(6) detector slit system, (7) slit support, mounted on base plate, 
and (8) 0.16-cm beam-defining apertures. The proton beam enters 
from the right through the differential pumping tube. 


laboratory cross section 71 (0) by 
Y (6)={NnG/sind}o1(6), 


where N is the number of incident protons, is the 
number of target nuclei per cm’, and G is a factor 
dependent on the geometry of the system. The determi- 
nations of V and m have been described. The separate 
measurements involved in the determination of G were 
made to an accuracy of 0.3%. The scattering angle 6 
was determined to +0.05°. 

The pulse-height spectrum of the detector showed a 
well-defined peak due to elastically scattered protons. 
The width of the peak at half-maximum was about 7% 
for 3-Mev protons. Two pulse-height analyzers were 
used in the measurements of Y¥ (6). The first, operating 
as an integral analyzer with a bias set just below the 
elastically scattered group, was used to record the 
number of elastically scattered protons. The second, 
operating as a differential analyzer, was set to monitor 
the pulse-height region just below the elastic group. 
The values for Y (@) obtained in this way are estimated 
to be in error by no more than 1.5%. 

Differential cross sections for elastic scattering were 
measured at five angles of observation in the range of 
incident proton energies from 1.5 to 4.0 Mev. Figure 3 
shows the results of a search for resonance structure at 
a scattering angle of 167.8°. Increments in bombarding 
energy of 6 kev or less were used in the region from 1.5 
to 2.5 Mev and of 4 kev or less from 2.5 to 4.0 Mev. 
The lower curve of Fig. 3 shows the yield of the 2.237- 
Mev gamma rays resulting from inelastic scattering to 
the first level of S*. This curve will be, discussed in a 
later section but we wish to point out here the corre- 
spondence between the narrow resonances in the elastic 
and inelastic cross sections. 

Figure 4 shows the differential cross sections for 
elastic scattering at all five angles of observation. The 
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Fic. 3. Cross sections for S*(p,p)S* and S®(p,p’7)S®. The upper portion of the figure presents the differential cross sections for 
elastic scattering of protons from S® as a function of incident proton energy for the center-of-mass scattering angle 167.8°. Here, as 
in the remainder of this paper, cross sections are given in the center-of-mass system, proton energies in the laboratory system of co- 
ordinates. The lower portion of the figure shows the relative yield of the 2.237-Mev gamma ray from inelastic scattering process as a 


function of incident proton energy. 


solid curves are the calculated cross sections obtained 
from the analysis presented in the following section, 
with the resonance assignments listed in Table I. It is 
estimated that the measured cross sections at 167.8° are 
correct to +3%, exclusive of counting statistics. The 
uncertainties in the cross sections given for the remain- 
ing angles of observation are +5% or less. Portions of 
the data were checked at three different times over a 
twelve month period and the agreement was within 
these limits. The bombarding energies were corrected 
for the energy loss of the protons in the target gas. The 
magnitude of this correction was determined by ob- 
serving the apparent energy shift of a given resonance 
as the gas pressure was varied. For the determination 
of the absolute energy scale, a lithium target was placed 
at the center of the scattering chamber. Determination 
of the neutron threshold® with no gas in the chamber 
served to calibrate the electrostatic analyzer. A second 
determination made with gas in the chamber gave an 
additional measurement of the energy loss in the gas 
at the threshold energy. The possible error in the energy 
scale of Figs. 3 and 4 is estimated to be no more than 
3 kev over the entire range. 

For several of the narrow resonances found in the 
elastic scattering work the experimental resolution was 
not sufficient to determine the true resonance shape. 
The energy resolution of the experiment is determined 
by (1) the finite resolution of the electrostatic analyzer, 


5 Jones, Douglas, McEllistrem, and Richards, Phys. Rev. 94, 
947 (1954). 


(2) straggling in the energy loss of the proton beam 
before reaching the effective target volume, and (3) the 
finite thickness of the target. It has been shown® that 
the energy distribution of the proton beam emerging 
from the electrostatic analyzer is approximately tri- 
angular, with a half-width AE, which is determined by 
the setting of the analyzer slits. The energy variation 
introduced by straggling is known to have approxi- 
mately a Gaussian shape. The half-width AEs of this 
distribution was estimated from the apparent resonance 
widths obtained for several different gas pressures, and 
hence several different values for the energy loss. It 
was found that 
AEs=0.5[AEg }! kev, 


where AEg is the energy loss in the gas in kev. The 
target thickness AE7 was known from the geometry 


TaBLE I. Resonance parameters for S"(p,p)S® used in the 
calculation of the differential cross sections and phase shifts 
presented in Fig. 4. The assignments were obtained from the 
analysis presented in Sec. III-A. 








E,(lab-Mev) 


1.900+0.002 
2.310+0.004 
2.810+0.002 
2.895+0.030 
3.273+0.004 
3.480+0.010 
3.570+0.005 


Ty (kev) 


8.51.5 
5545 
6.0+2 
360+ 60 
3244 
100+15 
40+5 











6 Warren, Powell, and Herb, Rev. Sci. Instr. 18, 559 (1947). 
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and the results of the stopping power measurements 
described earlier. 

Since for the target pressures used AEr was relatively 
small, the shape of the effective resolution function was 
determined primarily by AE, and AEs. For practical 
purposes, a triangular distribution having a full width 
at half maximum of 


AE=[(AE,4)?+ (AEs)*?+ (AEr)* }! (2) 


was a sufficiently accurate approximation to the actual 
resolution function. The results of these calculations, 
for the different target pressures and analyzer resolu- 
tions used, are shown by the triangles of Figs. 6 and 7. 


III. ELASTIC SCATTERING: ANALYSIS 


The cross section o(@) for elastic scattering of protons 
from a nucleus with no spin can be written in terms of 
a set of nuclear phase shifts 6,+ and 6; of the various 
partial waves having angular momenta j=/+43 and 
j=l—}, respectively. The nuclear phase shifts can be 
represented as the sum of a resonance phase shift 6,* 
(or B;-), and a potential scattering phase shift ¢. 
Explicit formulas for the cross section in terms of the 
phase shifts have been given for the case of vanishing 
reaction width.’ We need here formulas for the case 
that the elastic scattering width I’), of a given level A 
is only a fraction of the total width Ty. Specializing 
the general formula given by Sachs® for the case of a 
proton scattering from a spin-zero target, one finds 


o(6)=%* a csc?(6/2) exp[in In csc?(6/2) } 


sin g,e'?! 


+5 (41) Pi(coss)eia 
I= 
Pye 
= sing;+ expLivsit+2e)]| 
+1P (cose sin gye**! 


Te y 
Phan sing;- exp[i (r+26)]| 
ry 

> P;{ (cos0)e'* 


l=() 


+2? sin’é 


Ty. 
x | * sing; exp[t(8i-+2¢1) ] 
ny 

: Ty. 
—_ Pit(coste Tr sin8;*+ exp[i(8;++2¢,) ] | ’ 


ric + Laubenstein and M. J. W. Laubenstein, Phys. Rev. 84, 
18 (1951). 

8R. G. Sachs, Nuclear Theory (Addison Wesley Publishing 
Company, Inc., Cambridge, 1953), Chap, 10. 
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Fic. 4. Differential cross sections and phase shifts for S®(p,p)S®. 
The upper figure shows the center-of-mass differential cross 
sections for elastic scattering plotted as functions of incident 
proton energy for the center-of-mass scattering angles of 167.8°, 
141.0°, 125.5°, 92.0°, and 63.9°. The dots give the experimental 
points. The solid curves show the cross sections calculated from 
the resonance assignments presented in Table I. The energy 
dependences of the resonance phase shifts 8; and the potential 
scattering phase shifts ¢; calculated for these assignments are 
shown in the lower portion of the figure. 


where 


n=ZZ'/ho, }=h/mv=1/k, 


P;' (cosé) =dP;(cos6)/d(cos#), ao=0, 


t 
a;=2> arctan(n/t) for 121. (3) 


t=] 


In this expression, Z is the charge of the proton, Z’ is 
the charge of the target nucleus, »v is the velocity of 
relative motion, and m is the reduced mass. 

Specific expressions for the resonance phase shifts 
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and the potential scattering phase shifts are® 


r,/2 Fi(p) 


—--). ¢gi= —arc tan . (4) 
E,+A,—E Gi(p) p=ka 


Here p=kr, where r is the coordinate specifying the 
separation of the particles and k is the wave number of 
the proton; a is the interaction radius, and F;(p) and 
Gi(p) are the regular and irregular Coulomb wave 
functions given in the tables of Bloch ef al.® E) is the 
“characteristic energy”’ of the state \ of the compound 
nucleus. The total width I’, is the sum of the partial 
widths I',,, where the subscript s denotes the different 
channels available for the dissociation of the compound 
nucleus. In terms of the partial reduced widths y,’, 
the total width is given by 


8,=arce tan( 


2k, 
lr,=>, n= Z|—ne] ’ (5) 
ad #lA ls Pamkea 


where 


Aif=F?(p,)+G?(p,). 


Similarly the level shift A, may be written as a sum of 
partial level shifts A,,: 


=>. A).= —> fF i(p.)/Gi(p.)}T 2/2. (6) 


For the cases studied here, there are only two nonzero 
widths, the elastic and inelastic widths Ty, and T),. 
The above summations, therefore, involve only two 
terms. 

For the case for which the reaction width vanishes 
(T,./[,=1), the above expressions reduce to those 
given by Laubenstein and Laubenstein. These authors 
have given a convenient representation of Eq. (3), in 
which the separate terms are represented as vectors in 
the complex plane, from which it is particularly easy 
to deduce the effect upon the differential cross section 
of a resonance involving a given / and 7. The competing 
reaction simply reduces the resonance part of the 
elastic scattering amplitude by a factor I',,/T',. In the 
vector representation this corresponds to a “shrinkage” 
of the resonance circle along a diameter given by 
Bi — x/ 2. 

The analysis of the data on elastic scattering was 
carried out most conveniently in two stages: (1) 
analysis of the relatively broad resonance structure at 
1.900, 2.310, 2.810, 2.895, 3.273, 3.480, and 3.570 Mev, 
neglecting very sharp resonances, and (2) analysis of 
the narrow structure at 2.578, 2.902, 2.917, 3.094, 3.195, 
3.379, and 3.716 Mev. The resonance energies given 
above are not immediately apparent from the data, but 
are the values obtained in the final analysis; they are 
used here as labels. 

Before proceeding to the discussion of the analysis, 
it should be pointed out that the cross sections pre- 


* Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs. 
Modern Phys. 23, 147 (1951). 
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sented in Figs. 3-8 are the cross sections for scattering 
from natural sulfur, which consists of 95.0% of the 
isotope S®, and a total of 5.0% of the isotopes 33, 34, 
and 36. From considerations of the magnitudes of the 
scattering amplitudes and interferences it has been 
shown that the resonance structure discussed here is 
indeed due to scattering from S®, and not from any of 
the contaminant isotopes. In plotting the calculated 
cross sections discussed below, the effect of the 5% 
contaminant has been taken into account in an approxi- 
mate fashion by assuming that its contribution to the 
experimental cross section is essentially Rutherford. 


A. Broad Resonance Structure 


In the analysis of the broad resonances the effects of 
the narrow resonances were ignored, since none of the 
levels appearing in this latter group has a total width 
of more than 2 kev, and hence the effect of a given level 
is limited to a small energy interval close to the reso- 
nance energy. Since for the broad resonances no inelastic 
scattering was observed, it was assumed that T,,.=T), 
and the analysis therefore proceeded in a manner 
quite similar to that illustrated by Laubenstein and 
Laubenstein’ and Jackson and Galonsky.” 

In the preliminary stages of the analysis a technique 
was used which allows one to relate the resonance 
behavior of the experimental cross sections to the energy 
dependence of the resonance phase shift 6;. It has been 
pointed out" that the dependence of the cross section 
on one particular resonance phase shift may be written 
in the form 


o(0)= {A (6) + B(6) sin*[8,+€ (6) }}. (7) 


A(6), B(@), and &(@) are functions of all other phase 
shifts and of the Rutherford scattering amplitude. 
However, for a reasonably well-isolated resonance 
which is not too broad, the energy dependence of the 
cross section at a fixed angle @ is essentially caused by 
the variation of 8; and A, B, may be assumed energy- 
independent. Since A and B are easily determined from 
the observed maximum and minimum cross section of 
a given resonance, (8;+£) may be found as a function 
of bombarding energy. By comparison with Eq. (4), 
values for E,, [,, and £ can be derived, neglecting the 
variation of A, with bombarding energy. In the analysis 


of the broad resonance structure the above method was 


used to find E, and I, in first approximation. Next, 
tentative values of total angular momentum and parity 
characteristic of each resonance were obtained by 
considering the resonance amplitudes and interference 
patterns of the cross sections at different angles. Below, 
each resonance is discussed separately. The 1.9-Mev 
resonance will be used to illustrate the method in some 
detail. 

10 H. L. Jackson and A. I. Galonsky, Phys. Rev. 84, 401 (1951). 

1 W. Haeberli, Phys. Rev. 99, 640(A) 1955. A similar expression 


has been given by R. F. Christy, Physica 22, 1009 (1956), and 
has been employed in recent work. 
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On the basis of the tentative resonance parameters, 
the cross sections were calculated as a function of 
proten energy over the full energy interval, using Eqs. 
(3) to (6). The resonance parameters were then ad- 
justed successively until the calculated curves best 
reproduced the observed cross sections. In those cases 
where two or more levels of the same total angular 
momentum and parity overlap, the tangent of the total 
resonance phase shift was taken to be the sum of the 
tangents of the different resonance phase shifts calcu- 
lated from Eq. (4), namely, 


r,/2 T,/2 
tanBrorai= tanf;+tans,= + . 
E,-E E,—-E 


This procedure is probably satisfactory as long as 
the overlap is not severe. An interaction radius of 
a=1.45(A!+1)X10-" cm was assumed throughout 
the calculations. The potential-scattering phase shifts 
were obtained from the tables of Bloch et al.® The final 
fit to the experimental cross sections is shown by the 
solid curves of Fig. 4. In the lower part of the figure the 
energy dependence of the phase shifts is shown. The 
level parameters of the excited states of Cl* are given 
in Table I. 

1.900 Mev.—The cross sections measured for a 
scattering angle of 167.8° are shown in Fig. 5. The 
results of the phase-shift extraction are presented in 
the lower part of the figure, which shows the values of 
(8+£) obtained from the experimental data by means 
of Eq. (7). The points are well matched by the expres- 
sion B=arc tan[I'/2(E£,—£) ] for the values of £,, I, 
and £ indicated in the figure.” 

The assignment of total angular momentum and 
parity to this level is unambiguous. It has been shown’ 
that the cross sections observed for scattering angles 
near 180° can be used conveniently to set an upper 
limit for the orbital angular momentum of the resonant 
wave. The cross sections observed for 167.8° indicate 
that the resonance is due to /<2, thus limiting the 
possible values of total angular momentum and parity 
of the corresponding state in Cl* to 4+, 4~, $-, and 3+. 
A brief inspection of the data allows some of these 
possibilities to be eliminated. The off-resonance cross 
sections in this region of proton energy are well matched 
by the Rutherford scattering term of Eq. (3). If one 
examines the resonance shapes predicted for the scat- 
tering angle of 92°, considering only the interference 
between Rutherford scattering and resonance scatter- 
ing, one finds that an s-wave resonance would give rise 
to severe destructive interference, whereas a p-wave 
resonance reproduces qualitatively the observed sym- 
metric peak. 

The energy dependence of the cross section for p-wave 
formation of a }~ level and of a 3~ level were then 

Jn the remainder of this section the subscript \ has been 


dropped, as a matter of convenience, in referring to the total 
widths I and the partial widths I, and I. 
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Fic. 5. S®(p,p)S®: 1.900-Mev resonance. Experimental cross 
sections are given in the upper figure. The dots in the lower 
figure are the solutions for (8+£) obtained from the experimental 
cross sections by Eq. (7). The solid curve through these points 
shows the single-level dependence of 8 calculated for the param- 
eters shown. The solid curve of the upper figure is the cross section 
calculated for a j,*=%} assignment assuming the energy de- 
pendence of 8 given in the lower figure. 


calculated from Eq. (3), using the energy dependence 
of 8 as determined from the above phase-shift extrac- 
tion. The curve calculated for the }~ assignment agrees 
well with the experimental data, as may be seen from 
Fig. 5; the curve calculated for the }~ assignment does 
not. For all scattering angles, the assignment }- leads 
to calculated cross sections which are in close agreement 
with the measured points, as may be seen from Fig. 4. 

2.310 Mev.—Again, the off-resonance cross sections 
are essentially Rutherford, and the analysis is almost 
identical to that presented for the 1.900-Mev resonance. 
The symmetric peak observed for 92° suggests the 
resonance is due to p-wave formation of a }~ or }- 
state; consideration of the remaining scattering angles 
yields the assignment 7*=}-. The preliminary analysis 
based on Eq. (7) yields E,= 2.310 Mev, '=52 kev. As 
expected these values are very close to the results of the 
final analysis, since in this case the approximations 
implied by Eq. (7) are quite well satisfied. 

2.895 Mev.—The resonance at 2.895 Mev, although 
very broad, can be seen rather clearly in the cross 
section for 167.8°, which exhibits a broad dip and subse- 
quent rise in the region of 1.9 Mev. In the 92° data a 
broad peak is observed. For this case, the phase-shift 
analysis based on Eq. (7) yields the approximate results 
E,=2.90 Mev, T'350 kev. Since the total width is 
greater, by an order of magnitude, than that of the 
resonance at 2.810 Mev, the effects of the latter can be 
largely ignored in the initial considerations, which 
result in the tentative assignment of $~ for the level at 
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2.895 Mev. Although the resonance appears only weakly 
in the cross-section data for the remaining angles of 
scattering, its effects upon the p-wave phase shift are 
necessary to explain the broad general behavior of the 
cross section. Also, the assumption of a broad 4- 
resonance is necessary to explain the interference pat- 
terns of the narrower resonances between 2.310 and 
3.273 Mev. The exact nature of these interferences are 
fairly sensitive to the level width; the resonance energy 
is quite well determined from the interference with the 
3- level at 2.810 Mev. It is these latter considerations 
which result in the assignments given in Table I. 

2.810 Mev.—Since the p-wave phase shift due to the 
2.895-Mev resonance varies only slowly over the region 
of the 2.810-Mev resonance, the phase-shift extraction 
can be applied to the data for energies near resonance 
with fair success; the results yield the values E,= 2.810 
Mev, '=6 kev. The interpretation of the observed 
scattering amplitudes and resonance shapes is neces- 
sarily somewhat dependent upon the results of the 
analysis for the broad }~ resonance. The cross sections 
for the four largest angles of scattering allow a tentative 
3~ assignment. The results at 63.9°, however, make this 
assignment unambiguous, since the Rutherford term of 
Eq. (3) is by far the largest contributor to the cross 
section, and the resonance shape is determined almost 
completely by the interference between the Rutherford 
term and the resonance term of Eq. (3); the effects of 
the broad level at 2.895 Mev are relatively small. 

3.273 Mev.—Since this level is reasonably well iso- 
lated, the analysis proceeds in a fashion similar to that 
given for the resonances at 1.900 and 2.310 Mev. The 
observed scattering amplitudes and resonance shapes 
can be fitted only with a 3+ assignment. The phase 
shift extraction yields E,=2.373 Mev, !'=32 kev, in 
good agreement with the parameters required by the 
detailed fit to the data. 

3.480 and 3.570 Mev.—A preliminary investigation of 
the data indicates that the broad anomaly in the region 
of 3.5 Mev is due to two broad overlapping levels. 
Eliminating the possible assignments by pairs in a 
systemic fashion, one arrives at a tentative $~ assign- 
ment for the lower-lying resonance, and a $+ assignment 
for the higher-lying one. No other assignments would 
fit the data even qualitatively at more than two angles 
of scattering. Initial attempts to obtain estimates of 
the resonance energies and widths were complicated by 
the large overlap between the two levels. However, for 
125.5°, the effects of the p-wave resonance happen to 
be relatively small; the observed variation in the cross 
section for this angle of scattering is due largely to the 
s-wave resonance. A phase-shift extraction performed 
at this angle yields the results E,3.57 Mev, '=50 
kev. With this information, a re-examination of the 
data at 167.8° results in the following estimates for the 
lower lying resonance: E,=3.48 Mev, '=100 kev. In 
the final stages of the analysis, the data for 63.9° were 
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particularly useful, since the cross sections near either 
of the two resonance energies were given largely by the 
interference between the particular resonance term and 
the Rutherford term of Eq. (3), the effect of the other 
resonance term being relatively small. 

The arguments which lead to the assignments given 
above have been presented in barest outline. The most 
obvious evidence for the correctness of these assign- 
ments is provided by the calculated fits presented in 
Fig. 4. Any questions concerning the assignment for 
the broad 4- level at 2.895 Mev are removed by 
considerations of the interferences with the higher lying 
levels; the magnitude of these interferences may be 
estimated from the phase-shift plot given in the lower 
portion of Fig. 4. As for the two overlapping levels at 
3.480 and 3.570 Mev, the excellent fit obtained for all 
angles provides conclusive support for the correctness 
of the assignments given. 

In the analysis outlined above it has been assumed 
that the inelastic widths [',; and the contribution to 
the level shifts from inelastic scattering are negligibly 
small. The justification for these assumptions is ob- 
tained from the analysis of the inelastic scattering data, 
presented in the following section, where it will be 
shown that I; is indeed small in comparison to T), 
and hence, from Eq. (6), the corresponding A); are 
vanishingly small. 

The relationship given in Eq. (6) for A,, has been 
used in this work since it allows a particularly simple 
description of the effects of closed or nearly closed 
channels. The coefficient of T,, appearing in (6) is 
simply the tangent of the potential scattering phase 
shift for channel s, which vanishes for closed channels. 
For nearly closed channels, both [,, and tang;, are 
small, and the contribution to the level shift is negligible 
in comparison to the contribution from open channels. 

This is in contrast to Thomas’ formula" in which A), 
is related to Ty, through the nuclear penetrability 
A?(p,) and its derivative dA ,/dp,. The effects of nearly 
closed channels in this description may be large. 
Experimentally, the difficulty arises that it is most 
difficult to determine the pertinent parameters for these 
channels, since the small widths result in reaction cross 
sections which are also vanishingly small. In the present 
work, for example, the upper limits set for A); from a 
most careful analysis of the inelastic scattering data 
were yet large in comparison to A),-. However, the 
calculated resonance phase shifts are practically the 
same as those obtained using Sachs’ formula [Eq. (6) ]. 
Over most of the range shown in Fig. 4 the agreement 
is within 0.5°. 


B. Analysis of Narrow-Resonance Structure 


The cross-section data for the narrow resonances are 
shown in Figs. 6-8. The energy spread of the incident 
proton beam, as calculated from Eq. (2), is indicated 


4 R. G. Thomas, Phys. Rev. 97, 224 (1956). 
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Fic. 6. Cross-section data for the resonance at 3.379 Mev. (a) The experimental cross sections. The energy distribution 
of the proton beam, as calculated for a target pressure of 0.28 cm Hg, is shown by the triangle. The differential cross sec- 
tions for inelastic scattering are also shown for 167.8°. (b) The cross sections calculated for the two possible level assignments 
} and §-, with the resonance parameters given in Table II. The solid curves in (a) are the cross sections obtained for the }- 
assignment by folding the curves of (b) with the energy distribution function shown. 


by a triangle for each set of data. The observed peak 
cross sections and apparent resonance widths are deter- 
mined largely by the experimental resolution, as is 
evident from the data presented in Fig. 7 for the 
resonances at 3.094 and 3.195 Mev. For the resonances 
at 3.379 and 3.716 Mev the inelastic scattering cross 
sections at 167.8° are also shown. It can be seen that 
the inelastic scattering width must represent an ap- 
preciable fraction of the total width. The general 
procedure of analysis can best be illustrated by giving 
in detail the analysis of the resonance at 3.379 Mev. 

3.379 Mev.—Figure 6 shows the cross sections meas- 
ured for four angles of scattering. Because of the 
limited experimental resolution Eq. (3) cannot be 
applied directly to yield the total width T and the 
partial width I’,. However, from an area analysis of 
the elastic scattering data and the inelastic scattering 
data, two independent relations between I’, and I’ can 
be found, which can be solved explicitly to yield these 
parameters. 

To develop this relationship it is most convenient to 
limit the discussion to the consideration of cross section 
data for which the resonance exhibits either a symmetric 
peak or a symmetric dip. The area under the elastic 
scattering resonance is here defined as the energy 


integral 


A,(6) = f (o(E,)—ova(6)}4E, 


where o(E,@) is the observed elastic cross section and 
onvr(9) is the nonresonance contribution to the cross 
section. The value of A,.(@), which is independent of the 
experimental resolution, may be used to relate the 
experimental cross-section data to the total and partial 
resonance widths. From Eqs. (3) and (4) it may be 
shown that 


A,(0)=xh{ (ab+b7T./T)P,/TIT. (8) 


In the above expression Xa? is the cross section off- 
resonance, and 4*(a?+8") is the true (resolved) peak 
cross section one would obtain for ',=I’. Note that a 
and 6 are functions of @, and may be calculated directly 
from Eq. (3) since the nonresonance phase shifts are 
known from the analysis presented in the preceding 
section. 

The total inelastic scattering cross section is given by 


(2j,+1) rite 
(2s+1)(2jo+1) (E,—E)?+(P/2)? 





(9) 





1710 OLNESS, 


TABLE II. Results of area analysis for the resonance at 3.379 
Mev. Solutions for T, and I are shown for the possible assign- 
ments of $~ and § for the level in Cl*. 








From data for 


167.8° 
92.0° 


167.8° 
92.0° 


Nol T),/T) T (kev) 


i- 0.40+0.04 1.0+0.2 
0.40+0.10 1.0+0.5 


‘on 1.340.3 





- 


a a 








* The solution in this case is imaginary. 


Under the assumption that [=I',+T,, the evaluation 
of the energy integral for this case yields the result 


Aj=4eR(j.+3){(1-T./P)r./TjP. (10) 


Solving Eqs. (8) and (10) then gives the desired 
relationship 
l’./l = (4+2ab)/(? +H), (11) 
where 
H=(jx+4)A.(0)/Ai. 


The values of A.(@) were determined directly from the 
data of Fig. 6. The values of A; were determined from 
the cross-section data of Fig. 6 and from the angular 
distribution measurements presented in the following 
section. Solutions for T, and IT were then obtained 
from (11) and (8) for the various possible assignments 
of J and j,. 

From initial considerations of the data presented in 
Fig. 6 it is concluded that the resonance is due to 
f-wave formation of a level having spin and parity >~ 
or 3-. All other possibilities can be ruled out on the 
basis of the relative scattering amplitudes and the 
nature of the interferences observed at the different 
angles of scattering. The method of analysis outlined 
above was then applied to the data for these two 
possibilities. Independent solutions for T, and I’ were 
obtained from the data for 167.8° and 92.0°. The results 
are given in Table II. The solutions obtained at the 
two angles of scattering for the } assignment are in 
good agreement, while the solution obtained for 92° 
for the $- assignment is imaginary, which indicates 
that the $- assignment is the correct one. In addition, 
Eq. (3) was used to calculate the cross sections for the 
values of I, and I’ given in Table II; the results are 
shown in Fig. 6(b). Comparing relative scattering 
amplitudes at the different angles of observation, it is 
seen that the $- assignment gives a reasonably good fit 
at all angles of observation, whereas the $- assignment 
does not. 

In order to present a comparison of experimental and 
calculated curves in a straightforward manner, the 
calculated cross sections were folded with a distribution 
function approximating the experimental resolution. 
The results are shown by the solid curves of Fig. 6(a). 
Only curves for the $- assignment are shown. However, 
with the good agreement obtained for this assignment, 
it is obvious that the corresponding curves obtained for 
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the $ assignment would give calculated cross sections 
appreciably different from those observed experimen- 
tally; this is especially true of the curves for 141.0° 
and 92.0°. 

The analysis of the resonances at 2.578, 3.094, 3.195, 
and 3.716 Mev proceeded in a similar manner. The 
experimental cross sections are shown in Fig. 7. The 
solid curves are the cross sections calculated for the 
resonance parameters given in Table III. As in the 
analysis of the 3.379-Mev resonance, these curves give 
the resultant cross sections obtained by folding the 
true (resolved) cross sections with the energy distri- 
bution functions approximating the experimental reso- 
lution. 

2.578 Mev.—The data are consistent with f-wave 
formation of a $ or }~ level. It is not possible to decide 
between the two, since it is evident from the curves 
presented in Fig. 7 that either of the calculated curves 
gives good agreement with the experimental data. 
However, all other possibilities have been quite defi- 
nitely excluded. The possibility of an s-wave or d-wave 
assignment may be immediately ruled out on the basis 
of the 92° data, which exhibits no sign of the inter- 
ference dip expected for either assignment. Similarly, 
a p-wave resonance would show strong interference for 
a scattering angle of 167.8°, in contrast to the almost 
symmetric shape observed for this angle. 

3.094 Mev.—From considerations similar to those 
given above, it is concluded that the resonance is either 
§~ or §-. In this case, it is possible to decide between 
the two on the basis of the interference with the broad 
p-wave resonance at 2.895 Mev. For 125.5°, the curve 
calculated for a $- assignment exhibits an asymmetric 
shape with reduced amplitude and in the opposite sense 
to that seen in the experimental data, whereas the curve 
calculated for a $~ assignment reproduces the experi- 
mental cross sections quite well. 

3,195 Mev.—The resonance is labeled $* on the basis 
of the observed dip at 92°, characteristic of a d-wave 
resonance, and on the basis of the scattering amplitude 
observed for 125.5°, which is considerably larger than 
one expects for a $+ assignment. Although the fit at 
141° is not very good, a complete examination of the 
data at all angles leaves no doubt as to the correctness 
of the $+ assignment. 


TABLE III. Parameters for resonances shown in Figs. 6-8. 
Shown here are the parameters used in calculating the differential 
cross sections presented in Figs. 6 and 7. These assignments were 
obtained from the analysis presented in Sec. III-B. 








E, (lab) (Mev) Ty,/T, 


2.578+0.003 ~1 
2.902+0.002 ~1 
2.917+0.002 ~1 
3.094+-0.002 0.85+0.05 
3.195+0.002 ~0.98 
3.379+0.002 0.40+0.04 
3.716+0.002 0.56+0.08 


T' (kev) 


0.25+0.05 
(<0.5) 
1.5 +0.5 
0.34-0.06 
0.44+0.08 
1.00+0.20 
1.50+0.30 
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Fic. 7. Summary of cross-section data for resonances at 2.578, 3.094, 3.195, and 3.716 Mev. Differential cross sections (in 
millibarns) are plotted as functions of the energy difference E,—E (in kev). The approximate energy distribution of the proton 
beam is shown for each set of data by the triangle. The solid curves are the cross sections calculated for the resonance 
parameters given in Table III after taking into account the effects of the energy spread of the proton beam. 


3.716 Mev.—From the data presented in Fig. 7 it is 
difficult to decide between a } or }~ assignment, 
although the latter is preferred. However, it will be 
shown (see following section) that only the }~ assign- 
ment will fit the inelastic scattering data. Hence, only 


these curves are shown in Fig. 7. The disagreement 
between calculated and experimental curves for 141.0° 
is probably due to incomplete information on the 
nonresonance phase shifts in this region of proton 
energy. 
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Fic. 8. S#(p,p)S®: Experimental cross-section curves for the 
resonances at 2.902 and 2.917 Mev. 


2.902 and 2.917 Mev.—For these two resonances, 
shown in Fig. 8, it was not possible to complete a 
detailed analysis of the accuracy obtained in the fore- 
going work. For 167.8°, for which angle both resonances 
are most pronounced, the resonance shapes and scat- 
tering amplitudes depend strongly upon the interfer- 
ences with the broad 3- level at 2.895 Mev. The 
calculated cross sections for the resonances at 2.902 and 
2.917 Mev are therefore quite sensitive to small errors 
in the determination of the level parameters for the 
2.895-Mev resonance, since the resonance phase shift 
due to the latter is changing rapidly over this energy 
interval, as is evident from the phase shifts shown in 
Fig. 4. Hence, the presentation of calculated cross 
sections for only one of the possible resonance assign- 
ments is not particularly meaningful. However, semi- 
quantitative arguments based on resonance shapes and 
scattering amplitudes result in a completely unambig- 
uous assignment for the resonance at 2.917 Mev, and 
determine also the orbital angular momentum of the 
resonant wave for the 2.902-Mev resonance. 

The resonance at 2.917 Mev is clearly due to d-wave 
formation of a $+ or $+ state. It is concluded that the 
level is 3+ on the strength of the 125.5° data, for which 
angle the resonance shape is determined primarily by 
the interference between the broad }~ level and the 
2.917-Mev resonance level. The curves calculated for a 
$+ assignment match qualitatively the experimental 
data, whereas the curve calculated for a $+ assignment 
exhibits an asymmetry in the opposite sense to that 
observed in the data. 

The resonance at 2.902 Mev is labeled $- or }-, 
although this assignment is rather tentative. However, 
the drastic reduction in scattering amplitude observed 
with decreasing angle of scattering would seem to be 
consistent only with f-wave formation of the resonance 


level. The data available on this resonance were not 
sufficient to warrant detailed analysis in terms of total 
and partial widths; however, from rather rough calcu- 
lations it is concluded that the total width is consider- 
ably less than 0.5 kev. 


IV. INELASTIC SCATTERING: EXPERIMENTAL 


The energy dependence of the inelastic scattering 
cross section was studied by measuring, as a function 
of incident proton energy, the relative yield of the 
2.237-Mev gamma ray resulting from inelastic scatter- 
ing to the first excited state of S*. The results of this 
work have been presented in Fig. 3. The cylindrical 
electrostatic analyzer, calibrated in terms of the 
Li’(p,n)Be’ threshold, was used to determine the inci- 
dent proton energies. A thin film of antimony sulfide 
(SbS3) evaporated onto a tantalum backing was used 
as the target. A survey run was taken with a target 
about 20 kev thick; the resonance regions were studied 
in more detail using a 6-kev target. A 2 in.X2 in. Nal 
crystal coupled to a photomultiplier and placed at 0° 
with respect to the proton beam served as the detector. 
The amplified pulses from the detector were fed into a 
pulse-height analyzer which was set to record only 
those pulses falling within the full energy peak of the 
2.237-Mev gamma ray. 

The pulse-height data obtained at the different 
resonances were examined for the presence of gamma 
rays of energy other than 2.237 Mev; none was found. 
Since no capture radiations were observed, the only 
nonzero partial widths are those for elastic and inelastic 
scattering. This information has been used already in 
the analysis of the elastic scattering data, where it was 
assumed that f=I',+I'’,. 

A thick-target study was made to define more 
accurately the resonance energies and widths of the four 
higher-lying resonances observed in the inelastic cross 
section. A 50-kev target was selected for this work, 
such that the target thickness was considerably greater 
than any of the resonance widths, and yet somewhat 
less than the observed level spacings. With increasing 
proton energy, the measured yield in the region of a 
given resonance exhibits a sharp rise near the resonance 
energy, remains at a flat maximum over the energy 
interval corresponding to the target thickness, and then 
drops. The shape of the experimental rise is determined 
by the total width, and the resonance energy is given 
by the energy of the half-maximum point on the rise 
curve. The evaluation of these measurements yields 
the following resonance energies (Mev) and total widths 
(kev): 3.094, ['<1; 3.195, ['<1; 3.379, ['<1.5; and 
3.716, !' <2. The limits on the widths are consistent 
with the results of the analysis of the elastic scattering 
data. The estimated uncertainty in the values quoted 
for the resonance energies is about +1.5 kev. 

A similar study of the lower lying resonances (Fig. 3) 
was not feasible because of the relatively low yield at 
these resonances. 
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A study of the angular distributions of the inelastic 
protons and gamma rays was undertaken to provide 
information on the angular momenta involved in the 
inelastic scattering process. The angular distributions 
of the 2.237-Mev gamma rays measured at the four 
highest resonances are shown in Fig. 9. The gamma rays 
were studied by bombarding an SbS; target 20 kev 
thick, placed at the center of a cylindrical target 
chamber. The target was set at 45° with respect to the 
incident proton beam for angles of detection between 
0° and 110°, and was then rotated 90° for the study of 
the region 70° to 140°. This procedure, together with 
the use of a cylindrical target chamber, made negligible 
the effects of scattering of the gamma rays in the target 
backing and chamber. The detector was a 2 in.X2 in. 
Nal scintillation counter mounted 7 in. from the target 
on a rotating arm and shielded by 2 in. of lead. 

The angular distributions of the inelastic protons 
measured at three of the resonances are also shown in 
Fig. 9. The gas scattering chamber was used for these 
measurements. A 10-channel pulse-height analyzer was 
set to record the pulses from the detector, the inelastic 
yield was then determined by adding up the counts in 
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Fic. 9. Angular distributions of protons and gamma rays from 
S*(p,p’y)S*. Normalized experimental counting rates are plotted 
as functions of the laboratory angles of observation. The angular 
distributions were measured at energies corresponding to the 
resonance peaks observed in the inelastic cross section curves. 
The target pressures used in the measurement of the proton 
angular distributions are given in cm Hg. The solid curves are 
the angular distributions calculated for the resonance assignments 
given in Table IV. 
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those channels displaying the inelastic group. Correc- 
tions for a flat background present in the region of the 
inelastic group were made by subtraction; these correc- 
tions were of the order of 10% of the measured yields. 
Additional corrections were necessary due to the 
limited experimental resolution. It has been shown that 
for these resonances the energy spread of the proton 
beam [ Eq. (2) ] is of the order of the resonance width I. 
The nature of the required corrections, for the case of 
an isolated resonance, can be seen from consideration 
of two limiting cases: (1) If the target thickness is 
much less than the resonance width, AE7<TI’, then the 
scattering yield at different angles is proportional to 
a(0)/sin@, as given by Eq. (1). (2) If AEr>T, then the 
yield is directly proportional to o(@). The intermediate 
case obtained here has been treated to allow one to 
obtain the angular dependence of the peak inelastic 
cross section from the inelastic yields measured at the 
different angles of scattering. The cross sections so 
obtained differ from those calculated by Eq. (1) by 
10% to 25%. The validity of these corrections was 
checked in two ways: (1) The ratio of the cross section 
at 167.8° to the cross section at 92° was determined 
independently by comparing the areas under the reso- 
nance curves measured at these angles; the results agree 
well with those obtained from the above work. (2) The 
angular distributions obtained for two significantly 
different target pressures (and hence target thicknesses 
AEr) agree well, as is evident from the data presented 
in Fig. 9 for the resonance at 3.379 Mev. 

The corrected angular distributions, normalized to 
unity at 90°, are shown in Fig. 9. The probable errors, 
due primarily to the uncertainties in the corrections 
outlined in the foregoing, are also shown. 


V. INELASTIC SCATTERING: ANALYSIS 


The analysis of the elastic scattering data has pro- 
vided definite spin and parity assignments for the 
resonances at 3.094, 3.195, and 3.379 Mev, and has 
eliminated all but two possibilities for the resonance at 
3.716 Mev. The aim of the following analysis, therefore, 
is to obtain confirmation of these assignments, and in 
addition, to provide information on the orbital angular 
momentum /’ of the inelastically scattered proton and 
on the intermediate channel spins s’. The theory 
relating the angular distributions to the angular 
momenta is presented in the literature.~"” 

For the initial phase of the analysis two assumptions 
were made: (1) that the spin and parity of the 2.237- 
Mev excited state of S* is 2+, and (2) that only the 


4 J. W. Olness, Ph.D. thesis, Duke University (unpublished). 
16 L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 

16 Sharp, Kennedy, Sears, and Hoyle, “Tables of Coefficients 
for Angular Distribution Analysis” (Atomic Energy of Canada, 
Ltd., Chalk River, Ontario, Canada, 1954). 

17 Kraus, Schiffer, Prosser, and Biedenharn, “Angular Corre- 
lation for the (a,b)-Type Reaction” (circulated privately by 
Rice Institute, Houston, Texas). 
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lowest of the allowed values of /’ contributes to a given 
resonance scattering process. Support for this second 
assumption can be derived from brief consideration of 
the barrier penetrabilities associated with the emission 
of the inelastic protons; for outgoing proton energies of 
interest here, the barrier for the higher angular mo- 
mentum is greater by a factor of 40 or more. 

Under these assumptions, the angular distributions 
are completely specified by the statement of /, j,, I’ 
and the mixing ratio for the channel spins s’. The 
proton angular distribution has the form 


W pp (0)=SPW (3,3; 0)+SPW (3,3; 8). 


S; and S; are the matrix elements for the transitions 
involving the intermediate channel spins } and 3, 
respectively. The functions W(s;'=5,'; 6) are the pure 
correlation functions one would obtain if only one 
value of s’ were allowed. These functions may be 
written in terms of the Legendre polynomials as" 


W (sy'=52';0)=>, A,P,(cos6), (12-b) 


(12-a) 


with 
Vmax= 2{min(I,7,,/’)}. 


The coefficients of expansion A,, which are completely 
determined by the set of quantum numbers given 
above, may be obtained from the sources given.'*!? 

For the gamma-ray distributions, the contributions 
of the different channel spins add coherently, and the 
distribution exhibits an interference term 


W py (0) SPW (3,3 ; 0)+SPW (3,3 ; 8) 
+2S,-S,W (3,$;0), (13) 
where 
W (sy',52'; 0)=>_ B,P,(cos6), 
with 
Vmax = 2{min(I,7,,L)}. 


The measured gamma-ray distributions all involve 
P,(cos6). From Eq. (13) it is seen that this indicates 
that the protons forming the resonance levels have 
orbital angular momentum /2 2. Both the proton and 
gamma-ray distributions can be fitted by assignments 
involving 2</<3. However, in attempting to fit the 
experimental data, consideration was given to assign- 
ments involving /< 5. 

In those cases for which only one;value of the inter- 
mediate channel spin s’ is consistent with conservation 
of total angular momentum and parity, the angular 
distributions for both protons and gamma rays are 
completely specified by the statement of the spin and 
parity of the resonance state of Cl*. For those cases 
for which both values of s’ may contribute, the relative 
magnitudes of the matrix elements S; and Sy were 
adjusted to give the best fit to the experimental data. 
The measurement of both proton and gamma-ray 
angular distributions has reduced considerably the 
complexity of the problem. Since the magnitudes of 
S, and S; are completely determined by the observed 
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proton distributions, the relative phases are then deter- 
mined uniquely by the required sign for the product 
S;-S; which appears in Eq. (13). 

The final results of this analysis are quite unambig- 
uous. The assignments of spin and parity for the levels 
at 3.094, 3.195, and 3.379 Mev agree with those ob- 
tained from the analysis of the elastic scattering data. 
The latter analysis had also determined that the correct 
assignment for the level at 3.716 Mev was either }- 
or }~; the interpretation of the angular distributions for 
inelastic scattering allows only the assignment §~. The 
final results of this analysis are presented in Table IV; 
the angular distributions calculated from Eqs. (12) 
and (13) for these assignments are shown by the solid 
curves of Fig. 9. 

The observed agreement between the calculated 
curves and the experimental data provides strong 
support for the validity of the initial assumption that 
the inelastic scattering process proceeds by the emission 
of a proton having the lowest allowed orbital angular 
momentum /’, Further, the agreement obtained at all 
four resonances provides additional support for the 
correctness of the 2+ assignment for the 2.237-Mev state 
of S*. The 1+ assignment can be quite definitely ruled 
out from the observed cos“@ dependence of the gamma- 
ray angular distributions. Direct evidence for the 
elimination of the 3+ assignment is obtained from the 
data for the 3.379-Mev resonance. In this case, the 
gamma-ray angular distribution must exhibit a large 
term in cos, as is evident from Eq. (13). If such a 
dependence is present in the experimental distribution, 
it is very much smaller than the minimum predicted 
from Eq. (13). The effects of admixtures of /’=3 were 
not fully considered; however, these effects are neces- 
sarily small, since the emission of the higher angular 
momentum is inhibited by a factor of 100 or more by 
the differing barrier penetrabilities. 

As a final consideration, the inelastic scattering data 
of Fig. 3 were re-examined to obtain estimates of the 
inelastic widths T; of those resonances not studied 
thus far. For the seven resonances observed in the 
gamma-ray study the target thickness (6 kev) was 
considerably greater than the resonance widths. In this 
case the maximum cross-section variation in the region 
of a given resonance is proportional to the area under 
the true (resolved) cross section curve. As given by 
Eqs. (9) and (10), this area is proportional to the 
product of I; and I’. The total widths have been 


TABLE IV. Resonance parameters obtained from analysis of 
angular distributions for S®(p,p’7)S®. 
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phase 


(+) 


Vv Say2? 
0.84+0.02 
0* 
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0.16+0.02 
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E,r(Mev) 
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3.094 3 1 
3.195 2 0 
3 1 
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3.379 


1 
3.716 0.90+0.01 


(=) 


0* 
0.10+-0.01 








* In these two cases the matrix elements are identically zero. 





LEVELS 


OF CI: 


TasLe V. Summary of assignments for levels of Cl* from S®(p,p)S*® and S®(p,p’7)S®. 
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1.50+0.30 0.84 


0.043¢ c 


~0.0015 ~0.5 
~0.0010 
~0.0018 
0.05 
0.01 
(<0.01) 
0.60 


~0.009 
~0.0016 
0.101 
0.0023 
(<0.0094) 
0.106 
(<0.008) 
(<0.0009) 
0.019 


(<0.08) 
(<0.01) 
0.66 








® The values of /’ given in parentheses were assumed for the calculations of the corresponding values of y),? and A),;. 
» For those resonances for which I’), is measurably different from Ty, the values are given. For the remainder, Ty, =I) to within 0.5%. 
¢ The reduced widths for elastic and inelastic scattering are given as fractions of the Wigner single-particle limit yw? =3A?/2ma =9.5 X10- Mev-cm. 


determined from the analysis of the elastic scattering 
data. Although the absolute cross sections were not 
determined for the inelastic curve of Fig. 3, the precise 
relationship between the experimental yields and the 
various resonance parameters could be obtained by 
making use of the measurements for the four higher- 
lying resonances, for which the resonance parameters 
had been determined from the previous analysis. (This 
work also provided a check on the over-all consistency 
of the results quoted earlier.) The above calculations 
yield the following results: for the resonances at 2.810, 
2.902, and 2.917 Mev, the inelastic scattering widths 
I’; are approximately 0.0015, 0.0010, and 0.0018 kev, 
respectively. The uncertainties in the values given for 
I’; are of the order of 35%. 

For the remaining resonances, which do not appear 
at all in the inelastic cross sections, it can only be 
shown that I’; represents less than 0.5% of I’. However, 
from the limits thus set for Ij, it has been shown that 
the corresponding inelastic contributions to the level 
shift (A;) are negligibly small, thus providing the final 
justification for the phase-shift calculations of Sec. III, 
which have assumed A,=0. 


VI. CONCLUSION 


The results of the preceding analysis of S*(p,p)S® 
and S*(p,p’y)S® are given in Table V. The assignments 
of total angular momentum and parity for the resonance 
levels of Cl® are quite unambiguous. The uncertainties 
involved in the values given for the resonance energies 
and for the total and partial widths have been discussed 
above. The Q value for proton absorption used in the 
calculation of the excitation energies of the levels of 
Cl*, which appear in the last column of Table V, was 
that given by van der Leun and Endt*® as 2.285+0.012 
Mev. 

The reduced partial widths for elastic and inelastic 
scattering are given as fractions of the Wigner single- 
particle limit y,,=3%?/2ma. The values presented for 
the reduced elastic widths are relatively insensitive to 


the choice of the interaction radius a. This is not true, 
in general, for the values presented for the reduced 
inelastic widths. This can be seen from Eq. (5). The 
reduced widths y,,? and the observed widths T,, are 
related through the nuclear penetrability A;*(p,). Since 
the dependence of A? on p,=k,a, becomes increasingly 
sensitive with decreasing p, and with increasing channel 
angular momentum /,, the proper choice of a, becomes 
increasingly important for low proton energies. In 
general, a, may assume different values for the different 
channels, and may also vary with &, and with /,. In 
our analysis it has been assumed that the radius a is 
constant and given by a=1.45(A!+1)X10-" cm. For 
the levels at 5.285, 5.383, 5.562, and 5.888 Mev (re- 
ferring to the excitation energies in the compound 
nucleus Cl**) the values of p:=k,a are large enough 
irrespective of the choice of a, so that the uncertainties 
in the evaluation of y,7 are small. For the level at 
5.010 Mev it is evident that the reduced inelastic width 
is large; however, the value obtained from the calcu- 
lations may be changed by as much as 50% by assuming 
a variation in a of the order of only 20%. 

The ratio of the reduced width to the single-particle 
limit may be interpreted as a measure of the extent to 
which a given level may be considered to arise from a 
single-particle excitation involving the dissociation 
products of channel s. In this interpretation the level 
at 5.092 Mev is perhaps best described as a single- 
particle excitation for a ground-state S® core plus a 
proton. 

For the levels at 5.010, 5.285, and 5.562 Mev the 
reduced inelastic widths represent an appreciable frac- 
tion of the single-particle limit. This may suggest that 
these levels arise primarily as single-particle excitations 
of an excited S* core plus a proton. As would be 
expected, the reduced elastic widths are small. It is 
further noted that these three levels, which have 
anomalously large inelastic widths, exhibit the spin 
sequence $, $, 3, odd parity, and a level separation of 
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Fic. 10. Level diagrams for mirror nuclei S* and Cl®. The 
present work has covered the range of excitation energies in Cl* 
between 3.75 and 6.2 Mev. The assignments given for the levels 
below 3 Mev are from van der Leun and Endt* and Middleton 
et al. The assignments for S* are taken from the reports of Holt 
and Marsham!* and Paris et al., on the investigation of S*(d,p)S*. 
Note that the scale has been expanded for the region above 
3.6 Mev. 


275 kev. The inelastic proton has in all cases orbital 
angular momentum /,,=1. For the level at 5.562 Mev 
the inelastic proton may have total angular momentum 
jp'=% only; for the level at 5.285 Mev, it has been 
shown that the emission of j,,= 3 is strongly favored 
over the emission of j,,=}. A similar spacing (269 kev) 
occurs between the even-parity levels at 5.114 and 
5.383 Mev. The spin order is $, $. In this case, the 
inelastic proton may have only j,,=}, since /,,=0. 
Although the explanation of these regularities is not 
known, they are perhaps rather suggestive, in view of 
the mode of excitation outlined above. 

A summary of the known level structure of Cl® is 
presented in Fig. 10. The present work, and that 
referred to in the Introduction, have completely spanned 
the region of excitation energies from 0 to 6.2 Mev. 
Seventeen levels have been reported. The assignments 
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for the first and third excited states are from van der 
Leun and Endt.* The assignments for the fourth and 
higher lying levels are from the present work, which 
has covered the range of excitation energies from 3.75 
to 6.2 Mev. 

The mirror nucleus S® is also shown in Fig. 10. The 
levels and assignments given have been reported from 
investigations of the stripping reaction S®*(d,p)S*. The 
assignments of spins and parities are from Holt and 
Marsham,'* and the excitation energies are from Paris 
et al.® Although the assignments for the levels of S* 
are not sufficiently well known at present to permit a 
detailed comparison of the two mirror nuclei, it is 
evident that there is a rough correspondence between 
the /,=1 levels of S® and the /,=1 levels of Cl*. The 
correspondence becomes somewhat more apparent if 
one compares the reduced neutron capture probabilities 
for the former'® with the reduced proton widths for the 
latter. 

The obvious difference in the reported level densities 
of S* and Cl* cannot be explained at present. It is 
possible that levels of Cl* having total angular mo- 
mentum of 9/2 or greater were not observed in the 
present experiment. Since these levels necessarily 
involve formation by protons having /,24, and since 
the inelastic scattering process may proceed only by the 
emission of protons having /,,2 2, it is expected that 
the corresponding total widths and the partial widths 
are rather small. In this respect, however, it should be 
pointed out that the resonance effects due to levels 
involving /,=3, /,,=1 are quite apparent in both the 
elastic and inelastic scattering cross sections. Further, 
the frequency distribution of reduced total widths is 
found to agree reasonably well with the distribution 
predicted by Porter and Thomas.” Therefore, one 
cannot immediately conclude that the difference in the 
reported level densities can be explained in the above 
manner. 
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4+ Excited State in Osmium-188* 
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Transitions in Os'** excited by the K capture from 41-hour Ir'®* have been observed at 155, 324, 478, 633, 
641, 827, 832, 1205, 1320, 1440, 1560, 1700, 1940, 2055, and 2190 kev. The new transition at 324 
kev is in prompt coincidence with the 155-kev transition to the ground state, and an £2 assignment has been 
made from conversion electron and gamma-ray intensities. It is proposed that this is the transition between 
a 4+ rotational level in Os'** at 479 kev and the 2+ state at 155 kev. 


1, 1958 


HE low-lying nuclear excited states in the even 

isotopes of osmium have been attributed to 
collective motion of “rotational” and “vibrational” 
character.' The lowest lying excited states of osmium- 
188 populated from rhenium-188 beta decay occur 155 
and 633 kev above the ground state; both these states 
are reported to have spin and parity 2+.? To search 
for evidence of the third 4+ member of a “rotational” 
level sequence in osmium-188 containing the ground 
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Fic. 1, Gamma-ray spectrum of iridium-188 (upper curve); 
gamma-ray spectrum of rhenium-188 (lower curve). 
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2V. S. Dzelepov and L. K. Peker, Atomic Energy of Canada 
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state and the state at 155 kev, it appeared worth while 
to examine the osmium-188 gamma transitions ac- 
companying the electron capture decay of 41-hour 
iridium-188. The pure sources of iridium-188 used in 
these investigations were obtained from the decay of 
10.3-day platinum-188; the latter activity being 
prepared by 50-Mev proton bombardment of iridium 
in the Nevis synchrocyclotron.* Both equilibrium 
platinum 188—iridium 188 and pure _ iridium-188 
sources have been examined with scintillation and 
conversion electron spectrometers. 

A scintillation spectrum of the gamma radiations 
from a source of pure iridium-188 taken with a 1}-in. 
by 1-in. sodium iodide scintillation spectrometer is 
shown in Fig. 1, where it is compared with the gamma 
spectrum of a source of rhenium-188 taken with the 
same apparatus. It is evident that in the case of 
iridium-188 decay the majority of the transitions occur 
to excited states of osmium-188 and also that many of 
the transitions observed are different from those 
occurring in rhenium-188 decay. In particular, gamma 
rays were observed at 155, 324, 478, 633, 641, 827, 832, 
1205, 1320, 1440, 1560, 1700, 1940, 2055, and 
2190 kev. The majority of these gamma rays have 
been observed independently by Diamond and Hol- 
lander.t The gamma rays coincident with the 155-kev 
transition were examined with a coincidence circuit of 


TABLE I. Measured relative intensities of the gamma-ray 
quanta and conversion electrons for transitions in osmium-188 
following electron capture by iridium-188. The gamma-ray 
intensities are quoted relative to 100 155-kev quanta. The electron 
intensities are quoted relative to 100 K-conversion electrons for 
the 155-kev transition. 
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Fic. 2. K and L conver- 
sion lines of 324-kev tran- 
sition in osmium-188; the 
K line of the 383-kev tran- 
sition in iridium-188 is also 
shown. 
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resolving time 2r=3X10~* sec. Both the new 324-kev 
transition and the 478-kev transition appeared in the 
coincident spectrum in the same intensity ratio as in 
the singles spectrum. Since the 478-kev transition 
occurs between the levels at 633 kev and 155 kev, the 
324-kev transition must also feed the 155-kev level 
directly. 

Successive conversion electron spectra from an 
initially pure source of platinum-188 were measured in 
a double-focusing electron spectrometer having a 
resolution of 0.25%. Conversion lines due to transitions 
in osmium-188 were identified by an initial increase in 
intensity due to the growth of iridium-188. The K and 
L conversion groups of the 324-kev transition are shown 
in Fig. 2 together with the K conversion line of a 380- 
kev transition in iridium-188. 

The intensities of the gamma and electron lines 
relative to the 155-kev transition are shown in Table I. 
Conversion coefficients have been obtained from these 


iL 
.200 


4 
.300 


relative intensities by assuming that the 155-kev 
transition has pure £2 character. Previous investi- 
gations of this transition excited by the beta decay of 
rhenium-188 indicate this assignment.? Normalization 
of the intensities was carried out to both the theoretical 
Ly and Ly conversion coefficients for the 155-kev £2 
transition; this procedure being preferred to normali- 
zation to the single theoretical K conversion coefficient 
since it was felt that the measured Z conversion electron 
intensity for the 155-kev transition was more reliable 
than the measured intensity of the lower energy K 
conversion electrons. The observed coefficients are 
compared in Table II with the theoretical K coefficients 
interpolated from the results of Sliv and Band and the 
theoretical L coefficients of Rose*; multipole assign- 
ments deduced are shown in the last column. 

The existence of an £2 324-kev transition coincident 
with the 155-kev transition is attributed to the popu- 


TABLE II. Conversion coefficients of transitions in osmium-188 following electron capture by iridium-188. Each value is to be multi- 


plied by the power of 10 indicated in parentheses. 


The experimental conversion coefficients were computed from the intensities shown 


in Table I which were normalized to yield the theoretical Z1; and Ly11 conversion coefficients for the 155-kev transition (values shown 
in curly braces). Had the normalization been carried out to yield the theoretical K conversion coefficients, the experimental values of 
the remaining coefficients would be increased by the factor 0.32/0.24=4/3. 
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lation of a 4+ state in osmium-188 at 479 kev. The 
ratios of the energies of the 4+ and 2+ levels of the 
three osmium isotopes 186, 188, 190 then show con- 
sistent behavior with values 3.19, 3.10, 2.91, 
respectively. 

Since the highest osmium-188 level populated by 
iridium-188 decay has energy equal to or greater than 
2.19 Mev, this figure may be used as a minimum value 
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of the electron capture energy. Assuming a partial 
half-life of 4 days for electron capture by iridium-188 
to the 2+ state at 155 kev, a log ft value of 7.2 is 
computed consistent with a first-forbidden transition. 
The absence of a strong electron capture branch to the 
ground state of osmium-188 together with the excitation 
of a 4+ state suggests a spin of 2— or 3— for iridium- 
188. 
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Coulomb Exchange Energy from Shell-Model Wave Functions* 


N. V. V. J. Swamy,t The Florida State University, Tallahassee, Florida 


AND 


A. E. S. Green,t Los Alamos Scientific Laboratory, Los Alamos, New Mexico 
(Received June 13, 1958) 


The Coulomb direct and exchange energies of several light nuclei have been calculated by using harmonic- 
oscillator wave functions and approximate wave functions for a realistic diffuse-boundary potential. The Z 
dependence of the total exchange energy is expressed in terms of a convenient parameter c. Calculations 
show that for very low Z this parameter is appreciably smaller than a prior estimate by Bethe and Bacher 
based upon the statistical model, but that it rapidly reaches their value 5(3/16x)! for Z>10. 


1. INTRODUCTION 


NUMBER of studies'~? have been made which 

bear upon the differences of the Coulomb direct 
and exchange energies in mirror nuclei. These studies 
have been of particular interest in recent years in con- 
nection with Coulomb radii determinations. However, 
other than the original statistical calculations of von 
Weizsiicker® and Bethe and Bacher,’ and a recent 
similar calculation by Cameron," there has been little 
study of the total Coulomb exchange energy. Our 
interest in this quantity stems from difficulties!” 
encountered with the mass formula at light nuclei. 
These difficulties arise when one attempts to improve 
the simple Bethe-Weizsiicker formula by inclusion of the 
Coulomb exchange energy as estimated using the§sta- 
tistical model. In view of the impressive successes of the 
independent-particle model of the nucleus, it was con- 
sidered worthwhile to estimate the total Coulomb 


* Work supported by the U. S. Atomic Energy Commission. 

t This work is a part of a dissertation submitted to the Florida 
State University for the Ph.D. degree. 

t On leave from Florida State University until September, 1958. 
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exchange-energy term on the basis of the independent- 
particle model of the nucleus. 


2. CALCULATION WITH INDEPENDENT-PARTICLE 
MODEL WAVE FUNCTIONS 


In the Hartree approximation, the Coulomb energy 
of a nucleus with Z protons is, after summing over spin 
coordinates, 


oe e 
E-410% ff van) *—IWs(r) dnd 


j=l i=l 


=a E z f feraovsen 


e 
X—Wi(re)p;*(12)dridre, (1) 


T12 


Ti2>= |t1— Tel. 


The y¥;(r) are the central-field proton wave functions. 
The first term is the Coulomb direct energy and the 
second term is the “exchange energy” arising from the 
antisymmetrization of the ground-state wave functions 
needed to satisfy the exclusion principle. To obtain a 
result comparable with the statistical calculation of 
Bethe and Bacher, we have here followed their pro- 
cedure of adding “self-energy” terms to the direct term 
and subtracting the corresponding terms from the ex- 
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TABLE I. Total Coulomb energies of light nuclei (in units of e?/b= 1.44 Mev). 
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3.21 
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1.151 
2.199 
3.304 
9.852 
13.928 


0.192 
0.363 
0.855 
1.764 
2.485 








change term.” The result of Bethe and Bacher, which is 
based upon the assumption of plane waves and a 
uniform charge distribution of radius R, may be placed 
in the form 

ee? c 

R Zi 

where c= 5(3/16x)!=0.7636. The presence of Z? instead 
of Z(Z—1) in the direct term is occasioned by their 
treatment of the self-energy terms. When a central-field 
single-particle wave function, 


y= Yi, mi(0,¢)R(n;,0;,7) 1, (3) 


is used, Eq. (1) in the notation of Condon and Shortley™ 
reduces to 


E.= XY {@F*(nd,njl;)—8(m,‘,m,)0G (nd injl))}. (4) 
=o 


The delta function in the second term shows that only 
protons with parallel spins contribute to the exchange 
energy. 

Realistic wave functions" which lead approximately 
to the Stanford charge densities"*"* have been obtained 
by using a single-particle potential consisting of a 
uniform region and an exponentially diffuse boundary. 
The nature of this potential necessitated solving the 
Schrédinger equation in two regions and joining the 
solutions smoothly across the boundary. These two-zone 
wave functions are somewhat inconvenient for the 
purposes here. Fortunately they can be approximated 
fairly well by more convenient analytical functions of 
the form!’ 


V= Vim; (0,9)Cir™e*, (S) 


where Ci; is a normalization constant for the radial 
eigenfunction. Such functions have been used in a recent 
atomic calculation."* By using these, the integrals in 
Eq. (4) have been evaluated in nodeless cases of inter- 


12 Correspondence with L. N. Cooper concerning this obscure 
point has been quite helpful. 

1%3E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1951), p. 176. 

“ A. E. S. Green, Phys. Rev. 102, 1325 (1956); 104, 1617 (1956). 

18 Green, Lee, and Berkeley, Phys. Rev. 104, 1625 (1956). 

16 R, Hofstadter, Revs. Modern Phys. 28, 214 (1956). 

17N. V. V. J. Swamy, Ph.D. dissertation (unpublished). 

18 A. E. S. Green, Phys. Rev. 107, 1646 (1957). 


0.196 
0.392 
0.787 
2.210 
2.333 
2.601 
5.892 
6.535 


3.21 
3.26 
3.33 
3.42 
3.41 
3.53 
4.23 
4.33 


1.178 
2.111 
2.932 
10.213 
12.479 
15.587 
49.413 
65.215 





est. We get 
G* (15,153) =2(2/b)CizCi? f(2N 5;,2K j;) 
XK (NeitA+1)7 
X oF i(2N +1, 1, Nij+A+2;4), (6) 
and 
F°(1;,1;) 
= (2/b)Ci2C 17 f(N ii +N jj, Kist+Kj;) 
X((N5;+1)7 
K Fi (VN ie t+N 5j;+1, 1, N 5542; K5;/(Kiit Kj;)) 
+(N itl) 
XK oF (Nii +N5j4+1,1,Nist+2; Kii/(KiitKj,))}, 
where 
b=10-* cm, 
Kij=ki+hk;, 


N j= -+n;, 3 
fla,b)=o-—r(a41), © 


It may be remarked that in the case of closed shells, 
which are treated in this work, the only integral F 
that appears is the one with A=0. When harmonic- 
oscillator wave functions (for nodeless states) are used, 


¥= Viy, mi(0,¢)Cir" exp(—4a’r’), (8) 
the integrals become, in a notation similar to that of 
Eq. (7), 

G* (1 i,l;) = 2(2/b)Ci PCr? f(Lis—}, 2) 

X[2(Lijg+AF Dake} 

XoF (Lis tH, 1, §LLij+A4+3]; 3), 

F9(1 13) = 2(2/b)Ci?Ci7 f(Lis—}, 2)[ait (9) 
X (LAL t DP Fi (Lis+4, 1, 44449; ») 
+(2(Ljj;+1) FP Fi (Lij+4, 1,449; 4), 

(Las=latls). 

The integrals in Eq. (4) can also be easily evaluated for 

higher states up to about Z=30 if the confluent 

hypergeometric function occurring in the radial eigen- 
function is expressed as a linear combination of func- 

tions of the form in Eq. (8). 


From the first term in Eq. (1), the “direct self- 
energy” can be evaluated by putting i=j in the 
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summation. Assuming spherical distributions, this leads 
to 


Zz pi(t )pi (2) 
E,a=} p 2 ff ; dr\dr2 
i=l 12 


Tr 


=} > V -(ri)ps(ri)dr, =} > F°(ndind;). (10) 


i=l i=l 


The “exchange self-energies” can be evaluated in the 
same way. 

The results obtained for the light nuclei ,He', 3Li’, 
«Be®, zN“, ,0'8, oF, 1sA, and 2:Sc* are listed in 
Table I. The equivalent uniform radius R given in this 
table is calculated from the radii of the orbitals. The 
harmonic-oscillator parameter a has been chosen such 
that the root-mean-square radius of the highest filled 
state equals that computed from the two-zone wave 
functions. LS coupling has been used in the case of ,Be® 
and the missing proton in ;N" has been treated as a hole 
outside closed s and p shells. 

The energies estimated with the approximations to 
the realistic diffuse boundary wave functions appear to 
be somewhat less on an average than those obtained 
with harmonic-oscillator functions. In the case of very 
light nuclei the parameter c assumes a value appreciably 
less than that given by the derivation of Bethe and 
Bacher.® However, it rapidly approaches their value for 


Z210. In the light-nuclei region, c may be fitted 
roughly by the function 


c=0.7636— e382, 


(11) 


These results are shown in Fig. 1. 


It might be expected that a complete study involving . 


nuclei with Z’s between those considered here, which of 
necessity would require detailed coupling assumptions, 
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Fic. 1, Exchange parameter c vs Z. 


would reveal further local fluctuations about any smooth 
representation of c(Z). The magnitude of the direct 
energies depart somewhat from the values based upon 
the classical Coulomb energy of a uniformly charged 
sphere of radius R. This is primarily because of the 
inclusion here of the self-energy terms. Uncertainties in 
the choice of the basic potential parameters also in- 
fluence these numbers; however, these uncertainties are 
not expected to change the parameter c appreciably. 

The effect of this work upon the nuclear mass surface 
is under study. In the meantime we might cite the 
rapidity with which the statistical result is achieved as 
the most significant aspect of this independent-particle 
model calculation. 
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An optical-model analysis of the measurements of nitrogen-nitrogen elastic scattering is made, and a 
quasi-classical discussion of the corresponding phase shifts is given. 





I. INTRODUCTION 


HE nitrogen-nitrogen elastic scattering experi- 
ments of Reynolds and Zucker’ are the first 
measurements not only of heavy-ion elastic scattering 
but of the elastic scattering of identical heavy ions 
(excluding a-particle scattering). There is little doubt 
of the importance of such measurements since they 
provide a means to try to understand the interaction of 
two clusters of nuclear matter. Attempts to derive 
heavy-ion interaction parameters from first principles 
may possibly be of considerable value when trying to 
assess the relative importance of the Pauli principle, 
hard cores, and more-than-two-body forces. In this 
paper we shall present only the briefest of remarks along 
this fundamental line, but we feel that the understand- 
ing of the interaction is something demanding con- 
siderable future pursuit. 

Prior to the optical-model machine calculations, pro- 
posals of approximation methods of calculating elastic 
scattering in the presence of strong absorption were 
made.?* There has also been another proposal for com- 
puting elastic scattering in which an attempt is made 
to take into account the spreading of the Coulomb wave 
packet near the nuclear surface.‘ The model proposed 
by Blair? can be briefly described as a quasi-classical 
model. Essentially,Blair argues that for angular mo- 
menta / larger than those for which a collision would be 
dictated classically for a sharp-surface nucleus, there 
would be no absorption and hence that one can say 
that the phase shift for such angular momenta is to a 
good approximation only the Coulomb phase shift. For 
angular momenta smaller than_the critical angular 
momentum /max,!Blair argues that there is essentially 
complete absorption so that the amplitude of the 
scattered waves drops to zero. In Fig. 1 we show the 
result of such a calculation in the case of nitrogen- 
nitrogen elastic scattering at a laboratory energy of 
21.7 Mev as given in reference 1. The fit to the data is 
quite good, and the critical value /mex is seen to be 
approximately six. This implies an interaction radius 


* This work carried out under the auspices of the U. S. Atomic 
Energy Commission. 

+ Present address: School of Physics, University of Minnesota, 
Minneapolis, Minnesota. 

1H. L. Reynolds and A. Zucker, Phys. Rev. 102, 1378 (1956). 

2 J. S. Blair, Phys. Rev. 95, 1218 (1954). 

2C. E. Porter, Phys. Rev. 103, 674 (1956). 

4J. S. McIntosh, Conference on Reactions between Complex 
Nuclei, Gatlinburg, Tennessee, May 5-7, 1958 (unpublished). 


of about 8X10-" cm or about 4X10-" cm for the 
radius of nitrogen. Assuming that the radius of nitrogen 
follows the A! law, we find for the coefficient ro a value 
of ro= 1.66 10 cm. 

The other proposal that was made to try to under- 
stand the nitrogen-nitrogen elastic scattering is shown 
in Fig. 2. (The error pointed out by Robeson® has been 
corrected in the figure; in the nitrogen-nitrogen scatter- 
ing with the parameters used in reference 3, it amounts 
only to the insertion of 2 R/lp in place of R/lo.) One 
sees that the agreement with the data is not as good 
as that obtained in the case of the Blair model; how- 
ever, the required drop from Mott scattering is ob- 
tained for a not unreasonable value of the mean 
free path. 
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Fic. 1§ Plot of the experimental data of reference 1 (solid 
circles), and the theoretical curves predicted using Blair’s model 
(reference 2). The two dashed curves are the classical scattering 
cross section for identical systems and the Mott scattering cross 
section for two identical systems of spin 1. It is seen from the 
agreement between the entation of Blair and the data that 
the indicated Imax is around 6. This /max leads to a somewhat 
higher nuclear radius than is required in the optical model cal- 
culations. 


5B. A. Robeson, Proc. Phys. Soc. (London) 72, 126 (1958). 
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We shall return later to the question of the possible 
meeting ground between these two models. 


II. SPHERICAL OPTICAL MODEL CALCULATIONS 


The title of this section is intended to emphasize 
that there is no a priori guarantee that the interaction 
region between two nitrogen nuclei is a spherical one. 
It is only for reasons of computational simplicity that 
this assumption has been incorporated into the com- 
putations. As we shall see, this assumption seems to be 
sufficient to handle the presently available data. In 
order to carry out a spherical optical model calculation 
for the scattering of identical systems of spin 1, one 
must calculate an elastic scattering cross section using 
symmetrized amplitudes. In the case of spin 1, the 
appropriate expression is: 


doer/dQ=§| f(0) + f(—8) |?+4] f(O)—f(w—8)|*, (1) 


where (6) is the usual scattering amplitude. Equa- 
tion (1) differs from the corresponding expression for 
a-a elastic scattering in that odd space states also enter 
into the scattering whereas such states are suppressed 
in the case of the scattering of two identical spin-zero 
particles. 

The calculations performed in this work made use of 
the charged-particle code which was used by Igo and 
Thaler. The code was appropriately modified to take 
into account the symmetry properties required for the 
two identical spin-1 systems. Only a few of the optical- 
model parameters were varied in making the fits since 
it was found that the data were not so very difficult 
to fit rather well. The Coulomb radius was chosen to be 
2(1.04) X 144 10-" cm, and the falloff distance for the 
charge distribution was chosen to be one-ninth of the 
Coulomb radius. There was no study of varying the 
effect of the nuclear potential falloff distance although 
this could be a rather interesting and important area 
of investigation. The rounding parameter in the Saxon- 
type of potential form factor was chosen to be d=0.6 
X10-* cm for all of the calculations that were carried 
out. Two different nuclear radii were assumed, and for 
each of these radii the real and imaginary coefficients 
of the nuclear potential were varied until the best fit 
was found. Figure 3 shows the results for elastic scatter- 
ing with an interaction radius of R= 2(1.15)A*X10-" 
cm while Fig. 4 shows the cross section for compound 
nucleus formation as a function of energy for the same 
interaction radius. In addition to the optical-model 
calculations, the experimental data and the calculated 
values for Mott scattering (V=W=0) have also been 
plotted. In Fig. 5 are shown the elastic scattering results 
for an interaction radius R= 2(1.25)A!X10-® cm, and 
in Fig. 6 the cross section for compound nucleus forma- 
tion for the same interaction radius is shown as a 
function of energy. 

In general the fits seem to be quite adequate; this is 


*G. Igo and R. M. Thaler, Phys. Rev. 106, 126 (1957). 
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especially so if one takes the symmetry of the experi- 
mental data around 90° as a measure of the accuracy 
of the data. There are a few characteristics of the fit 
that are worth pointing out. In the machine computa- 
tions, the magnitudes of V and W were explored over a 
range from 0 to 200 Mev. In general, V was isolated to 
a few Mev in this process, but W was not so well 
determined and could vary around the best fits shown 
in Figs. 3 and 5 over a range of plus or minus 6 Mev 
without changing the goodness of fit by very much. 
Some of this ambiguity would be removed by measure- 
ments of the total compound nucleus formation cross 
section. It can be seen from Figs. 4 and 6 that this 
cross section begins to rise considerably before the 
sharp-edge barrier energy is reached. In fact it is already 
up to 100 mb, about 5 Mev below the barrier energy. 
This effect is, of course, due to the rounding of the 
nuclear potential which cuts down the reflection and 
hence increases the absorption. 


III. BEHAVIOR OF PHASE SHIFT 


In order to obtain some idea of what the optical 
model actually predicts for the real and imaginary 
parts of the phase shift of the scattered wave as a 
function of the orbital angular momentum, the machine 
calculations were arranged such that these quantities 
were also available. The results of the computations 
for the best fits obtained for the two different radii 
studied are shown in Figs. 7 and 8. (Of course, the 
orbital angular momentum is a discrete parameter, and 
the drawing of curves through these points is only 
really meaningful in the classical limit. However, only 
very rarely did points fluctuate from the smooth curve 
drawn which indicates that the classical limit is being 
rather rapidly approached in these calculations.) Most 
of the features of these curves are rather easily under- 
stood. One sees, for example, that the imaginary part 
of the phase shift is large for small angular momenta 
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Fic. 2. The data here 
are the same as shown in 
Fig. 1; however, the solid 
curves are taken from 
the completely classical 
calculation of reference 
3. The agreement here ¥ 
is not as good as that 
shown in Fig. 1. 
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_Fic. 3. In this figure are plotted the experimental data, the Mott scattering curves, and the best optical-model fit for a diffuseness 
distance of 0.6X 10~" cm, and a radius of 2(1.15)A*X10-* cm. As is indicated on the graphs, the best-fit value of V is —40 Mev and 


of W is —8 Mev. 


which are the angular momenta that correspond to 
direct nuclear collisions. It is also large for higher energy 
where again the collisions are harder. The real part of 
the phase shift (we wish to emphasize that the phase 
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Fic. 4. Plot of the cross section for compound nucleus formation 
as a function of laboratory energy for the best-fit parameters of 


Fig. 3. 


shift plotted here is the total phase shift minus the 
Coulomb phase shift and hence is usually called the 
nuclear phase shift) also varies in a reasonable way. 
At low energies where the absorption is not too great, 
the phase shift is attractive which represents the effect 
of the attractive potential. However, as the energy 
increases and the absorption becomes larger, one sees 
that the smaller angular momenta are essentially kept 
out of the nucleus by this strong absorption, that is to 
say, the intensity of the wave drops very rapidly within 
the nuclear radius. As remarked by Ford, this shows up 
as a repulsion in the real part of the phase shift; the 
real part of the phase shift begins to become negative 
for small angular momenta. 


IV. FEATURES OF NUCLEAR POTENTIAL 
DETERMINED BY EXPERIMENT 


After rather extensive machine calculation, one of 
the general features that was found in the a-particle 
scattering analysis’ was that the best fits to the data 
had in common that the tails of the real parts of the 


7G. Igo, Phys. Rev. Letters. 1, 72 (1958). 
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Fic. 5. This figure is the same as Fig. 3 except that the radius was chosen to be 2(1.25)A!X10~ cm. The best-fit potentials in this 
case are V = —20 Mev and W=— 10 Mev as indicated in the figure. 


optical potentials were essentially identical beyond 
a depth of the order of 10 Mev. 

In Fig. 9 we have plotted the real parts of the nuclear 
potential for the best fits for the two radii which were 
used in the machine calculations. The behavior shown 
in the figure is essentially identical with that found in 
the a-particle case except that not as many machine 
calculations have been run in the nitrogen-nitrogen 
case and the slope of the curves in the tail is not the 
result of an empirical adjustment of the diffuseness 
parameter as in the case of the a-particle scattering 
where this parameter was also varied. This consistency 
for the interaction of complex systems is rather striking, 
and it would be of great interest to push this investi- 
gation further by more machine computations and also 
by experiments on the scattering of H® and He’, and 
to compare these results with not only the scattering 
of complex systems but also with the scattering of 
deuterons‘to see at what number of particles the com- 
plexity of the incident nucleus is such that it does not 
maintain its identity for very large depths of penetra- 
tion into the target nucleus. 

Igo’ points out that in the alpha-particle scattering 
the tail of the real part of the potential can be repre- 


sented as 
— 1100 exp[— (r—1.1744)/0.574] Mev. (2) 


The distances in the exponent are in 10~" cm. In the 
nitrogen-nitrogen case the tail shown in Fig. 9 can be 
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Fic. 6. Plot of the cross section for compound nucleus forma- 
tion as a function of laboratory energy for the parameters of 


Fig. 5. 
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Fic. 7, The real and imaginary parts of the nuclear phase shift as a function of angular 
momentum for the best-fit parameters described in Fig. 3. 


represented by 
— 3932 exp[ — (r—1.17A!)/0.6] Mev. (3) 


Again the distances in the exponent are in 10~-" cm. 
These two results can be reconciled in the following 
way. We adopt for the form of the tail the following: 


V exp{ —[v—1.17(A1#+-A24) ]/0.574} Mev. (4) 


In this equation, A; is the atomic weight of the incident 
nucleus and A, is the atomic weight of the target 
nucleus. We have chosen Igo’s radius and diffuseness 
parameters because these are the results of more 
extensive calculations and hence are most likely more 
realistic. We can now compare Eqs. (2), (3), and (4) 
and determine the coefficient V for a particles and for 
nitrogen. We find 


V=—43 Mev (a particle) 


= — 36 Mev (nitrogen). (5) 


One can say, therefore, that the magnitude of the 
coefficient V is of the order of 40 Mev to within 10% 
for complex systems. 

What can we find as a general feature of the absorp- 
tion? So far, it does not seem possible to make a simple 
meaningful plot like Fig. 9 for the imaginary part of 


the optical potential. However, it is worth pointing out 
that if one examines Figs. 7 and 8, it is seen that 
although the real part of the nuclear phase shift is 
quite different in the two sets of fits, the imaginary 
part of the phase shift, as a function of angular mo- 
mentum, is almost identical for the two cases shown. 
Since the imaginary part of the phase shift measures 
classically the integral of the path divided by the mean 
free path, 
dx 


U(x) ' 


it is rather reasonable that the data should want to 
keep this the same when other parameters have been 
changed. In order to give some idea of how controlling 
the imaginary part of the phase shift is in the nitrogen- 
nitrogen scattering, the best fit for the larger inter- 
action radius with the coefficient of 2(1.25) was re- 
calculated assuming that the real part of the nuclear 
phase shift for all angular momenta was zero. What 
this says is that the real part of the total phase shift 
is just the Coulomb phase shift while the imaginary 
part was left to be as calculated from the optical model. 
In Fig. 10 it is seen that this does not differ very much 
from the exact optical model calculation. This is further 


Imé=}4 (6) 
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Fic."8. Plots of the real and imaginary parts of the nuclear phase shift for the best-fit parameters of Fig. 5. 


evidence that it is absorption that is playing the major 
role in the scattering, and that the only other essential 
features are the identity of the particles, and the long- 
range Coulomb interaction. Figure 10 thus provides an 
expression of the sought-for meeting ground between 
the viewpoints of references 2 and 3. 

In order to pursue this a little further, a completely 
classical calculation of the imaginary part of the nuclear 
phase shift as given in Eq. (6) was carried out using a 
pure Coulomb orbit intersecting a density distribution 
with a Saxon type of form factor. The general result 
is a double integration which was carried out numeri- 
cally. One has 


2 x 1 
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f ™ Es VW?+1)(VW2+ (e— wey 
xX o> , 
0 VW?+2¢/(e+1) 
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cosh’{ (DV-+D-— R)/2d] 








in the general ¢ase where the orbital angular momentum 
is not zero and the surface of the density distribution is 
not sharp. In this formula d is the diffuseness distance 
for the density distribution, R is the radius for the 
density distribution, /) is the mean free path of the 
incident nucleus near the center of the target nucleus, 
and ¢ is the eccentricity of the Coulomb orbit given by 


e= (1+ 2/n?)!, (8) 


in which » is the usual Coulomb parameter n= ZZ’e?/hv. 
D is the distance of closest approach to the Coulomb 
orbit, the so-called apsidal distance, and is given by 


ZZ'e* f1+« 
ant, 
Ey.m,\ 2 
where £..m. is the center-of-mass energy of the incident 
particle. In certain circumstances, Eq. (7) can be 
simplified. The first of these occurs for a sharp surface 


nucleus (d=0)"in the case where the orbital angular 
momentum is not equal to zero. One then finds 


(9) 
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Fic. 9. Igo plot of the real parts of the best-fit nuclear potentials 
for the two different interaction radii. This brings out the identity 
in the region where the strength of the tail is less than 10 Mev as 
Igo reported for the a-particle analysis. 


For the orbital angular momentum /=0, and for the 
density diffuseness parameter d0, we find 


1 R—Do 
Imb=—| R—De+ 24 Xn 2 cosh (——~) } (11) 


0 


in which Dp is the apsidal distance for zero angular 
momentum. In the case of zero angular momentum and 
a sharp surface nucleus, one finds 


Imé= (R—Do)/2lo. (12) 


In Fig. 11 are shown the results of numerical calcula- 
tions using Eqs. (7) through (12) with a density diffuse- 
ness distance of 0.6X 10-" cm.f These are compared to 
the exact optical-model calculations for the larger 
interaction radius although, since the imaginary part 
of the phase shift is essentially the same for both 
interaction radii, this distinction is not so very critical. 
One sees that there is some justification for a purely 
classical point of view. 


V. CRUDE ESTIMATE OF FIT PARAMETERS 


In this section we wish to take up a very crude dis- 
cussion of the values of the optical-model parameters 


t Note added in proof.—It has been pointed out by J. S. Blair 
that the infinite-nuclear-medium mean free path computed from 
V =—20 Mev and W=—10 Mev is closer to 1X 10™ cm than to 
0.1X 10-8 cm. Although both values are small compared to the 
nuclear radius, this provides an indication of the importance of 
the edge diffuseness when numerical details are in question. 


PORTER 


obtained in the fitting process. In order to estimate the 
real part of the interaction potential, we imagine the 
collision as shown in Fig. 12. Using the coordinates as 
defined in Fig. 12, we write the interaction potential 
between the two density distributions as 


v(Ru)= f f pi(ti— Ry)o(11— 12) 


X po(fe— R,)d*rd°r2. (13) 


In Eq. (13), » is the two-body interaction potential. 
It turns out to be possible to simplify this equation if 
we let 


p(t)= f elt tg: (K)ah, 
a(t) = f ero kyePh 
We then find for V 
V (Ris) = (2n)® f eit Rina (Kk)gs(k)go( kd. (15) 


It is rather easy to carry out a calculation providing 
one uses Gaussians at every opportunity. Thus we 
choose for the density functions 


(16) 


( 3 ! 3r? 
é =A ” eeuercmee x oe eeiaeenn a 
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For the potential function we pick 


v(r) = — Vo exp(—r*/a?). 
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Fic. 10. Plots of Mott scattering, the exact calculation at a 
laboratory energy of 21.7 Mev as taken from Fig. 5, and also an 
approximate calculation assuming the real part of the nuclear 
p shift to be zero. One sees that the exact optical-model 
calculation and the approximate calculation are in quite good 
agreement indicating the importance of the identity of the par- 
ticles, the long-range Coulomb force, and the nuclear absorption. 
The effects of the real part of the phase shift on the scattering do 
not seem to be very significant. 





N-N ELASTIC SCATTERING 


With these forms the resulting expression for V(Rj2) is 





V (Ris) = — Voa*Aj Ae exp( ~ 


Ri:* ) 
3 (11?) w+ (727) w) +a? 


XL3 (ri?) (r2")w) +a? 1. (18) 


We next choose the following numbers for the param- 
eters in Eq. (18); 
((r1?)w) $= 1.3 (14)! 10-8 cm= 3.2 10-" cm, 
a=2X10-" cm, 
Vo=30 Mev. 


(19) 


The resulting expression for V(Rj2) is 


V (Riz) = — 760 exp[ — (Ri2/4)?] Mev, (20) 
where Rj, is measured in units of 10~% cm. It is clear 
that the strength of this potential is much too large 
compared to the results of Eq. (5). The size of this 
result may depend upon the Gaussian forms which 
were put in for the densities and for the two-body 
potential or there may be effects of the Pauli exclusion 
principle, hard cores, or many-body repulsive forces 
which are obviously missing from the above discussion. 
In any event it is clear that further work along these 
lings is very much to be desired. 

In order to make a crude estimate of the imaginary 
part of the optical potential or, to say it in another way, 
the mean free path near the center of the nucleus, we 


19.2 MEV 
V+-20 
EXACT { 10 
COULOMB ORBIT 
110.1 FERMI 





2.7 MEV 

*-20 

exact { ¥'~20 

———-— COULOMB ORBIT 
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Fic. 11. The exact calculation of the imaginary part of the 
nuclear phase shift as taken from Fig. 8, along with an approxi- 
mate classical calculation of the imaginary part of the nuclear 
phase shift assuming a Saxon form for the density distribution and 
a pure Coluomb orbit. 


Fic. 12. The geometry 
used in the description 
of the collision of two 
heavy nuclei. 


imagine a nucleus consisting of A particles as is shown 
in Fig. 13 colliding with a wall of nuclear matter.® 
If we imagine that this nucleus of A particles is essen- 
tially a collection of single particles and that each of 
these single particles has a mean free path /nucteon, then 
the probability p that any one of these particles gets a 
distance x into the wall of nuclear matter is 


p= €-7! ‘nucleon. (21) 
However, we are now dealing with a system of A par- 
ticles. The probability that A particles penetrate a 
distance x into the wall of nuclear matter is 

pa=e 7All nucleon. (22) 
From this equation we see that the mean free path /,4 
for a system of A particles is effectively 


ls = Inucteon/ A ° (23) 


For a system with the order of ten particles this means 
that the mean free path of this complex system is about 
a tenth of the nucleon mean free path. This means a 
very short mean free path for the complex system, and 
this is what the plots shown in Fig. 11 indicate. 


Fic. 13. Pictorial rep- 
resentation of the colli- 
sion of a heavy nucleus 
with a wall of nuclear 
matter. 








§ The discussion in this paragraph is based upon a conversation 
with Dr. Kenneth Ford. 
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High-Resolution Electron Spectroscopic Study of the 60-Hour 
Electron-Capturing Isomer Re'®t 
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A thorough study of the conversion electron spectrum from electron capture decay of the 60-hr Re'™ 
isomer is reported. A very large number of transitions are observed, including most of those reported by 
previous investigations on the beta decay of Ta! to the same daughter nucleus W'®. In addition many 
new transitions are observed. Relative intensity comparisons from the present study add weight to a Ta!™ 
decay scheme published by earlier investigators. Using the Ta'®* decay scheme as a base, it was possible to 
fit most of the new transitions into a plausible decay scheme involving several new levels. A tentative group- 
ing of many of the new levels into rotational bands is proposed, mainly on the basis of relative intensities of 


gamma transitions depopulating various levels. 


INTRODUCTION 


HE 60-hour electron-capturing isomer of Re’ was 

first identified by Wilkinson and Hicks.' Since 
their investigations no further studies of this isomer 
have been reported. However, the levels of the daughter 
nucleus, W'®, have been extensively studied from the 
decay of Ta'®. The last and definitive work in these 
studies was that of Murray et al? (hereafter referred to 
as MBMD). The present paper attempts to present a 
fairly complete interpretation of the results of a high- 
resolution electron-spectroscopic study of the transi- 
tions arising from the decay of 60-hour Re’. 


EXPERIMENTAL PROCEDURES AND RESULTS 


The rhenium activities studied were made by alpha 
particle bombardment of 0.012-inch foils of natural 
tantalum in both the internal and external beams of the 
Berkeley 60-inch cyclotron. The rhenium activities 
were separated carrier-free from the tantalum target by 
the distillation method proposed by Giles, Garrison, 
and Hamilton.? Bombardments were carried out at 
48.6 and 28 Mev, the latter energies to insure correct 
isotopic assignment of the conversion-electron lines 
observed. 


+ Based on a thesis submitted in partial fulfillment of the re- 
quirements for Ph.D. at the University of California, 1957. The 
work was carried out under the auspices of the U. S. Atomic 
Energy Commission. 

* Present address: Norman Bridge Laboratory of Physics, 
California Institute of Technology, Pasadena, California. 

1G. Wilkinson and H. G. Hicks, Phys. Rev. 77, 314 (1950). 

2 Murray, Boehm, Marmier, and DuMond, Phys. Rev. 97, 
1007 (1955). 

3 Giles, Garrison, and Hamilton, J. Chem. Phys. 18,°995 (1950). 


The instruments used almost exclusively in this study 
were five permanent-magnet electron spectrographs‘ 
with fields of 52.6, 99, 160, 246, and 350 gauss. 

The sources used in these spectrographs were pre- 
pared by the cathodic electrodeposition of the rhenium 
activity (probably as a basic oxide) on 0.010-inch 
platinum wires from a 6N (NH,4)2SO, solution of about 
pH 2. The plating cell used has been described previ- 
ously.‘ The plating was carried out with a current of 50 
to 75 milliamperes. 

In making these sources considerable difficulty was 
encountered from the deposit of a black substance, 
probably a basic platinic oxide, on the wire. Since the 
presence of this material caused a considerable increase 
in source scattering, with consequent decrease in resolu- 
tion, studies were made to determine the conditions 
which minimized this effect. These studies, while not 
exhaustive, indicated that the optimum conditions 
were a short plating period (< a half hour) and about 
6N concentrations. It was found also that after the cell 
had been used for a number of hours the amount of 
deposit decreased. The sources which were used to 
prepare the several exposures which are the basis of 
the present study appeared to have little if any of this 
deposit : hence the resolution of the lines in the spectra 
was essentially the theoretical resolution of the spectro- 
graph with a 0.010-inch source. 

The momentum resolution (full width at half-maxi- 
mum) that is usually quoted‘ for these spectrographs is 
about 0.1%. This error is a combination of the error in 
reading the line and the uncertainty in the determina- 


* W. G. Smith and J. M. Hollander, Phys. Rev. 101, 746 (1956). 
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tions of the magnetic field. In this discussion we assume 
the radioactive source is an infinitely thin (nonscatter- 
ing) layer on the 0.010-inch wire, an assumption we have 
achieved practically. 

In the present study we assign an error of 0.05% to 
the energies of most of the transitions between 100 kev 
to 250 kev. This is possible because only one plate was 
used to determine the electron line energies, and a large 
number of conversion electron lines of transitions whose 
energies had been measured absolutely by MBMD 
were present on the plate, allowing accurate calibration 
of the field. Using these lines as calibration points, the 
value of the field as a function of linear distance along 
the plate was interpolated for each of the new electron 
lines. Because the field is very nearly uniform, the 
interpolation was not difficult. The error in the pre- 
cision to which the lines were read was minimized by 
requiring four people to read each line until an arbitrary 
small difference in their readings was obtained. The 
energies of most of the new transitions reported are 
based on several conversion electron lines, each of which 
constituted an independent determination of the transi- 
tion energy. The energy values reported are averages 
of the energies of the various lines. The agreement 
among the energies of the conversion lines for all the 
transitions is consistent with the assignment of 0.05% 
error to the transition energies between 100 and 250 
kev. Larger errors are assigned for higher and lower 
energy transitions. The electron binding energies used 
throughout this work are those of Hill. 

For the low-energy spectrum the most important 
results were obtained using the 99-gauss permanent- 
magnet spectrograph. The results of the high-energy 
spectrum were obtained almost entirely from the 350- 
gauss spectrograph. 

As an example of the resolution obtained by the 
99-gauss spectrograph, and also of the complexity of 
the electron spectrum, we illustrate in Fig. 1 a densi- 
tometer trace of a permanent-magnet plate showing 
the region around 140 kev. 

In electron-spectroscopic studies of a mixture of radio- 
active isotopes, a sequence of steps is usually followed, 
namely, the assignment of electron lines to isotopes, the 
assignment of electron lines to transitions (and, if 
possible, the assignment of multipolarities to transitions 
from the relative intensities of ZL or M subshell con- 
version), and finally the determination of the decay 
scheme. 

In the study of Re'® we were able to identify most 
of the lines fairly readily by a series of exposures on the 
permanent magnets and by bombardment above and 
below the threshold for the Ta'*'(a,3”)Re'™ reaction. 
By these methods we were able to distinguish the 
60-hour Re'® lines from those of isomeric 13-hour 


5R. D. Hill, in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
Appendix VI, p. 915. 
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Fic. 1. Densitometer trace of the group of electron lines be- 
tween 133 and 145 kev observed in the decay of 60-hr Re!®. The 
analysis is indicated. In cases where alternative assignments are 
possible the assignment preferred is the higher (highest) of the 
transition energies indicated. 


Re'®.6.7 20-hour Re!*!,°8 50-day Re!™,®® and 71-day 
Re'* 6.9.10 The assignment of the electron lines to transi- 
tions was much more difficult because of the possibility, 
especially at low energy, of misassigning lines, and the 
ever present possibility of the accidental superposition 
of lines. The resolution of the spectrum, however, 
allowed us to assign many multipolarities, because the 
activity levels used in most of the experiments were 
sufficiently high to enable us to see the L- and higher- 
shell conversion lines of almost every transition. These 
transitions, the electron lines observed, and the in- 
tensity of these lines are listed in Table I, with the 
letter designations based on the decay scheme of Fig. 5. 
For the sake of completeness we have included some 
W'™ transitions observed in Ta’ decay, but not 
observed by us, in Table I. These transitions are de- 
noted by the superscript (c) after the energy. We have 
also quoted several different sets of limits of error in 
energy values. The transition energies indicated by 
superscript (b) were assigned by MBMD and are so 
designated because they were used to provide the 
field calibration for the new transitions. In the case of 
the three new high-energy transitions that we report, 
the energies of Backstrom" rather than MBMD were 
used as calibration. Thus in the case of the high-energy 
transitions we quote Bickstrom’s limits of error rather 
than MBMD’s. 

The numerical intensities given in Table I were 
determined from the photographic films and have 


*C. J. Gallagher, Jr., University of California Radiation Labora- 
tory Report UCRL-3928, 1957 (unpublished). 
7 Gallagher, Newton, and Shirley (to be published). 

19 ane Sweeney, and Rasmussen, Phys. Rev. 108, 108 
® Gallagher, Strominger, and Unik, Phys. Rev. 110, 725 (1958). 
% Thulin, Rasmussen, Gallagher, Smith, and Hollander, Phys. 

Rev. 104, 471 (1956). 

4 G, Backstrom, Arkiv Fysik 10, 387 (1956). 
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7. 
estimated probable errors of +20%. We arrived at 
this intensity error (low for photographic films) by 
determining that the intensities calculated from the 
photographic blackening were consistent with intensi- 
ties measured by a conventional variable-field spec- 
trometer, and hence were consistent with the error 
conventionally assigned intensities from such a spec- 


TABLE I. Transitions in W'® following the decay of 60-hr Re!®. Electron intensities are on an arbitrary scale. 


AND J. O. RASMUSSEN 

trometer. The actual calculation and comparison of in- 
tensities were carried out in the following manner. 
To convert photographic blackening to numerical in- 
tensities it is necessary to know the efficiency of the 
film as a function of energy. This was determined for 
the Kodak No-Screen x-ray film used in the present 
study by Canavan,” using the Berkely Svartholm- 








Initial 
and final Transition energy 


states (kev) Lu Lin 


Electron intensities 


M 


Multipolarity assignments 
First Second 
confidence confidence 


Total 
electron 
1 MuMm N1 NuNu1 intensity 





19.86+0.05 
33.36+0.01>¢ 
39.10+0.05 
42.71+0.01>¢ 
52.96+0.05 


60.51+0.05 
65.71+0.01> 
67.74+0.01> 
68.10+0.08 
74.41+0.05 


84.67+0.02> 
100.09+-0.02 
107.13+0.05 
108.57+0.05 
113.66+0.02° 


116.40+0.02° 
120.94+0.06 
126.40+0.06 
130.76+0.07 
131.30+0.07 


133.78+0.07 
147.68+0.07 
148.81+0.07 
149.39+0.07 
151.19+0.08 


152.41+0.03> 
156.37 +0.04> 
160.09+0.08 
169.18+0.08 
172.78+0.09 


179.36+0.05> 
181.63+0.09 
189.48+0.10 
191.31+0.10 
198.31+0.06> 


208.18+0.10 
209.33+0.10 
214.41+0.11 
215.69+0.11 
221.60+0.11 


222.05+0.07> 
226.10+0.11 
229.27+0.08> 
247.43+0.12 
256.37+0.13 


264.09+0.10> 
276.30+0.14 
281.42+0.14 
286.52+0.14 
299.88+0.15 


RQ 
ED 
NM 


HG 
KJ’ 


RP 
KJ 
FD 


a,0 


R0« 
15 
46 
16 
a 


>128 
>4.0" 
>6" 
256% 
58! 


12 

15 
8.6 

37 
2.5° 


a 


a 


a a a lites ~~ (R1+M2) 


a 


24 
17 


(M1) 
M1+£2 


(M1+£2) 
E1) 


(M1+£2) 


(M1) 
(M1+£2) 


(E1+M2) 
(Z1) 


El 

E2 

(E2) 
(M1 or M2) 





2 F, L. Canavan, 1956 (unpublished). 
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Initial 
and final Transition energy 
states (kev) 
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TABLE I.—(Continued) 








Electron intensities 
Lu Lin Mt MuMiun Nr 


ISOMER 


Reis? 





Total 


electron 





Multipolarity assignments 
First Second 
confidence confidence 





TN 300.49+0.15 dd 
SM 338.98+-0.17 aa aa aa 
C’C = 351.02+.0.18 aa aa aa 
EC 927 +1» 

960 +1> 


1003 
1076.7 
1121.6 
1155 
1158 


+15 
+0.6 
+0,2!! 
+1> 
+0.6 


+0.2!f 

1221.8 +0.2' aa 
1231.3 +0.5 aa 
1254‘ gg 
1273* gg 


1289 
1375 
1437 
1454 


1189.3 


+1> c 
+2> c 
+4> hh 
+4> c 








* Intensity too weak to be obtained from densitometer trace. 


3.0 

4.8 (£2) 

2 (£2) 
(E3) 
(E3) 


(M1+E2) 
(E14+M2) 
M1+2£2 
E1+M2 
(E1+M2) 


Ei+M2 
E2 
M1+E2 


(E1) 
(E1+M2) 


(M2) 
(E3) 


(M2+E3) 


b These transition energies and limits of error were assigned by MBMD. Conversion lines of these transitions were used to provide the field calibrations 


for the new transitions. 
© Not seen in 60-hr Re'® decay. 
4 11 67.74, Lu 65.71 superimposed. 
¢ The assignment of this line is questionable. 
{Lit 74.41, M1 65.71 superimposed. 
«Lin 74.41, K 133.78 superimposed. 
» K 169.18, NurNitr 100.09 superimposed. 
1K 172.78, Litt 113.66 superimposed. 
i K 116.40, KLilim superimposed. 
k Lt 116.40, M1 107.13 superimposed. 
' Lu 116.40, Min 107.13 superimposed. 


™ Seems too intense to be L1 120.94, but because K is on a dark background, it is difficult to be sure. 


® KIiNi-Nuu would be superimposed on K 126.40. 

© This line observed only weakly on one plate. It may belong to Re'®, 
® K 191.31, Ly 133.78 superimposed. 

@ 11 149.39, Lr 148.81, Lim 147.68 superimposed. 

* K 208.18, Litt 148.81 superimposed. 


* This line visible only on densitometer trace as a low-energy tail of K 208.81 (Re'®) line. ; ; 
* K 208.81, Lim 149.39 superimposed. A comparison of intensities of Re!® transitions in sample with the intensities of the Re!® lines in a pure Re'® 


sample indicates a very low intensity for the Lim 149.39, 
* On very dark background. 
v K 214.41, Li 156.37 superimposed. 
~ K 215.69, Lim 156,37 superimposed. 
= K 229,27, Lin 169.18 superimposed. 
¥ K 256.37, Lu 198.31 superimposed. 
* Ly 208.81 (Re!®), MuMit 198.31 superimposed. 


8 Weak line observed on higher-field, less-accurately-calibrated magnets. 


bb Transition not assigned in decay scheme. K 221.60, Li 162.33 (Re!®) superimposed. 
ee The sum of the intensities of.the lines was observed as equal to 5.6 on the exposure used to calculate intensities, but the lines were not resolved. The 


intensity ratio was estimated visually from another exposure. 
44 This line was diffuse and difficult to read. 
ee These intensities were estimated from a second plate. 
ff Limits of error assigned by Backstrom. 


se Lines reported by Backstrom and not by MBMD in the decay of Ta!®?, Not observed in Re!® decay. 
bb This transition was assigned as JA by MBMD. Because we have reassigned level J, it no longer fits into the decay scheme. It should be noticed that 


the K 1437 and L1 1375 would be superimposed. 


Siegbahn spectrometer and a standard beta-ray source. 
A Dietart ARL recording photometer was used to 
provide a tracing of the photographic intensities. The 
method of Mladjenovié and Slatis® was then used to 
correct the peak heights on the photometer tracing to 
numerical intensities. The most difficult part of this 
method is to determine the relationship between ob- 
served peak height (i.e., photographic blackening) and 
numerical intensity, because the scale is not linear. 
This was done by assuming the validity of MBMD’s 
electron intensities for the transitions depopulating 
state K. Since there are a number of transitions, de- 
populating this level, each with several conversion 


18M. Mladjenovié and H. Slatis, Arkiv Fysik 8, 65 (1954). 


electron lines, this provided lines in all energy regions 
(and consequently in regions with a wide range of 
background intensity). The correction curve was then 
adjusted to yield the MBMD intensities for these 
transitions. (It should be remarked that the K line of 
the 222.05-kev transition appears more intense than 
MBMD report.) To check this curve, the intensities of 
the stronger lines calculated from it were compared to 
the intensities of the same lines obtained by integrating 
the areas of the conversion lines in a spectrum taken at 
about 0.3% resolution in the Svartholm-Siegbahn 
spectrometer and dividing the intensity by the Hp of 
the line. All of the intensities so compared agreed to 
within the 20% limit of error and gave us confidence 
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both in our own and the MBMD electron intensities. 
The reason for not using the Svartholm-Siegbahn spec- 
trometer to obtain intensities for all transitions was 
because many groups of lines were not resolved by it. 

It should be noted here that the correction curve used 
was used for only one plate from which all the reported 
transitions and transition intensities below 250 kev are 
taken. We believe that the 20% limit of error quoted 
(which applies only to the deviation about the correction 
curve used, and does not apply to any error in the correc- 
tion curve itself) is internally consistent with all the 
results we have obtained. We feel, however, that as with 
any intensities determined by photographic methods, 
these results should be checked with high-resolution 
variable-field spectrometers. 

It is immediately apparent from Table I that the 
extreme complexity of the gamma spectrum precluded 
meaningful scintillation studies of this isomer. However, 
gamma scintillation studies were carried out using a 
1 in.X1} in. diameter NaI(TI) scintillation spectrom- 
eter with 50-“ and 100-channel'® differential pulse- 
height analyzers. A typical Nal scintillation spectrum 
of 60-hour Re'* taken with the 100-channel analyzer is 
illustrated in Fig. 2. From this we obtained the ratio 
of the composite 1122-1222 kev peak intensity to the 
K x-ray peak. Using a K-fluorescence yield of 0.95 and 
this measurement, we obtained a ratio of K x-rays to 
1122-1222 gammas of 2.3. 

The gamma scintillation studies were used to check 
the half-life of the isomer. The decay of the 1122-1222 
peaks was followed for five half-lives after all the 13- 
hour Re'® had decayed away, and the decay was a 
simple exponential with 4,=60+4 hours, in reasonable 
agreement with the value of 64 hours reported by 


Wilkinson and Hicks.' 
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Fic. 2. Gamma-ray spectrum of Re! obtained with a 
NalI(T]) scintillation spectrometer. 


4 A. Ghiorso and A. E. Larsh, University of California Radia- 
tion Laboratory Report UCRL-2647, July, 1954 (unpublished). 

16 100-channel gamma analyzer, manufactured by the Pacific 
Electro-Nuclear Company, Culver City, California. 
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DISCUSSION OF RESULTS 
Decay Scheme 


The good energy resolution together with multi- 
polarity assignments for the more intense transitions 
enables us to build on the existing level scheme of W'® 
proposed by MBMD. Many transitions, assigned on 
the basis of a number of their conversion lines, were 
found to fit into this scheme. The scheme also predicted 
weak transitions, whose K- or L-conversion lines were 
observed but were unassigned. Only 8 electron lines 
assigned to Re'® are not assigned definitely to transi- 
tions in the decay scheme. These eight, with probable 
assignments, are listed in Table II. All of these lines 
were extremely weak. 

Because much of our interpretation assumes the 
correctness of the decay scheme of MBMD, we shall 
review other experiments (Coulomb excitation of W'® 
and studies of the decay schemes of Ta'®) which sup- 
port it. 

Coulomb excitation'**° of W'® has verified level B. 
Mihelich”* has performed gamma-gamma coincidences 


TABLE IT. Unassigned internal-conversion electron lines of 
transitions of W'® following Re! decay. 


Energy (kev) 


Possible assignment 





KLM Auger electrons 

Liu 68.10 kev 

KLi1N Auger electrons 

KMN Auger electrons 

Li 86.40 kev 

Lit 86.36 kev 

Ly; 120.94 kev 

Probably film imperfection (PM IV, plate 397) 


54.99 
56.64 
58.86 
66.28 
74.86 
76.16 
108.99 
187.44 





that indicate that DB (1122) and BA (100.09) are in 
coincidence, while DA (1222) and BA are not. More 
recently, very thorough coincidence studies by Fréman 
and Ryde” have shown the complete consistency of the 
MBMD decay scheme. The gamma intensities that 
they obtain are not in good agreement with those re- 
ported by MBMD, however, but indicate the need for 
a linear correction to be applied to the MBMD data. 
The calculations that we have made using MBMD 
intensities must therefore be considered tentative, but 
the conclusions we have reached are not changed. 
(See, e.g., the notes to Table V.) Williams and Roulston 
have performed gamma-gamma angular correlation 
experiments on the cascades F-D-A, H-D-A, and 
F-D-B, and their results agree with spin assignments 


16 T. Huus and J. H. Bjerregaard, Phys. Rev. 52, 1579 fiosey 
17 McClelland, Mark, and Goodman, Phys. Rev. 93, 904 (1954). 
18 P. H. Stelson and F. K. McGowan, Phys. Rev. 99, 112 (1955). 
( 19 ot M. Bernstein and W. H. Lewis, Phys. Rev. 99, 617(A) 
1955). 
” Clark, DuMond, Gordon, and Mark, Bull. Am. Phys. Soc. 
Ser. II, 2, 69 (1957). 
ot W. Mihelich, Phys. Rev. 95, 626(A) (1954). 
= P. O. Fréman and H. Ryde, Arkiv Fysik 12, 399 (1957). 
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to these levels of 2-2-0, 3-2-0, and 2-2-2, respectively. 
Backstrom" (hereafter referred to as Ba) has carried 
out high-resolution electron spectroscopy on the transi- 
tions DB, FB, and DA and has determined the energies 
1121.6+0.2 kev, 1189.3+0.2 kev, and 1221.8+-0.2 kev, 
respectively. He has also observed, for the first time, 
conversion lines that correspond to transitions EA 
(1254) and HB (1273). Because of the high-resolution 
gamma spectroscopy employed by MBMD to study the 
low-energy transitions in Ta'® decay, the energies and 
arrangement of levels D through K (excepting 7) seem 
excellent. The careful studies mentioned above gave 
confidence for building upon this level scheme for 
interpretation of the highly complex decay of 60-hr 
Re™, 

In order to determine whether the levels of W'® 
populated by Ta'** decay were also populated by Re! 
decay we first determined whether we saw all of the 
low-energy transitions (<300 kev) reported by MBMD. 
We found that all except the 33.36- and 41.72-kev 
transitions were seen. Because these two are very weak 


(LO) y ] 
4 
(2.4) (24) 9 (.82) 


Fic. 3. Comparison of (Ln) 
electron intensities of transi- 
tions observed in both Ta!® 
and 60-hr Re!® decay. The 
ratios indicated on the 
transitions are normalized 
so that the ratio of the 
electron intensity of the 
L; 65.71-kev transition ob- 
served following Re!® decay 
to that observed following 
Ta!® decay is 1. 





(2.1) 
a 
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in Ta'® decay, their absence in no way effects the 
levels proposed by MBMD. 

Because of the low transmission of our high-resolu- 
tion instruments, we were able to see the electron lines 
of only six high-energy transitions. Two of these, the 
1158- and 1076.6-kev transitions, have not been re- 
ported previously. The 1158 was found to fit the energy 
difference JC very well and has been so assigned; the 
1076.6 has been assigned as transition JC. Although we 
have made this assignment because of the energy agree- 
ment, we think it is necessary to indicate that the 
transitions feeding level J are apparently less intense 
than those depopulating it, and hence this part of the 
decay scheme deserves further study. 

Another useful item of information, adding confidence 
to the MBMD scheme, was obtained by comparing the 
relative intensities of transitions common to both decay 
schemes. We did this by comparing our electron in- 
tensities with the electron intensities of MBMD calcu- 


%R. C. Williams and R. I. Roulston, Can. J. Phys. 34, 1087 
(1956). : 
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Fic. 4. Transition inten- 
sities reported by MBMD 
for the transitions of W!® 
following Ta'® decay. The 
intensities are normalized so 
that a total of 100 popu- 
lates the ground state. 


lated by multiplying their gamma intensities by the 
experimental conversion coefficients they report. The 
ratios of our electron intensities to MBMD’s for these 
transitions are illustrated in Fig. 3, which is a schematic 
diagram of the MBMD decay scheme. The numbers on 
each transition are the ratio of the electron intensities 
of the conversion lines of the transition in the Re!® 
spectrum to those in the Ta'®? spectrum. The ratio for 
each transition is the average of the ratios for all the 
conversion lines seen in both spectra. All ratios are 
normalized by assuming that the ratio for the Ly of the 
65.71-kev transition is 1. 

This comparison is valid, although we did use 
MBMD’s election intensities for branching from level 
K to calibrate our photographic blackening curve, 
because this curve was checked against intensities we 
obtained in the Svartholm-Siegbahn spectrometer. The 
particular order for calibrating and checking the curve 
was chosen because it was easier and quicker than the 
alternate order. 

A positive check on the MBMD level scheme is 
provided by these ratios. If their scheme is correct, the 
ratios that we calculate for the transitions depopulating 
one of their levels will be equal, within experimental 
error, whereas this would probably not be so if they 
have misassigned some of the transitions. From the 
ratios shown in Fig. 3 it can be seen that our results 
are consistent with the MBMD level scheme, because 
the deviation in the ratios is within the probable error 
of the electron intensities. In order to facilitate compari- 
son with the results of MBMD, we illustrate in Fig. 4 a 
schematic drawing of the MBMD level scheme, similar 
to Fig. 3. The numbers on each transition in this case, 
however, are their observed decay fractions carried by 
the transition, normalized so that an intensity of 100 
feeds the ground state. From a comparison of Fig. 3 
and Fig. 4 we can readily draw ‘some conclusion about 
differences in level populations between Ta!™ and Re!® 
decay. It is clear from the comparison that a large per- 
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Fic. 5. Decay scheme of 60-hr Re!®. 


centage of depopulation in Re'® decay cascades through 
states J and K, whereas in Ta!® decay a large part of 
the primary beta decay goes directly to level F and H. 
It also indicates a much larger population of level C 
than in the former case, thus indicating that states of 
higher spin must receive more direct population in 
Re!® decay. 

A further check has been provided on the MBMD 
level scheme by the decay of 13-hour Re’ which has 
been observed to populate only the W'® levels popu- 
lated by Ta'® decay. However, these results will be 
reported elsewhere.’ 

Figure 5 illustrates our proposed decay scheme for 
Re'®, It includes all the transitions reported by MBMD 


(including those unobserved by us) and the new transi- 
tions reported by Ba (also unobserved by us). This 
level scheme is based primarily on agreement of energy 
sums of pairs of transitions being equal to the energy 
of a third transition. Because of the complexity of this 
decay there are many accidental energy sums; thus 
there are several alternative decay-scheme possibilities 
if the energies alone are considered. Fortunately, the 
intensities and multipolarities of the observed transi- 
tions often guided the choice of alternative level schemes. 
The new parts of the scheme of Fig. 5 are based solely 
on conversion-electron-spectroscopic results. We will 
discuss the sums that constitute the basis of the decay 
scheme later, 
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Discussion of the New Levels in W'® 


As previously stated, the energies of the levels were 
based primarily upon sums and differences. The levels 
may be considered to fall into three “confidence” 
groups. The first is those levels that were placed from 
differences equal to differences between levels estab- 
lished by MBMD. The second is those placed by 
differences corresponding to differences between states 
established by MBMD and our “primary”’ states, and 
the third arises from differences not involving any 
levels of MBMD. Levels 7, M, and JN, are in the first 
group; J’, P, 0 and R, are in the second group; and 
L, O, S, and 7, in the third. The agreement of the sums 
for the various groups is shown in Table III. We do 
not include all possible differences in Table III, but 
rather only those that directly support each state. Level 
C’ is so placed because C’C is E2, and its energy fits the 
theoretically predicted rotational spacing for the 6+ 
state of the ground rotational band of W'®. Because all 
of the levels except C’ and O have at least three transi- 
tions tying them into the decay scheme (and some have 
as many as seven), we feel that the statistical signifi- 
cance of the scheme is quite large. Before discussing the 
level spin assignments we shall digress first to discuss 
the method of determining multipolarities and then the 
transitions for which multipolarities are not very well 
established. This will then allow us to discuss the spin 
assignments of the levels. The multipolarities were 
determined primarily by Z-subshell conversion ratios. 
Because of the high Z dependence of internal conversion, 
this method is fairly reliable for Z=74 and low energies 
(<350 kev). The Z;, Lr, and Ly conversion coeffi- 
cients for M1, M2, F1, and £2 transitions were in- 
terpolated from Rose’s theoretical values.* Although 
Rose’s values uncorrected for finite size were used in 
most of the calculations, when we calculated the mixing 
ratios in Table IV the newer values corrected for 
finite size were used.”> We have not considered higher 
multipole orders for the low-energy transitions because 
their much longer half-lives were expected to prevent 
their competing favorably with the dipole and quadru- 
pole radiations. 

At low energies the presence of Ly, conversion com- 
parable to Ly is usually indicative of electric radiation, 
Ly conversion stronger than Ly; conversion is usually 
indicative of £1 or M2 radiation at the lower energies. 

The Ly and Ly11 conversion is greatest for the electric 
quadrupole, for which the Z; conversion only becomes 
equal to the Ly; at about 350 kev. In the £1, however, 
the L;/Ly ratio is unity at about 25 kev, three at 100 
kev, and about seven and a half at 350 kev. In both 
cases the Ly1/L1 ratio decreases slowly. From these 


*%M. E. Rose (privately circulated tables). Also, with G. H. 
Goertzel, in Beta- and Gamma-ray Spectroscopy, edited by K. 
Siegbahn (Interscience Publishers, Inc., New York, 1955), 
Appendix IV, p. 905. 

2 M. E. Rose (privately circulated tables, to be published). 
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TABLE III. Energy differences (in kev) supporting the 
proposed W!® level scheme. 








Transi- Energy State 
tion of state desig- 
3 above D nation 


Transi- 


‘ Group I wis a, 
1002.3 1003 
960.3 960 


1076.7 
1076.7 


74.41 


184.14 I 
116.40 I 


184.14 
247.43 133.78 113.65 113.66 399.84 
65.71 


113.66 


438.84 
438.93 


107.13 
172.78 


65.65 
113.74 
Group II 
39.15 39.10 
107.13 107.13 


172.78 
286.52 


278.81 
278.81 


120.94 
52.96 


160.09 
160.09 


547.48 


547.48 
547.48 


215.69 
147.68 
108.57 


65.73 65.71 
133.74 133.78 
172.85 172.78 


281.42 
281.42 
281.42 

149.39 106.98 107.13 588.14 
107.13 
39.10 


608.07 
607.98 


107.12 
39.00 


Group III 
66.88 


19.85 
60.52 


169.18 
169.18 


66.83" 398.60 
19.86 


60.51 


148.81 
189.48 
148.81 


209.33 
209.33 


39.10 
147.67 
208.22 

60.54 


39.10 
147.68 
208.18 

60.51 


338.98 
338.98 
338.98 
191.30 


299.88 
191.31 
130.76 
130.76 


131.30 
169.18 


19.89 
131.31 


19.86 
131.30 


151.19 
300.49 








® The line supporting this transition can also be assigned as the L1 68.10. 


considerations it is clear that for transitions between 
250 and 350 kev the presence of Ly-Lii1 conversion in 
intensity greater than that of the Ly is indicative of £2 
character. New transitions which were assigned E2 
character on this basis are PK, MH, RK, PJ, NH, SN, 
SM, and C’C. We assigned these transitions pure £2 
character, although M1 mixing cannot be excluded. The 
amount of M1 admixture is very small if present; the 
L/Ly ratio, wherever it was possible to observe it, was 
in good agreement with (if not somewhat smaller than) 
the theoretical Z;/Zy1 ratio for E2. 

In the case of the three new transitions assigned as 
M1-—E2 mixtures, transitions VK, SR, and PM, the 
L;/Lu/L1 ratios ruled out £1. The remaining transi- 
tions in Table I with M1-E2 mixing were so assigned 
on the basis of MBMD’s results. 

Above 100 kev it really becomes difficult, on the 
basis of electron spectroscopic results alone, to dis- 
tinguish between M1, M2, and F1 transitions. Some- 
times, however, it is possible to differentiate between 
them by remembering that the total conversion of 
magnetic transitions is much higher than that of electric 
transitions. Therefore, if we know that a certain transi- 
tion in this energy range is a pure F1 of total intensity 
comparable to strong M1 and £2 transitions in the 
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TaBLE IV. Comparison of theoretical and experimental conversion coefficients of transitions in W'®. 


= 








Multipolarity and 
mixing ratio 
M1/E2 


Gamma-ray 
energy 


(kev) Source Li 


(a) M1+£2 Mixtures 
1.8 
1.85 
2 





65.71 This work >99/<1 


Theoretical> 
MBMD¢ 


84.67 89/11 


Theoretical 
MBMD 
This work 
Theoretical 
MBMD 
This work 
Theoretical 
MBMD 


This work 
Theoretical 
This work 
Theoretical 
This work 
Theoretical 


Qn 


CAINS OW WUwRaAdD 


Qn 


2. 
This work (0.76) 
.76 


96/4 


64/36 


52/48 


82/18 
61/39 


(b) £1 Transitions 


This work 
Theoretical 
MBMD 
This work 
Theoretical 
MBMD 


This work 
Theoretical 
This work 
Theoretical 


~0.035¢ 
0.11 
0.056 


~0.008* 
0.11 

~0.02° 
0.09 


156.37 
160.09 


a 
0.077 
0.14" 

(0.011) 
0.011 


(0.010) 
0.010 
(0.009) 
0.009 











® Li 65.71, Lr 67.74 superimpose 
> The t 


heoretical K-shell wad are those of Sliv and Band,” corrected for finite nuclear size. The L-conversion coefficients are the new values of 


Rose,** corrected for finite nuclear size. Unfortunately the latter are subject to about 5% error in interpolation for Z =74. 

¢ The published values of these authors have been corrected for finite size by the ratio ax(Rose, point nucleus) /ax (Sliv, finite size) =0.80, where the 
ax is that of the 246.05-kev M1 transition in W'® which was used to normalize the original data. 

¢ The K line of this transition was observed but the energy corresponds to an energy at which the photographic efficiency curve is not reliable. 

* These intensities may be 2 or 3 times too small because the lines are on an intense background. Unless something completely unexpected is affecting 
the photographic blackening of the plate here, however, the K/L ratio is still much too small. 


sample, we can use its electron-conversion lines to 
serve as a sort of internal intensity standard. We can 
do this if we say that all transitions with electron lines 
three or more times more intense than those of the 
standard cannot be £1 because then the total intensity 
of this transition would be too large to be consistent 
with the decay scheme. In W'® there are three transi- 
tions, JF, HD, and KF, whose multipolarities were 
established by MBMD, which we used in this way. 
The decay scheme was used where possible to differenti- 
ate between M1 and M2. 

We have not found it possible to differentiate be- 
tween weak M1 or M2 and strong £1 transitions on 
the basis of subshell conversion alone. 

From subshell-conversion ratios alone it has not been 
necessary to assign to any electric transition a multipole 
order higher than £2. In three or four cases there 
appeared to be M2 character in the transitions. In at 
least one of these cases (PL) this may be E1-M2 mixing. 


Discussion of Transitions 


In the interpretation of as complex a spectrum as 
that of Re'®, it is probably not possible to be entirely 


correct in the analysis, especially because single lines 
in the low-energy spectrum can have alternative assign- 
ments. For the most part, however, we have been able 
to avoid basing assignments on single lines, the majority 
being based on two or more. In order to provide a 
classification for the degree of confidence we have in 
the transitions, we have arbitrarily decided to divide 
them into three groups. The first confidence group 
comprises most of the transitions in Table I, and are 
based upon the observation of two or more electron 
lines. The second confidence group, which consists of 
transitions JG, TR, TQ, OK, QL, RL, IC, JC, and the 
221.60-kev unassigned transition, are transitions which 
are based on the observation of one reproducible line. 
The third confidence group consists of only two transi- 
tions, MK and J'H. The assignment of MK is based on 
only one weak line which can be assigned as the Ly 
line of such a transition. J’H is probably nonexistent, 
but it is impossible to rule it out, because the decay 
scheme predicts such a transition and the KX line would 
be superimposed on the K Ny-Nyn Auger lines. From 
the intensity of these lines, however, this transition 
must be very weak. 
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Spin Assignments 

The spin assignments of five of the new levels in 
W'® were based upon the £2 transitions. Negative 
parity was established for these five states since the £2 
transitions populate the negative parity states assigned 
by MBMD. The levels so fixed are M, N, P, R, and S. 
The spin assignments are illustrated in Fig. 5. Most of 
these levels are also connected by transitions consistent 
with M1 and M1-£2 assignments, serving as a further 
check on the spins. We assume that the £2 transitions 
connect states with AJ=2 in order to assign the spins 
shown in Fig. 5, although it is possible that a pre- 
dominantly E2 transition may connect states with 
A/=0 or 1. 

Besides these five levels, we place six:other levels in 
the decay scheme. These are levels C’, J, J’, L, O, and 
T. On the basis of our experimental data we are unable 
to make definite spin or parity assignments to these 
levels; the spin and parity assignments that agree 
best with the observed data are C’=6+, J=3-, 
J'’=4+, and L=5+. The branching from O and T is 
consistent with spins of 5 and 6, respectively, but the 
parity is uncertain. 

It should be noted that the level we have assigned as 
I is not the MBMD level J. In their decay scheme they 
suggested that the 116.40-kev transition depopulated 
level K and populated a level at 215.3 kev above state 
D. Because their data were not definitive they regarded 
their assignment as tentative. The two other transitions 
that now establish our level J make it appear that the 
assignment of the 116.40-kev transition as JF is better 
justified than its previous assignment. 

We have assigned the 1076.6-kev transition as JC 
in spite of the fact that neither MBMD nor Ba observed 
this transition. Because it should be observed in Ta!” 
decay if our assignment is correct, such studies should 
be made to check our assignment. 

In Fig. 5 we only indicate possible spins and parities 
for the states connected by £2 radiation. In cases where 
the multipolarity of a transition is in doubt it is not 
indicated on the transition in Fig. 5. As stated previ- 
ously, proposed assignments for these transitions are 
given in the “Second confidence” multipolarity column 
of Table I. We defer until later our analysis of the decay 
scheme, which we consider to be the most reasonable 
interpretation of the data. It is from this analysis, 
however, that the “Second confidence” multipolarities 
of the weaker transitions were deduced. 


Conversion Coefficients and Mixing Ratios 


Let us discuss the method of determining the mixing 
ratios listed in Table I. If we could assume that the 
theoretical conversion coefficients could be used it 
would be quite easy to obtain these ratios from our data. 
Such a calculation is possible because in most cases we 
have observed K, Ly, Liz, and Ly intensities whereas 
only two parameters, the mixing ratio and normaliza- 
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tion constant (necessary because we have only measured 
electron intensities) are needed. 

Unfortunately, from the point of view of such a 
calculation, evidence has recently been observed that 
indicates finite nuclear size*-*’ effects are especially 
important for M1 transitions and S; and P, electrons. 
Dynamic nuclear structure effects are expected to be 
important only in slow £1 or M1 transitions.*”~ The 
problem is to choose the theoretical conversion coeffi- 
cients which most closely correspond to actuality. Sliv 
and Band have calculated K-shell conversion coeffi- 
cients corrected for finite size effects**; recently Rose 
has calculated K, 1, and Ly: subshell conversion co- 
efficients corrected for these effects.* We have compared 
Rose’s and Sliv’s K-shell values for Z=75 and they are 
identical. We have therefore used Sliv’s K-shell coeffi- 
cients for Z=74, and interpolated between Rose’s Ly, 
Ly, and Ly values for Z=65 and Z=75 to obtain 
L-subshell values for Z=74. Rose’s Lr coefficients™ 
were not corrected for finite size, as this effect is 
expected to be negligible for P, electrons. 

In Table IV(a) we present a comparison of the 
theoretical conversion coefficients calculated as de- 
scribed above and our electron intensities normalized 
to the theoretical values for the M1-E2 mixture in- 
dicated. The normalization points are indicated by 
parentheses. We have also included the measured 
absolute conversion coefficients of MBMD for those 
transitions common to both Re'® and Ta!® decays. 
The MBMD values have been reduced by the ratio 
ax(Sliv and Band?*)/ax(Rose™) for the 246.05 M1 
transition in W'* to renormalize their absolute values 
to the theoretical values for finite size rather than for 
the point nucleus approximation. 

It is apparent from Table IV(a), that in every case 
where M1-—E2 mixing occurs our experimental results 
indicate that the K conversion of these transitions is 
low. We at first suspected a systematic error in our 
intensities; however, after completing the comparison 
of our normalized coefficients with the corrected abso- 
lute experimental conversion coefficients of MBMD 
shown in Table IV, it became apparent that the experi- 
mental results are consistent and both are at variance 
with the theoretical values, even when the latter have 
been corrected for finite nuclear-size effects. These 
intensities should be checked again because the con- 
sistency of the experimental results does not eliminate 
the possibility of a systematic error in both sets of 
electron data. However, the general direction of the 


%*L. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Report 57 ICCK1, issued by 
Physics Department, University of Illinois, Urbana, Illinois 
(unpublished) J. 

37 A. H. Wapstra and G. J. Nijgh, Nuclear Phys. 1, 245 (1956). 

#8 E. L. Church and J. Weneser, Phys. Rev. 104, 1382 (1956). 

*S. G. Nilsson, University of California Radiation Laboratory 
Report UCRL-3803, June, 1957 (unpublished). 

(1988) G. Nilsson and J. O. Rasmussen, Nuclear Phys. 5, 617 

* Asaro, Stephens, Hollander, and Perlman (to be published). 
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present experimental results indicates that the theo- 
retical K-conversion coefficients are still too high. Such 
a conclusion has also been reached by Wapstra and 
Nijgh.?” 

In part (b) of Table IV, we show the results for 
transitions that we believe to be £1. The 67.74-, 152.41-, 
and 156.37-kev transitions have been definitely assigned 
F1 multipolarity by MBMD. The 169.09 is assigned F1 
multipolarity from the decay scheme. It is apparent 
from Table IV that, at least for the transitions around 
150 kev, the K/Z;-conversion ratio seems low. Although 
this discrepancy may reflect the large experimental 
difficulty involved in obtaining the K intensities of this 
group of transitions because they lie on a very intense 
background, the fact that a similar result was obtained 
for the 152.41-kev transition in 13-hour Re'®,’ where 
the conditions are more favorable, tends to support 
these conclusions. 

Another transition, the 120.94-kev, which was 
assigned an E1 multipolarity from the decay scheme, 
also appears to have too small a K/L, ratio. In this case 
the intensities of both lines were too weak to be calcu- 
lated from the densitometer trace, but because both 
were visible the K/L; ratio must be about the same as 
those of the transitions listed, if the line assignments 
are correct. These transitions might be the first observa- 
tion in this region of the periodic table of anomalous F1 
conversion coefficients similar to those which have been 
observed in the heavy-element region.*°:*! 
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Fic. 6. Analysis of the level spectrum of W!®. 
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Primary Electron Capture Population 


Although the complexity of the decay scheme pre- 
vented accurate determination of primary electron- 
capture branching from electron data alone, we at- 
tempted to estimate primary branching by assuming 
that the total decay proceeds through states Q, P, R, 
S, and T. This assumption is probably not strictly 
correct, but the intensities populating and depopulating 
the lower energy states are consistent with it. Further- 
more, because we have no high-resolution gamma- 
intensity data, the percentage primary populations we 
calculated are dependent upon our multipolarity 
assignments and theoretical conversion coefficients. 
Using the electron intensities and assigned multi- 
polarities shown in Table I, we calculated roughly that 
the percentage primary populations to states Q, P, R, 
S, and T, are, respectively, 17%, 5%, 27%, 48%, 
and 3%. 

Because most of the observed decay of Re'® is to 
levels assigned spin 6 and 7, although levels assigned 
spin 5 are present, it seemed reasonable to assign a 
spin 7 to Re'®. 


ANALYSIS AND DISCUSSION OF 
THE LEVELS Ww 


The presence of large numbers of low-energy magnetic- 
dipole and electric-quadrupole transitions between 


states of over 1 Mev of excitation energy is rather re- 
markable and cannot be understood in terms of single- 
particle transitions. W'® clearly lies within the region 
of stable spheroidal deformation. Alaga ef al.” (here- 
after referred to as AABM) have previously analyzed 
the levels of W'® populated by Ta!® into rotational 
bands. We have attempted to extend this analysis into 
rotational bands to include the new levels from the 
Re'® study. 

In Fig. 6 we present a possible analysis into rotational 
states for the levels in W'® above 1 Mev. This inter- 
pretation assigns the eighteen levels into four rotational 
bands and six extra levels. 

In making this analysis we have made considerable 
use of other data besides our own. These data, of 
course, are subject to the experimental errors quoted 
by the authors of the data. We feel that in some cases 
we have used the data in a manner which implies 
smaller errors than those quoted. We have done this to 
try to test the validity of some of the aspects of the 
Bohr-Mottelson theory which are susceptible to meas- 
urement. As is widely known, intensity measurements 
are extremely difficult to obtain accurately, so that we 
feel strongly that more careful measurements should 
be made. In the meantime, however, we have used the 
present data to obtain as many checks as possible. 

Because the explanation of our analysis requires 
some discussion in addition to that already given, we 


® Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 
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shall begin by discussing the experimental evidence 
supporting the assignment of the base states of the four 
bands. In particular we attempt assignment of the 
Bohr-Mottelson K quantum numbers by the simple 
Clebsch-Gordan coefficient branching relations (see 
Alaga et al. and Rasmussen et al.*), 

Level D is assigned K = 2+ because of the agreement 
of the observed branching ratio from this state to levels 
B and A (and C) by £2 radiation with that predicted 
theoretically. The assignment of K=2 to this level was 
originally proposed by AABM, who calculated the 
experimental value 


B(E2; 2,2 > 2,0)/B(E2; 2,2 > 0,0)=1.61, 


from the data of MBMD, assuming transition DB was 
pure £2. Using the 10% to 90% E2-M1 mixing ratio 
determined by Williams and Roulston from angular- 
correlation studies involving transitions DB,¥ we re- 
calculate this value to be 1.42, in excellent agreement 
with the theoretical value for K;=2, of 1.43. The theo- 
retical ratio for K;=0 is the same, but the choice 
K,=2 is clearly made in view of the weakness of the 
transition to level C. The spin and parity of this stage 
suggest that this is a gamma vibrational state. The 
rotational band based upon this level can then be 
considered to be the first excited gamma vibrational 
band. 

No evidence supporting level Z was obtained in this 
study, but the data of MBMD and Ba support this 
level quite conclusively. The 1— assignment was made 
by MBMD. In order to determine which of the two 
possible K-quantum numbers (0 or 1) is the most likely 
for level E, we again compare the experimental branch- 
ing ratio from this state to states B and A with the 
theoretical branching ratio for E1 transitions. Because 
we did not observe the transitions supporting this level, 
we had to use the data of MBMD and Ba which for- 
tunately were sufficient. The theoretical reduced transi- 
tion probabilities for depopulation of states with K=0 
and K=1 are, respectively, 


B(F1; 1,1 — 2,0)/B(F1; 1,1 + 0,0) =0.50, 
and 
B(F1; 1,0 > 2,0)/B(£1; 1,0 0,0)= 2.0. 


We have used the algebraic tables of Clebsch-Gordan 
coefficients prepared by Sears and Radtke,®* to calculate 
Clebsch-Gordan coefficients throughout this paper. 
Transition EB was seen by MBMD and assigned M2 
multipolarity. However, because their conversion co- 
efficients are at least 20% too high (the percentage 
difference between Sliv and Band’s and Rose’s ax for 
the 246.05 kev they used for normalization), we 
reduced their ax for this transition by 20%. Their 
corrected ax is consistent with an 83% E1-17% M2 


% Rasmussen, Stephens, Strominger, and Astrom, Phys. Rev. 
99, 47 (1955). 

* B. J. Sears and M. G. Radtke, Chalk River Report TPI-75, 
August, 1954 (unpublished). 
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mixture. We used Sliv and Band’s conversion coeffi- 
cients of 0.0012 (£1) and 0.013 (M2) to calculate the 
mixing ratio. Using MBMD’s gamma intensity of 6.5 
for this transition, we found that the total amount of 
E1 radiation is, on the same scale, 5.4. An estimate of 
the gamma intensity of the 1254 photon is somewhat 
more uncertain because it was not observed by MBMD 
although it was observed by Ba. Fortunately, Ba has 
published the electron spectrum containing the K line 
of the 1255-kev (ZA) and the LZ; lines of the 1189-kev 
(FB) and 1222-kev (DA) transitions. Using MBMD’s 
conversion coefficient and K/L ratio for FB, and Ba’s 
K line intensity for the 1255, reduced by 22% to account 
for the Ly line of the 1155 which he shows as super- 
imposed, we obtain a ratio of the intensities of the Ly 
lines of the 1155- and 1255-kev transitions. By assuming 
that the 1255 is pure £1, and ax=0.001 (Sliv and 
Band’s value), we obtained a gamma intensity of 10.5 
for the 1255, on the same scale as above. From these 
data, we calculated the experimental reduced transition 
probability ratio, 


B(E1); (1155)/B(E1); (1255) 
= (5.4/10.5) (1255/1155)*=0.79, 


which agrees more closely with the theoretical value 
for K=1 than for K=O. Its intensity indicates that 
probably it has been previously included in the 1231 
peak, which would account for the fact that it has not 
been reported by MBMD. In this calculation we did 
not attempt to account for any possible anomalies in 
the conversion coefficients of the 1155- and 1255-kev 
transitions. State E is therefore tentatively assigned 
K=1 rather than K=0. 

The assignment of K=1 to state E suggests the 
possibility that level F, which was assigned by AABM 
as the base state of a K=2—band might actually be the 
second member of the X= 1—rotational band. Using the 
results of MBMD and Ba, in order to obtain experi- 
mental data to compare with the theoretical predic- 
tions, we were able to show that AABM’s assignment is 
correct. Because F has spin 2,” it will be expected to 
decay to levels A and B by M2 radiation. The ratio of 
reduced transition probabilities for M2 radiation from 
state F to states B and A is, for K=1 


B(M2; 2,1 2,0)/B(M2; 2,1 > 0,0) =0.345, 
and for K=2 
B(M2; 2,2 — 2,0)/B(M2; 2,2 — 0,0) =1.43. 


Although MBMD did not see the photons of the 1289- 
kev (FA) transition, they did measure the gamma in- 
tensity, K/L ratio, and absolute K-conversion coefti- 
cient for transition FB. They assigned the transition as 
an M2-E3 mixture. However, after their value was 
reduced by the 20% correction previously discussed, 
the only possible interpretation for this transition 
(assuming only two components) was that it is a 69% 
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E1-31% M2 mixture. Sliv’s conversion coefficients 
ax(M2)=0.013 and ax(£1)=0.00113 were used to 
determine the mixture. From this mixing ratio we 
calculated an M2 gamma intensity of 14 on the MBMD 
gamma-intensity scale. Since the £1 component of the 
1189 is K-forbidden, it is not expected® that the El 
conversion coefficients of this transition will be 
anomalous. 

Ba resolved the L lines of the 1289- (FA) and 1189- 
kev (FB) transitions. Without making any assumptions 
about the multipolarity of FB, we calculated a gamma 
intensity from these data, assuming an M2 multi- 
polarity for FA. From the assignment of 2— to level F 
the multipolarity can only be M2. To calculate the 
gamma intensity of FA, we first calculated the absolute 
L-shell conversion coefficient of 0.00074 for FB from 
the MBMD ag (corrected) and the K/L, ratio for this 
transition. The theoretical az; for an M2 transition of 
1289 kev is, from Rose’s tables,” 0.00135. The gamma 
intensity of FA (on the MBMD intensity scale) calcu- 
lated from these data and Ba’s experimental L line 
intensities is 12.9. The experimental value of the re- 
duced transition probability is 


B(M2); (FB)/B(M2); (FA) 
= (14/12.9)(1289/1189)'=1.61, 


which agrees quite well with the theoretical value, 1.43, 


for a state with K=2. It thus appears that level F is 
the base state of a K=2 band and is not the second 
state of a K=1 band. 

Because state F fails to satisfy the branching ex- 
pected from the /=2 member of the K=1— rotational 
band, and because we have not been able to find evi- 
dence for a state close in energy to state F that might 
be so assigned, we are led to question the K=1— 
assignment of state E, and suggest that a K=0— as- 
signment is preferable. We shall later suggest other 
reasons why a K=0— assignment would be preferred 
for state E. However, because the present branching- 
ratio data agree with the K=1— assignment to level 
E, this assignment is illustrated in Fig. 6. 

From these calculations we conclude that there are 
at least three rotational bands to be expected in the 
W'® level spectrum above 1000 kev. Besides these 
three, a fourth, with K=4, was postulated by AABM 
in their analysis of the W'® levels observed from Ta'® 
decay. We have attempted to analyze the observed 
levels in terms of rotational states based upon these four 
states. Our analysis is shown in Fig. 6. 

Before discussing our analysis of the rotational states 
we would like to point out that, because it is based upon 
comparison of theoretical and experimental £2 reduced 
transition probabilities, the possibility exists that other 
assignments can also be made which will be in agree- 
ment with other theoretical values. In order to avoid 
this possibility we calculated reduced transition proba- 
bilities for all the values of K less than 4, for all the 
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states (but keeping the present spin assignments) and 
found that the best over-all fit of the data was given 
by the assignments illustrated. 

In Fig. 6 we have assigned twelve of the eighteen 
levels as levels of four rotational bands. Five have been 
assigned to the K=2— band, four to the K=4— band, 
two to the K=2+ band, and only one, the base state, 
to the K=1— band. We have also assigned tentative 
spins and parities to the levels unassigned in Fig. 5. 
The multipolarities shown in the “Second confidence” 
multipolarity column are deduced from the level scheme 
in Fig. 6. 

It is immediately clear from Fig. 6 that our proposed 
assignment does not show the expected rotational- 
energy spacing between levels. Although we attempted 
at first to analyze the levels by energy relationships 
(which ended by assigning levels K, N, and R as states 
of the K=4— band, J, M, P, and S as members of the 
K=2— band, all other levels being unchanged) from 
Fig. 6 it became clear almost immediately that the 
energy levels of the observed states do not fall into 
well developed rotational patterns. This is not ex- 
cessively surprising, since the interactions acting to 
perturb the rotational spacing at this excitation energy 
must be quite large. 

The analysis shown in Fig. 6 is based on the com- 
parison of the reduced transition probabilities for E2 
transitions from the rotational levels to other members 
of their same rotational bands, and also for the cross- 
over radiations to rotational states in the other bands. 
The comparison of experimental and theoretical re- 
duced transition probabilities is shown in Table V. 
The agreement of the experimental with the theoretical 
values is remarkable, considering the amount of con- 
figuration interaction that must be responsible for such 
large perturbations of the level energies. In making the 
analysis we have given the greatest weight to the 
agreement of relative intensities of the intraband 
transitions. 

States J (K=4—) and K (K=2—) have been 
changed from the previous assignment given by AABM, 
on the basis of the results in Table V, although the 
energy spacings favor the earlier assignment. State V 
(K=2—) was so assigned largely because the ratio of 
the reduced transition probabilities from NV to K and 
AZ is in excellent agreement with that for K=2 for all 
these levels. The £2 radiations from M are so weak 
that reduced transition probabilities cannot be calcu- 
lated with much certainty, but the data are consistent 
with the assignment. M and P are assigned to the 
K=4-— band because the ratio of the reduced transition 
probabilities from P to M and J is in excellent agree- 
ment with the theoretical value for K=4. 

The assignment of levels S and R, although not 
dotted in Fig. 6, must be considered somewhat tenta- 
tive, because the radiations populating and depopulat- 
ing R and S show anomalous behavior. The evidence 
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supporting the present assignment for R is that RV 
is an extremely strong M1, and the crossover E2 goes 
to K and not to J. The £2 component of RN is also 
predicted to be small, which it is. On the other hand, 
the large primary population of R relative to that 
observed to state P, which has been assigned the same 
spin and parity would suggest (assuming that K 
forbiddenness will be a factor in inhibiting primary 
electron capture) that R has K=4., It might be possible 
to explain this if we postulate that R has a very large 
admixture of higher-K wave functions. However, in 
the present state of knowledge this is a moot point. 

Level S is observed to decay by strong M1 radiation 
to P and by strong £2 radiation to M and NV, SM being 
much the stronger of the two, which also supports the 
assignment K=4. The anomalous features are the 
strength of transition SR, which is about twice as 
strong as SP, and the ratio of reduced transition proba- 
bilities (which is much larger than that predicted 
theoretically) from S to R and to N, which seems well 
outside the experimental limits of error on the intensities. 

We have not been able to assign any states definitely 
to a rotational band based on E. Of the unassigned 
states there are three that might possibly be assigned 
as members of this band. Of these, state J is the most 
likely, and we have tentatively assigned it in Fig. 6 
(dotted level) to this band. We have previously dis- 
cussed the reasons why we believe a spin of 3 is most 
probable for this level. That it has K=1, rather than 
K=2, or 3, is supported by the observation that it is 
populated only weakly from Ta'® decay, and very 
weakly, if at all, from 13-hr Re'® decay, both isotopes 
probably having K=3. It also decays at least partially 
to ground, which suggests a low K value. 

The possibility that state J is the spin-3 member of 
the K=1 band, whereas no state has been observed 
with J/=2, K=1, suggests that this latter is only weakly 
populated, if at all. Because this level must be present 
if the K-assignments of states E and J are correct, it 
would be very interesting to attempt more detailed 
studies of Ta'® and 13-hr Re!™ to see if evidence for 
such a state could be found. 

Only two states of the eighteen observed have 
definitely been assigned positive parity. These were 
both assigned by MBMD. We have observed three 
states which we have tentatively assigned (dotted 
levels in Fig. 6) to the K=2+ band. The reason for 
such an assignment is that the observed branching to 
these states occurs with the same branching pattern 
from the high-spin, negative-parity levels as is observed 
from the low-spin, negative-parity levels to the 2+ 
and 3+ states. Furthermore, no strong radiations are 
observed to depopulate levels J’ and L, which is con- 
sistent with the interpretation that they would decay 
directly to the high-spin members of the ground-state 
rotational band. Such an explanation could account for 
the increased intensity of population of the spin-4 
member of the ground-state band in Re'™ decay over 
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TABLE V. Comparison of theoretical and experimental re- 
duced transition probabilities for de-excitation of some of the 
levels in W!®. 
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Transi- 
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Reduced transition probability 
calculate 


B(E1 1,1—2,0)/B(E1 1,1—0,0) 
B(E2 2,2—2,0)/B(E2 2,2—0,0) 
B(M2 2,2—2,0)/B(M2 2,2—0,0) 
B(E2 6,2—5,2)/B(E2 6,2—4,2) 
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B(E2 7,4—6,4)/B(E 
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B(E2 4,4—3,2)/B(E 
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* Calculated from the data of MBMD and Backstrom, 

> Calculated from MBMD gamma intensities assuming a 10%/90% 
M1-E2 mixture in FB (deduced by Williams and Roulston from angular. 
correlation data). 

¢ The £2 component of the AJ =1 transition is too small to be detected 
from L-subshell conversion, in agreement with the theoretical prediction, 

4 Calculated from electron intensity data assuming a 52%/48% M1-E2 
mixture in SP. 

* Calculated from MBMD gamma intensities and 64%/36% M1-E2 
mixture in KH. The value using the Fréman-Ryde intensities is 2.64. 

! Calculated from electron intensities assuming a 61%/39% M1-E2 
mixture in PM. 

® Calculated from electron intensity data assuming an 82%/18% M1-E2 
mixture in SR. Although the uncertainty in the intensity of SR is quite 
large, we do not believe the intensity data are in error by an order of 
magnitude. 

b Calculated from MBMD gamma intensities assuming a 96%/4% 
M1-E2 mixture in JH. The value using the Fréman-Ryde intensities is 1.04. 


that observed in Ta'® decay (see Fig. 3). State Q is 
assigned to this band although the observed radiation 
pattern from this state differs from that of the lower 
states, which might possibly indicate that states with 
higher K are mixed with this state. 

Although the experimental data are inconclusive 
about many aspects of the interpretation presented, it 
is interesting to speculate upon a possible interpretation 
of the very strongly perturbed rotational-band energy 
spacings that appear as a consequence of the assign- 
ments. It must be emphasized that what is written 
below is in the line of speculation and will require much 
additional data to prove. 

If we consider the positive parity states first, in- 
cluding the levels only tentatively assigned, it is very 
interesting to observe that the level spacings in the 
gamma vibrational band (K=2) are alternately large 
and small. Such an alternation is especially interesting 
because the unified model predicts the near presence of 
a beta-vibrational band (K=0), whose characteristic 
rotational pattern is 0+, 2+, 4+, etc. If there is an 
interaction mixing these beta and gamma vibrational 
bands, such an interaction could produce a rotational 
pattern similar to that observed if the beta vibrational 
band (unobserved here) lay somewhat below the 
gamma-vibrational band. This of course implies that 
the beta and gamma vibrational states are not com- 
pletely orthogonal as they would be if the simple picture 
of \= 2 vibrations were strictly true. 

An explanation of the negative-parity states is more 
difficult, because of the greater number of negative- 
parity states observed. It is interesting to note, how- 
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ever, that the effect of a Coriolis interaction, as sug- 
gested by Kerman,* (which would couple rotational 
state bands with K=1— and K=2—) would not be 
expected to produce the alternation in level spacing 
observed for the K = 2— band. However, if state E does 
not have K=1 but perhaps has K=O, then the alter- 
nation of the energy-level spacing could be due to a 
similar unspecified interaction as that postulated to 
couple the K=0+ and K=2-+ rotational-band states, 
because the K=0— band also has an incomplete spin 
sequence, in this case 1, 3, 5, etc. It must be admitted, 
however, that the very large spacing KH suggests that 
there are additional forces at work, if state J is really 
the spin-3 member of a K=0— band. 

If we try to estimate whether the levels of the 
K=4— band are perturbed, we can only conclude 
that level P appears to be about 13 kev lower than the 
energy calculated from the moment of inertia calculated 
from spacing MJ, whereas spacing JS is approximately 
that calculated. The moment of inertia calculated from 
spacing MJ is about 20% greater than that of the 
ground-state band. It seems qualitatively, however, 
that the states of the K=4— band are not as seriously 
perturbed as those assigned to the other bands. 

At this point we might speculate a little on some of 
the newer features of nuclear energy levels brought to 
light in the present investigation. Probably the most 
striking aspect of the level scheme is the appearance of 
many states, apparently of rotational nature, based 
upon levels at 1 Mev. An interesting feature of these 
states is that the decay characteristics of the negative 
and positive parity states seem remarkably different. 
The negative parity states appear to deexcite by cas- 
cade through the rotational band to the base state, 
which then deexcites to the excited positive parity 
states, or they de-excite directly to the positive parity 
states. On the other hand, the high-energy positive 
parity states show almost no decay to the negative 
parity states of low energy, and decay directly to the 
ground rotational band states. 

This feature can be expressed more simply in terms 
of transition probabilities by saying that the observed 
intensity of the electric-dipole transitions which connect 
the positive and negative parity states are smaller than 
single particle estimates for £1 transition probabilities, 
and the M1 and £2 transitions compete favorably 
with them. 

An interesting explanation for such delayed £1’s 
perhaps follows from the suggestion®**” that these 
negative parity states, especially the 7=2—, K=2 and 
I=1—, K=0 levels are first-excited octupole (A=3) 
vibrational levels corresponding to projections y= 2, and 


35 A. K. Kerman, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 30, No. 15 (1956). 

%°R. F. Christy originally suggested pear-shaped nuclear de- 
formations to explain the K=0, 1— states in the heavy element 
region. 

#7 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 
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v=0 of the A=3 vector on the nuclear symmetry axis. 
The systematic occurrence of 2— levels in the regions 
of large nuclear deformation®**~° and the well-known 
1—, K=0 levels in the heavy element region tend to 
support such a conclusion. 

The possible explanation is a consequence of a theo- 
retical check on the octupole nature of these negative 
parity states recently proposed by Bohr and Mottel- 
son.” They have said, in essence, that the presence of 
octupole and quadrupole deformations in a nucleus can 
cause a nuclear dipole moment. This dipole moment will 
have frequencies lower than the main “giant” dipole 
frequencies and will have matrix elements considerably 
(~10-) smaller than the single-particle matrix ele- 
ments. Furthermore, their final expression allows a 
calculation of the average octupole deformation, pro- 
viding B(E1) is known. Furthermore, although the 
article of Bohr and Mottelson did not attempt to 
interpret any data from the decay of the 2— states, it 
seems worthwhile to evaluate the transition proba- 
bilities in this case to see if they are in quantitative 
agreement with theory. We were able to do this in 
one case, because the half-lives of two excited states in 
W'® have been measured by Sunyar.* Mihelich,” in- 
terpreting these data, assigned one of the measured 
half-lives to state F. The measured half-life is 1.03 
X10-* sec. 

Using the branching ratio data of MBMD we were 
able to calculate the half-lives of the transitions de- 
populating level F. The partial radiative half-lives we 
calculate are ty (E1; 67.74) =2.2X 10 sec; t; (E1;1189) 
=5.5X10~; t; (M2; 1189) =1.21X10-*; 4 (M2; 1289) 
= 1.0 10-5; t; (960)~1X10-". The calculation of the 
E1-M2 mixture in transition FB (1189) and the gamma 
intensity of FA (1289) has already been discussed. We 
can now compare these half-lives with the single- 
particle estimates.“ We find that the 1289 and 1189 M2 
transition rates are lower than the single-particle esti- 
mates by factors of 2.010 and 1.6X 10°, respectively. 
These factors represent the retardation generally ob- 
served over single-particle rates. The weak transition 
FC of 960 kev was observed in the photon spectrum 
but not in electron spectra of MBMD. They tentatively 
assigned an £3 multipolarity. M2 is also allowed by 
selection rules although it would be expected to be 
highly depressed by the vector addition relations, i.e., 
(222-2|2240=0.0291. If transition FC were pure 
M2, it would be slower than single particle by ~4.6 
10°. If the transition were pure £3, it would be 


%* H. Kendall and L. Grodzins, Bull. Am. Phys. Soc. Ser. II, 1, 
164 (1956). 

*® 0. Nathan and M. Waggoner, Nuclear Phys. 2, 548 (1956). 

“ Bjgrnholm, Nathan, Nielsen, and Sheline, Nuclear Phys. 4, 
313 (1957). 

41 Stephens, Asaro, and Perlman, Phys. Rev. 96, 1568 (1954). 

#@ A. Bohr and B. Mottelson, Nuclear Phys. 4, 529 (1957). 

# A, W. Sunyar, Phys. Rev. 93, 1122 (1954). 

“S. A. Moszkowski, in Bela- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers, Inc., New York, 
1955), Chap. XIII, p. 391. 
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occurring 2.5 times as fast as the single particle rate. 
If the MBMD assignment of £3 is correct to the extent 
that there is at least half £3, then this represents a 
rather fast rate for £3, and lends weight to the specula- 
tion that the K=2— band is a collective octupole 
surface excitation. It would seem an important point 
for future work to determine accurate fractions of £3 
radiation in the 960- and 1189-kev transitions. The F1 
component of FB has a delay of ~6X 10’, much of which 
is to be attributed to the K forbiddenness of this transi- 
tion, albeit a somewhat larger retardation than is 
usual for such a class. The 67.74-kev transition, FD, 
which is not K forbidden, has a delay of 4.5 10* over 
single particle estimates. Using the half-life above for 
FD, we calculated B(E1)=6.75 X 10-*e? cm?. From the 
equation corresponding to Bohr and Mottelson’s*f we 
calculate the root-mean-square dipole moment associ- 
ated with the transition (D*), as 6.5X10-e-cm. This 
value is to be compared with (D*),! values for the 1— 
to ground transition in Sm! and Th” of 5.2 10~“e-cm 
and 1.8X10~-“e-cm, respectively.** 

Another interesting feature of excited nuclear states, 
which can be seen if the analysis shown in Fig. 6 is 
assumed to be correct, pertains to the moments of 
inertia of these excited states. From the highly per- 
turbed rotational level spacing observed it becomes 

45S. A. Moszkowski (private communication) has shown that 
Bohr and Mottelson’s formula* can be written for K =2 states 


Oe 2 COMPO ives ii a 
9 (8x) ee) (ZeRo)*(as2*a22*) 

providing the orthogonality of the ».=0, 1, 2,3 components of 
the \=3 vibration is assumed. This form differs by 10/9 from the 
form given by Bohr and Mottelson. The interpretation of (a32*a22") 
is much more difficult than is that of the product (aso*%a20*) 
= 827(83")yy considered by Bohr and Mottelson. We have, there- 
fore, compared only the values of (D*)ay4. 

t Note added in proof.—Recent additional considerations by 
Bohr and Mottelson [Nuclear Phys. (to be published) ], based 
upon some results of Strutinski [Atomnia Energia 4, 150 (1956) ] 
cast some doubt on the basic value of this expression as a guide to 
the interpretation of spectra. The conclusions reached in this 
paragraph must therefore be viewed with some reservation. 


(D*) ay _ 
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apparent that the measurement of moments of inertia 
of excited vibrational bands may not be the useful aid 
in the determination of the nuclear potential surface 
that similar measurements in molecular spectroscopy 
are in the determination of the potential associated 
with the atomic coordinates. Furthermore it may indi- 
cate the danger in attempting to draw simple conclu- 
sions about the character of excited states on the basis 
of moments of inertia. This seems particularly sharply 
borne out by a comparison of the moments of inertia 
of the excited K=2+ bands calculated from the 
2+ — 3+ spacing in W'” and W'™9 In W'® the spac- 
ing indicates a smaller moment of inertia for this band 
than for the ground band; in W'™ the moment of 
inertia calculated is larger than that of the ground band. 
The same type of effect may be present in the 2— states, 
although the 2—, 3— spacing in W'* is not known with 
sufficient accuracy to be compared.° 

We must emphasize that many aspects of our decay 
scheme deserve further experimental study. As stated 
previously, the new levels in the scheme shown in Fig. 5 
are based solely on conversion electron spectroscopic 
results. High-resolution gamma-ray spectroscopy and 
coincidence studies would be of the greatest value to- 
ward confirming or revising our proposed scheme. 

Further studies also need to be carried out on the 
high-energy electron spectrum, the results of which are 
needed to verify some of the present assignments, 


especially those of J’ and L. Furthermore, such studies 
would be of great interest, because the new decay 
scheme predicts many weak high-energy transitions 
that the low transmission of our instruments prevented 
us from measuring. 
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In a large multiplate cloud chamber, an event has been found which strongly indicates that the decay 
mode 6;° — 27° exists, and therefore that the spin of the K meson is even. Two showers are seen which, 
from their spatial angles and energies, must represent essentially the whole energy of the two r°’s from a 
6,° produced in association with a A°. On the basis of this event, the fraction of 6,° decays going by the 27° 
mode is ~0.06, and the probability that this fraction could be consistent with the value of 4 predicted by 
AI = $ selection rule is 3%. Furthermore, the chance that the observed ratio is 2 }, a value possible with an 
admixture of AJ =}, is 10%. Our observation of single shower events attributable to 0,° > 2° give even 
smaller probabilities that the fraction of neutral decays is as large as 4 or }, but the necessity of a background 
subtraction makes these results less significant. On the other hand, the fraction of A° decays going by a 
neutral decay mode is quite consistent with the value of } predicted by the AJ =4 rule. The values obtained 
for this fraction are 0.22+0.13 from the direct observation of showers (presumably from A° + n+7°), 
and 0.33+0.06 from the number of A°’s not decaying by the charged mode. 





1. INTRODUCTION 


STUDY of the possible neutral decay modes of 

the 6,° (the short-lived component of the @) and 
the A° can yield considerable information about these 
particles. First, if the neutral decay @,°— 22° is ob- 
served at all, then the spin of the @ must be even. 
Secondly, if the neutral decays occur, then a measure- 
ment of the fraction, F», of all @;° decays which go by 
the neutral mode, and of the similar fraction, F4, of A° 
decays, provide a test of ideas concerning the decay 
mechanism. 

For example, since the general features of the decay 
of hyperons and heavy mesons can be accounted for 
by the requirement! that the third component of 
isotopic spin change by one-half unit (AJ;=+4) in a 
decay, it has been conjectured? that the stronger 
selection rule, AJ=4, may be operative. If the latter 
rule governs the decays of A’s and @’s, Fy and F, both 
should have the value 3,** neglecting electromagnetic 
effects. This total isotopic spin selection rule is ap- 
pealing, since it provides at least a qualitative ex- 
planation*” of the large difference between the K+ 
and 6,° lifetimes, and predicts*’ within experimental 
errors the r’/r branching ratio. A much weaker result 
is that, if parity nonconservation in the decays is 
assumed, the 2+/Z- lifetime ratio and the decay 

* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t Present address: Department of Physics, Rutgers University, 


New Brunswick, New Jersey. 
t Now at the Tata Institute of Fundamental Research, Bombay, 


India. 

1M. Gell-Mann, Phys. Rev. 92, 833 (1953); T. Nakano and 
K. Nishijima, Progr. Theoret. Phys. Japan 10, 581 (1953). 

2M. Gell-Mann and A. Pais, Proceedings of the 1954 Glasgow 
Conference on Nuclear and Meson Physics (Pergamon Press, Inc., 
London, 1955). 

3G. Takeda, Phys. Rev. 101, 1547 (1956). 

4M. Kawaguchi and K. Nishijima, Progs Theoret. Phys. Japan 
15, 180 (1956). 

5 R. H. Dalitz, Proc. Phys. Soc. (London) A69, 527 (1956). 

6G. Wentzel, Phys. Rev. 101, 1215 (1956). 

7R. Gatto, Nuovo cimento 2, 318 (1956). 


branching ratio, (2+— p+7°)/(Z+—> n+-+), can be 
made*’ consistent with AJ=}. 

Some other, more specific mechanisms proposed?” 
to explain hyperon and heavy-meson decays can be 
looked upon as introducing larger changes in total 
isotopic spin.*.**-4 In particular, we shall be concerned 
with the effect of an admixture of AJ=3 on Fs. Since 
for a K of even spin the K* decay proceeds by AJ=3, 
the observed K*/6,° lifetime ratio provides a limitation 
on the amount of A/=# possible in the predominantly 
AI=4 6,° decay. The result® is 0.26<F,<0.41. These 
limits may be altered somewhat by including the effect 
of the mass difference between the charged and neutral 
pions,'* but estimates of this effect are at present neces- 
sarily somewhat arbitrary. Despite this uncertainty, it 
is still possible for a measurement of Fy to provide a 
strong test of a considerable number of theories. 


2. EXPERIMENTAL PROCEDURE 


Since the details of the experiment will be given in 
another paper,’ only a brief outline will be presented 
here. A x~ beam was brought out through the magnetic 
field of the Brookhaven Cosmotron, and after it was 
deflected through about 8° by a bending magnet, it 
entered a large multiplate cloud chamber. The chamber, 
which had a well-illuminated region of about 54 in. 
X48 in.X 20 in., contained 17 iron plates 4 in. thick. 
The incident pions, which interacted in the plates to 
produce hyperons and heavy mesons, had a median 
energy of approximately 1.5 Bev. 

About 8000 sets of pictures were taken, each set 


8B. T. Feld, Nuovo cimento 6, 650 (1957). 

*M. Kawaguchi, Phys. Rev. 107, 573 (1957). 

#0 N. Dallaporta, Nuovo cimento 1, 962 (1955). 

1 Twata, Ogawa, Okonogi, Sakita, and Oneda, Progr. Theoret. 
Phys. Japan 13, 19 (1955). 

2 G. Wentzel, Phys. Rev. 101, 505 (1956). 

13M. Gell-Mann, Nuovo cimento 5, 758 (1957). 

4S, Oneda, Nuclear Phys. 3, 97 (1957). 

18 T)’Espagnat, Prentki, and Salam, Nuclear Phys. 5, 447 (1958). 

16 Blumenfeld, Boldt, Bridge, Caldwell, Leavitt, Pal, Rossi, and 
Willard (to be published). 
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consisting of three stereoscopic views. The pictures 
were scanned and measured on half-scale projectors, 
and the measurements were processed using an IBM 
650. The results of the machine program included the 
spatial angle of the tracks, the coplanarities of V’s 
with their origin, maximum and minimum track ranges, 
ionization corrections, and errors in these quantities 
from their over determination in three views. Using 
these results and calculated kinematics of the decays, 
about 260 A°’s and 120 #’s were definitely identified. 

To measure F, one looks for showers from & — 27° 
when a A°— p+27 is seen, but no 0,°— a++a7 or Kt 
is observed. While A°+K* production can occur only 
by a secondary process or when a 27 is also produced, 
such possible K+ productions were eliminated by 
discarding those events in which a charged track from 
the initial x~ interaction went out of illumination, or 
was consistent with being a K-particle decay. There 
then remained 166 ‘“‘pure A°®”’ events. Similarly, to 
measure F4, one looks for showers from A®°— n+7° in 
the vicinity of an observed 6,°— x++2~ decay which 
is not accompanied by A°— p+2~ or by a K-. The 
latter type of event, K-pair production, was again 
eliminated by discarding events which could contain 
charged K’s, and there then remained 52 “pure 6,°” 
events. 

Some of the remaining events occurred in pictures 
having either such poor quality or so many other tracks 
that showers could have been missed, and therefore the 
number of events scanned for showers was reduced to 
130 with A°’s and 47 with 6;°’s. While showers had been 
searched for in the initial scan, each of these selected 
pictures was looked at again very carefully by at least 
one physicist. 

Whenever a shower was found in the neighborhood 
of a A° or 6,°, its axis was followed back and the shower 
discarded only if it definitely pointed to a m~ inter- 
action other than the one producing the A° or the 6,°. 
Some cases were included in which the shower axis 
passed near another origin as well as the strange-par- 
ticle-producing one, and thus a few such events could 
be spurious. 

For each shower the distance of closest approach 
between the shower axis and the origin of interest was 
determined. The shower was discarded if this distance 
exceeded 6 cm, since an analog computer analysis 
showed that the number of such showers having greater 
distances and caused by A°—>n+7° or 06,°— 27° 
decays would be negligible. Because of uncertainties in 
the shower axis direction, we were forced to include 
showers whose axis apparently passed through the 
origin, and hence could have been caused by 7s 
produced in the x~ interaction, or by y’s from Z°>A°+7. 

Since the shower sample is contaminated with 
showers direct from the origin and probably a few 
showers direct from a wrong origin, a background must 
be subtracted. This background can be found by 
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looking for showers in the vicinity of interactions in 
which both a A® and a @,° are seen, and which therefore 
can have no neutral strange-particle decays, except 
~°— A°+-, which is a legitimate contributor to the 
background. We have 31 such events, of which 27 are 
suitable for the shower scan. 

In order to avoid missing showers and to have 
shower axes which are reasonably well defined, we 
invoked the criterion that an event would be classed 
as a shower only if it consisted of at least three electron 
track segments. A segment is a section of track which 
appears in the gas space between two plates. For a 
direction of incidence normal to the iron plates, three 
electron segments correspond to the conversion of 
80+40 Mev’ of y-ray energy. 

The probability of our seeing showers consisting of 
three or more electron segments each from the decays 
A°— n+2° and 6;°— 2° was determined both ana- 
lytically and by an analog computational method. The 
analytical procedure used the decay kinematics, along 
with a numerical integration over the geometry of the 
chamber. In the other method, a random sample of 20 
6;°—> x++a- and 13 A°— p+ decays were treated 
as if they had been neutral decays, and an analog 
computer was used to find the probability for each of 
the decay y rays to give three or more detectable elec- 
tron segments. The results of the two methods are in 
good agreement, and the pertinent probabilities are 
(1) 79% for detecting at least one y from each 
& — 2x°— 4y decay, (2) 39% for detecting at least 
two such y’s out of the 4, and (3) 36% for detecting 
at least one y from each A°—> n+2°— n+2y decay. 


3. SINGLE-SHOWER RESULTS FOR F, 


Nine showers were found accompanying 47 “pure’”’ 
6;° — x+-+-2~ decays, but a background has to be sub- 
tracted from this number of showers. The background 
could have been determined from associated A@ events, 
as explained in the previous section. However, as we 
shall see shortly, the @,°— 22° decay is so rare that 
essentially all showers accompanying A° > p+ events 
are due to the background. Improvement in the sta- 
tistical accuracy of the background subtraction is 
necessary because the background constitutes 40% of 
the total. The number of A”s which decay by the 
neutral mode is then the net number of shower events, 
N, obtained after correcting for the background and 
the shower detection efficiency. To find F,, N must be 
divided by the total number of As which is N plus 
the number of associated A@ events, corrected for the 
inverse probability for the detection of A°—> p+2-. On 
this basis, 

F,=0.22+0.13. 


However, F, can be determined in another way, if 
one assumes that all unobserved A° decays are indeed 
17W. E. Hazen, Phys. Rev. 99, 911 (1955); H. DeStaebler, 


Ph.D. thesis, Massachusetts Institute of Technology, 1954 
(unpublished); P. A. Bender, Nuovo cimento 2, 980 (1988). 
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due to A°— +7”. For this purpose, all “pure” events 
can be used, not just those scanned for showers. As 
before, the number of A°— p+77 events is determined 
from the number of associated A@ events corrected for 
the inverse probability of seeing A°— p+2-. How- 
ever, the total number of A°’s is now found from the 
observed A# events (uncorrected) plus the observed 
6;°—> x++2a7 events, corrected for scanning efficiency, 
for the small contamination of + and #&+# events 
(in which the 2 or the second @ are not seen), and for 
the rare 6;°—> 22° decays. The number of neutral 
decays is then the total number of A”s minus the 
number of A°— p+27 decays. By this second method, 


F,=0.3340.06. 


These results are in agreement with those of the 
Columbia bubble chamber group,'* who find F,x=0.18 
+0.09 from the direct observation of showers and 
F,=0.35+0.05 from the assumption that unobserved 
A®’s decay by the »+7° mode. 


4. SINGLE-SHOWER RESULTS FOR Fy 


Nine single showers were seen accompanying the 130 
A® events which were scanned for showers. For the same 
size sample, the background (based on showers seen 
with A@ events) is 24+11 showers, and thus the result 
is consistent with Fs=0. The probability of obtaining 
this result if Fy is as large as 3 is (1*7)%, or if Fe 
is as large as } the probability is (4*%°)%. The un- 
certainties given correspond to standard deviations in 
the probabilities, and they reflect the large statistical 
error in the background subtraction. 


5. TWO-SHOWER EVENT 


While the single-shower result is consistent with no 
6;°—> 2x° decay at all, we have observed one event 
which gives very good evidence that this decay mode 
does indeed exist. It so happens that with our chamber 
the probability of seeing two or more showers from a 
6;° — 2° decay is about the same as the probability of 
seeing only one shower from the decay. Hence it is not 
surprising that the single-shower results, after a large 
background subtraction, could be consistent with 
F,=0, whereas one two-shower event was actually 
observed. However, the particular event seen was a 
very fortunate one. 

A drawing of one view of the event is shown in Fig. 1. 
Track @ is the incoming x~, which interacts in the 
third iron plate. No charged secondaries come out of 
the interaction, but a A° does, and its line of flight is 5. 
Both the A° decay products, the proton (c) and the x~ 
(d, e, and f), stop and are coplanar with the origin to 
within 4.4°, and therefore the A° is identifiable with 
certainty. The lines of flight, # and i, of two y rays 


18M. Schwartz, Proceedings of the Seventh Annual Rochester 


Conference on High-Energy N Physics, 1957 (Interscience 
Publishers, Inc., New York, 1957), Chap. V, p. 28. 
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which produce the large showers shown intersect in 
space. If these y rays arise from the decay of a neutral 
particle produced in the x~ interaction, then g would 
represent its line of flight. 

Now g is coplanar with / and i to within 4.5°, making 
it seem as if the showers were caused by the 2y decay 
of a neutral particle. The mass of such a particle can 
be estimated from the angle between / and i and the 
energies of the two showers, which are 280+90 Mev 
and 470+120 Mev, as determined!” from the number 
of electron segments." Since this mass is 340+80 Mev, 
the two y rays cannot have come from a single 7° 
(135 Mev), and the chance is only 5% that they could 
have come from the 2y decay of a & (494 Mev). 

Instead, the small angle of uncoplanarity suggests 
that the showers may be from a 6,° which decays into 
two rs (in 0.8X10-" sec), each x° then promptly 
decaying in such a way that one y ray goes in the 
direction of that #°, carrying nearly all of the r° energy. 
This supposition is borne out by a calculation of the 
x energies, assuming g is the direction of the 6,° and 
h and i are the directions of the r”’s. These calculated 
energies are 295+10 Mev and 600+35 Mev, in good 
agreement with the shower energies, and hence with 
the idea that essentially all the energy of each x° went 
into one y in the forward direction. Further evidence 
for this interpretation is provided by the information 
that the incident x is coplanar, within 6°, with the 
lines of flight of the A° and supposed @ (indicating that 
neither particle scattered appreciably in the production 
nucleus), and that the energies and production angles 
of the A°® and # can be made kinematically consistent 


t 


Fic. 1. Drawing of an event observed in a multiplate cloud 
chamber demonstrating the probable existence of the decay mode 
6,° — 2x°. The incoming x (a) interacts in an iron plate (3) to 
produce a A° (b) and a & (g), which decays into two xs, each of 
which gives essentially all its energy to one forward y ray th and 4), 
which then produces a shower in subsequent plates. 


* Note that all 17 of the electron segments of the large shower 


are not distinguishable in the drawing of Fig. 1. 
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with the simple reaction +p — A°+@, if the Fermi 
momentum of the target proton is considered. 

While we feel that this event gives strong evidence 
for the 0;° — 27° decay, it is impossible to rule out a 32° 
decay in which one 7° gets essentially no energy. How- 
ever, no r++2*+72° decays have been found, and at 
least on the basis of phase space, these ought to be 
about as frequent as 3° decays, and of course con- 
siderably easier to observe. Other evidence for the 
6;° — 2° decay, and hence for even spin for the 6,” is 
furnished by the counter experiments of Osher, Moyer, 
and Parker* and of Ridgway, Berley, and Collins,” 
and by the Columbia-Brookhaven bubble chamber 
work.'8 

The more interesting question now is the relative 
abundance of 27° decays, and we can get a value for Fg 
from the observation of the two-shower event, without 
the necessity of a background subtraction. Using the 
known probability for observing two showers (see 
Sec. 2) and the number of A@ events, corrected by the 
inverse probability for seeing 6,°—>*t-+7-, one gets 


F4=0.06. 


This value is certainly not in disagreement with the 
Columbia-Brookhaven bubble chamber result,!* Fg 
=0.14+0.06. The significance of our result for Fs is 
best expressed by the statement that the chance of our 
having observed only one such two-shower event if Fs 
were 4 or larger is only 3%, and only 10% if Fs» were 
} or larger. 

6. CONCLUSIONS 


Our result for the fraction of A”s decaying by a 
neutral mode, as obtained from the percentage of 
“missing” As, is F=0.33+0.06, which would be in 
agreement with the value of } predicted by the AJ=} 
selection rule if all the neutral decays were A°— n+-7°. 
While we have observed showers consistent with the 
n+-7° decay mode, we cannot rule out other shower- 
producing modes. Furthermore, while the direct ob- 


® Now that there is no reason to believe that the @ and + 
are different particles, the analysis of r decays [R. H. Dalitz, 
Phil. Mag. 44, 1068 (1953); Phys. Rev. 94, 1046 (1954). E. Fabri, 
Nuovo cimento 11, 479 (1954) ], which gives strong evidence that 
the 7 spin is zero, can be considered as similar evidence for the 
6 spin. 

*1 Osher, Moyer, and Parker, Bull. Am. Phys. Soc. Ser. II, 1, 
185 (1956). 

® Ridgway, Berley, and Collins, Phys. Rev. 104, 513 (1956). 
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servation of showers (assuming the decay is A° > n+7°) 
gives F=0.22+0.13, which is not in disagreement with 
3, we have not proved that all the missing A"’s decay 
by a shower-producing mode. The same qualification 
applies to the Columbia-Brookhaven result.!8 

The conclusion that the 6;° decays by the 27° mode, 
and that therefore its spin is even, has been strengthened 
by the observation of a decay which is consistent with 
nearly all of the energy of each r° going into a forward 
y ray. Because of the large probability of seeing more 
than one shower from each 27° decay in our chamber, 
the observation of only one two-shower event indicates 
that the fraction of 6@,°s going by the 2r° mode is 
small, this one event giving a value Fy=0.06. The 
chance that F» is actually >4 is 3%, and that it is >4 
is 10%. The results from single-shower events give 
even smaller probabilities [(1t?)% that Fe is >4 
and (4*%°)% that it is >}], but are more uncertain 
because a background subtraction had to be made. 

On the basis of these results and those of Columbia- 
Brookhaven,'* it seems unlikely that F, is as large as $4, 
as predicted by a change in total isotopic spin of 3}. 
Although the present result could be explained as an 
unusual statistical fluctuation, this explanation is quite 
unlikely, and it seems profitable to look for another 
basis for the determination of the decay branching 
ratios. One such possibility is the V—A_ universal 
Fermi interaction,“ which was recently shown to be 
consistent with the observed™ longitudinal polarization 
for protons from A° decay, and which predicts® 4 
for Fy. 
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The monthly mean intensity of the nucleonic component of cosmic radiation measured at Mt. Washington, 
geographic latitude 44.2°N and elevation 6262 ft, decreased 22% from July, 1954 to December, 1957. The 
decreased intensity now prevailing came about through a series of sudden decreases from which only partial 
recovery occurred. During this same period, the amplitude of the day-to-day intensity changes has increased. 
A study has been made of the largest Forbush-type decreases which have occurred in this interval. Many of 
these intensity drops have a decrease rate ~1.5% hr, with a maximum rate of 2.5% hr. In some cases 
they are preceded by a slight increase of ~1.5%. These decreases do not have a similar time dependence. 
There is no apparent 27-day recurrent tendency for these sudden drops. The energy dependency of these 
events is variable. The restrictions which these decreases impose upon the existing models of solar modu- 


lation mechanisms are discussed. 





I. INTRODUCTION 


XPERIMENTAL investigations have definitely 

established that the intensity-time variations of 
the low-energy portion of the cosmic radiation are 
related to the cycle of solar activity. The results of 
Forbush’ show that the annual mean total intensity 
measured by ion chambers at ground elevations is 
inversely related to the annual mean number of sun- 
spots. Further evidence of such changes is provided by 
the experiments of Neher*® at balloon altitudes, and 
Meyer and Simpson’ at airplane altitudes. The later 
results of Meyer and Simpson‘ and Neher’ indicate that 
the amplitude of the intensity variations is much 
greater during the periods of enhanced solar activity, 
and is larger for the low-energy primary radiation. 
These investigations have clearly indicated that solar- 
controlled mechanisms produce a modulation of the 
normal flux of cosmic radiation. 

Since the minimum in 1954 of the present solar cycle, 
we have been monitoring almost continuously the 
nucleonic component of cosmic radiation. The data from 
these measurements enable us to follow the variation 
in total intensity and the amplitude of the short-term 
variations from the minimum to the current maximum 
in solar activity. It has been shown®’ that the cor- 
rections for changes in meteorological conditions which 
must be applied to the counting rate of a nucleonic 
detector located deep in the earth’s atmosphere reduce 
simply to a barometric pressure factor. Since the mean 
energy of the effective primary spectrum for a nucleonic 
detector is much less than that for a meson telescope 
or an ionization chamber* and the meteorological 
corrections are uncomplicated, this type of detector is 


*S rted by the Geophysical Research Directorate of the 
Air ie Cambridge Research Center, Air Research and De- 
velopment Command. 
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best fitted to determine the temporal changes in cosmic 
radiation. 

In this paper we shall show the manner in which the 
intensity decreased to the present level, and the struc- 
ture of the sudden Forbush-type decreases in intensity 
which occurred during this period. 

The locations of the two stations operated by the 
University of New Hampshire are as follows: 


Mt. Washington, New Hampshire: 


geographic latitude =44.2°N, 
longitude= 71°W, 


elevation = 6262 ft; 


Durham, New Hampshire: 


geographic latitude =43.1°N, 
longitude= 71°W, 


elevation =sea level. 


The operational periods of these stations and any 
changes in design of the detectors are given in Table I. 
When the detector at Mt. Washington was changed in 
1955 to the IGY standard one (see Fig. 1), the previous 
data were normalized by reference to the Durham 
detector. Normalization of the Durham data after the 
change July, 1956, was achieved by reference to the 
Mt. Washington detector. From a comparison of the 
design of either DA or DB with MV, it is evident that 
energy response is practically identical. 


TABLE I. Operational status of Mt. Washington and 
Durham monitors. 








Operating period 
Station from to 


Durham Jan., 1954 May, 1954 
Mt. Wash. a. 1954 Sept., 1955 
Durham ‘ov., 1954 May, 1955 
Mt. Wash. Nov., 1955 sb 
July, 1956 


Design of detector 





Durham Sept., 1955 
Durham July, 1956 





* For design information, see reference 7. 

> IGY standard—12 tubes (see Fig. 1); for details refer to J. A. Simpson, 
University of Chicago Report, 1955 (unpublished). 

¢ DB uses same size BF; counters, but has a larger amount of lead. 
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The absolute counting rate of the Mt. Washington 
detector is ~ 2000 min, yielding a statistical standard 
deviation for the daily average of <0.1%. The absolute 
counting rate of the Durham monitor is 170 min“. 

The electronic circuitry is conventional and a block 
diagram of the method of recording the data at Mt. 
Washington is presented in Fig. 2. An Esterline-Angus 
ten-pen operations recorder is employed to record 
sudden increases or decreases in counting rates such as 
might occur during flares or geomagnetic storms, to 
provide a check on the presence of any spurious counts, 
and to determine the exact times of power failures. As 
dual electronic circuits are used, the scaled counting 
rate of each half is fed into separate pen recorders for 
which there are additional scaling factors of 10, 100, and 
1000. Hence, any convenient scaling factor may be 
used, depending on the counting rate, and the rate may 
be determined for time intervals as short as two minutes. 
The stability of the detecting system is evaluated by 
periodic checks made with a Ra-Be neutron source 
placed in fixed positions with respect to the BF; 


CaAviTy FOR TEST 
/ NEUTRON SOURCE 
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@ZZ LEAD 
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Fic. 1. IGY standard neutron monitor designed by 
J. A. Simpson, University of Chicago. 


counters. At the same time the over-all gain of the 
amplifier is checked with a calibrated pulse generator. 
Additional checks are made at less frequent intervals 
for the presence of spurious counts and changes in the 
background counting rate of the BF; proportional tubes. 
The over-all stability of the detecting system can be 
estimated from the standard deviation of the source 
checks. For example, during 1956 the standard deviation 
of the source checks was ~ 0.5%. 

The hourly average neutron counting rates, as 
determined either from the film or the pen recorder, 
are corrected to a station barometric pressure of 23.800 
in. Hg at Mt. Washington, and 29.935 in. Hg at 
Durham, using tables obtained from the expression 


No=N exp(AP/d), 


where N> is the pressure-corrected counting rate, N is 
the uncorrected counting rate, AP=P,—P» is the 
observed station pressure minus the standard pressure, 
and 6 is a constant=4.104 in. Hg (from a= —0.096/ 
cm Hg).’ The data are processed on IBM cards, using 
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a library of barometric correction factors prepared from 
these tables. 


Il. NUCLEONIC INTENSITY LEVEL 


The variation in the nucleonic intensity at Mt. 
Washington from July, 1954 to July, 1957, is shown in 
Fig. 3. In this period the total intensity decreased by 
19%, and the inverse relationship of the mean sunspot 
number with total intensity established by Forbush! 
is clearly evident. The same decrease in intensity has 
been reported by Fenton ef al.* and by the University 
of Chicago group," clearly establishing the world-wide 
nature of this decrease. The decline at Mt. Washington 
from October, 1954, to March, 1955, is probably not a 
true intensity variation, but rather due to snow ac- 
cumulation around the building containing the monitor, 
and a temperature dependence of the background 
counting rate of the tubes. Since then, these effects have 
been eliminated. In addition, the changes in intensity 
from day to day have increased many-fold, as indicated 


« MT. WASHINGTON 
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Fic. 3. The decrease in the monthly mean nucleonic intensity 

at Mt. Washington referred to the intensity level July-August, 

1954. For comparison, the monthly mean sunspot number is 

shown. The standard deviation of the daily averages from the 
monthly mean is indicated for each month. 


* Fenton, Fenton, and Rose, Can. J. Phys. 36, 824 (1958). 
10 J. A. Simpson, Bull. Intern. Geophys. Year No. 15, 11 (1958). 
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Fic. 4. Nucleon intensity at Mt. Washington from July, 1954, to January, 1958. 


by the increase in the standard deviation of the daily 
averages from the monthly mean intensity. 

A detailed comparison of the monthly mean nucle- 
onic intensities at Mt. Washington, Durham, Chicago," 
and Ottawa” shows agreement to within +2% over 
the entire period, except for the anomalous decrease at 
Mt. Washington previously mentioned. For example, 
the intensity at Mt. Washington for December, 1957, 
was 22.3% below the 1954 level, and this same decrease, 
within one percent, was recorded for the Durham and 
Ottawa detectors located at sea level. Such a change, 
however, is small compared to 400% obtained by 
Neher® with ion chambers flown at high altitude near 
Thule between 1954 and 1957. 

To show that the decreased intensity now prevalent 
has come about through several large and sudden drops 
superimposed upon a small gradual decline, we have 
plotted in Fig. 4 the intensity averaged over periods 
for which the daily intensities did not fluctuate signifi- 
cantly from the mean of the interval selected. For 
example, the standard deviation of the daily averages 
from the mean for November, 1956, was 3.7%. The 
intervals in this month selected for averaging were 
November 1-9, 10-16, 17-23, 24-30, for which the 
standard deviations were 0.5, 1.7, 1.2, and 1.7%, 
respectively. Averages were taken over an entire month 
only when the standard deviation was ~ 1.0%, e.g., in 
July, 1956, c=1.3%. Referring to Fig. 4 we see that 
the intensity declined slowly about two percent from 
July, 1954, to November, 1955. The intensity then 


Chicago data supplied through the courtesy of Dr. J. A. 
Simpson, University of Chicago, Chicago, Illinois. 
12 Ottawa data supplied through the courtesy of Dr. D. C. Rose, 


National Research Council, Ottawa, Canada. 
13H. V. Neher, Phys. Rev. 109, 608 (1958). 


dropped about two percent and had not completely 
recovered by the period of high solar activity during 
February—March, 1956. As a result of the rapid drop 
during this latter period, the intensity level in April, 
1956, was 3.7% lower than January, 1956. The intensity 
level increased slightly during the summer of 1956 with 
very small daily variability. On November 9, 1956, a 
sudden decrease again occurred with subsequent large 
fluctuations through January, 1957, a period of high 
solar activity. By March, 1957, the intensity had 
dropped ~10% from the level of October, 1956. 
Through the summer of 1957, the intensity declined 
gradually about two percent, and recovery from the 
August 29, 1957, drop to pre-decrease level was almost 
complete. Several large decreases in the ensuing months, 
from which recovery was not complete, left the De- 
cember monthly mean intensity 22% below the 1954 
level. 

We believe that the averaging of the cosmic-ray data 
over monthly intervals, instead of periods during which 
the intensity remains essentially constant, tends to 
obscure the role of the short-term decreases in the 
li-year cycle. We are not suggesting, however, that 
the lower intensity now prevailing is due to the oc- 
currence of large numbers of symmetrical short-term 
decreases, which reduce the average for any month. 
This is not the case, as can be seen in Fig. 4. On the 
basis of our method of analysis we feel that this long- 
term intensity variation is not a slow, gradual decrease, 
as reported by Fenton,’ but rather occurs abruptly 
through sudden drops with long relaxation times. An 
analysis by Morrison" of the cosmic-ray beam during 
the previous solar cycle showed that most of the 


“4 P, Morrison, Phys. Rev. 101, 1397 (1956). 
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Fic. 5. The daily average nucleon intensity at Mt. Washington during the summer of 1954 and winter of 1955- 
1956, normalized to the mean intensity for July-August, 1954. The estimated over-all accuracy of the daily average 


intensity is ~1%. 


decline then was due to sharp drops, followed by only 
partial recovery, and not a slow, regular decrease. The 
more detailed observations made between 1954 and 
1957 definitely support such an interpretation. 

Since the Mt. Washington detector is located at or 
above the knee of the latitude curve as determined by 
Meyer and Simpson,** geomagnetic field changes do 
not seem likely to have produced this change in in- 
tensity. Such an analysis is based upon the fact that 
the counting rate of a neutron detector located deep 
in the atmosphere is given by*!*1¢ 


wo 


R(A,x,t)=d Az f jz(E,)S(E,x)dE, 
Zz Ez(\,) 


where jz=differential energy spectrum for. particle 
atomic number Z, Az= atomic weight of nucleus charge 
Z, S(E,x)=number of neutrons produced at atmos- 
pheric depth x per unit flux of vertically incident 
nucleons energy £, and £z(A,/)=cutoff energy per 
nucleon for nuclei with charge Z at geomagnetic latitude 
X. On this basis the flattening of the latitude curves 
above the knee is due either to S(Z,x) — 0 or j(£,t) - 0 
for E<Ez at the knee. Above the knee a change in 
magnetic field will not affect the neutron counting rate 
R. At Mt. Washington S(£,x) — 0 for E <1.0 Bev due 
to atmospheric absorption. Now in 1954 the knee was 
located at \=57°, for which the vertical cutoff energy 
E=0.6 Bev.‘ Thus, particles of at least 0.6 Bev were 
present in the primary spectrum, and from measure- 


18 Simpson, Fonger, and Treiman, Phys. Rev. 90, 934 (1953). 
ann J. A. Simpson, Phys. Rev. 94, 426 (1954), and references 
erein. 


ments by Neher® at higher altitudes, the low-energy 
cutoff was probably 20.15 Bev. By 1956, the knee had 
shifted to A\=52°, for which the vertical cutoff energy 
E=1.5 Bev.’ Further, Meyer and Simpson* have 
shown that the exponent in the expression 


j(E)=K/(1+E)" 


changed from 2.7 to 2.5 between 1954 and 1956 for 
particles with rigidity <4 Bv. Therefore, most of the 
decrease in intensity at Mt. Washington would appear 
to have resulted from a change in cutoff rigidity and 
energy spectrum, both attributable to a type of solar- 
controlled mechanism. 

It should be pointed out that the counting rate R is 
very sensitive to changes in x. If we assume that » is 
changed from 2.7 to 2.5, that the energy spectrum is un- 
changed for E> 14 Bev, and that S(Z,x) vanishes for 
E<0.83 Bev and E230 Bev, we find that the change 
in intensity is 17%. This is much greater than the 
observed decrease of 9% between July, 1954 and 
August, 1956. Such poor agreement might be explained 
by (a) the modulation effects being highly energy 
dependent even in the energy interval E< 14 Bev, and 
(b) S(E,x) as given by Fonger® for x= 680 g cm™ falling 
off more se pe at low primary energies for 
x= 800 g cm~*. Until the cutoff rigidities, spectra, and 
yield functions are determined more exactly, good 
quantitative agreement does not seen possible.’* How- 
ever, the qualitative agreement would seem to support 
the conclusion that the major portion of the decrease 


17 We are grateful to Dr. Simpson for data from his airplane 
latitude flights. 
18 Robert Brown (private communication). 
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Fic. 6. The daily average nucleon intensity at Mt. Washin, 
to the mean intensity 


in nucleon intensity arose from a change in the primary 
energy spectrum and cutoff rigidities. 

We suggest that there may be a slow, gradual, and 
relatively small decrease in the total intensity of cosmic 
radiation arising from slow accumulation of turbulent 
magnetized gas clouds in and around the solar system, 
as proposed by Morrison." The superimposed sudden 
drops which have depressed the nucleonic intensity 
might be due to the capture by the earth’s gravitational 
field of interplanetary magnetic gas clouds of solar 
origin, the Parker model,” or the passage of the earth 
into an interplanetary magnetic gas cloud (the so-called 
“cosmic-ray storms”) proposed by Morrison.“ The 
objections to the latter model are the time scale of the 
Forbush decreases which require too high interplanetary 
cloud velocities or too large disordered magnetic fields. 
There might be difficulty in explaining (even on the 
basis of the Parker model) the rapid drop on February 
11, 1958. Cocconi ef al.” have proposed that an elon- 
gated tongue-shaped magnetic field is drawn out from 
the sun by a burst of gas ina flare. The tip of the tongue 
passing over the earth would reduce the cosmic-ray 
intensity. Such a mechanism is highly anisotropic, and 
further data from the world-wide cosmic-ray network 
will be required to check this. On the other hand, 
Dorman” has concluded that chaotic magnetic fields 
in turbulent gas clouds cannot produce the observed 
decreases during magnetic storms or the eleven-year 


——___— 


1” FE, N. Parker, Phys. Rev. 103, 1518 (1956). 

2” Cocconi, Gold, Greisen, Hayakawa, and Morrison, Pro- 
ceedings of the Varenna Conference, 1957 (Suppl. Nuovo cimento 
(to be published) ]. 

21 L. I. Dorman, Cosmic-Ray Variations (State Publishing House 
for Technical and Theoretical Literature, Moscow, 1957) (Tech- 
nical Document Liaison Office, Wright-Patterson Air Force Base). 
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cycle, but that such an effect could be produced by 
streams of particles with regular magnetic fields frozen 
in them. Streams which have their origin in solar flares 
are suggested as possible sources of these variations. 
However, it would appear that some modulation 
mechanism must continue to operate in the sun-earth 
region, preferably near the earth, after the sudden 
intensity drops, in order to maintain for months, or 
even years, the new primary energy spectrum and th 
cutoff rigidity for low-energy particles. : 

To illustrate further the change in magnitude of the 
variations, the 24-hour average intensity, normalized 
to the neutron intensity for July-August, 1954, is 
plotted in Figs. 5 and 6 for portions of this period. 
During the summer of 1954 the variations were very 
small, and the existence of any 27-day periodicity very 
doubtful, as has been pointed out by Meyer and 
Simpson.” By January, 1956, the amplitude of the 
variations is ~10%, and some periodicity is evident, 
but the large nonrecurring asymmetrical decreases tend 
to obliterate such recurrent tendencies. 


Ill. FORBUSH-TYPE DECREASES IN 
NUCLEONIC INTENSITY 


The large sudden decreases in the nucleonic com- 
ponent of cosmic rays which have occurred since 1954 
at Mt. Washington are listed in Tables II and III. The 
criteria for selection were the magnitude and rate of 
decrease. In Table II, the decreases are clearly of the 
Forbush type: rapid initial decrease followed by a slow 
recovery to either the pre-decrease level or a lower level 
which remains reasonably constant. The decreases 


2 P, Meyer and J. A. Simpson, Phys. Rev. 96, 1085 (1954). 
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TABLE II. Large Forbush-type decreases in nucleonic intensity from 1954 to 1958. 








Magnitude a 


Start of of 
decrease 


Month Day (UT) (%) 


Duration 
maximum 
decrease 
(hours) 


Maximum 
rate of 
decrease 


(% hr-) 


Start of 
max. dec. 
(UT) 


Rate of 
decrease 
(% hr-) 


Recovery 
rate 
(% hr) 
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0100 
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TABLE III. Other large sudden decreases in nucleonic intensity from 1954 to 1957. 








Start of 
decrease decrease 
No. Year Month Day (UT) (%) 


Magnitude Duration 
of of 


decrease 
(hours) 


Duration 
maximum 
decrease 
(hours) 


Maximum 
rate of 
decrease 
(% hr-) 


Start of 
max. dec. 
(UT) 


Rate of 
decrease 
(% hr) 


Recovery 
rate 
(% hr-) 





Nov. 2 1300 6.2 
Feb. 16 1700 
Mar. 22 1200 


4. 
rf 
Feb. 8 10. 
7. 
1. 


I 1954 

II 1955 
III 1955 
VI 1956 
VIII 1956 
XII 1957 


Apr. 26 2230 
Mar. 10 0200 1 


0.010 ~0.7 ben 4 
0.012 
0.044 
0.010 
0.074 
0.058 


0.10 
0.10 
0.20 
0.004 
0.25 
0.40 


~%0.4 “ai 10 
~0.6 ate 10 
~0.6 aces 3 

2.0 1000 2 








listed in Table III are not so asymmetrical, the rate of 
decrease being slower and the onset time not as well 
defined. The starting time is determined to the nearest 
hour, unless noted otherwise, and the magnitude of the 
decrease measured to +0.5%. The latter uncertainty 
is principally due to the uncertainty in the value of the 
pre- and post-decrease levels. 

Two examples of these drops in intensity are shown 
in Figs. 7 and 8. In the latter event, the onset time is 
well defined, and the rate of decrease very large. The 
decrease on March 3 occurred near an apparent in- 
tensity maximum and was followed by another large 
decrease on March 11-12, during which, however, the 
intensity decreased very slowly. As may be seen in Fig. 
5, the pattern of intensity-time variations from Febru- 
ary 15 to March 20 was very complex, even without 
the inclusion of the large increase from the solar flare 
of February 23. 

First, the apparent similarities in the Forbush-type 
decreases, excluding event XVI, are 


(a) duration of the drop about 12 hours, 

(b) rate of decrease approximately 1%, 

(c) recovery rate of 0.02% hr~, 

(d) maximum rate of decrease of ~ 2.0% hr, 

(e) the beginning of the maximum rate coincident with 
the onset of the drop, 

(f) the duration of the maximum rate of decrease about 
2 hours. 


The decrease of February 11, 1958, has the same general 
shape as the others, except that it is much more rapid. 


On the other hand, the decreases listed in Table III 
have 


(a) much longer durations, 

(b) smaller rates of decrease, 

(c) same order of magnitude for the recovery rate, 
(d) no sharp transitions in rate of decrease, 

(e) comparable magnitudes of decrease. 


We have compared some of these decreases with 
those recorded at Durham, New Hampshire, and 
Ottawa, Canada,” and the results are listed in Table 
IV. The magnitudes and the starting times are prac- 
tically the same at these stations within the limits of 
accuracy. It is interesting to note that on November 9, 


ae 


a 


N 





HOURLY AVERAGE NEUTRON COUNTS + 64 


Fic. 7. The hourly average nucleonic intensity at Mt. 
Washington during the intensity drop of March 3, 1956. 


*% These data for the Ottawa neutron monitor were supplied 
through the courtesy of Dr. D. C. Rose. 
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TABLE IV. Comparison of large sudden decreases in nucleonic intensity at Mt. Washington, Durham, and Ottawa. 








Start of decrease (UT) 


No. Year Month Day Durham 


Magnitude of decrease (%) 


Ottawa Mt. Wash. Durham Ottawa Mt. Wash. 





Nov. 2 
Mar. 22 
Nov. 19 
Dec. 6 
April 26 
Sept. 2 
Nov. 9 
Jan. 21 
Mar. 10 
Aug. 29 


I 1954 

III 1955 
IV 1955 
V 1955 
Vill 1956 
IX 1956 
xX 1956 
XI 1957 
XII 1957 
XIV 1957 


None 1300 None 
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1956, the detectors at Mt. Washington and Ottawa 
exhibited the same sharp change in intensity, but the 
magnitude of the decrease is less at Ottawa. In most 
cases the hourly average counting rates track through 
the period within the statistical errors, which are 1.0% 
for Durham, 0.75% for Ottawa, and 0.28% for Mt. 
Washington. 

Table V shows the relationship of these decreases to 
the onset times of magnetic storms, the central meridian 
passage of solar active regions, and occurrence of solar 
flares. In all the drops listed in Table IT there was a 
magnetic storm at the onset, while for the less rapid 
decreases, particularly the decreases early in the solar 
cycle, this was not the case. Flare activity during the 
preceding 30 hours was high for the Forbush-type 
decreases with the exception of the decrease of No- 
vember 19, 1955. There does not appear to be any 
correlation of the magnitude of the decrease with the 
severity of magnetic storm, activity classification of 
solar regions, or flare importance. This agrees with the 
analysis of Simpson,'* Dorman,” and Singer.™ 

To determine whether there was any similar time 
dependence of the nucleon intensity during these 
decreases, we selected events IV, IX, X, XI from Table 
II, and XII from Table ITT. Correlational analyses were 
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Fic. 8. The hourly average nucleonic intensity at Mt. Wash- 
ington during the intensity drop of August 29, 1957. The 20-min 
average counting rate near the start of the drop is shown in the 
insert. 


%S. F. Singer, Progress in Elementary Particle and Cosmic-Ray 
Physics (Interscience Publishers, Inc., New York, 1958), p. 295 fi. 


made for a linear dependence of counting rate upon time 
t reckoned from the start of the decrease, an exponential 
function of ¢, and a function of ¢ and @. We found no 
similarity in time dependence, and the five selected 
could be best described by a linear function of /, even 
for event XII. There did not appear to be any difference 
in time dependence when 15-minute, instead of hourly, 
average counting rates were used. This result was not 
unexpected since a study of the counting rates during 
these decreases had shown a lack of detailed similarity. 

There appeared to be some indication of an intensity 
maximum during the 12-hour period preceding the 
start of the decrease. Such an anticipatory effect might 
be present due to the albedo of the moving magnetic 
gas cloud," and had been noted by Simpson.’* In cases 
III,*IV, VI, VIII, ‘TX, X, XII, XIV, there was an 
increase of ~ 1% prior to the decrease. This effect does 
not seem associated with the suddenness of the decrease, 
nor are the magnitude of increase and decrease related. 
Further data are needed to substantiate any antici- 
patory effect. 

A comparison was made of the diurnal variation for 
the five days preceding and the ten days following the 
decreases, with no significant difference apparent. 
However, for the three to five days following the de- 
creases, the magnitudes of the peak-to-peak intensity 
were ~4.0% in some cases, and the times of the 
maxima were shifting considerably from day to day. 
The periods of these variations were quite different for 
the decreases selected, some being as short as 12 hours. 
In most cases the diurnal variations were larger at the 
times of these decreases since the general nucleonic 
intensity level was fluctuating rapidly. A study of the 
diurnal variation, particularly the changes which occur 
during the solar cycle, is now being made, and will be 
reported later. 

The 27-day recurrent tendencies of these decreases 
have been examined. In a few cases these sudden drops 
may be associated with broad decreases in intensity 
lasting several days, which we shall refer to as “bays.” 
These bays may be recurrent. However, the sharp 
asymmetrical decreases listed in Table II, or even in 
Table III, which may or may not precede a bay, do 
not appear to be recurrent. The decrease of December 
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6, 1955, is an example. It was followed for three periods 
by intensity minima. However, there was no one solar 
active region which persisted throughout this period 
as might have been expected. Events VI, VIII, X, and 
XIV can be similarly classified as associated with bays. 
Considering event XIV, we see from Fig. 6 that bays 
occurred about July 7, August 6, September 1, Sep- 
tember 30, and October 24, with an approximate period 
of 27 days. Event XV occurred two periods after XIV. 
We suggest that the Forbush decreases, as defined here, 
generally do not have a recurrent tendency. The 
mechanism producing them, however, may be the 
same as produces the 27-day minima. Singer’ has 
also pointed this out. Of course, this view depends 
upon whether the outstanding feature of the 27-day 
variations is an intensity increase, as suggested by 
Simpson,'®-”* or a decrease, as according to van Heerden 
and Thambyahpillai.2* Dorman* has shown from the 


TapPLe V. Association of magnetic storms and solar active 
regions with rapid decreases in nucleon intensity (solar data from 
the Solar Activity Summaries, High Altitude Observatory, 
University of Colorado). 
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meson telescope data that the primary energy spectrum 
changes for the Forbush decreases and 27-day vari- 
ations are the same. However, more data are required 
before this question can be definitely settled. 

Of special interest is the decrease of February 11, 
1958, reported by Palmeira and Williams?’ for a meson 
detector located at sea level, since, as they point out, 
the rapidity of the decrease imposes strong conditions 
upon any theoretical model of the modulating mechan- 
ism. The ratio of the magnitude of the main decrease 
for the neutron monitor at Mt. Washington to the 
meson detector at the Massachusetts Institute of 
Technology was 5.2%/2.1% = 2.5. There is no difference 
in starting times within the probable error of deter- 

*6 Simpson, Babcock, and Babcock, Phys. Rev. 98, 1402 (1955). 
(1985) van Heerden and T. Thambyahpillai, Phil. Mag. 46, 1238 


27R. Palmeira and R. W. Williams, Nuovo cimento 8, 352 
(1958). 
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Fic. 9. Meson and nucleon intensity during the rapid 
decrease of February 11, 1958. 


mining the starting time. The detailed variations of 
intensity after the decrease, including the recovery rate, 
shown in Fig. 9, track very closely. The small initial 
decrease of 0100 UT was about 1% for the neutron 
monitor, and 0.5% for the meson detector. 

On the other ad, for the large decrease, August 29, 
1957, shown in Fig. 8, the ratio of these same detectors 
was 12.5%/2.8%=4.4. It should be mentioned that 
the main phase of the drop was preceded by a small rise, 
then a sharp decrease, each of ~ 1.5%, as may be seen 
in Fig. 8. This variation might have been related to the 
much larger effect at higher altitudes measured by 
Anderson.”* Such a phenomenon might indicate an 
albedo effect from the arriving magnetic gas cloud or 
solar corpuscular stream. 

To evaluate further the energy dependence of these 
decreases, we have made a detailed comparison of the 
counting rates of these same detectors for October 
21-22, 1957, which is shown in Fig. 10. In this event 
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Fic. 10. Meson and nucleonic intensity during the 
drop of October 21, 1957 
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the ratio is 8.4%/5.5%=1.5, and the commencement 
times agree within 30 minutes. A subsequent small 
decrease at 2200 UT is clearly evident for both de- 
tectors, but nucleonic component had already dropped 
3 hours earlier. The different ratios for the latter two 
events are consistent with those calculated by Fenton® 
for the neutron monitor to meson telescope at both 
Resolute and Ottawa. However, the latter were based 
on 24-hour averages, while we calculated the ratio from 
hourly averages for Mt. Washington and selected 10- 
minute averages during the hour for the meson 
detector. 

The comparison of these two detectors for such 
events is significant because both are omnidirectional 
detectors. It is known that the ratio of neutron monitors 
to meson telescopes is very sensitive to the solid angle 
of the meson telescope,” and therefore, considerable 
care must be exercised in interpretation. We estimate 
that the mean energy of the effective spectrum® for the 
Mt. Washington monitor is ~5 Bev, and the median 
energy of the primaries for the M.I.T. detector has 
been given by Palmeira”’ as ~ 10 Bev. Since the ratios 
for the Mt. Washington nucleon detector to the M.I.T. 
meson detector range from 1.5 to 4.4 in these sudden 
decreases, the model adopted to explain these must 
allow for variability in the energy dependence of these 
magnetic storm-type decreases. 


IV. SUMMARY 


From this study of the nucleonic intensity variations 
during 1954-1957, we draw the following conclusions: 

(1) The 22% decrease in intensity was principally 
due to several large decreases of ~24 hours duration, 
from which only partial recovery occurred. 

(2) Many of these intensity drops have a decrease 
rate ~1.5% hr“, with a maximum rate of ~2.5% 
hr; there does not appear to be a 27-day recurrent 
tendency for these sudden drops, with possibly one 
exception. 

(3) In the events for which a comparison was made, 
the energy dependence did not seem to be the same, nor 


* V. Sarabhai and N. W. Nerurkar, in Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1956), Vol. 6, p. 30. 
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does there appear to be any relation of the energy 
dependence to the time scale of the event. 

These results support the suggestions of Dorman,” 
Singer,“ Morrison,“ Simpson,!* and others that the 
ll-year variation and the Forbush decreases have a 
common origin. In both variations there is not a strong 
energy dependence. The large decreases observed here 
(especially as listed in Table II) have sudden onsets 
and are closely correlated with large solar flares. Such 
decreases have been referred to as magnetic-storm 
decreases or S-storms,” and are world wide. They are 
correlated with solar particle emission either as a 
“beam,” suggested by Alfvén," or as a “cloud.” If the 
effect is due to a solar corpuscular stream, carrying a 
“frozen-in” magnetic field, then the lack of correlation 
between the changes in earth’s magnetic field and the 
cosmic-ray intensity can be understood since the former 
depends upon the energy of the stream, its velocity, 
and particle density, while the latter depends primarily 
upon the magnitude of the “frozen-in” magnetic field.” 

The choice of a model to explain these Forbush 
decreases depends upon a knowledge of the changes in 
the primary spectrum. The network of IGY cosmic-ray 
monitors and the large number of high-altitude balloon 
flights now being made should provide the necessary 
data. In addition, studies of the profiles of these 
intensity decreases as a function of latitude and 
longitude would be helpful in choosing the type of 
solar modulating mechanism. 


Vv. ACKNOWLEDGMENTS 


We are grateful to the staff of the Mt. Washington 
Observatory for the continuous operation of the neutron 
monitor there. We thank Dr. D. C. Rose for sending us 
the cosmic-ray data from the Canadian stations and 
permitting us to use them. The data from the M.L.T. 
meson detector is very much appreciated, and we thank 
Dr. R. W. Williams and Mr. Ricardo Palmeira for 
several stimulating discussions. The computational 
assistance of Miss Margaret Shea and Mr. James 
Trainor was most helpful. 

*” Y. Sekido and M. Wada, Rept. Ionos. Research Japan 9, 174 


(1955). 
=H. Alfvén, Nature 158, 618 (1946). 





PHYSICAL REVIEW 


VOLUME 112, 


NUMBER 5 DECEMBER 1, 1958 


Suprathermal Particle Production by Binary Stars* 


D. A. TrpMAN 
The Enrico Fermi Institute for Nuclear Studies and the Department of Physics, The University of Chicago, Chicago, Illinois 
(Received July 21, 1958) 


It is suggested that the expanding coronas of binary stars collide and produce a region in violent motion 
capable of accelerating ions by the Fermi mechanism. This may be important for injecting low-energy cosmic 


radiation into the interstellar medium. 





1, INTRODUCTION 


GENERAL outward expansion of the solar gas 

into interplanetary space with velocities of 500- 
1500 km/sec has been observed in the work on comet 
tails by Biermann.' This solar wind has been discussed 
by Parker? and understood as a hydrodynamic ex- 
pansion of the solar corona. One expects, as a result of 
this, the general dipole magnetic field of the sun to be 
drawn out radially along the stream and so vary as r~?* 
is interplanetary space. 

In this paper we consider the collision of the ex- 
panding coronas of the two stars of a binary system. 
We expect this to produce a highly agitated region 
bearing magnetic fields capable of accelerating ions by 
the Fermi mechanism. Binary systems are quite com- 
mon’ and about 60% of the systems in the neighborhood 
of the sun are binary or multiple. Thus such a process 
may be of interest for injecting low-energy cosmic 
radiation into the interstellar medium. 

If we assume that cosmic radiation is initially in- 
jected with a mean energy U» by stars and then 
accelerated in the interstellar medium up to a mean 
energy U (2 Bev), the power output in cosmic 
radiation per star ist Per10"(Uo/U) ergs/sec. One 
expects (Uo/U) to be about*® as small as 10-*. Now 
the power output of the sun in the kinetic energy of its 
solar wind is +2 10” ergs/sec for a gas density of 10° 
ions per cm’ and velocity of 10° km/sec at the orbit of 
earth. Thus it is sufficient if a small fraction of the 
kinetic energy of the stellar winds of binary systems 
finds its way into injecting cosmic radiation. 

In order to set up an approximate picture of the 
interacting radial streams of plasma from the two stars 
of a binary, we note that the stream velocity is con- 
siderably greater than the velocity of sound in the 
plasma. Thus we shall assume that a shock surface 
[ Fig. 1(b) ] develops across the radial streams and that 
the shocked plasma, although in disordered motion, 
has a general flow along the direction normal to the 
line joining the two stars. Briefly, the calculations 


* This work was supported by the U. S. Atomic Energy Com- 
mission. 

1L. Biermann, Z. roe 29, 274 (1951); Z. Naturforsch. 
7a, 127 (1952); Observatory 7, 109 (1957). 

2ELN. Parker, Astrophys. J. "(to ’be published). 

* See —. by G. P. Kuiper in J. A. Hynek, ——— 
(McGraw-Hill Book Company, Inc., New York, 1951) 

Rg mn Olbert, and Rossi, Phys. Rev. 94, "440 (to 

S. Hayakawa and K. Kitao, Progr. Theoret. Phys. inn 16, 
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suggest that binary systems with the observed typical 
spacing of a few astronomical units (A.U.) between 
their members and with stellar winds similar to that 
of the sun may produce a significant flux of ions with 
a mean energy of about 1 Mev. 


2. SUPRATHERMAL PARTICLES 


It has been known for some time® that high-speed 
ions in an agitated plasma bearing magnetic fields may 
undergo a net acceleration. This acceleration occurs 
when the mean free path of an ion in the plasma some- 
what exceeds the distance between reflections from 
moving magnetic fields. It has, however, only recently 
been pointed out’:* that an appreciable flux of thermal 
ions on the tail of the velocity distribution in the 
plasma itself can undergo Fermi acceleration and so 
generate a high-velocity suprathermal tail on the 
distribution function. Such suprathermal particles 
appear to be responsible for a number of phenomena, 
such as the acceleration of particles to cosmic-ray 
energies in the solar chromosphere during a solar flare,* 
the heating of the solar corona,” and the production of 
neutrons in laboratory deuterium plasmas," in which 
general heating occurs as a result of the Fermi ac- 
celeration of a large number of ions in the plasma.® 

The development of the distribution function in such 
an agitated plasma can be described by a Fokker-Planck 


equation® 
(OF /0t)= (dF /dt)c+ (dF /dt) r, (1) 


where (0F/dt)c is the contribution of the Coulomb 
interaction between ions and (dF/d#) r the contribution 
of the Fermi acceleration. The Coulomb contribution 
to the above has been calculated by Rosenbluth, 
MacDonald, and Judd.” Equation (1) then becomes 


OF afldasF\ M/F 
ar adcala) tala) 
1 @ 0 
+-—[((Ac)?)F]——[(Ac)F], 
2 dc dc 


6 E. Fermi, Phys. Rev. 75, 1169 (1949). 

TE. N. Parker, Phys. Fluids 1, 171 (1958). 

* E. N. Parker and D. A. Tidman, Phys. Rev. 111, 1206 (1958); 
112, 1048 (1958). 

°ELN. Parker, Phys. Rev. 107, 830 (1957). 

ne. N. Lg Astrophys. J. (to be published). 

u olgate, Lockheed Symposium on Magnetohydrodynamics, 
1957 (to be published). 

Rosenbluth, MacDonald, and Judd, Phys. Rev. 107, 1 (1957). 
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a=4rNkTe InA/M?*, 


3 sRBT*\i 
a(t) 
22é\ aN 


and the normalization 


v= f dc F(c,t). 
0 


(Ac) is the mean increment in speed of an ion per unit 
time as a result of its interaction with the magnetic 
fields. This depends on the model one uses to describe 
the encounters of the ions with the fields. If for example 
the hydromagnetic disturbances in the plasma have 
steep fronts, as will be the case if they have large 
amplitudes, then we may represent the fields with which 
the ions collide by hard spheres. In this case (Ac)=0?/L 
and ((Ac)*)=2cv?/3L where 2 is the mean square 
velocity of the fields carried by the fluid and L the 
mean free path of an ion for reflection by the magnetic 
fields. 

If, on the other hand, the disturbances are not 
sufficiently violent to have sharp wavefronts, then we 
must allow for the effect of penetration of an ion into 
the wave. We write v’ for the effective fluid velocity 
experienced by a particle able to migrate a distance 
equal to its Larmor radius across a mean shearing 
gradient (dv/ds). Thus 


v’=(dv/ds)(c/Q), (4) 


where © is the cyclotron frequency (eH/Mc) of the ion 
in the mean magnetic field carried by the plasma. 
Writing y=(00/ds)?/Q°L then (Ac)=yc? and ((Ac)*) 
= 2y2/3, and we obtain 


OF OF OF 
(—) =h(e—+3e—). (5) 
Ot sr 0c 0c 


Obviously the Fermi acceleration dominates over the 
Coulomb interaction for ¢ greater than the critical 
velocity c1, where 


c1= (3a/)"*. (6) 


In a previous paper* we have shown that the flux R(c:) 
of ions flowing across ¢; into the Fermi range c>c, is 
given by 


16r°eN/ M \3 Mc? 
R= (—) InA en(- ) 
M? \2xkT 2kT 


esi (—) ( 6X 10-°c;? 
=0.26 InA{ — } exp -——). 
T} T 


The magnitude of this flux depends sensitively on the 
ratio of c,; to the thermal velocity Vr=(3k7/M)! of 


the ions in the plasma. If Vr<c; the flux is small and 
the energy of the fluid motions of the plasma is fed into 
a few particles on the high-velocity tail of the distri- 
bution, which therefore undergo large Fermi acceler- 
ation. On the other hand, for V7 comparable to c, the 
fluid motions serve to accelerate a major portion of the 
ions, and so to heat the plasma rapidly. In this case no 
single ion is accelerated to cosmic-ray energies. 

In the numerical discussion of a binary star in Sec. 
4, we shall write for the scale LZ of the disordered plasma 
motions 

[= (McV 7/eH)B=1r0(McV 7/eH)Bp, (8) 

i.e., some multiple 8 of the Larmor radius of thermal 

ions, where 2ro is the distance between the stars and 

Ho the magnetic field at ro= 1. For the velocities of the 

hydromagnetic disturbances, we shall use the velocity 
of a hydromagnetic wave, 

v= H/(4eNM)!= Ho/[70(4eNoM)*]. (9) 


Higher velocities serve to increase the efficiency of 











Fic. 1. (a) Flow of plasma through the shock surface. (b) Col- 
lision of the radial winds from the stars of a binary system. 





SUPRATHERMAL 


suprathermal particle production. Using then 
(dv/ds)(2/L) for the mean velocity gradient of the 
fluid motions, we have from (6) 


(e1/Vr)®=3.34X 10-(N6?/H°T}) Ind 
= 3.34 10-"(N028°/ HF T!)re Ind 


at the midpoint between the two stars. 

We shall further require in the numerical discussion 
the mean energy gained by an ion once having crossed 
c, into the Fermi range before escaping from the agitated 
region between the stars. In a random walk to the 
boundary, a distance /, in steps 1, the mean number of 
collisions is n= (/?/L?) and the gain in energy for non- 
relativistic ions colliding with magnetic fields carried 
with velocity » is 


(10) 


E=4 mr (P/L?). (11) 
The power output in suprathermal particles from the 
entire region is thus of order 


PSER(c,)F. (12) 


3. EQUATIONS FOR SHOCK SURFACE 


Consider a binary system consisting of two similar 
stars at a distance 2r9 apart and with coronas expanding 
at radial velocities U independent? of r. In the radial 
magnetic field carried by the stream, we have H«r~ 
and density N«r~*. Since the flow is of high Mach 
number, we shall neglect the temperature of the radial 
streams. (U1000 km/sec, T=4X 10° °K so that the 
ion thermal velocity is +100 km/sec, which is negli- 
gible.) 

Referring to Fig. 1(a), the equations for the flow of 
mass, energy, and the normal component of momentum 
across the shock surface between the stars are 


N,V cos#=NU cosx, 
N,(MV*+10kTV) cos#= NMU* cosx, 
N,MV? cos6+2kTN = NMU*? cosx, 


(13) 
(14) 
(15) 


where 7 (x,y) is the temperature of the shocked plasma 
[the factor 10 in (14) arises from the fact that the gas 
is a plasma being composed of both an electron and a 
proton gas |, and V, and N the densities of the shocked 
and radial streams. The velocity V (x,y) of the shocked 
plasma is assumed to be in a direction normal to and 
away from the line joining the two stars. Thus we do 
not require the continuity of transverse momentum in 
the stream crossing the shock surface. 

The magnetic field makes no important contribution 
to the above equations. Fields of 1 gauss at the surface 
of the star when drawn out by the radial outflow yield 
about 2X 10~* gauss at 1 A.U. This gives H?/8r10-" 
erg/cm*, whereas the gas pressure VAT is of order 10-7 
erg/cm*, The magnetic field is however important for 
the shock thickness which one expects to be of order a 
Larmor radius of the thermal ions. 
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Fic. 2. Frequency of separation distance in a.u. between 
the stars of binary systems. 


Equations (13) to (15) reduce in a straightforward 


way to 
dy NU NU 
CPC) 
dx N.V NV 
U |2| dy\?}3 
(E/T 
V \dx| dx 


(U?—V*)=10kT/M, 


(17) 


(18) 


which determine the shock surface. At x=0 and for 
N,=N, (16) and (17) yield only one root for (dy/dx)o 
for which (U/V)>1 and the shock surface for this 
value has been drawn in Fig. 1(b). The above treatment, 
although only approximate, serves to indicate that the 
greater part of the space between the two stars will be 
filled with shocked plasma in which the high radial gas 
velocities have been converted into thermal velocities. 
Further, since temperature and fluid velocity gradients 
exist in the shocked stream one would expect a certain 
amount of disordered motion to occur. It should be 
emphasized, however, that the following numerical 
discussion is independent of the detailed description 
of the colliding streams of plasma. 


4. NUMERICAL DISCUSSION 


The frequencies of binaries with various separations 
are reproduced in Fig. 2 from those given by Kuiper.’ 
Typical separations are about an astronomical unit. 
Binary and multiple systems occur quite frequently 
and in the solar vicinity they constitute 60% of the 
stellar systems. We shall in the following calculation 
consider a system consisting of two stars similar to the 
sun and spaced at about 2 A.U., ie., ro=1 A.U. The 
density No (ro=1 A.U.) is then that of the inter- 
planetary gas at the orbit of earth, i.e., of order 10° 
ions/cc. A magnetic field of 1 gauss" on the sun yields 
H&2X10-* gauss at 1 A.U. Further, the measured 


(1989) W. Babcock and H. D. Babcock, Astrophys. J. 121, 349 
955). 
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velocity! of US1000 km/sec for the outflow of gas 
yields, from (18), 710’ °K for the temperature of the 
shocked plasma. Thus Eq. (10) for the ratio of the 
critical velocity c, to the thermal velocity Vr becomes 


(c1/Vr)®=0.03968°. (19) 


Now the fluid motions will involve a whole spectrum 
of characteristic lengths. We require in order for this 
mechanism to work to consider fluid motions with a 
scale of about 15 (=8) Larmor radii of the thermal 
ions, i.e., about 4X 10* km. Smaller-scale motions only 
contribute to general heating and larger scale motions 
acting alone would only produce suprathermal particles 
of too small an energy to be of interest. Using the 
figure 8B=15, then (¢,/Vr)=2.25 which yields for the 
flux of ions undergoing Fermi acceleration RY1.4X 10-7 
ions/cm! sec. 

We next require to estimate from (11) the mean 
energy of particles emerging from the disordered region 
where the streams collide. This region will be of order 
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2ro thick but may well extend for a somewhat larger 
distance along the x axis. Thus we shall take /2r,) 
which gives for the mean energy of the escaping ions 
E=0.7 Mev. Above about half an Mev the ions are 
able to penetrate those fluid motions represented by 
B=15 anyway, but may still of course reach higher 
energies from larger-scale motions; i.e., we might well 
expect a high-energy tail extending somewhat above 
1 Mev on the velocity distribution of suprathermal 
particles. 

Finally we now calculate the power output by the 
binary system unto such suprathermal ions. This is 
simply given from (12) as P4X10*" ergs/sec, i.e., 
about 10~* of the power output in kinetic energy of the 
stellar winds of the stars. If one considers then the high 
frequency of binary systems, the above figures suggest 
that they may provide a significant injection of low- 
energy cosmic radiation into the interstellar medium. 

I am grateful to Dr. E. N. Parker for many useful 
discussions. 
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The elastic scattering of 80-Mev x~ mesons by lithium, carbon, 
aluminum, and copper has been investigated using a x~ detector 
which gives improved discrimination against low-energy-loss 
inelastic events. A “transmission” scatterer orientation was 
necessary to maintain energy resolution, so only less than 120° 
scattering was studied. The new differential scattering cross 
sections for lithium, aluminum, and copper agree with the previ- 
ously reported results at small angles but are 2 to 10 times smaller 
at larger angles. There are indications of diffraction structure in 
aluminum and copper which were not previously observed due 
to the poorer energy resolution of the earlier measurements. 

Including the incident beam energy spread, the detector 
sensitivity is down by factors of 3 and 9 for E+5.0 Mev and 


I. INTRODUCTION 


HE angular distributions of the scattering of 
80-Mev x~ mesons by lithium, carbon, aluminum, 
and copper have been investigated using a counter 
system with an energy resolution considerably improved 
over that previously used in this laboratory.’ This 
was done by counting only those mesons stopping in a 
counter, whereas in the earlier work a differential range 
method was used which offered poorer discrimination 
against inelastic scatterings. This latter method had the 
advantage of functioning identically for m~ and xt 
scattering; however, the energy resolution was not 
sufficient to separate the elastic scattering from the 
inelastic scatterings with energy losses up to about 10 
Mev. This fact was particularily troublesome in alumi- 
num! and copper® where the predicted diffraction 
patterns were not visible. Optical model phase shift 
calculations were made** using a complex square well; 
these could be matched well with the experimental 
results at small angles and were not inconsistent with 
the results at large angles considering the energy 
resolution of the apparatus. In view of the improved 
energy resolution now available, the elastic scattering 
from lithium, aluminum, and copper was reexamined. 
In addition to measuring the elastic cross sections for 
carbon, the energy distribution of the scattered beam 
was investigated at a few angles to determine approxi- 
mate inelastic scattering cross sections for excitation of 
the low-lying levels. 
The first work on ~ nucleus interactions of Bernar- 


* This research is supported by the Office of Naval Research 
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1 Pevsner, Rainwater, Williams, and Lindenbaum, Phys. Rev. 
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E+10 Mev when peaked for mean energy E. This was used to 
separate the scattering from carbon into elastic and inelastic 
components for excitation of the 4.43 and (7.65 and 9.61) Mev 
levels. Inelastic scatterings from lithium have also been studied. 
For the same momentum transfer on scattering, the ratio of the 
inelastic scattering with excitation to the 4.43-Mev and 9.61-Mev 
levels to the elastic differential scattering cross section is the 
same, within experimental accuracy, as found by Fregeau for 
the scattering of 187-Mev electrons on carbon. The elastic 
scattering is compared with the results of complex square-well 
phase shift calculations, and with diffuse-edge optical model and 
modified Kisslinger model calculations. 


dini et a/.*.* used photographic emulsions and presented 
the elastic scattering in terms of total cross sections. 
A number of cloud chamber investigations have been 
made of the angular distributions of pions scattered by 
complex nuclei. Byfield, Kessler, and Lederman exam- 
ined r+ and z~ interactions with carbon at 62-Mev’ and 
m~ with lead and carbon at 125 Mev.* Saphir® measured 
mt on lead at 50 Mev; Dzhelepov et al.,” x on carbon 
and lead at 230 and 250 Mev, respectively. These 
experiments were not designed solely for elastic scat- 
tering measurements and lacked the resolution which 
could be realized with counter techniques. 

Stork," using a counter defining a fixed annular 
region, measured w+ scattering from various nuclei at 
33, 46, and 68 Mev. His results were consistent with 
earlier work and were not inconsistent with the complex 
square-well optical model. 

In addition to the improved energy resolution in the 
present experiment, relatively good angular resolution, 
<6°, and statistical accuracy, ~10%, have been ob- 
tained in order to see details in the angular distribution 
more clearly than was possible in the earlier work 
using emulsions and cloud chambers. 

At 80 Mev, the energy of the z’s used in this experi- 
ment, nucleon data” show the #~+ elastic cross 


5 Bernardini, Booth, Lederman, and Tinlot, Phys. Rev. 82, 
105 (1951). 

6 Bernardini, Booth, and Lederman, Phys. Rev. 83, 1075 and 
1277 (1951). 

’ Byfield, Kessler, and Lederman, Phys. Rev. 36, 17 (1952). 

* J. O. Kessler and L. M. Lederman, Phys. Rev. 94, 689 (1954). 

°G. Saphir, Phys. Rev. 104, 535 (1956). 

 Dzhelepov, Xvanov, Kozodaev, Osipenko, Petrov, and 


Russkov, Proceedings of the CERN Symposium on High-Energy 


Accelerators and Pion Physics, Geneva, 1956 (European Organ- 
ization of Nuclear Research, Geneva, 1956), Vol. 2, p. 314. 

uD. H. Stork, Phys. Rev. 93, 868 (1954). 

12 See H. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, 1955), Vol. 2, Sec. 29 for a 
review of the experimental results and theoretical interpretation. 
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TARGET 


COUNTER DIMENSIONS 
cis4a*xexd 
C2: a*xitx a 
c3:3°x2 xl" 
C4: 7"x 25x L COPPER 

cetenend” ABSORBER 

ce:e"xs*x 2° 

C710°x7"xS) 


Fic. 1, Counter arrangement. 


section to be down by about a factor of five from the 
++ cross section. On the basis of charge symmetry 
the scattering of x~’s would be principally dependent 
on the neutrons distributed in the nucleus. The possi- 
bility of a larger radius for the neutron distribution 
than for the proton distribution in heavier nuclei has 
been suggested by Johnson and Teller. Courant" 
pointed out that this could be investigated by measuring 
the x* and 2 interaction cross sections for lead at 700 
Mev where the +++ interaction is about 23 times the 
++. Abashian, Cool, and Cronin’® carried out such 
an experiment, and the data show no evidence for a 
larger radius of the neutron distribution. The depend- 
ence of x* scattering on nuclear radius, therefore, 
should be no different than for the w~ scattering 
examined here except for Coulomb effects. 


II. EXPERIMENTAL EQUIPMENT 


The mesons used in these measurements were pro- 
duced when the 380-Mev proton beam of the Nevis 
cyclotron struck an internal beryllium target. From 
the continuous energy distribution thus produced, those 
mesons of the desired momentum were selected by the 
fringing field of the cyclotron magnet to pass through 
a channel in the shielding wall and out into the experi- 
mental area. Upon leaving this channel the mesons 
were deflected slightly from the raw beam by a magnet 
which also focused the beam vertically, defocused it 
horizontally, and improved further the energy reso- 
lution. 

Beyond the magnet was placed the scattering stand, 
the significant parts of which are shown in Fig. 1. 
Counters 1, 2, and 3 defined the incident beam; the 
smallest of these, counter 3, established the target size. 
Counters 4, 5, 6, and 7’ in conjunction with the copper 
absorber formed a telescope for detection of the scat- 
tered particles. The scattering stand was remotely 
controlled from the adjacent laboratory building, so 
that the angle of scattering, 0, and the copper absorber 
thickness could be varied, and so that the target could 
be removed for background measurements. The target 

‘3 M. H. Johnson and E. Teller, Phys. + 93, 357 (1954). 


4 E. D. Courant, Phys. Rev. 94, 108 
16 Abashian, Cool, and Cronin, Phys. "Rev. 104, 855 (1956). 


holder was coupled to the scattered beam detection 
telescope in such a way as to rotate through half the 
angle of scattering. The frame of the stand is far 
enough from the counters to cut down background due 
to scattering in the frame. 

The principal improvement in this experiment as 
compared to the earlier work'* was in the energy 
resolution for detection of the scattered x’s. This was 
accomplished by counting only those x’s stopping in a 
given counter, thus giving rise to the large pulses 
associated with stars. This method, of course, limited 
the measurements to the scattering of negative r 
mesons. Counter 6, shown in Fig. 1, was the stopping 
counter which was operated with the voltage on its 
phototubes low enough so as to count only the stop- 
pings. Counter 7’ discriminated against mesons which 
were slightly more energetic than those we wished to 
count and was particularly necessary when measuring 
inelastic scatterings. A meson which stopped in 7’ 
would be near the end of its range in 6 and would be 
heavily ionizing there; it might, therefore, have been 
counted by 6. Since we did not wish to count such a 
particle counter 7’, which was appreciably larger in 
area than 6, was placed in anticoincidence with 6. 
Thus only x~ mesons were counted which had an energy 
sufficient to penetrate the copper absorber but not 
enough to get through counter 6. 

Counter 5 was the smallest counter in the scattered 
beam detection telescope and therefore determined both 
the solid angle and linear angle subtended by the 
telescope. 


“—— 
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Fic. 2. Incident beam range curve. 





SCATTERING 


To determine the energy of the incident beam the 
scattered beam detection telescope was placed in the 
incident beam at the target position and a range curve 
taken. Such a range curve is shown by Fig. 2. The 
desired energy was obtained by first positioning the 
cyclotron target as closely as possible and then making 
fine adjustments by varying the cyclotron magnetic 
field to give the range curve peak at an absorber 
thickness corresponding to 82.5 Mev. Since the scat- 
tering targets had a thickness equivalent to a 5-Mev 
energy loss this would then correspond to 80 Mev at 
the center of the target. This technique was very 
sensitive to the field strength of the cyclotron magnet 
and was greatly facilitated by the recent installation of 
a mechanical rectifier to provide stable current for the 
cyclotron magnet. A 1% change in cyclotron magnet 
current gave an appreciable change in the ratio of the 
points on either side of the peak in Fig. 2. 

The half-width at half-maximum of the energy 
resolution of the system, including the incident beam 
energy spread is seen from Fig. 2 to be 4 Mev. After 
correcting for straggling in the absorber and for the 
thickness of the stopping counter, C6, this corresponds 
to an incident beam energy spread of +3 Mev. The 
energy spread was decreased somewhat by blocking 
down the channel opening in the cyclotron shielding 
wall. The flat portion of the range curve below the 
peak is mainly due to stars produced in flight. 

In Fig. 1 the target is shown in the transmission 
position which was used throughout in this experiment. 
With the normal to the target bisecting the angle of 
scattering all particles will have the same path length 
in the target regardless of the point of scattering. In 
particular, all elastically scattered mesons will have the 
same energy loss in the target. To measure scattering 
through angles greater than about 120° it would be 
necessary to change the target to a reflection orientation 
perpendicular to the transmission position shown. A 
particle scattered from a target in such a reflection 
position could have a path length in the target of from 
zero to more than twice the thickness of the target. 
Since the targets all had a thickness corresponding to 
a 5-Mev loss for ’s at 80 Mev, the energy resolution 
of the system would be destroyed. We therefore limited 
our measurements to scatterings through angles less 
than 120°. 

Background was considerably reduced by the inser- 
tion of copper shielding as shown in Fig. 1. This shielded 
the scattered beam detection telescope from particles 
which were scattered in the scintillator of counter 3, 
which had previously contributed most of the back- 
ground. 

The seven counters were made of plastic scintillating 
material each being viewed by two 1P21 photomulti- 
plier tubes. The deflecting magnet focused the beam 
into a thin horizontal line at the target position, and 
the scattering was measured in a vertical plane defined 
by a rotation about this line as an axis. Counter 3, 


OF 80-MEV r- 


MESONS 1765 


the target defining counter, had its 3-in. edge parallel 
to the focussed line and its 3-in. edge vertically perpen- 
dicular to it. All counters had their longest dimensions 
perpendicular to the plane of scattering. 

In counters 1, 2, 3, 4, and 5 the outputs from the 
anodes of the two phototubes were connected in 
parallel. The resultant negative pulse was then limited, 
amplified, and clipped in the counter. Counters 6 and 
7’ were electronically the same counter with the last 
dynodes of the phototubes of counter 7’ connected to 
the anodes of those of counter 6 to provide the necessary 
anticoincidence. Otherwise the circuitry was similar to 
the other five counters. Since the phototubes of counter 
6 were not operated in the usual plateau region, a very 
well regulated high-voltage supply was necessary. 

The pulses from the counters were fed through 
distributed amplifiers to “fast” coincidence circuits. 
These circuits were used to make coincidences among 
counters 1, 2, and 3; counters 1, 2, 3, 4, and 5; and 
counters 4, 5, 6, and 7’. (These coincidence circuits 
were similar to that of Garwin.’*) The pulses were then 
shaped and a coincidence made between the 12345 and 
4567’ pulses with a “slow” coincidence circuit. The 
resultant 1234567’ counts were then recorded on a 
scaler as were the 12345 and 4567’ pulses. The 123 
counts being of a much higher rate, about 1.5X 10*/sec 
time average, were first scaled down with a ten-mega- 
cycle scaler and then recorded as the others were. The 
123 and 1234567’ counts were the only ones utilized in 
these measurements; the 12345 and 4567’ counts were 
monitored as a check on the stability of the equipment 
as they were of a higher rate than the 1234567’ counts. 
The instantaneous counting rates during that part of 
the cyclotron fm cycle when protons strike the internal 
beryllium target are estimated to be about 20 to 50 
times larger than the time average values. 


Ill. EXPERIMENTAL PROCEDURE 


In measuring the elastic differential cross section for 
a particular element at an angle, the thickness of the 
target and the energy loss for an elastic scattering were 
taken into account to determine the thickness of 
absorber equivalent to the peak point in the range 
curve of Fig. 2. The ratio of the relative number of 
counts thus obtained to the corresponding point of the 
incident beam range curve will be directly proportional 
to the desired cross section. The cross section thus 
measured will henceforth be called the ‘‘uncorrected 
elastic” cross section. 

At a few selected angles for carbon and lithium, 
scattered beam range curves were taken using thick- 
nesses of absorber equivalent, for an elastic scattering, 
to the thicknesses indicated by the black dots on the 
resolution (i.e., range) curve of Fig. 3. If the points so 
obtained had the same ratio to one another as the 
corresponding points for the incident beam, the scat- 


16 R. Garwin, Rev. Sci. Instr. 27, 618 (1953). 
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Fic. 3. Energy resolution of system. 


tering was principally elastic. Inelastic scatterings, 
when present, were detected by a relative increase in 
the points on the low-energy side of the elastic peak. 

For an absorber thickness giving a maximum rate for 
elastic scattering, the relative detection efficiency is 
lower by factors of about 0.35, 0.09, and 0.04 for 
inelastic scatterings with nuclear excitations of 5, 10, 
and 15 Mev, respectively. (} in. copper change in 
range corresponds to ~5 Mev meson energy change.) 
These factors are obtained from the height of the curve 
of Fig. 3 at points to the right of the peak by } in., } in., 
and ~ in. of copper, respectively. For an absorber 
thickness giving a maximum response for a scattering 
involving 10-Mev nuclear excitation, the relative sensi- 
tivities are about 0.13, 0.39, 1.00, and 0.35 for scattering 
involving zero, 5-Mev, 10-Mev, and 15-Mev nuclear 
excitations. If it is assumed that all scatterings corre- 
spond to one of these four cases, the corrected differ- 
ential cross sections for each such scattering can be 
determined by solving the following set of four simul- 
taneous linear equations: 


N= > W(m—n)F,,. 


The meaning of the symbols may be understood as 
follows. Let C,, be the number of counts obtained when 
the absorber thickness is optimum for detecting scat- 
terings involving 5m Mev nuclear excitation. We then 
calculate a differential cross section V» using only C,, 
and assuming that all scatterings involved 5m Mev 


excitation (for each m). If the actual differential cross 
section for 5” Mev energy excitation is F,, then the 
contribution of actual F, to N» is W(m—n)F, and 
each F, contributes to given V,. W(m—n) is the rela- 
tive sensitivity (Fig. 3) for detecting scatterings of 5n 
Mev loss using (m/8) in. of copper less than for the 
elastic peak. We call the V,, the “uncorrected” cross 
sections and the F, the “corrected” cross sections. The 
simultaneous linear equations must be solved for the 
F,, given the V,, and W(m—n). , 

The above analysis does not correspond to reality in 
that nuclear levels do not just occur at 5, 10, and 15 
Mev above the ground state. Since the equations are 
linear, however, the effect on No, Ni, Ne, and N; of 
many levels at arbitrary energies can be represented as 
if only contributions for integer m were present. For an 
arbitrary element having levels at (;+-a;) 5 Mev (for 
the jth level, O<a;<1), the F, determined from the 
analysis will receive contributions from all excited 
states within 5 Mev of 5m Mev excitation, with a 
relative weighting for a given Fn+a; of sinh[ (1—a;)p |/ 
sinh, when the resolution function is approximated by 


W (m—n) = e7|"—"!?, 


The actual curve of Fig. 3 is not exactly of the form 
e|™-*|?, but it approximates it fairly closely on the 
high side (i.e., for n>m). The slower drop for larger 
absorber thickness in Fig. 3 may represent some 
contribution from yu mesons and electrons which will be 
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TaBLe I. Energy distribution measurements at selected angles for carbon. d¢/d2=uncorrected differential elastic cross section in 
millibarns per steradian; (do/dQ)o= elastic cross section corrected for energy resolution; (da/dQ)s= corrected inelastic cross section for 


energy loss=5 Mev, etc. 








ian (deg) do/dQ (do/dQ)o 





(da /dQ)10 


(do /dQ)s (do/dQ)1s 








39.1+1.6 

2.78+0.27 
3.21+0.30 
1.65+0.20 


39.0+1.4 

2.92+0.22 
3.58+0.25 
2.55+0.16 


40+3.7 
70+5.6 
90+5.6 
110+5.6 





relatively absent in the scattered beam. In examining 
the contribution to the “uncorrected elastic” point No 
due to inelastic scatterings, only this n>m region 
contributes. Thus the analysis would be expected to be 
fairly reliable for evaluating Fo when the inelastic 
scattering is less than or not considerably greater than 
the elastic scattering. The W(m—n) used is that of 
Fig. 3 rather than e~!"~-"!?, which was only introduced 
for purposes of discussion. 

Carbon is particularly well suited to this type of 
energy distribution examination, since it has its first 
excited level at 4.43 Mev and its next two levels at 
7.65 and 9.61 Mev. Thus for carbon we attribute 
with good accuracy the corrected elastic cross section 
Fo to purely elastic scattering, and we associate the 
first inelastic cross section F; mainly with scatterings 
which excite the nucleus to the 4.43-Mev level. Al- 
though the 7.65-Mev level would also contribute to F), 
measurements” of the inelastic scattering of 187-Mev 
electrons on carbon show its contribution there to be 
negligible relative to the 4.43-Mey level contribution. 
The next inelastic cross section, fs, we attribute to 
excitation of the 7.65 Mev, 9.61 Mev, and higher levels. 
The electron scattering results indicate much greater 
contributions from the 9.61-Mev level than the 7.65- 
Mev level. This should probably also apply here. 

In the case of lithium F» is due to a combination of 
true elastic scattering and excitation of the 0.48-Mev 
level. The first and second inelastic cross sections F, 
and F; we associate with the 4.61-Mev and higher 
levels. 

The principal purpose of this experiment was to 
measure elastic cross sections, therefore this technique 
was applied at only a few selected angles for carbon and 
lithium, and the necessary corrections to the elastic 
cross sections for intermediate angles were obtained by 
interpolation. 

“Uncorrected elastic” cross sections were also meas- 
ured for aluminum and copper. 


IV. EXPERIMENTAL RESULTS 


Energy distribution measurements were made for 
the negative x’s scattered from carbon at 40°, 70°, 90°, 
and 110°. The results are listed in Table I and shown 


7 J. H. Fregeau, Phys. Rev. 104, 225 (1956). The theory of the 
excitation of the 4.43-, 7.65-, and 9.61-Mev levels in carbon by 
fast electrons is given by M. K, Pal and M. A, Nagarajan, Phys. 
Rev. 108, 1577 (1957), 


—0.25+1.21 
1.12+0.32 
1.05+0.28 
1.97+0.27 


—0.04+1.19 
—0.19+0.35 
0.41+0.30 
0.69+0.28 


—0.39+1.40 
0.2524-0.35 
0.74+0.32 
2.28+0.28 


in Fig. 4 for 90°. It should be noted that the Vo, Fo, F:, 
F,, and F; of the discussion in the previous section are 
(da/dQ), (do/dQ)o, (do/dQ)s, (do/dQ)10, and (do/dQ):s, 
respectively, in the tables. The energy resolution func- 
tion is shown in Fig. 3 which is identica! in form to the 
incident beam range curve of Fig. 2. At 90° the points 
on the low-energy side of the elastic peak are high 
relative to the incident beam because of some inelastic 
contribution. The corrected elastic cross section is seen 
to be slightly smaller than the uncorrected elastic value, 
and the inelastic cross sections are significant. 

The “uncorrected elastic” cross sections for carbon 
and the corrected elastic cross sections are listed in 
Table II as a function of angle. The linear angular 
resolution listed there is a combination of the angle 
subtended by the scattered beam detection telescope, 
the angular spread of the incident meson beam, and 
small-angle multiple Coulomb scattering in the target. 
The angular distribution of the corrected elastic cross 
sections and the inelastic cross sections at 40°, 70°, 90°, 
and 110° are shown in Fig. 5. 

For lithium, energy distribution measurements were 
made at 70° and 110° and are listed in Table III. The 
“uncorrected elastic” cross sections are listed in Table 
IV, and these as well as the corrected elastic and first 


TaBLe II. Uncorrected and corrected differential elastic cross 
sections in millibarns per steradian for carbon. 
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150+15 

147+17 

123411 
73.745.4 
67.3+6.0 
63.8+6.1 
39.1+1.6 
29.0+2.4 
18.6+3.1 
19.0+2.7 
12.2+1.8 
5.28+1.50 
6.50+1.10 
3.28+0.60 
2.78+0.27 
3.3340.65 
2.92+0.45 
3.22+0.60 
3.21+0.30 
3.19+0.60 
2.84+0.50 
2.58+0.55 
1.65+0.20 
1.65+0.60 


150+15 

147+17 

123411 
73.745.4 
67.3+6.0 
63.8+6.1 
39.0+1.4 
29.0+2.3 
18.8+3.0 
19.2+-2.6 
12.5+1.7 
5.44+1.43 
6.69+0.98 
3.41+0.53 
2.92+0.22 
3.5340.59 
3.12+0.40 
3.47+0.56 
3.59+0.25 
3.67+0.55 
3.41+0.41 
3.30+0.50 
2.55+0.16 
2.73+0.53 


20+3.0 
20+3.4 
25+3.4 
30+3.4 
3543.4 
3543.7 
40+3.7 
45+3.7 
50+3.7 
50+4.1 
55+4.1 
60+4.1 
60+5.6 
65+5.6 
70+5.6 
75+5.6 
80+5.6 
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Frc. 5. 80 Mev x carbon scattering. @ Corrected elastic; 
x 5-Mev inelastic; © 10-Mev inelastic. Dashed curve is for 


modified Kisslinger model with Ro=1.08A4!X10-" cm, a=0.25 
X 10-8 cm, C= —1.1—0.14, and C’= +0.35—0.15:. 


inelastic cross sections at the above angles are shown 
in Fig. 6 as a function of laboratory scattering angle. 
The solid curve in Fig. 6 shows the previously published 
results of Williams ef al.? 

In the aluminum measurements an earlier version of 
counter 6 was used which had a scintillator 1} in. thick 
but which was identical in other respects to the counter 
6 described under Experimental Procedure. The results 


TaBLE III. Energy distribution measurements at selected 
angles for lithium. de/dQ=uncorrected differential elastic cross 
section in millibarns per steradian; (do/dQ))= elastic cross section 
corrected for energy resolution; (do/dQ);=corrected inelastic 
cross section for energy loss=5 Mey, etc. 





(do /dQ) 10 





Oiab (deg) da/dQ (do /dQ)o (do/dQ)s 





0.80+0.16 0.48+0.26  0.20+0.23 
2.5740.40 1.29+0.62 1.42+0.63 


0.99+0.13 
3.2540.32 


70+5.5 
110+5.5 








TasieE IV. Uncorrected differential elastic cross sections for 


lithium in millibarns per steradian. 
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1.54+0.20 
1.54+0.14 
2.36+0.24 
2.84+0.24 
3.56+0.34 
3.58+0.32 
3.2540.32 


80+5.5 
8545.5 
90+5.5 
95+5.5 
100+5.5 
105+5.5 
110+5.5 


19.1+1.4 

15.8+1.4 

9.54+0.89 
4.5340.33 
3.47+0.66 
2.18+0.25 
0.99+0.13 
1.00+0.16 


40+4.0 
45+4.0 
50+4.0 
5545.5 
60+4.0 
65+5.5 
7045.5 
7545.5 
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of the aluminum measurements are listed in Table V 
and shown in Fig. 7. Evidences of some diffraction 
structure are now suggested as compared to the 
published results of Pevsner e¢ al.! shown by the solid 
curve. 

In the scattering from copper, shown in Table VI 
and Fig. 8, diffraction structure is evident with a 
minimum at 80° and a subsidiary maximum at 90°. 
The previous results of Williams ef al. are shown by 
the solid curve. 


V. DISCUSSION OF RESULTS 


1. Inelastic to Elastic Scattering Ratios 


A, Comparison with Earlier Measurements 


A first obvious result of comparisons with earlier'* 
measurements for Li, Al, and Cu is the lowering of the 
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Fic. 6. 80-Mev x lithium scattering. @ Elastic before correct- 
ing for energy resolution; a elastic corrected for energy resolu- 
tion; * 5-Mev inelastic corrected for energy resolution. Solid 
curve is results of Williams et al. Dashed curve is for Modified 
Kisslinger model with Ro=1.08A!X 10-8 cm, a=0.25X 10-8 cm, 
C=—1.3—0.15i, and C’= +0.3—0.15i%. 


elastic differential cross section values for larger angles. 
This is to be expected as the energy resolution is 
improved and more or all of the scattering correspond- 
ing to excitation of the compound nucleus is eliminated. 
In the cases of Al and Cu such inelastic contributions 
are still present and the experimental points, within 
experimental uncertainties, should be interpreted as 
giving upper limits on the purely elastic (coherent) 
scattering. In the cases of Li and C, as discussed below, 
there is reason to believe that the true elastic scattering 
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has been separated from that corresponding to nuclear 
excitation. 

A comparison with the scattering of y rays by bound 
electrons is of interest in estimating roughly the most 
likely excitation of the nucleus for a given scattering 
angle. Coherent x-ray scattering combines the scattering 
amplitudes from each of the bound electrons and is 
elastic with respect to the system as a whole. A form 
factor arises which represents the probability that the 
electron remain in its initial bound state after receiving 
the full momentum transfer of the collision. The 
probability of various inelastic processes is proportional 
to the probability that the struck electron end in a 
particular excited bound or continuum state. The peak 
of the inelastic energy loss is that for Compton scatter- 
ing from a free electron at rest. The effect of the binding 
is reflected by a smearing of energy transfers about this 
mean due to the distribution of initial momenta of the 
bound electrons. Applied to the nucleus, we can simi- 
larly plot the difference in energy transfer of the meson 
in elastic scattering through angle @ by a stationary 


Uncorrected differential elastic cross sections for 
aluminum in millibarns per steradian. 


TABLE V. 


da/dQ 
7.52+0.75 
8.08+0.94 
4.78+0.73 
6.10+0.63 
3.38+0.44 
1,.99+0.53 
1.38+0.43 
1.85+0.51 
1.89+0.50 
1.91+0.42 


iad (deg) 


iad (deg) 
20+3.2 
2543.2 
3043.2 
3543.2 
3543.9 
40+3.9 
45+3.9 
50+3.9 
50+5.7 
55+5.7 
60+5.7 


da/dQ 


6545.7 
70+5.7 
75+5.7 
80+5.7 
85+5.7 
90+5.7 
95+5.7 
100+5.7 
105+5.7 
110+5.7 


512447 
293+ 26 
202+17 
125+13 
117+11 
78.0+9.0 
38.1+4.1 
18.7+3.1 
17.8+2.2 
11.2+1.6 
8.55+0.75 


nucleus and by a stationary nucleon. This is plotted in 
Fig. 9. For momentum transfers where the struck 
nucleon would have final momentum corresponding to 
already occupied states, the Pauli principle would 
greatly modify the results, but it would be expected to 
be roughly correct for large-enough predicted energy 
transfers. 


B. Comparison with Electron Scattering 


In interpreting these results for carbon, it is of interest 
to examine Fregeau’s results for the scattering of 187- 
Mev electrons.” These had momenta roughly the same 
as the 170 Mev/c momentum of the mesons used here. 
We note that, for a given scattering angle, the mo- 
mentum transfer is essentially the “elastic” value, 
2P, sin(6/2), whether the nucleus is left in the ground 
state or in an excited state of [15 Mev. In the impulse 
approximation, one regards the entire momentum 
transfer as being given to a single nucleon within the 
nucleus. The relative probability of the nucleus being 
found in its ground state, or various excited states, is 
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Fic. 7. 80-Mev x~ aluminum scattering. Solid curve is experi- 
mental result of Pevsner e¢ al.! Dotted curve is from square well 
model, V = —30—22i Mev.‘ Dashed curve is result of a modified 
Kisslinger model calculation with Ro=1.08A!X 10-8 cm, a=0.25 
X10-8 cm, C=—1.1—0.2i, and C’=+0.35—0.25i. Points are 
data of this experiment. 


then determined by the probability intensities for 
various final nuclear states when the struck-nucleus 
wave function is expanded in terms of the nuclear 
ground and excited states. The amplitude contribution 
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Fic. 8. 80-Mev x~ copper scattering. Solid curve is experimental 
result of Williams et al.8 Dashed curves are from a square well 
model, V=—35—20i Mev, with surface term.* Points are data 
of this experiment. 
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TaBLE VI. Uncorrected differential elastic cross sections for 
copper in millibarns per steradian. 








Oiab (deg) iad (deg) da/dQ 





202-3.7 
25+3.7 
30+3.7 
3543.7 
40+4.7 
45+4.7 
50+4.7 
55+4.7 
55+6.0 
60+4.7 


1140+88 
525+62 
258+32 

129+ 16 
38.4+5.3 
31.9+4.1 
24.741.9 
24.642.5 
29.0+5.7 
20.54+2.9 
17.9+3.3 


65+4.7 
65+6.0 
70+6.0 
75+6.0 
80+6.0 
85+6.0 
90+6.0 
95+6.0 
100+6.0 


14.8+3.0 

12.1+2.1 

7.69+1.14 
5.19+0.89 
3.82+0.42 
5.30+0.81 
6.16+0.86 
5.78+0.80 
4.33+0.67 
105+6.0 3.36+0.66 
110+6.0 1.65+0.21 





from each nucleon to a particular final state must be 
summed. For a given momentum transfer, the ratio of 
neutron to proton excitation, and spin-flip to nonspin- 
flip contributions should be the free parameters remain- 
ing to determine the ratio of elastic scattering to 
inelastic scattering corresponding to the excitation of 
particular excited nuclear states. Although the electron 
scattering is primarily due to Coulomb interaction with 
the protons, there is also a contribution from the 
neutron and proton magnetic moments. The T=3, 
j=%, l=1 state is most important in pion-nucleon 
scattering at this energy, so the #~-neutron scattering 
is most important. Since carbon is symmetric in 
neutrons and protons, the electron and pion scattering 
might be expected in this argument to give the same 
ratio of elastic scattering to inelastic scattering to 
excited states which have strong matrix elements for 
excitation by this means. 

The ratio (to the elastic cross section) of the partial 
cross sections for excitation of the 4.43-Mev, 7.65-Mev, 
and 9.61-Mev levels versus 6 for 187-Mev electrons on 
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Fic. 9. Energy loss in an elastic collision of a pion with a nucleon 
at rest in the nucleus, 
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carbon are plotted in Fig. 10. The excitation of the 
7.65-Mev level is weak in this region. There is a contri- 
bution of unresolved levels on the high-energy side of 
the 9.6-Mev level to ~12 Mev, with little further 
contribution until >15 Mev. The 9.6-Mev level contri- 
bution is larger than the others. Thus the “elastic,” 
“5-Mev inelastic,” and ‘10-Mev inelastic” scattering 
(for electrons) would be identified, respectively, with 
elastic scattering and (mainly) excitation of the 4.43- 
and 9.61-Mev levels. If we assume that the same is 
true for the meson scattering and plot the similar ratios 
for the case of ~ scattering for the corresponding 
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8 cM. FOR ELECTRONS 
Fic. 10. Ratios of inelastic cross sections to elastic for excitation 
of levels in carbon by electron scattering (Fregeau’’). @ Ratio 


for 5-Mev inelastic pion scattering, and © 10-Mev inelastic pion 
scattering at angle corresponding to same momentum transfer. 


momentum transfer in the center-of-mass system, the 
points indicated in Fig. 10 are obtained. The 5- and 
10-Mev inelastic scattering is small compared to the 
elastic scattering except at 110°, where the 5-Mev 
inelastic scattering is about 1.5 times the elastic scat- 
tering, and where the 10-Mev inelastic is about 0.5 
times the elastic scattering. This corresponds to the 
ratios at 98° for the electron scattering case and 111° 
center-of-mass angle for the meson scattering. Thus the 
ratios agree to within experimental uncertainties for 
equal momentum transfer. 


C. Comparison with Other Types of Scattering 


The agreement above becomes much poorer if we 
compare the meson scattering with the scattering by 
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fast nucleons or deuterons or a particles. More compli- 
cated possibilities enter in these cases, however. A 
single example is that the entering particles may 
remain after knocking out similar already present 
nucleons. Others include compound nucleus effects. 

1. In the scattering of 96-Mev protons by carbon, 
Strauch and Titus!* observed excitation of the 4.43- and 
9.61-Mev levels but saw no evidence of the 7.68-Mev 
level. Their data show that for the ratio of the cross 
section for excitation of the 4.43-Mev level to the 
elastic cross section to be ~ 1.5, the momentum transfer 
is ~ 400 Mev/c, compared to 280 Mev/c for the electron 
and pion cases. The proton cp=435 Mev, compared to 
170 and 187 Mev for the pion and electron cases. 

2. In the scattering of 22-Mev alpha particles” 
(cp=406 Mev) by carbon, the 7.68-Mev level was 
observed in addition to the 4.4- and 9.6-Mev levels but 
down by factors of 10.7 and 8.2, respectively, relative 
to the latter levels for 233 Mev/c momentum transfer, 
with a decreasing ratio for higher momentum transfer. 
The ratio of 4.43-Mev excitation to elastic scattering 
at 90° shows considerable fluctuation with energy 
between 20.4- and 22.5-Mev bombarding energy, sug- 
gesting more complicated effects. Strong effects are 
seen from levels at 10.8, 11.1, and 11.74 Mev. 

3. Haffner’s” results for 15-Mev deuteron scattering 
(cp=237 Mev) for C® for 220 Mev/c momentum 
transfer gives a ratio 0.25 for the 4.43-Mev excitation 
to elastic cross section. This compares with 0.20 for the 
electron scattering results for the same momentum 
transfer. The results are not presented in a manner 
favorable for a more detailed comparison of this type. 

Because of the many excited levels*' of Li’ the 
various inelastic meson cross sections can not be 
assigned to excitation of specific states. As previously 
stated, we attribute the measured elastic cross section 
to true elastic scattering and excitation of the 0.48-Mev 
level. This is justified by the large gap between this 
first level and the second at 4.61 Mev. For 187-Mev 
electron scattering, the Stanford group detected the 
0.48-Mev level as a broadening of the elastic peak.” 
From a comparison with the elastic peak for Li®, which 
has its first level at 2.19 Mev, they estimate the cross 
section for excitation of the 0.48-Mev level to be about 
10% of that for elastic scattering. In the meson scat- 
tering case therefore we expect the measured elastic 
cross section, (de/dQ)o, to be due principally to true 
elastic scattering. 


18K. Strauch and F. Titus, Phys. Rev. 103, 200 (1956). 

19 Rasmussen, Miller, and Sampson, Phys. Rev. 100, 181 (1955). 

*” J. W. Haffner, Phys. Rev. 103, 1398 (1956). 

% See F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 
77 (1955) for a review of experiments on the level structure of 
light nuclei. 

# J. F. Streib, Phys. Rev. 100, 1797 (1955). 
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2. Elastic Scattering Comparison with 
Model Calculations 


In the paper of Pevsner and Rainwater‘ and in that 
of Williams et a/., optical model phase shift calculations 
were made for aluminum and copper, respectively, 
using a complex square well for the meson nuclear 
potential and matching at the nuclear surface with the 
suitable Coulomb wave function outside. Using a 
nuclear radius R=1.44!X10-" cm and well depths 
from 0 to —45 Mev, they were able to get good agree- 
ment with their experimental results at small angles, 
but the prominent diffraction structure predicted was 
not then visible. 

For 80-Mev x scattering from aluminum, Pevsner 
and Rainwater favor a nuclear well depth of V;= —30 
to —34 Mev and V2 between —10 and —25 Mev to 
compare with their data at angles less than 50° (where 
V=V,+iV2). The result of their phase shift calculations 
for V;=—30 and V2=—22 Mev is shown in Fig. 7, 
together with their experimental results and those of 
this experiment. Agreement is good at angles of 50° 
and smaller. 

Williams ef al.* performed similar calculations for 
copper but in addition considered the surface term in 
the potential first suggested by Kisslinger.* Values of 
n of 0.50, 0.75, and 1.00 were used in matching the 
derivative of the wave function at the nuclear surface, 
where 

dyi| 
dr |, 


dy,| 
=n—| . 
dr |\_ 


On the basis of a comparison with their data at small 
angles, they preferred a potential V= (—35—20i) Mev. 
Figure 8 shows the calculated results for m values of 
1.00 and 0.75. Rough agreement is obtained at angles 
<40. 

In all cases of comparison the experimental cross 
sections at angles greater than about 50° are consider- 
ably different from the predictions of the complex 
square well calculations. It was expected that the 
predicted cross sections could be reduced at larger 
angles by ascribing a diffuse edge to the nucleus. This 
has been shown in the work of Saxon et a/.*.?> on nucleon 
scattering. 

The lithium results show the elastic cross sections at 
angles above the minimum at ~70° to be somewhat 
smaller than predicted by the experimental results and 
theoretical calculations of Williams ef al.? Their calcu- 
lations coherently combine the individual pion nucleon 
interactions for scattering from nucleons which remain 
in their same states in a nuclear harmonic oscillator 
well. They show that when the nuclear radius of 1.284! 
X10~* cm which they used is increased by about 10%, 


%L. S. Kisslinger, Phys. Rev. 98, 761 (1955). 

* R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1952). 

25 Melkanoff, Moszkowski, Nodvik, and Saxon, Phys. Rev. 101, 
507 (1956). 
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the backward-angle cross section is decreased somewhat, 
but the decrease is not sufficient to agree with the 
present results. Theoretical calculations, using an 
IBM-650 computer, of the elastic scattering from 
carbon are described in the following paper. A diffuse- 
edge nucleus was assumed with a nuclear density 
distribution 


r—Ro a 
v(r)=osie) =o 1-+exn( )I , 


a 


where Ro=roA}#, and po is the nucleon density at the 
center of the nucleus. 

It was not possible to fit the data with an interaction 
of the Vi+7V2 type, although various values of these 
parameters as well as ro and a were used. 

An interaction of the Kisslinger type, which takes 
into account the p-wave as well as the s-wave nature 
of the scattering from single nucleons, was used. The 
meson wave equation becomes 


Vt hop = (1+-Cf) {kel (C+C) f+UcW—CVf- VW}, 


where y is the meson wave function and kp the outside 
wave number. C’ and C are, respectively, related to the 
s and p wave portions of the coherent average single 
nucleon scattering amplitudes. The real part of C is 
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negative and <—1 so (1+C/) changes the sign of the 
right side within the nucleus if taken in this form. 
This is the Kisslinger* model. We have mainly used a 
“modified Kisslinger” model obtained by replacing 
(1+Cf)" by (1—Cf) for reasons discussed in the 
following paper. Uc is a relativistic Coulomb term. 
The best match which we have obtained for carbon, 
shown in Fig. 5, is with a modified Kisslinger theory 
using Ro=1.084!X10-" cm, a=0.25X10-" cm, C 
=—1.1—0.17, and C’=+0.35—0.15i. Well over 100 
choices of parameters were tried for various models as 
discussed in more detail in the following paper. The 
fit for carbon is considered to be particularly satisfying. 
The value of a is half of that favored by electron 
scattering. The best parameters for the other elements 
are shown in the captions to the figures. 


ACKNOWLEDGMENTS 


The authors wish to express their gratitude to those 
at the Nevis Cyclotron Laboratories who made this 
experiment possible. They want particularly to thank 
the cyclotron operators not only for operating the 
accelerator but also for assistance in recording the data. 

The Radio Corporation of America is thanked for 
providing financial assistance (for W.F.B.) and for 
some of the equipment used in this research. 





PHYSICAL REVIEW VOLUME 


212, 


NUMBER 5 DECEMBER 1, 1958 


Theoretical Calculations of the Scattering of «- Mesons by Complex Nuclei* 


W. F. Baker, H. ByFieLp, anp J. RAINWATER 
Columbia University, New York, New York 
(Received August 4, 1958) 


The angular distributions of 80-Mev negative pions elastically scattered from Li, C, and Al have been 
analyzed on the basis of optical models by using I.B.M.-650 computers. It was not possible to fit the data 
with the usual V,;+7V2 type model having either a square or diffuse edge and V; and iV proportional to 
the nuclear density. A Kisslinger-type model, which takes better account of the p-wave nature of the basic 
x-nucleon scattering process, was also used with a modification to avoid a physically unreasonable behavior 
of the effective interaction. Using ro= 1.08 and a diffuseness parameter a=0.25 in a Saxon-type density dis 
tribution, good agreement with experimental data was obtained. 


I. INTRODUCTION 


HE preceding paper' reports on experimental 
results for the scattering of 80-Mev z~ mesons on 
Li, C, Al, and Cu with much better energy resolution 
than in previous similar measurements.’ In the case 
of carbon the elastic scattering was clearly separated 
from inelastic scattering corresponding to nuclear 
excitation. The scattering from Li (treated as Li’) is also 
favorable for separation into mainly elastic and inelastic 
components. The contribution of excitation of the 
0.48-Mev level should be small! compared to the 
elastic scattering. Al and Cu still have unknown 
contributions from inelastic scattering to <5-Mev 
nuclear levels; however, these contributions are smaller 
than in previous measurements. We have thus carried 
out an extensive series of calculations based on optical 
models to see if agreement with experiment can be 
obtained for reasonable choices of the optical model 
parameters. The calculations were carried out by using 
1.B.M.-650 Computers.® The calculations were based 
on an exact phase shift analysis including the effect of 
a Coulomb field. 


f(0)=fetSfne (1) 


is the scattering amplitude where 


exp[_2ino—ta In sin?(6/2)], (2) 


a 
fe 
2ko sin?(6/2) 
and 


ta 
fne=— LD (21+1) exp[i(2m+5;) ] sind:P;(cos@), (3) 


0 l= 


where po= hko is the momentum at r > , a= Z;Z¢"/ho, 
exp[ 2in, J=T' (1+-/+-ia)/I' (1+/—ia). The radial parts, 
¢1, of ry have behavior at large r 


kop, — sin[kor— 4$lar—a In(2kor) +01] (4) 


* This research is supported by the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

1 See Baker, Rainwater, and Williams, preceding paper [Phys. 
Rev. 112, 1763 (1958). 

2 Pevsner, Rainwater, Williams, and Lindenbaum, Phys. Rev. 
100, 1419 (1955). 

Williams, Rainwater, and Pevsner, Phys. Rev. 101, 412 (1956). 

4 Williams, Baker, and Rainwater, Phys. Rev. 104, 1695 (1956). 

5 We wish to thank International Business Machines Watson 
Laboratory and Columbia University Hudson Laboratories for 
the use of their computers. 


for a pure Coulomb field and 
kw sin[ kor— sla—a In(2kor) ++ 5; ] (5) 


for the final radial differential equation which includes 
interactions. 

The 6; were found by a method of numerical integra- 
tion of the radial differential equations for the model 
case and for the pure Coulomb case to r>>nuclear edge. 
The details of the method of determining the 6; in 
terms of these solutions have been described in Nevis 
Cyclotron Laboratory Report No. 71. 


II. OPTICAL MODEL THEORY 

The usual optical model*:’ for the elastic scattering of 
particles by nuclei assumes that the nuclear interaction 
can be approximated by a complex nuclear potential 
V,=Vi+iV2, where the real and imaginary parts are 
respectively related to the particle-nucleon forward 
scattering amplitude and total cross sections. The value 
of V, is usually taken proportional to the nuclear 
matter density, although for nucleon-nucleus scattering 
a somewhat larger effective nuclear size is used to 
account for the range of the nuclear forces. A favored 
choice for the nuclear density function p(r) =F (r)p0 is 


ron 


a 


where R=roA!X10-* cm gives the half-density radius. 
t= 4.40a is the edge thickness to go from 0.9p0 to 0.1po. 
(a is understood to be in units of 10~* cm throughout.) 
This shape has been successfully used in interpreting the 
Stanford electron scattering experiments® which deter- 
mine the nuclear charge distribution giving r9~ 1.08 and 
a=0.5. For nucleon-nucleus elastic scattering" the 


*K. M. Watson, Phys. Rev. 89, 575 (1953). 

7™N. C. Francis and K. M. Watson, Phys. Rev. 92, 291 (1953). 

8 R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 

9R. E. LeLevier and D. S. Saxon, Phys. Rev. 87, 40 (1952). 

1D. M. Chase and F. Rohrlich, Phys. Rev. 94, 87 (1954). 

1 R. W. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 

2 Melkanoff, Moszkowski, Nodvik, and Saxon, Phys. Rev. 101, 
507 (1956). 

18 Glassgold, Cheston, Stein, Schuldt, and Erickson, Phys. Rev. 
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best value of @ is about the same, but the best ro is 
larger due to the range of nuclear forces. 

The above theory takes account of all / values in the 
elementary particle-nucleon scattering process only 
with respect to the forward propagation of the wave 
front in nuclear matter. For scattering through angle 
6, the nuclear interactions are treated as if the elemen- 
tary scattering processes were isotropic. This is ob- 
viously wrong since for a very weak interaction an 
impulse (or Born) approximation should be accurate 
and this would modify the above predicted f(@) by 
the factor f:(@) which is the elementary particle- 
nucleon (coherent average) angular distribution shape 
normalized such that /;(0)=1. For stronger interactions 
it becomes incorrect to multiply the above optical model 
f(8) by f1(@) since multiple processes become important. 
Kisslinger'* has developed a theory for pion-nucleus 
scattering which tries to take account of the pre- 
dominantly p-wave nature of the elementary pion- 
nucleon coherent scattering. This leads to a term in the 
optical model interaction proportional to V- (Vy). It 
contains a kinetic energy like term pV*y, which combines 
with the usual V*y term in the wave equation to give a 
revised weighting of V*y relative to the other terms, and 
a term Vp-Vy which is proportional to the rate of 
change of the density, and thus gives a large emphasis to 
the edge region in the analysis. For reasons described 
below, we believe that the straight Kisslinger theory 
should not be used. It gives a denominator term 
(1+CF) in the interaction term U. In the center 
CF=-—1 to —1.4, so the denominator goes to zero or 
changes sign to cause U to become unreasonably large 
and/or change sign inside the nucleus. We essentially 
employ an arbitrary convergence factor to prevent this 
while otherwise maintaining the feature of a V- (pVy) 
term. We have been able to obtain good fits to the 
experimental results using this modified theory, but not 
when U is taken proportional to p. An alternative 
simpler “derivation” is given which we believe involves 
the same approximation as used by Kisslinger, who uses 
the notation of Watson and Francis.’ 

Consider the wave equation 


Vyt+ky= Uy, (7) 
where U(r) is spherically symmetric and is different 
from zero only in the nucleus region. Let 

¥=VinetWeecatt, 
Vine=e'™"'" 
etkr 


G=—e'’'" as 
r 


f-—> 2, 


V°G+kG= —4ri(r—n1), 


os= etks-t, 
4 L. S. Kisslinger, Phys. Rev. 98, 761 (1955). 
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Then, for large r, an exact solution has the form 


6 1 
apa ena f G(UWdn, —(8) 
r 4or 


1 
f(0) = ——(¢,| U |). 
dor 


The problem is to find a suitable form for the 
operator U. 

Suppose that only nuclear volume element dr; were 
present. Then one must take |)~ | Pine) in Eq. (8) for 
the Born approximation to apply 


df(9) 


1 
———(¢;| U | Wine). (9) 
dr, 4dr 


This should correspond to the coherent scattering 
amplitude due to p(r,) V/Adr, neutrons and p(71)Z/Ad7, 
protons in d7;, of the form 


df(@) /dry = p(ri)ls’+sk,y 4 ko}, 


where s’ and s are related, respectively, to the /=0 and 
/= 1 coherent scattering amplitudes per average nucleon. 
k;-ky gives the /=1 angular dependence, cosé. The 
operator U can be written using k- pk in place of pk, - ko 
since (¢;| and |Wine) are eigenstates of operator k, so 
operator U in Eq. (9) becomes 


U=—4n[s'p(r1) + sk - pk]. (11) 


For energies well below that of the T= 3, p; resonance, 
the p-wave scattering amplitude does tend to vary as 
k*® and the s wave to be independent of k, so Eq. (11) 
has the right energy dependence if s’ and s are con- 
sidered roughly independent of energy. The rough k? 
dependence does not continue much above 80 Mev. At 
the p; resonance the real part of the coherent scattering 
amplitude — 0 in fact. We assume that Eq. (11) gives 
the form for U in terms of the elementary 2~-nucleon 
scattering when we return to the real nucleus problem. 
In this case we use Eq. (8) and identify U!y) with the 
right side of Eq. (7) to establish the basic wave equa- 
tion. The operators k have the form —iV in a space 
representation so we obtain an equation of the form 


Up=C'keFy—CV- (FV). (12) 


Including center-of-mass transformation effects and 
differences in the elastic scattering kinematic and phase 
space factors for the elastic scattering by free nucleons 
and nucleons bound in a relatively heavy atom, we 
obtain (for #~ mesons only) 


4A po 


(10) 


(13a) 


[= f10+— 1.0 


lawl 


‘c.m. 


c’ =n (0) +~ o| (13b) 
ee fee at 
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where /tky is the meson-laboratory system momentum 
and hk..m. is the relative motion momentum when the 
meson is incident on a single nucleon at rest. The factor 
(ko/ke.m.) is the amplitude solid angle transformation 
factor from the center-of-mass system to the laboratory 


system. 
[ fp(0) ]0= (ws+2w1)/3k. m.) 
Cfp(0) Jimi1= (wait 2wirt+ 2W33+4013)/3ke.m., 
Cfn (0) }.0= Ws i= ’ 
[ fn(O) Jna= (ws, + 2wss) { . 


d*¢, 


where the primes on /” and ¢’ refer to differentiation 
with respect to r. 

If one uses the real and imaginary parts of C and C’ 
predicted by the single nucleon scattering, this is 
probably reasonably correct for the real part, but over- 
estimates the imaginary part. Brueckner'® has suggested 
that the imaginary part of C’ be increased to account for 
all absorption effects. The absorption is decreased by 
Pauli-principle effects but increased by quasi-deuteron 
absorption effects. Reasonable choices of nuclear size 
and shape parameters lead to the real part of C more 
negative than —1, and thus a zero denominator results 
for some intermediate F<1 and the expression has 
reverse the sign of the numerator for F=1 (at the 
center). If we note what happens for CF=—1 where 
Vy —~, we note that this comes from 


Vy+key= —CFV*y+ other terms, 


where the V*°y on the left is from c*p? and the —CF Vy 
on the right is the p-wave scattering term involving 
V’y. Thus V*y varies as (1+CF)" as CF— —1 if 
we take the expression literally. We know, however, 
that the k? dependence of the p-wave pion-nucleon 
scattering does not continue very much above 80-Mev 
kinetic energy, so this infinity and reversal of sign of 
Vy as CF goes through —1 should not be taken 
seriously. With this idea in mind we looked for the 
simplest way of modifying Eq. (15) to have the right 
side increase with increasing F but to maintain the 
_sign associated with small F. We chose to replace 
(1+CF)— on the right side by the first two terms 
(1—CF) in its Taylor series expansion about F=0. 
‘This gives our “modified Kisslinger model” which we 
have mainly employed. 

As a result of the above modifications, and because of 
various other theoretical questions, we decided that we 
should treat C and C’ as adjustable parameters in the 
fitting of the theoretical to the experimental curves. 


15 We wish to thank Professor K. A. Brueckner for discussions 
of this matter. 


+h . <—] ko?L(C+C’)F+ (2E—V.)V. (cho)? — CF’ (¢’—¢/r) 
oO e~ ii . — en eS = a 
dr’ r 
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The subscripts refer to the isotopic spin and j of the /=0 
or /=1 scattering as customary, and 


1 
w=—([e?*—1 ]=e" sind. 
2i 
To obtain the rest of Eq. (7) we consider the Klein- 
Gordon equation including the Coulomb potential V, 
formed from (E—V,)?=c*p?+y'ct: 


V+ kiy=((2E—V.)V-/c*po? lho, (14) 


and add the nuclear Uy to right side. Let ry 
=> ¢.P:(cos6) to give the radial differential equation 


(15) 


The point emphasized is the form of Eq. (15) after 
modification by (1+CF)-'— (1—CF) without in- 
sisting that the exact calculated values of C and C’ 
above be used. An example of another theoretical con- 
sideration leading to this view is the effect of the 
attractive potential well in considerably increasing the 
effective meson momentum in the collisions, and the 
effect of the motion of the nucleons. In principle one 
would like to use some operator for p-waves which 
behaves as k-k at low &, but-follows more realistically 
the & dependence of the p-wave scattering above 
80-Mev kinetic energy. A simple power series in k? 
brings questions of commutation with p. When k — iV 
in operator form there will appear higher than second 
derivatives of y in the wave equation. This would 
greatly complicate numerical solution of the problem. 
Our final choice represents one of many possible semi- 
empirical compromise procedures. 


III. CALCULATIONS AND COMPARISON 
WITH EXPERIMENT 


The calculations for carbon were carried out for 
about 100 different selections of parameters. While 
most attention was focussed on the “modified Kisslinger 
model” described above, we also tried the usual type 
optical model obtained by adding a V,=V1+iV;2 to 
V. in Eq. (14). The family of shape parameters deter- 
mined by ro and a in Eq. (6) was used. An approximate 
square well shape was obtained by choosing a=0.01 
of the grid spacing chosen for the 
numerical integrations. 

Figures 1 through 3 show theoretical angular dis- 
tributions for 80-Mev x scattering from carbon using 
this V;+7V»2 type model; the bars on the experimental 
points show the statistical accuracy. With an “approxi- 
mate square well” as ro is increased with the same 
Vi+iV2, the computed angular distribution becomes 
higher at small angles, has a larger slope at small 
angles, and the minimum moves in toward smaller 
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Fic. 1. Carbon. V:+iV_ type model with approximate square 
well; a=0.01. Variation with nuclear radius. (re and a are in units 
of 10-" cm.) 


angles. A diffuse edge, obtained by increasing a, has an 
effect similar to increasing ro slightly except that the 
larger angle cross sections are lowered even farther 
below the experimental data. Using values of V; and 
V2 to fit the small-angle points and various choices 
of ro and a, we were unable to get an over-all fit with 
carbon using this type of model either with or without 
a diffuse edge after trying twenty choices of parameters. 

Applying this same model to aluminum, somewhat 
better agreement with experiment is obtained (Fig. 4) 
for angles less than 55°. If edge effects are important in 
pion scattering, then this model might be expected to 
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Fic. 2. Carbon. Vi: +iV2 type model with various edge 
diffusenesses. V = —30—22i Mev. 
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Fic. 3. Carbon. Vi: +iV_ type model with diffuseness parameter 
a=0.5. Variation with nuclear radius for V= —30—22i Mev. 


be better for the heavier nuclei where the edge region is 
a smaller fraction of the total nuclear volume. 
Because of the large mass of the nucleus compared 


pion-nucleus system are compared directly with the 
cross sections measured in the laboratory system. 
The angular resolution of the experiments varied from 
+3° at small angles to +53° at large; this would tend 
to smooth out slightly the structure of the calculated 
curves shown if it were folded into the calculated curves. 

Using the modified Kisslinger model, attempts were 
first made to fit the carbon data. Carbon was 
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Fic. 4. Aluminum. V;+iV: type model with ro>= 1.4, a=0.2, 
and V = —25—22i Mev. 
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Fic. 5. Carbon. Modified Kisslinger model with ro=1.08 
and a=0.25. Fits for (A) C=—1.2, C’=+0.45—0.15i, (B) 
C=—1.1-—0.1%, C’=+0.35—0.15%3, and (C) C=—1.1—0.2i, 
C’= +-0.35—0.251. 


emphasized since its first excited level is at 4.43 Mev 
which is higher than the first levels of the other elements 
measured ; and, therefore, it is more certain that purely 
elastic scattering was measured. 

With ro between 1.2 and 1.4 as predicted by the 
analysis of nucleon scattering,*~" and a=0.5 in agree- 
ment with nucleon and electron scattering results, it 
was not possible to fit the data. With a smaller radius, 
ro= 1.08, as suggested by the electron results, a fit to 
carbon was obtained for several sets of values of C and 
C’ (Fig. 5); however, a smaller value of a was required. 
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Fic. 6. Carbon. modified Kisslinger model with various values 
of the edge diffuseness parameter. ro= 1.08, C= —1.1—0.1i, and 
C’ = +0.35—0.15%. 
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Fic. 7. Carbon. Modified Kisslinger model with various nuclear 
radii and a=0.25. C and C’ varied inversely as nuclear volume to 
fit small angles. The fit is for the set of parameters (B) of Fig. 5. 
Correction noted in proof.—In the region @>70° the upper curve 
is for ro= 1.0 and the lower for ro= 1.20. 


An increase in a produces a lowering of the large 
angle plateau (Fig. 6). This tendency can be counter- 
acted somewhat by varying C and C’, but not suffi- 
ciently for values of a as large as 0.5. The plateau can 
also be raised by decreasing ro (Fig. 7), thus allowing 
larger values of a for ro<1.08. 

When the parameters which give good agreement 
with the carbon data are applied to lithium and alumi- 
num (Figs. 8 and 9), the angular distributions show the 
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Fic. 8. Lithium. Modified Kisslinger model with the parameters 
of the carbon fits (see Fig. 5). Some of the small-angle points are 
from Williams et al.* 
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Fic. 9. Aluminum. Modified Kisslinger model with the 
parameters of the carbon fits (see Fig. 5). 


same general shape as the experimental data. Of these, 
that set of parameters which is in best agreement with 
the lithium data is also in best agreement with the 
aluminum data. Because of the differences between 
nuclei including different relative numbers of neutrons 
and protons, one would not necessarily expect the exact 
same set of parameters to fit all nuclei. Particularly in 
the case of aluminum, also, the many low-lying levels 
make it questionable that only elastic scattering events 
are included in the experimental points. 

Using the phase shifts of Orear’® in Eq. (13) for carbon 
with ro== 1.08 and a=0.25 yields C= —1.43—0.317 and 
C’=+0.075—0.083i. Thus for the best fits C is some- 
what less negative than, and C’ several times larger than 
the predicted quantities. 


16 J. Orear, Nuovo cimento 4, 856 (1956). 
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Fic. 10. Lithium. A fit with the modified Kisslinger model. 
ro= 1.08, a=0.25, C= —1.3—0.15i, and C’= +0.3—0.15i. 


With C slightly larger than, and the other parameters 
the same as for a carbon fit, a good match to the lithium 
data is possible (Fig. 10). 


Iv. CONCLUSIONS 


For the elements investigated it was not possible to 
fit the data with the usual type of optical model, which 
assumes an interaction proportional to the nuclear 
density, either with or without a diffuse nuclear surface. 
Using a Kisslinger model which includes an interaction 
term of the form V-(pVw) and modified as indicated in 
the text, it is possible to obtain agreement with the 
experimental results for reasonable values of the 
parameters involved. The data for various elements can 
be fit for very similar values of these parameters. 
Emphasizing carbon, good fits to the data were obtained 
for a smaller radius more in agreement with electro- 
magnetic methods of measurement than with nucleon 
scattering results. 
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A total of 93 045 x-y-e decays have been examined in Ilford G-5 plates, where both the x meson and the 
u-meson decays take place in the emulsion, in order to study the  — u+v+v7 decay. From the total number 
of short muon tracks thus found, all cases possibly due to pion decays in flight were eliminated. Accurate 
corrections were carried out taking into account the straggling effects on the normal muons, so as to establish 
a safe upper limit in the anomalous muon range determination. After carefully correcting for the geometrical 
losses and experimental biases, the value (1.24+0.25)X10~ was obtained for the probability of a pion 
decaying into a muon whose track is shorter than 435 yu. This result is in fair agreement with the theoretical 


predictions on the pion radiative decay. 


1. INTRODUCTION 


HE experimental study of the r > u+v+y decay 
may be made advantageously with the nuclear 
emulsion technique. After several sporadic observations 
in nuclear plates of muon tracks shorter than those 
originating in r—>u+v decays, the only systematic 
search for muons of anomalous range was conducted by 
Fry.' From the analysis of 11 841 decays he concluded 
that not all the short muon ranges could be ascribed 
to m-meson decays in flight; so the existence of a 
radiative decay was established. 

We have studied this type of decay as part of a series 
of investigations? on the pion and muon decays in 
emulsion. The object was threefold; (1) to obtain a 
better value of the ratio (r > utvt+y)/(r—- utr) 
previously given by Fry as (3.341.3)X10~, (2) to 
obtain the muon energy spectrum in the radiative pion 
decay, and (3) to compare our results with the theo- 
retical predictions of several authors.’ To this end we 
have analyzed 93045 w-u-e decays in nuclear plates 
exposed to a pion beam. 


2. EXPERIMENTAL DETAILS 
2.1. Exposure, Scanning, Selection Criteria 


Seventy-two Ilford G-5 plates with glass backings, 
5 cm X10 cm X600 microns (u) were exposed to the 
pion beam of the Liverpool cyclotron, in four stacks of 
18 plates at a time. The geometry was chosen so that a 
pion would travel about 4 cm in emulsion before 
stopping, thus increasing its chances of being reliably 
measured. 


1W., F. Fry, Phys. Rev. 91, 130 (1953). 

2 Castagnoli, Franzinetti, and Manfredini, Suppl. Nuovo 
cimento 6, 441 (1957); Nuovo cimento 5, 684 (1957). C. 
Castagnoli, International Conference on Mesons, Padova, 
Venezia, 1957; Castagnoli, Manfredini, and Merrison, Nuovo 
cimento 9, 186 (1958); Castagnoli, Ferro-Luzzi, and Manfredini, 
Ricerca sci. 28, 1644 (1958). 

3H. Primakoff, Phys. Rev. 84, 1255 (1951); Nakano, Nishimura, 
and Yamaguchi, Progr. Theoret. Phys. Japan 6, 1028 (1951); 
T. Eguchi, Phys. Rev. 85, 943 (1952); G. E. A. Fialho and J. 
Tiomno, Anais acad. brasil. cienc. 24, 245 (1952); B. Joffe and 
A. Rudik, Doklady Akad. Nauk S.S.S.R. 82, 359 (1952); 
S. Kamefuchi and S. Oneda, Nuclear Phys. 6, 114 (1958); K. 
Huang and F. E. Low, Phys. Rev. 109, 1400 (1958). 


To simplify the scanning without slowing it down, a 
mean intensity of 1 2-4 decay per microscope field—over 
the whole thickness of the emulsion—was chosen. For 
the same reason, a total magnification of 6X26 was 
used (field diameter 750 «), so the normal-range muon 
could be entirely seen within one field, while both the 
ionization variation in the 7-4 decay and the electron 
track in the yu-e decay could be easily detected at sight. 

The scanners were expected (a) to count all a-u 
decays; (b) to count, out of these, all the decays whose 
muons came to rest in the emulsion; (c) to select all 
muons whose projected range was £425+20 yu, as 
measured with calibrated eyepiece micrometers. The 
2849 events thus selected were re-examined, and a first- 
approximation range was assigned. When this range was 
shorter than 500 yu, the true range was measured with 
the highest accuracy. The 87 events which survived 
these selections were considered ‘‘of anomalous range”’, 
and the w-u decay angles @ were measured to within 2°. 


2.2. Measurements 


Range measurements were carried out on a Koristka 
MS-2 microscope, with a total magnification of 9X 100. 
The MS-2 optics and mechanics are such that the main 
source of error in range measurements—namely, the 
determination of the z coordinate—is smaller than in 
other microscopes. A Leitz eyepiece micrometer was 
used, calibrated to within 0.3%. 

The range was measured by dividing the track into 
about 8 to 12 segments, depending on the number of 
large-angle scatterings, in order to reduce the smoothing 
effects. The horizontal and vertical coordinates of each 
segment were measured and due account was taken of 
the shrinkage effect. As just stated, the error originates 
mainly in the determination of the z coordinate, and 
varies from 5 u for nearly flat tracks to 20 u for tracks 
at about 40° angle with the plane of the emulsion. 

The reproducibility of the results was checked by 
having different observers repeat the measurement of 
some events. For flat tracks the agreement was to 
within 0.5%, and in all cases the results were consistent 
within the estimated error. 
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Shrinkage was taken equal to 2.0+0.1. It is to be 
noted that since AR/R= (sin?¢)AS/S, a 5% change in 
the mean emulsion thickness causes a 2% change, or 
less, in the mean range of tracks inclined with ¢< 40°. 

Ionization measurements were carried out by means 
of a semiautomatic apparatus described elsewhere.‘ 
The ionization in different plates was calibrated by 
measuring the tracks of 50 pions coming to rest in the 
emulsions, and analyzing the data by the method of 
least squares. The variable #—total gap-length per 
50-4 cell—was used in the analysis; in the energy region 
of interest, it is the variable most sensitive to changes 
in velocity. 

Multiple-scattering measurements were carried out 
on the Koristka MS-2 microscope. The usual constant- 
sagitta cell-scheme for pions was used. 


3. EXPERIMENTAL PROCEDURE 


Once the 87 2-4 decays of anomalous range had been 
selected, the following problems had to be solved: 


(1) to determine the number of anomalous ranges 
which could have been due to straggling effects; 

(2) to eliminate all cases which could be ascribed 
to a pion decay in flight with the muon emitted back- 
wards in the center-of-mass system; 

(3) to eliminate all cases in which a muon belonging 
to the beam background was scattered, simulating an 
anomalous m-y decay ; 

(4) to determine the experimental bias. 


We shall now discuss separately each one of the 
methods adopted to deal with the foregoing problems. 


3.1 Straggling Effects 


In order to determine the maximum acceptable 
range for an anomalous event, it is very important to 
examine the straggling effects closely. 

The total range straggling for muons is made up from 
the sum of several instrumental terms besides the Bohr 
straggling. Since our plates were practically distortion- 
free, we may suppose the distortion contribution to the 
straggling equal to zero. There remain the terms related 
to the microscopic distortions and heterogeneity of the 
material; the corresponding variance® in (microns)? is 
o,’=0.05R where & is the mean range. Finally, the 
observer introduces a variance o»” which we estimated 
by comparing several measurements of the same track, 
as explained before; we obtained on°5X10% R 
(microns). 

From the physical point of view, the range straggling 
of nonrelativistic particles in homogeneous materials, 
as calculated by Bohr on the basis of the central limit 
theorem, has been re-examined by Lewis.* He observes 


4G. Baroni and C. Castagnoli, Suppl. Nuovo cimento 12, 364 
(1954). 

5 Barkas, Smith, and Birnbaum, Phys. Rev. 98, 605 (1955). 

6H. W. Lewis, Phys. Rev. 85, 20 (1952). 
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that most of the straggling is due to a small number of 
violent collisions. The range distribution will not be 
Gaussian in that case, sensibly favoring ranges shorter 
than the mean. One finds—taking into account also 
the electron binding, neglected by Bohr—an explicit 
formula for the mean range and for the higher moments 
of the range distribution. Integration of this function 
gives the probability that a particle belonging to a 
monochromatic beam with mean range FR will have a 
range shorter than R, as a function of R; as follows: 


F(x) -f ¢(x)dx+ o(x){ysH2(x) 


—[vsHs(x)+4ys°Hs(x)] 
—[rsHa(x)+-ysvsHe(x) +27 8Hs(x))]+---}, (1) 


where g(x) is the normal distribution with respect to 
the variable x= (R—R)/o, o? being the range distri- 
bution variance. H;(x) are the Hermite polynomials 
of ith degree, and the y; are coefficients depending on 
the physical conditions of the problem (absorbing 
material and mean ionization potential, mass, energy, 
and charge of the particle), and related to the momenta 
8; of the range distribution by means of y;=8,/i!B2!. 
For nuclear emulsions, the mean ionization potential, 
I, was taken equal to 335 ev. Similarly, the number of 
electrons per cm* was taken equal to 1.052 10". For 
o the values 25 « and 27 uw were adopted: the first one 
is the theoretical prediction with the aforementioned 
choice of parameters and agrees with the experimental 
determinations by several authors’; the second one, 
more conservative, has also been obtained in some 
experimental determinations.* On the basis of measure- 
ments performed by various authors and by ourselves, 
we assumed R= 602 u. 

Table I shows the result of these calculations. It is 
clear that, over the total number of decays examined 
by us, we should expect, in the more conservative 
case, 16 events with ranges between 475 and 500u 
due to straggling effects, while the normal distribution 
predicts only 6. Between 450 and 4754 we should 
expect 0.6 event, while the normal distribution predicts 
just 0.1. 


TABLE I. Integral straggling and normal distributions. 





Integral straggling _ Integral normal distri- 

Masa distribution F((R —R)/c) bution G((R —R)/e) 
range R=602y R =600 » R =602 » R =600 w 
R (in yz) o=27 4 o=25 o=274 o=25 4 





1.0X10~° 
2.8X10-7 
3.0X10~* 


9.0X 10° 
1.3K 10° 
7.8X10-° 


1.1X10-* 
1.5X10~¢ 
8.2X10-* 


450 5.5X 10~* 
475 6.0X 10-6 
500 1.7X10~ 











7 Bacchella, Berthelot, di Corato, Goussu, Levi-Setti, René, 
Revel, Scarsi, Tomasini, and Vanderhaege, Nuovo cimento 4, 
1548 (1956). 





EXPERIMENTAL RESULTS ON RADIATIVE 


On account of these calculations, it was decided to 
consider “anomalous” all muons with range shorter 
than 475 yu. 


3.2 Ionization Measurements 


In order to establish the true nature of a presumably 
anomalous decay on the basis of ionization measure- 
ments, the following procedure was adopted. From the 
m-u junction, provided the dip angle was less than 30°, 
the total gap-length per 50-u cell, Z, was determined. 
The values thus obtained, corrected for the inclination 
of the track, were plotted versus R/M (in u/m,) as 
abscissa. This was done firstly assuming the track to be 
due to a pion at rest and secondly assuming it to be due 
to a muon just before a large-angle scattering. Typical 
cases in which the first or second hypothesis, respec- 
tively, was verified on account of the goodness of fit 
to the mean-square calibration straight line, are shown 
in Figs. 1(a) and (b). It is evident that the method can 
be used, in some cases, to distinguish a pion decay at 
rest from a decay in flight. However, the method is not 
always sensitive enough to elucidate conclusively the 
nature of an event. A typical dubious case is shown in 
Fig. 1(c) for the two hypotheses, x meson at rest and 
m meson in flight with 80-u residual range. 
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100 -— = 
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average 








Fic. 1. Ionization analysis. (a), (b): Pion at rest (——) or muon 
scattering (---). (c): Pion at rest (——) or decay in flight (---). 
The straight line is the least-squares calibration on 50 normal 
pions at rest. 
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TABLE II. Multiple scattering measurements. 


(a) Possible decays in flight 
Pion residual 


range R (if X (u) 
in flight) («) Xo=Ou Xo=500y 


Event 
No. Remarks 


—96 
—91 


w at rest 
may be decay in 
flight 
mw at rest 
mw at rest 

mw at rest 


40 25 — 16 
49 25 7 


— 500 
— 103 
— 685 


30 200 3 
38 200 1 
65 320 —7 





(b) Possible u-meson scatterings 


Muon residual 
range R (if 
Event -meson scatter 
No. ing) (m) 


60 253 66 
63 314 744 
75 329 
2 383 
22 472 
Probable error 


X (x) 
Xo=On Xo=500yu 


Remarks 


ambiguous result 
ambiguous result 
ambiguous result 
not w-meson scattering 
not w-meson scattering 


3.3. Multiple-Scattering Measurements 


In some cases, constant-sagitta multiple-scattering 
measurements of the presumed x meson could give an 
indication of whether the track belonged to a particle 
at rest or not. To this end, the measurements were 
analyzed according to a method devised in our labora- 
tory.* Suppose that the particle decays in flight with a 
residual range X and that, ignoring this fact, a constant- 
sagitta measurement is performed using the usual pion 
cell scheme. Then, the residual range at the ith cell 
will be R;+X, so that instead of Do=kf(M), the 


theoretical set of second differences will be given by 


R; 116 2 43 
og! ae 
Ri+X Dé? 


where ¢ is the noise. Now, assigning a first-approxi- 
mation residual range Xo to the track, and putting 
X=Xo+x, it is possible to find x by adjusting the 
experimental set of second differences A; to the theo- 
retical set by means of the method of least squares. 
The result is 


D(X) = Dj 


3 A,D/D?-> D{D> 
> (D,'D;)? 
+0.75(—D(D/D-)"}, (3) 


where D/= dD;/dX | X =Xo. 

The first-approximation residual range Xo, in our 
case, could assume one of the following values: (a) 
zero; (b) a value given by the dynamics of the decay 
in flight; (c) the range of the decay muon. In this latter 
case, of course, Do will be the constant second difference 





xto(x)= 


§ Baroni, Cortini, and Manfredini, Nuovo cimento 1, 473 (1955). 
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TABLE III. Data for some decays in flight. 








(a) Probable decays in flight 

Probability of 

decay within 
Rr (X105) 


10 +2 
5.5_,*8 
7.0+2 
3.541 


Pion residual 
range Rr (uz) 


80_25*” 
34_, 47 
45_15*™ 


18_,*9 


(b) Dubious cases 


R (x) 6 


Event 
+2° 


No. +10 yu 


50 434 82° 
51 439 88° 
53 472 84° 
54 473 90° 








Muon range 


Event 
No. (u) Remarks 





59 208 
60 253 


ambiguity in ionization measurement 

ambiguity in ionization and scattering 
measurements 

nonmeasurable pion 

ambiguity in ionization measurement 

ambiguity in ionization measurement 

x- junction not clearly identifiable 


61 286 
62 293 
oF 451 
65 466 











for a muon—and not a pion—at rest. Table IT sum- 
marizes the data of the events thus treated. 


3.4. Pion Decays in Flight 


A m-u decay in flight may simulate an anomalous 
decay if the muon is emitted backwards in the center-of- 
mass system. By comparing the kinematically expected 
value of the pion velocity at decay with the value 
obtained from ionization measurements of the pion 
track, it is often possible, when the pion residual range 
is not too small, to distinguish the decay in flight from 
that at rest. Since ionization measurements cannot 
detect range differences under 100 y, it is well to calcu- 
late the probability of a pion decaying within the last 
100 u of its expected range. This probability is 1.2 10~. 
Considering the angular distribution of the muons, for a 
population of 93 045 events one expects about 6 short 
muon tracks due to w-meson decays in flight. We have 
indeed found 7 such events, four of which are listed 
in Table III, being of range shorter than 475 uy. 

On the other hand, when the residual pion range 
R, is very short, it is possible to distinguish the two 
cases by considering the probability of the decay in 
flight. Indeed, the probability of a pion decay in flight 
with R< 154 is less than 3X10~*, rather small com- 
pared to the probability of the anomalous decay. 

It is indicative, and a simple calculation shows, that 
with a tolerance of 5° on the decay angle @ and of 10 u 
on R, and assuming the present theories on the pion 
radiative decay to be valid, the probability that an 
actually anomalous event simulates a decay in flight 
with residual range R< 15 is less than 6X10; no 
such case is to be expected within our population of 
~10° events. 


3.5. Geometrical Losses and Experimental Bias 


In order to calculate the branching ratio of radiative 
to normal pion decay, and to obtain the form of the 
muon range spectrum, it is necessary to examine 
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carefully the various geometrical losses and experi- 
mental biases. We have considered the following factors. 


(1) Finite dimensions of the emulsion—Very simple 
geometrical arguments lead to the following formula 
for the fraction ga(R) of muons of range R<d entirely 
contained within a plate of thickness d: 


c(R)=1-— (1-= Jawa 


0 


d—z R 
+(1-—*)a@-2|de=1-— (4) 
R 2d 


ga(R)=1—(1/d) fo® [1— (2/R) ]dz=1—(R/2d). For the 
normal muon range and d=600yu, ga(R)=0.5. Our 
93 045 events in emulsion have been selected from a 
total of 186 046 decays, the ratio of these two numbers 
being indeed 0.5. 

(2) Scanning and measurement cutoffs—Since the 
scanners were told to pick an event if its projected 
range was ©4254, it is evident that an event with 
actual range R will be picked only if it is sufficiently 
inclined to satisfy such condition. Furthermore, the 
range of any given event can be reasonably determined 
only if the dip angle is not larger than about 65°. Then 
the probability of recording and measuring an event 
recognized as a w-y-e series of decays is given by 


g,(R)=0.9[1—8(a) cosa], (5) 


where a=arcsin(425/R), and 6(a)=1 for 425< R< 600 
and zero otherwise. 

(3) w-meson scatterings. An important question to 
be settled is how to fix the minimum range detectable 
(for the maximum one, the considerations made on the 
straggling effects apply). A background y-meson 
scattering may simulate a very short-range anomalous 
u meson; in that case, the changes in ionization in- 
volved are too small to elucidate its nature. On the 
other hand, the number of u-meson scatterings with 
angle greater than a certain minimum cutoff is, for 
such short residual ranges, far greater than the expected 
number of anomalous events. The estimate is as follows. 
The probability of an anomalous decay with 
50< R<150 uw is, according to theory, of the order of 
0.6X10~. The probability of a muon scattering with 
the same residual range, experimentally determined by 
us on 870 x-y-e events (cutoff at 25°, minimum residual 
range 50; total number of scatterings found, 77; 
see Fig. 2), is of the order of 3.7X10-*. Since the back- 
ground muon contamination of the pion beam, as 
measured by us, is nearly 4%, the probability over the 
same population of events is 1.5 10~*. So practically all 
the events of this type which have been observed may 
be attributed to u-meson scatterings. We have therefore 
assumed as a lower limit for our experimental range 
spectrum of the anomalous muons the value R= 150 yu. 
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For 150<R<475 yu there remains the problem of 
estimating the number and ranges of anomalous events 
lost in the scanning on account of their resemblance 
to u-meson scatterings. We have empirically estimated 
this correction as a function of the residual u-meson 
range, g,(R). It varies from 0.4 at R=150 wu to 1.0 at 
R= 450 u. 

The over-all geometrical and experimental bias 
correcting function will then be given by 


g(R)=ga(R)ge(R)g.(R). 
4. CONCLUSIONS 
4.1. Experimental Results 


An event of anomalous range was defined to be 
“of dubious nature’ when (a) the measurements 
performed on it gave ambiguous results; or (b) the 
measurement of two different parameters (like ioni- 
zation and multiple scattering) gave conflicting results; 
or (c) the decay in flight of the pion could not be 
excluded; or (d) contingent reasons did not allow 
reliable measurements to be performed. The rest of the 
events of anomalous range shorter than 475 were 
attributed, according to the considerations of the 
preceding section, to radiative pion decays. The 
following 26 ranges (in uw) belong to the muons origi- 
nating in radiative pion decays found by us: 342, 383, 
396, 418, 418, 421, 425, 425, 441, 445, 445, 446, 448, 
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Fic. 2, Muon scattering probability in emulsions versus 
residual range (@>25°; R250). 
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Fic. 3. Feynman diagrams for radiative pion decay. 


461, 461, 465, 467, 468, 469, 471, 471, 471, 472, 


5 


457, 
473, and 474. Table III lists the 6 dubious cases found. 


4.2. Theoretical Discussion 


The —>yu+v+y7 process has been treated theo- 
retically by various authors.’ The results of the complete 
theory, allowing for a general structure of the x > w+v 
vertex, are reported by Kamefuchi and Oneda in terms 
of many unknown functions of the energies and angles. 
Comparison with such a theory is of course impossible. 
However, we show in the following that it is reasonable 
to expect that the results of the complete theory are 
fairly accurately approximated by those of Joffe and 
Rudik, and of Fialho and Tiomno, which are calcu- 
lated for a r—>u+v point interaction of gradient or 
nongradient type. 

The diagrams contributing to r—u+v+y are of 
three different kinds (Fig. 3). The black box is that for 
the process r—> u+v. The contribution of diagrams I 
is proportional to (¢,‘"&), where ¢,‘* is the pion 
momentum and & the polarization vector of the y ray. 
These contributions may be made to vanish if one 
chooses the gauge for which (¢,‘*’&)=0. Diagrams of 
group II cannot be evaluated without a detailed 
knowledge of the structure of the black box. In such 
diagrams the photon is emitted from the virtual 
currents which are effective in the r > u+v. Diagrams 
III are diagrams of internal bremsstrahlung, and can be 
expressed as products of the > u+v amplitude by a 
standard electrodynamical factor. If we indicate the 
set of Fermi couplings by S, P, T, V, and A, it is 
apparent that only those terms which contribute to 
x—yut+v, namely A and P, can contribute to the 
internal bremsstrahlung diagrams III. Furthermore it 
can be shown that only V, A, and T can contribute 
to the structure-dependent diagrams II, while S does 
never contribute to the decay. Cutoff calculations show 
that the structure-dependent contributions from II are 
presumably smaller than the contributions from III, 
the largest term being that coming from 7, which, 
however, is still negligible as compared to the internal 
bremsstrahlung terms in the limit of a large cutoff. 
Contributions from diagrams II are effective only in 
the lower-energy portion of the spectrum, since the 
upper portion of the spectrum is dominated by the 
internal bremsstrahlung terms. We therefore expect 
that most of the possible deviations from the predic- 
tions from III alone would be appreciable only below 
our cutoff at 150 yu, discussed in Sec. 3.3. The relevant 
point is that the internal bremsstrahlung contributions 
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Fic. 4. Theoretical and experimental values of 
the (x — wt+v+y)/(x > w+) ratio. 


are independent of the structure of the black box for 
x—>y+v. They can be calculated, for instance, by 
replacing the black box by an effective local interaction. 
Such interaction can be of gradient or nongradient 
type, or a mixture of both. However, a nongradient 
interaction may be reduced to a gradient interaction 
by the equivalence theorem. Therefore the theoretical 
prediction will be unique (apart from an undetermined 
constant expressing the rate of t—>y+yv) and the 
spectrum obtained will be exactly the same as that 
given by Joffe and Rudik and by Fialho and Tiomno. 
Alternatively, one may take advantage of the present 
indications of the absence of T in a universal Fermi 
interaction, and thus again exclude the only appreciable 
contribution from diagrams II. We have therefore 
compared our experimental results with the spectra 
given by Joffe and Rudik and by Fialho and Tiomno. 


4.3. Discussion of Results 


Joffe and Rudik, and Fialho and Tiomno, carry out 
a perturbation treatment of the pion radiative decay 
and obtain® 





4P, E ( E+P -) 
n — 
E,—E P m E 

Ex—-E (E+P)M-,'* 

+ In | 6) 
P (E—P)M—? 

where £ and P are, respectively, the energy and mo- 
mentum of the muon, with maxima Ey, and P» corre- 
sponding to the normal decay; and / is the probability 
of the normal decay. This differential energy spectrum 


 ? 
f(£) ~~ 
2r P?é 





® The spectrum given by Fialho differs appreciably from that 
reported by Joffe and Rudik. If a couple of misprints in the former, 
and a missing factor 4 in the latter are taken into account, and 
the same values of the masses are used, the two coincide. 
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was transformed into an integral range spectrum 
F(R) (Fig. 4), by integrating graphically and using 
the usual range-energy relation. The experimental 
spectrum, on the other hand, including the 6 dubious 
events, was modified according to the bias-correcting 
function g(R). 

The errors shown in Fig. 4 are only statistical. In the 
same figure we have included the experimental point 
obtained by Fry.! 

The following conclusions may be drawn from the 
figure. 

(1) Considering only those events with R<435 y, 
the agreement of experiment with theory is fairly 
good. Indeed the theoretical branching ratio F(R 
=435 yu) is in this case 0.79X10~, and our result is 


(x ptvty)/ (x uty) = (1.24+0.25) x 10. 


Also the general form of the experimental spectrum 
up to 435 4 may be considered in agreement with the 
theory, in view of the uncertainties on the bias-correct- 
ing function g(R). 

(2) If the cutoff value for R is taken as 475y, a 
discrepancy arises between theory and experiment 
which, we believe, may be ascribed essentially to three 
causes: firstly, a possible underestimation of the 
straggling effects (as is seen in Table I, a small change 
in the cutoff value of R in this region causes a relatively 
large change in the straggling contribution to the 
spectrum); secondly, the fact that our correction for 
the experimental and geometrical bias, and especially 
the function g,(R) of Sec. 3, begin to have a rather 
large influence at these values of R, just where the 
spectrum /(R) rapidly increases. These two effects, on 
the other hand, are not felt at values of R€455 yu; 
thirdly, an actual physical effect. If this were the case, 
the disagreement, both in the shape of the spectrum 
and in the total probability, would suggest the possi- 
bility that the structure-dependent terms contribute 
appreciably. Furthermore, any deviation from the 
theoretical spectrum chosen for our comparison would 
allow a conclusion to be reached on whether the 
x—u-+y interaction is to be regarded as direct, or as 
indirect via the formation and subsequent annihilation 
of baryon-antibaryon pairs. 

In view of the aforementioned alternatives, we think 
it is difficult at present to reach such conclusions. If 
the interaction is indeed of the indirect type, a reliable 
observation would require a much improved statistics, 
which seems very difficult to obtain at present. 
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The effect of a complex spin-orbit coupling on the polarization in elastic nucleon-nucleus scattering has 
been investigated for the particular case of 150-Mev protons scattered from emulsion nuclei (Ag, Br, average 
Z=A41). The calculations were carried out for a fixed central potential V and a fixed real part U, of the 
spin-orbit coupling, and with a variable imaginary part U; of the spin-orbit coupling. It was found that 
the maximum polarization Pmax inside the first diffraction peak increases somewhat with increasing U; 
(from 0.55 for U;=0 to 0.76 for U; with maximum value U;,max=1.0 Mev on the surface of the nucleus). 
The small negative values of the polarization P in the small-angle region of Coulomb scattering (P~—0.02) 
and the large negative values of P in the region of the first diffraction minimum are rather insensitive to 
changes of U;. Calculations have also been carried out for the polarization of 150-Mev protons scattered 


from carbon and lead. 


I. INTRODUCTION 


T has been suggested by several authors! that the 

nucleon-nucleus spin-orbit coupling’ may have a 
small imaginary part, in addition to its presently well- 
established real part. Thus the spin-orbit coupling 
would be given by 


Ul-e= (U,+iU,)1-e, 


where I is the angular momentum, and @ is twice the 
spin of the incoming nucleon; U, and U;, are the real 
and imaginary parts of U, respectively. The real part 
U, is negative. From previous work,‘* it was found 
that the maximum value of |U,| to be denoted by 
U,, max is of the order of 1 Mev, which is attained on 
the surface of the nucleus. 

In the present paper, we have investigated the effect 
of a term U; on the polarization P in the elastic scat- 
tering for one particular case, namely 150-Mev protons 
scattered from emulsion nuclei (Ag, Br). The motiva- 
tion for this work was twofold: (1) In the region of the 
first diffraction minimum, the polarization P is very 
sensitive to details of the nuclear potential used in the 
calculations. It is therefore desirable to obtain the 
dependence of the minimum of polarization Pin in this 
region on the value® of U;. (2) At very small angles, 
in the region of the Coulomb scattering, the calculated 
P becomes negative. Some preliminary measurements 
by Feld and Magli¢’ at the Massachusetts Institute of 


(1) 
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(1956); Bjorklund, Blandford, and Fernbach, Phys. Rev. 108, 
795 (1957). 

3 For a general discussion of the spin-orbit coupling and for 
references to earlier work, see L. Wolfenstein, Annual Review of 
Nuclear Science (Annual Reviews, Inc., Stanford, 1956), Vol. 6, 

. 43. 

‘ 4R. M. Sternheimer, Phys. Rev. 97, 1314 (1955). 

5 R. M. Sternheimer, Phys. Rev. 100, 886 (1955). 

®H. A. Bethe, Ann. Phys. 3, 190 (1958). 

7B. T. Feld and B. Magli¢ (private communication); and 
Proceedings of the Padua-Venice Conference, September, 1957, 
Chap. XVI, p. 1 [Supp]. Nuovo cimento (to be published )]. 


Technology (MIT) have indicated that for 150-Mev 
protons on emulsion, the polarization is indeed negative 
at small angles. These MIT results led us to use the 
particular parameters: protons of energy T= 150 Mev, 
on emulsion nuclei (Z=41=average of Z for Ag and 
Br). In addition to these two regions (Coulomb and 
diffraction minimum), it is also of interest to determine 
the dependence of the maximum polarization Pmax 
(inside the first diffraction peak) on the value of U;. 


II. CALCULATIONS 


The calculations were carried out by means of the 
WKB approximation, as previously used in references 
4 and 5. For the central potential V= V,+iV;, we used 
the Woods-Saxon’ radial dependence. Thus 


VatiVy 


V=V,+iV = 
1+exp[(r—r0)/a] 





(2) 


where Vz and V, are constants; r is the distance from 
the center of the nucleus; the rounding parameter a 
was taken as*® a=0.50X10-" cm. For the nuclear 
radius ro, following the results of reference 5, we used 
ro= 1.2344X10-" cm. With an average 4=94 (Ap; 
=80; Aa,=108), this gives ro>=5.60X10-" cm. Fol- 
lowing reference 5, we used Vp= — 15 Mev; K= —kV;/ 
T=3.5X10" cm, where & is the wave number and T 
is the kinetic energy of the protons. From the value of 
Vr, one finds k}= 1.4 10” cm—. 

The real part of the spin-orbit coupling U, was taken 
proportional to (1/r)(dV/dr) : 


" e] exp[(r—ro)/a] 
r} (itexp[(r—r)/a]}® 


U,= 





where Ux is a positive constant. Since the maximum 


® See also Alphonce, Johansson, and Tibell, Nuclear Phys. 4, 
643 and 672 (1957); Hillman, Johansson, and Tyrén, Nuclear 
Phys. 4, 648 (1957). 

*R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 
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Fic. 1. The functions G;=U;/U;, max for Ui, max=0.5 and 1.0 
Mev plotted against the distance r from the center of the nucleus. 
The functions G-=|U,|/U+, max and F=V,/Vr=V;/V, are also 
shown. All of the curves pertain to a Woods-Saxon potential 
with ro=5.60X 10" cm, a=0.5X 10-8 cm (Z=41). 


of |U,| occurs approximately at r=ro, we have Ur 
=4U,, max. Throughout the calculations, we used U,, max 
=1 Mev.' In Eq. (3), the artificial singularity of U, 
at r=0 due to the 1/r factor was effectively removed 
in the calculations, by assuming that U, is constant 
(and ~0) for r<10-" cm (see Fig. 1). A similar 
procedure was used for U; (see reference 5, footnote 21). 

In a relativistic treatment, the equation V;>= — 7K/k 
is replaced by 


Vi=—Kep*/(2kE), (4) 


where E is the total proton energy (including the rest 
energy), and # is the proton momentum. With K=3.5 
X10" cm, k=2.787X 10" cm", cp?=0.304 (Bev)’, 
and E= 1.088 Bev, one obtains V;= —17.5 Mev. 

The calculations were carried out for three choices 
of U;, corresponding to U;, max=0, 0.5, and 1.0 Mev. 
Here U;, max is the maximum value of the potential 
U;(r), which is attained on the nuclear surface, near 
r=ro. Of course, U;, max=0 corresponds to U;=0, i.e., 
purely real spin-orbit potential. For the two cases with 
U,(r)#0, we assumed that U; is proportional to 
(1/r)(dV/dr), in similarity to U,, 


ir (2) exp[(r—10)/a] 
ONT texpl(r—r)/a]y” 


T 


(5) 





(U;=constant~4U;, max), except for the following 
modification for r>ro, which will now be discussed. 

The imaginary part U;,,+ of the complete potential 
for the protons with j=/++43 is given by 


U, t=V 41 = —|Vi| +i, (6) 


where |V,| and U; are positive functions of r. As was 
pointed out by Heckrotte,' U, ;+ must always be nega- 
tive, so that it shall correspond to absorption of protons 
from the incident wave. This places a restriction on U; 
for large r, where |V;| is relatively small, whereas 


l(~kr) can be large, so that JU; as given by Eq. (5) 
would exceed | V;|. For this reason, the dependence of 
U; on r given by Eq. (5) had to be modified for large r 
(in the case U;, max=1 Mev, already for r>3.5X10-" 
cm). Figure 1 shows the radial dependence of U; used 
for Uj, max=0.5 and 1.0 Mev. For comparison, the 
radial dependence of U,, which is given by Eq. (3), is 
also shown in Fig. 1. The curves shown in Fig. 1 
represent G,=|U,|/U,;,max and Gy=U/U;, max. An 
additional curve in Fig. 1 shows the Woods-Saxon 
function F=V,/Ve=Vi/Vr={1+exp[(r—10)/a }} 
[see Eq. (2) ]. 

The phase shifts 6;* and 6; for 7=/+4 are obtained 
in the usual manner,‘ 


6;+= k,A (y)+1L F maxB(y) 
+4if KA (y) —Il fi maxC (¥) ], (7) 


67> = kA (y)— (14+-1) U 4, maxB(y) 

+4i[KA (y)+ (14-1) Ui, maxC(y)], (8) 
where y= (/+-4)/k; A(y), B(y), and C(y) are integrals 
over the radial parts of V,, U,, and U;, respectively. 
A(y) and B(y) are essentially the same functions as in 
reference 4. We have 


A(y)= f dx{1texpl(r—ro)/a})*= f Fdx, (9) 
0 0 


B(y) = (k/2T) f Geax, (10) 


C(y)=(k/T) f Gaz, (11) 


where x= (r?—y*)4; F, G,(=|U,|/U +, max), and G; 
(=U./U;, max) are the functions shown in Fig. 1. In 
the relativistic case, the factor 1/7 must be replaced 
by 28/(cp*). 

From Eqs. (7) and (8), we can define an effective 
absorption coefficient K;+ and K; for j7=/+} and 
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Fic. 2. The polarization P of 150-Mev protons scattered from 
niobium (Z=41) as a function of the center-of-mass scattering 
angle 0, for three values of U;, max. 





EFFECT OF A COMPLEX SPIN-ORBIT 


j=l—}, respectively, as follows: 
K,tA (y) =KA (y) med WW, max (9); (12) 
KyA (y) =KA (y)+ (i+ 1) U;, mas (y) ° (13) 


As indicated by the notation, K;+ and K; are functions 
of / (or of y), corresponding to the presence of / and 
(1+1) on the right-hand sides of Eqs. (12) and (13), 
and the different radial dependences of the central 
potential V; and the spin-orbit coupling Uj. 

The Coulomb scattering was included in the same 
manner as in references 4 and 5, assuming a uniform 
charge distribution inside a sphere of radius ro=5.6 
X10-* cm, with Z=41. 


Ill, RESULTS 


The results of the calculations are shown in Figs. 2 
and 3. Figure 2 shows the polarization P as a function 
of the center-of-mass scattering angle 6 for U;, max=9, 
0.5, and 1.0 Mev. Figure 3 shows the corresponding 
average differential cross section (do/dQ) for an un- 
polarized incident beam. 

Figure 2 shows several features of the dependence 
of P on Uj. 

(1) The polarization P in the Coulomb region (@~ 2°) 
does not decrease below ~—0.02. Of course, it is 
realized that we have investigated only one set of 
parameters V,, V;, and U,. Possibly with a different 
set (V,, Vi, U,), the minimum of the polarization would 
be appreciably decreased. However, this seems rather 
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Fic. 3. The differential cross section (de/dQ) averaged over 
spin directions, for 150-Mev protons scattered from niobium 
Z=41) as a function of the scattering angle @, for three values 
of Ui, maz: 
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unlikely. The values of V,, V;, and U,, which have been 
used here® are reasonably well established by experi- 
ments on the elastic scattering and polarization, and 
on the total absorption cross section @abs. 

(2) The maximum polarization Px inside the first 
diffraction peak increases with increasing U; (from 0.55 
for U;=0 to 0.76 for U;, max=1 Mev), and the angle 
§max at which the maximum P,,,4x occurs also increases 
(from 8.4° for U;=0 to 10.4° for Ui, max= 1 Mev). 

(3) The minimum polarization Pin at the first 
diffraction minimum of the cross section decreases with 
increasing U; (from —0.36 for U;=0 to —0.57 for 
Ux, max=1 Mev). The angle @ni. for which P attains 
its minimum value Pin increases slightly with increas- 
ing U; (from 13.7° to 14.1° in going from U;=Oto Ui, max 
=1 Mev). 

On the whole, the changes (2) and (3) are not very 
drastic. In particular, an increase of U; does not fill in 
the minimum of the polarization at @~ 14° obtained for 
U,;=0. On the contrary, Pmin is decreased, although 
the angular spread of the minimum of P becomes 
somewhat narrower. 

It should be noted that all calculations were carried 
out keeping V,, V,, and U, fixed. If we were fitting 
experimental values of o,», and of the scattering and 
polarization, it would be necessary to vary some or all 
of the parameters as U; is changed. 

In the calculations, we have neglected the small 
relativistic spin-orbit coupling due to the interaction of 
the proton magnetic moment with the Coulomb field 
of the nucleus, which has been investigated by Heck- 
rotte.! Since this effect is proportional to the proton 
kinetic energy, the correction AP to the polarization 
will be about one-half of the effect calculated by 
Heckrotte,! and therefore only a few percent (T= 150 
Mev, as compared to 300 Mev in reference 1). 

It may also be noted that we have restricted the 
calculations to positive values of U;. As was shown by 
Heckrotte,' negative values of U; would give disagree- 
ment with the small-angle data for 300-Mev protons 
scattered elastically from carbon. Furthermore, the 
qualitative features of the curves of P and (do/dQ) for 
small negative U; can probably be obtained by an extra- 
polation of the results shown in Figs. 2 and 3. 

The total absorption cross section caps is given by 


Im 
Tabs= (n/R*) {(/4+-1)[1—exp(—2K,+A)] 


+1[1—exp(—2Ki-A)]}}, (14) 


where K,;*+A and K;-A are given by Eqs. (12) and (13). 
One thus finds ¢,5.= 1011, 944, and 880 mb for U;, max 
=0, 0.5, and 1.0 Mev, respectively. The decrease of 
Tabs With increasing U; is due to the fact that VU, ;*+ is 


” Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 100, 947 (1955). 4 
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Taste I. Values of the polarization and the scattering and 
absorption cross sections for 150-Mev protons scattered from Ag 
and Br nuclei. 
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—0.023 
0.76 
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—0.36 —0.51 —0.57 
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1011 944 880 
0.23 0.11 0.09 


—0.009 
0.55 
8.4° 


—0.019 
0.69 
G7" 


(do /dQ)min(barns/sterad ) 


reduced to ~0 for large / as U; is increased [Eq. (6) ]. 
As a result the protons with j7=/+3 are essentially not 
absorbed for large / (215), thus leading to a decrease 
of the part of os», due to 7=/+}4. This decrease is 
only partially compensated by an increase of the part 
of gaps due to 7=/—}, thus resulting in a net decrease 
of the total caps. If we were fitting an experimental 
value of a4», of ~ 1000 mb, we could use either U;=0 
and | V;|=17.5 Mev, or Ui, max=1 Mev, with a some- 
what larger |Vz| so as to obtain again o4p.= 1000 mb 
(instead of 880 mb for | V;|=17.5 Mev). 

Figure 3 shows that the first diffraction minimum 
becomes deeper as U; is increased. The values of 
{do/dQ) at the minimum are 0.23, 0.11, and 0.09 
barn/sterad for Uj, max=0, 0.5, and 1.0 Mev, respec- 
tively. In the other regions (Coulomb region, first and 
second diffraction maxima), there is little change of the 
curves of (do /dQ) as U;, max is increased from 0 to 1 Mev. 

As a summary of the preceding results, Table I lists 
the values of the following quantities for the three 
choices of U;: the polarization at @= 2°: P(2°), which 
is near the minimum value in the Coulomb region; 
Pmax and the corresponding @max; Pmin ANd Omin} Tabs 
and (do/d)min, the value of (do/dQ) at the first diffrac- 
tion minimum. 

Note added in proof—We have also carried out 
calculations of the polarization for 150-Mev protons 
scattered from carbon and lead, using essentially the 
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Fic. 4. The polarization P of 150-Mev protons scattered from 
carbon as a function of the scattering angle 6, for three values 
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same parameters as given above for Z=41. Thus we 
assumed a Woods-Saxon type potential [Eq. (2) ] with 
ro=1.23A41X10-8 cm (=2.82X10-" cm for C, 7.28 
X10-" cm for Pb), and a=0.50X10-" cm. For the 
central potential, we used the same parameters as for 
Z=41: Vr=—15 Mev, Vr=—17.5 Mev (correspond- 
ing to K=3.5X10" cm~). For the spin-orbit coupling 
[ Eqs. (3) and (5) ], we used again a negative real part 
with maximum absolute value U,, nax= 1 Mev. For the 
imaginary part, three choices corresponding to Uj, max 
=0, 0.5, and 1.0 Mev were considered (as for Z=41). 
For carbon, the function G; for Uj, max=0.5 Mev was 
practically identical with G,, whereas for Ui, max=1.0 
Mev, it was necessary to take G; somewhat smaller 
than G, for r>3X10-" cm, in order to satisfy the 
condition U,, + <0 [Eq. (6) ]. For lead, similar modifi- 
cations of G, were also required to obtain the functions 
G; for Uj, max=0.5 and 1.0 Mev. 

















g 
3 
e 





4 














rl 
8 10 12° 1g 20° 
SCATTERING ANGLE @ 





Fic. 5. The polarization P of 150-Mev protons scattered from 
lead as a function of the scattering angle 0, for three values 
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The calculated polarization P for carbon is shown in 
Fig. 4. In this case, the first diffraction minimum of 
(da /dQ) is located at 6= 28°. The maximum polarization 
Pax in the region of the main diffraction peak increases 
with increasing U;,max from Pmax=0.73 for U;=0 to 
Pinax= 90.99 for U;, max=0.5 and 1.0 Mev. 

Similarly to the behavior of (da/dQ) shown in Fig. 3, 
the average cross section (do/dQ) for carbon is relatively 
insensitive to U; in the region of the diffraction maxi- 
mum, but increases rapidly with Uj, max in the region 
of the minimum. Thus (do/dQ)min increases from 
4.0X10~ barn/sterad for U;=0 to 1.45X10- barn/ 
sterad for Ui, max= 1.0 Mev. 

Figure 5 shows the calculated polarization P for 
150-Mev protons scattered from lead. In this case, the 
first diffraction minimum of P occurs at 6~9.5°, and 
the second minimum at ~ 20°. It may be noted that 
the maximum polarization Pmax in the region of the 
first diffraction peak is only 0.26 for U;=0 and 0.32 
for U.,max=1.0 Mev. These results are appreciably 





EFFECT OF A COMPLEX SPIN-ORBIT COUPLING 


smaller than the values 0.55-0.76 for Z=41 and 
0.73-0.99 for carbon. The decrease of Pmax with 
increasing Z (for fixed U,;,max and U;, max) appears to 
be due to the increased importance of the Coulomb 
scattering at @nax, which tends to suppress the polar- 
ization. For lead, the Coulomb scattering also has the 
effect of wiping out the first diffraction minimum of 
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(do/dQ) at ~10°. Instead of having a diffraction 
minimum followed by the second diffraction maximum, 
(do/dQ) for Us, max=0.5 and 1.0 Mev stays approxi- 
tnately constant from 10° to 14° ((do/d2)~10 barns/ 
sterad), whereas for U;=0, (do/dQ) has a slow uniform 
decrease in this region (from 12 barns/sterad at 10° 
to 8 barns/sterad at 14°). 
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Acceleration of Cosmic Radiation 


G. S. Murty anv R. K. Varma 
Tata Institute of Fundamental Research, A pollo Pier Road, Bombay, India 


(Received August 8, 1958) 


Alfvén’s model of discontinuous magnetic field variations for the acceleration of cosmic rays by the 
betatron mechanism has been generalized to continuous field variations, with special reference to sinusoidal 
fields. It is shown that the efficiency of this model is maximum when the “‘rate of randomization” is equal to 
the frequency of oscillation of the magnetic field. Also the maximum efficiency is comparable with those of 


Alfvén’s and Parker’s models. 


I. INTRODUCTION 


N a recent paper! Parker has reviewed the various 

versions of the betatron and the Fermi mechanisms, 
which according to him are the only possible mecha- 
nisms that can be invoked to explain the acceleration of 
cosmic radiation. Both the mechanisms assume (i) 
processes wherein the particle is accelerated in one or 
two of its three degrees of freedom (the former corre- 


sponds to the Fermi mechanism while the latter to the 
betatron mechanism) ; (ii) processes which subsequently 


tend to randomize the energy of the particle over all its 
three degrees of freedom. 

Alfvén,? in his version of the betatron mechanism, 
assumes for (i) a periodically varying magnetic field 
superposed over a constant magnetic field as is shown in 
Fig. 1. The momentum of a charged particle moving in 
such a field also varies reversibly according to the 
following relations: 

2/ = te 

pi?/ ' constant, (1) 

piu = constant, 
where p, and pj; are, respectively, the components of the 
momentum of the particle perpendicular and parallel to 
the magnetic field H. For (ii), Alfvén assumes a random 
distribution of small-scale inhomogeneities in the mag- 
netic field which scatter the charged particles moving 
through them. 

The choice of the particular form of the magnetic 
field made by Alfvén, viz., a long sojourn at the highest 
and lowest field values and a rather rapid transition 
from one to the other, allows for some mathematical 


1E. N. Parker, Phys. Rev. ors Togs (1958). 
?H. Alfvén, Tellus 6, 232 (19 


simplification. Alfvén assumes that negligible randomiza- 
tion takes place during transitions and randomization is 
complete before the next transition occurs. This enables 
him to compute in a simple way the effects of the field 
changes over a cycle and those of randomization inde- 
pendently. He shows? that in one cycle of variation of 
the magnetic field, the momentum of the particle in- 
creases by a factor 


EC) @ 


where & is the ratio of the maximum to the minimum 
field in the cycle. 

The assumptions of Alfvén are far too restrictive to be 
possible for any general form of the magnetic field. 
Randomization will have to be taken into account 
simultaneously with the magnetic field variation. It is 
the aim of the present note to study Alfvén’s mechanism 
for any general form of the magnetic field. In particular 
we shall choose a sinusoidal variation superposed over a 
constant part, i.e., 


H= Ho+ A, coswt, (3) 


where H;< Ho. 

A magnetic field of the form (3) can be realized by 
radial sinusoidal oscillations of a cylinder of ionized gas 
into which a uniform field Ho is frozen-in. It is, of 
course, assumed that the fluctuations are slow so that 
the corresponding field variations are slow enough to 
warrant the use of Eq. (1). Further, a background of 


3H. Alfvén, ““Magnetohydrodynamics and cosmic rays,” lec- 
tures on mathematics and physics, Tata Institute of Fundamenta] 
Research, Bombay, 1958, P. IIT, p. 3 
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small-scale inhomogeneities is assumed superposed over 
this field for purposes of randomization. 

The process of scattering of a charged particle by a 
magnetic inhomogeneity consists in changing its direc- 
tion of motion without changing the magnitude of its 
momentum. The net effect of the inhomogeneities is to 
randomize the momentum of the particle over the three 
degrees of freedom. The randomized state of the particle 
is described by 


pr=5P, and pi=$p". (4) 


Equation (4) expresses just the equipartition of the 
energy of the particle in its three degrees of freedom in 
the randomized state. The equipartition, it may be 
noted, cannot be brought about by the molecular colli- 
sions since the density of matter where our model is 
expected to operate is far too low. 

In the case of a departure from the randomized state 
of the particle defined by Eq. (4), we assume that the 
approach to the randomized state takes place at a rate 
proportional to the difference (p,°—3p*), where $7’ is 
the value p,” would have, at any instant of time, in the 
randomized state. The proportionality factor, C (say), 
is assumed to be a constant. It will not, however, be 
strictly so if the turbulence responsible for randomization 
is not stationary. Even if the turbulence is stationary, C 
may depend on the momentum of the particle. But for 
the present discussion we shall assume C to be inde- 
pendent of momentum. 


II. BEHAVIOR OF THE MOMENTUM 


With the quantitative assumptions made in the 
preceding section regarding the randomization, the 
behavior of the momenta p, and 9, of the particle in a 
varying magnetic field is determined by the following 
simultaneous differential equations: 


dH 


d 
slides =a Rlli hear ies, (5a) 
ue wt 


(Sb) 


d 
—pi?= +C(p2—Fp*). 
dt 


The first term on the right of Eq. (5a) takes care of 
the randomization while the second term accounts for 
the change in p,’ due to the magnetic field variation. 
The second of the above equations merely expresses the 
gain by the parallel component of the momentum, lost 
by the perpendicular component due to scattering. 

The solution (given in Appendix) of the above set of 
simultaneous differential equations in ,? and ,,*, for 
the magnetic field given by (3), furnishes the following 
expressions for p,* and ,,*: 


p2=A exp[f(a,8)wt]{1+ oscillatory terms}, 
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and 


a 
v= A exp f(a,8)wt |{1+oscillatory terms}, 
Pui 3/42a PLf(a,8)wt ]{1+0 ory terms} 


where A is a constant and a, 8 are defined as 


B -_ H,/ Ho. 


a=C/w, 


Both p,? and p,,? thus increase exponentially with time, 
with the same exponent, and hence does ’. One can see 
that 


3f+3a 
p= A exp[_f(a,8)wt {1+ oscillatory terms}. 
3f+2a 
The oscillatory terms merely make #’ oscillate about the 
exponential variation, and are of no interest to us. 
Ignoring the oscillatory terms, we note that the ratio 


p:?/pi?= (3f+2a)/a 


tends to 2 as a, since f—0 in the same limit. This 
shows that the momentum is always randomly dis- 
tributed in the three degrees of freedom in the case of a 
dense distribution of inhomogeneities. 


III. VARIATION OF THE FUNCTION f(e,3) WITH a 


The examination of the behavior of the function 
f(a,8) with a brings out certain important points. The 
function x f(a,8) is calculated to the accuracy of §*, and 
is plotted against a for various values of 8 (0.2, 0.3, 0.4, 
and 0.5) in Fig. 2. The graph shows that mf(a,8) has a 
maximum at a equal to unity for all values of 8, a result 
which is very significant. Moreover, it goes to zero both 
as a—0 and as a. This is in conformity with the 
established result? that in both the extremes the mo- 
mentum just varies reversibly with the magnetic field. 
One is inclined to interpret the maximum at a equal to 
unity as a resonance phenomenon between the fre- 
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. 1. Schematic form of the time dependence of the magnetic 
field in Alfvén’s model. 
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quency of the magnetic field w and the reciprocal 
randomization time C. 

There is yet another interesting feature in the curves. 
The function rf(a,8) goes to zero for a—« rather 
slowly. Thus for values of a greater than unity, the 
efficiency of the acceleration mechanism is rather in- 
sensitive to the rate of randomization, particularly for 
lower 8 values. 


IV. DISCUSSION 


It is of interest to compare the net gain per cycle of 
the magnetic field oscillation in our case with that in 
Alfvén’s discontinuous model of the magnetic field, 
with the same period, amplitude, and mean field. 

Let g(k) be the ratio 


g(k) = p*/ po’, 


where po and p are the momenta of the particle before 
and after one cycle of operation. Let g,(k) be the maxi- 
mum of g(k) (corresponding to a equal to unity) for the 
sinusoidal model and g4(k) the corresponding value for 
Alfvén’s model. The ratio 


g.(k) oe 
A=—=exp{2r max (@, "es i+) 
ga(k) mene a/\; ( k 


where k= (1+8)/(1—8), has been tabulated in Table I 
for various values of 8. It is seen from the table that A 
is less than unity for all values of 8. This shows that the 
maximum efficiency of the sinusoidal field model is less 
than that of Alfvén’s model, as one would expect. The 
difference, however, is quite small and we conclude that 
the two models have comparable efficiencies especially 
for lower 8 values. Further, for values of a greater than 
unity, the variations in a do not very much affect the 
efficiency, as is seen from the slow falling off of the 
function 2 f(a,8) with a, for @ greater than unity. 

We may, incidentally, also compare the efficiencies of 
these two models with that of Parker’s continuous-wave 
version of the Fermi mechanism.! In Parker’s mecha- 

















re 
Fic. 2. Variation of the function f(a,8) [Eq. (A.14)] with a 
for various values of 8. This function has been calculated to order 
6 only. 


RADIATION 


TABLE I. Variation of \ with £. 


0.2 
r 0.977 


nism, the value of g(k) for large values of k is (3/4)*k, 
whereas Alfvén’s value of g(k) for large values of & is 
(2/9)k. We thus see that the efficiency of Parker’s 
model is comparable with that of Alfvén and hence is 
also comparable with the sinusoidal-field model. All the 
three models have comparable efficiencies. 

It is at present difficult to see where one could look 
for the application of this sinusoidal magnetic field 
model in the universe. 
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APPENDIX. SOLUTION OF EQS. (5) 


From Eqs. (5), eliminating 7, we obtain the 
following differential equation for p,?: 


(A.1) 


 siiitan te 4 (2 f ie) : 
ae . he _—o _ 


where 


Further, if we put 


pr=Z(t) exp| - sf nai} (A.3) 


we find that Z(¢) satisfies the differential equation 
@Z/d?—I(t)Z=0, (A.4) 
with J(#) defined by 
I(t) = {(3(df/dt)+igt+igftif}. (A.5) 


For the form of the magnetic field H given by (3), 
I(é) turns out to be a complicated periodic function of 
time. The differential Eq. (A.4) cannot be solved 
exactly. We, therefore, express /(/) as a Fourier series, 
and the coefficients of the Fourier components in a 
power series in 8= H,/Ho. The resulting equation turns 
out to be similar to Hill’s equation‘ and can similarly 


a a. Whittaker and G. N. Watson, Modern Analysis (Cam- 
bridge University Press, Cambridge, 1946), pp. 413-416, 
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be solved to any desired degree of accuracy defined by 
8. But for physical interest, it is enough to restrict 
ourselves to order 8. 

It can be shown that, to order £?, 


I (2), wt= 4A otA 1 COS (wt—6;)+A 2 COS (wt—5e), (A.6) 


where 
Ap= ha? +48 + 3664, 
A= (1/24)8[(12+66")?+07(4—*)?]}, 
A= (1/24)6°[ (9+66*)?+ (2+6*)*a?}, 
a(4—6") 


6o=0, 5, tar . 
12+68* 


2= tan et 


| 
9+68? |” 


and 
a=C/w. 


It can be verified that retaining terms to order #? in 
(A.7) is sufficient to ensure an accuracy of order 6* in the 
final solution. Equation (A.4) can now be rewritten in 
Hill’s form, 

PZ 
(A.8) 


° 
ac 


¢ 


+2 
+(X Cre**)Z=0, 


where 


C,=—2A,e°™. (A.9) 


wt=2,¢, 
Here the C,,’s are complex, and 
C_,=C,* (A.10) 


(the asterisk denotes complex conjugate); whereas in 
Hill’s case* the C,,’s are real, and 


C_.=C,. 
The solution of Eq. (A.8) is now given by* 
+0 
Z=e9 > bape", 


n=O 


MURTY AND 
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where uw is real, and bo+*0. uw is determined by the 
equation 


sin (}imu) =[A (0) }! sin(jaV/Co), 


where A(0) is the corresponding Hill’s determinant‘ (for 
u=0), and to order 6 its value is given by® 


m coth(4my/|Co|) 1 62(9+a*) 
A(0)=1-— 
4y/|Co| 9(1+|Co|) 
18—a 81+4e? a?+27 
+04 + + 
18(1+a*) 144(4+a*) 24(1+a*)(4+a7) 
5(9+a?) 
2592(1+-<a”) 


(A.12) 








row . (A.13) 


Substituting now the expression for Z from (A.11) into 
(A.3), we obtain 


p2=A exp[}(u—a)wt ]{1+ oscillatory terms}, 
where A is a constant. If we put 
}(u—a) = f(a,8), (A.14) 
p2=A exp f(a,B)wt {1+ oscillatory terms}. (A.15) 


Further, with the help of Eqs. (5b) and (A.15) it can 
easily be shown that 


a 


— exp[_f(a,8)wt ] 
X {1+ oscillatory terms}. 


2— 
_ bess 


(A.16) 


Note added in the proof.—Since the submission of this 
manuscript for publication, we have come across two 
papers [A. Schluter, Z. Naturforsch., 12a, 822 (1957), 
and Berger, Bernstein, Frieman, and Kulsrud, Phys. of 
Fluids 1, 297 (1958) ] in which similar ideas have been 
independently developed in connection with the colli- 
sional heating of plasma. 

5N. McLachlan, Theory and Applications of Mathieu Functions 


(Clarendon Press, Oxford, 1947), p. 129. Here all the terms of 
order 8* are not given. 
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Example of the Production of a «- Meson by a K* Meson* 


E. Hetmy, J. H. Mutvey,t D. J. Prowse,f anp D. H. Stork 
Department of Physics, University of California, Los Angeles, California 
(Received May 21, 1958) 


In 50 meters of 200-300 Mev K+-meson track followed in nuclear emulsion, one interaction event has 
been found from which a pion track emerges. The incoming K* meson had a kinetic energy of 32320 Mev. 
The K+ meson re-emerged with an energy of 30 Mev at 36 degrees. The pion track has a characteristic 
negative-pion ending, and the pion was emitted with 34 Mev at 96 degrees. In addition a 40-Mev proton 
left the star at 81 degrees and there are three other short tracks. Although the kinematics admit an analysis 
in which no inelastic secondary process occurred among the primary reaction products, strong inelastic 
secondary processes are quite possible and must be considered. Charge independence holds important 
implications for the pion yield charge ratios and the early trend of negative excess seems rather striking 


I. INTRODUCTION 


URING a systematic study of the interaction 

properties of ~300 Mev AK* mesons in nuclear 
emulsion, a rare event has been found which is probably 
an example of x~-meson production! in an interaction 
between a K+ meson and a neutron. The event is a 
6-pronged star in which the K*+ meson re-emerges and 
is subsequently arrested in the emulsion block where 
it decays at rest into a minimum-ionizing particle. The 
m~ meson is identified as having a negative charge by 
the behavior at the end of its range in the emulsion; 
it produces a typical zero-prong star. 


II. EXPERIMENTAL PROCEDURE 


The event has been found in a stack exposed to the 
~300-Mev separated A* beam of the Berkeley Beva- 
tron. A drawing of the event is shown in Fig. 1. The 
identity of the prongs has been established (by mean- 
gap-length measurements on the short prongs) where 
possible and all ranges, energies, and space angles 
accurately determined. These are displayed in Table I. 
The range-energy relation used was that of Barkas. 
The tracks numbered 1 and 3 could be either protons 
or deuterons—it has been assumed that they are 
protons. 

The K+-meson beam tracks are found 1.5 cm from 
their entrance point in the stack ; they are then followed 
for a distance of not more than 10 cm (from 300 to 200 
Mev) and all interactions both elastic and inelastic are 
noted. The primary K*+ meson in the #~-production 
event was found in an emulsion pellicle with minimum 
blob count 15.3 blobs per 100 microns (from con- 


* Supported in part by the U. S. Atomic Energy Commission. 

+t Now at the Clarendon Laboratory, University of Oxford, 
England. 

t On leave from the H. H. Wills Physical Laboratory, Univer- 
sity of Bristol, England. 

1 An example of the probable production of a #~ meson has 
also been found by B. Sechi-Zorn and G. T. Zorn, Bull. Am. 
Phys. Soc., Ser. II, 3, 24 (1958), and private communication. A 
a*-meson event has been reported by Grilli, Guerriero, and 
Salandin, 1958 Annual Conference on High-Energy Physics at 
CERN (unpublished). 

2 W. H. Barkas, University of California Radiation Laboratory 
Report UCRL-2426, September, 1954 (unpublished). 


taminant r+-meson beam tracks) and the blob density 
of the primary K* meson itself is 18.7 blobs per 100 
microns based on a count of 1400 blobs. On the basis 
of this ionization measurement the A*+-meson energy 
at the point of interaction is 345425 Mev. The result 
was confirmed by multiple scattering measurements 
which gave a value of 280_4+®® Mev. The weighted 
mean energy is 323420 Mev. 

The w-meson track leaves the interaction with an 
initial steepness of 2.3 mm per 600-micron pellicle. Its 
range of 1.84 cm is completely contained within 8 
pellicles. It stops 170 microns from the emulsion surface 
and exhibits a zero-prong p ending common for the 
negative pion. A careful search around the stopping 
point revealed no Auger electrons or possible decay 
particles; also no discontinuity was observed in the 
region of track 600 microns from the stopping point. 
The wz-meson identity of this track was verified by 
means of ionization versus range measurements. The 
results are shown in Fig. 2 in which the ratio g* of the 
gap-length exponent grp (FP= Fowler-Perkins*) to that 
at plateau is plotted against residual range of the par- 
ticle. Also shown are the expected variations of g* for 
a proton, K meson, # meson, and uw meson. The three 
measurements on this track amply confirm the identity 
of the particle as a r meson. 

The K+ meson which leaves the interaction traverses 
7 pellicles and decays at rest after a range of 6.03 mm 
into a lightly ionizing particle, emitted at 92° from the 
K*-meson track. The decay particle leaves the stack, 
but a blob count of 1000 blobs indicates that its ioniza- 
tion is 0.99+0.05 times minimum, in good agreement 
with that expected for the 1 meson from the K,2 mode 
of decay. 


Ill. KINEMATICS 


One feature of the interaction is the gross lack of 
momentum balance coupled with a small energy 
imbalance in the charged particles. The momentum 
unbalance is 450 Mev/c with direction cosines (0.93, 
1.00, 0.36), with the x axis defined in the primary 
K*-meson direction and the z axis normal to the pellicle 


*P. H. Fowler and D. H. Perkins, Phil. Mag. 46, 587 (1955). 


1793 





HELMY, MULVEY, PROWSE, AND STORK 


oe: : 1 Re 
ade I 


K*-MESON 


tee 





Fic. 1. Drawing of the x~-production event. 


TABLE I. Results of measurements on the x~-production star. 











Track Projected angle, Dip angle, Space angle, Particle Energy 
number degrees degrees degrees identity in Mev 





Primary 0 2.0+0.5 0.0 K* meson 323.0420 
111.0+0.5 —39.4+1.0 109.0+0.5 Proton (D) 6.6 
96.5+0.5 14.0+0.5 96.0+0.5 7” meson 33.8 
31.5+0.5 18.8+0.5 36.0+0.5 Proton (D) . 4.0 
17.0+0.5 33.1+1.0 36.0+1.0 Kt meson t 30.0 
6.025.0 —10_20*” 12_29*” a . tee 
—80.0+0.5 14.3+0.5 81.0+0.5 Proton 40.3 














* Light recoil or Auger electron, 





PRODUCTION OF -«- 
surface. The visible energy is 254 Mev which leaves 
69+ 22 Mev for neutral particles. 

If we assume that the ~ meson did not undergo 
charge exchange and that the production was not a 
secondary process, then the only possible reaction that 
conserves strangeness‘ is K++n— Kt++p+7-. It is 
tempting, therefore, to identify the fast proton track 
with the proton formed in the above reaction. It is a 
simple step to show that energy and momentum can 
be balanced if the proton suffered a secondary scat- 
tering, a recoil neutron taking up the unseen energy 
and momentum. On the other hand, it is also possible 
to balance the kinematics if no inelastic secondary 
processes are assumed. For reasonable values of 
K+-meson, proton, and r-meson nuclear potentials (20, 
—40, and —65 Mev, respectively*~’), appreciable re- 
fraction at the nuclear surface is quite possible. In fact 
the original space angles of proton and meson could 
be as small as 50° and 30°, respectively. The resulting 
nuclear recoil and that associated with a relatively fast 
target neutron could readily account for the missing 
momentum, in which case the missing energy would be 
in the form of neutral excitation secondaries. 

It is clear then that a unique kinematical analysis is 
not possible for this particular event and that further 
information must await a statistical study when more 
data become available. 


IV. DISCUSSION 


The frequency of x-producing reactions relative to 
charge-exchange and elastic scattering of K* mesons is 
expected to have a strong bearing*® on the various 
coupling schemes which have been proposed for the 
K-meson-nucleon force.’ It is very early to give a 
_ value for such a relative frequency but from the number 
of interactions observed thus far in emulsion it would 
seem to be not far removed from 0.5% as an order of 
magnitude. The probable production of a m~ meson 
has also been observed previously by Sechi-Zorn and 
Zorn.! They could interpret their event as a reaction 
with a bound neutron K++n— K++ +27 in which 
both the #~ and K+ were emitted without further 


4M. Gell-Mann, Phys. Rev. 92, 833 (1953); T. Nakano and 
K. Nishijima, Progr. Theoret. Phys. Japan, 10, 581 (1953). 

5Igo, Ravenhall, Tieman, Chupp, Goldhaber, Goldhaber, 
Lannutti, and Thaler, Phys. Rev. 109, 2133 (1958); Melkanoff, 
Price, Stork and Ticho, Phys. Rev. (to be published). 

*Kenneth M. Watson, University of California Radiation 
ard Report UCRL-8097, December 31, 1957 (unpub- 
i ' 

7K. Watson and C. Zemach, University of California Radi- 
ation Laboratory Report UCRL-8355, June, 1958 (unpublished). 

8 N. Dallaporta (private communication). 

*S. Barshay, Phys. Rev. 109, 2160 (1958). 

10M. Gell-Mann, Phys. Rev. 106, 1296 (1957); J. Schwinger, 
Phys. Rev. 104, 1164 (1956). 
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Fic. 2. Plot of g*, ratio of gap-length-exponent to minimum, 
versus residual range, and the measurements for track number 2. 


interaction but in which the proton interacted and 
failed to emerge. The case of a ++-meson event which 
fits the reaction K++-n — K°+-n+r7* has been reported 
by Grilli e¢ al.) 

In the interaction of a K*+ meson with a proton or 
neutron, K++n— K++p+7- is the only negative- 
pion-producing reaction that conserves strangeness at 
these energies. On the other hand, there are several 
reaction modes for producing positive pions which 
involve both protons and neutrons, and a positive 
excess might be expected for production reactions in 
emulsion nuclei. In fact, under the requirement of con- 
servation of total isotopic spin 7, the x~/x* ratio is 
uniquely one for a pure T=0 state and for T=1 may 
take any value between 0 and 3. Thus, the fact that 
two of the first three + mesons created by K*-meson 
interaction to be reported are negative seems rather 
striking. If this trend persists it may help to set a 
lower limit on the contribution of the T=0 isotopic 
spin state. 
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Decay Modes of a (+6) System* 
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Relations among the different states of a system consisting of a @ meson, a 6 meson, and a certain number 
of pions are discussed. Theorems concerning certain correlations between the production probabilities for 
charged and uncharged @ mesons and the decay modes (6,° and 62°) are obtained. 





I 


HE purpose of this note is to study the decay of 
a system which consists of a @ meson, a 6 meson, 
and a certain number of pions. Such a system can be 
produced, e.g., in a collision between an antinucleon and 
a nucleon. We shall show that by the combined use of 
the isotopic-spin rotation operator and the charge 
conjugation operator there exist some interesting corre- 
lations, not only in production but also between some 
of the decay modes of the 6 and 6. To be specific, let us 
first consider the reaction 
pin— 6+6+mr. (1) 
We shall denote the final state of the m pions by D,, 
which represents both a specific charge distribution and 
a fixed momentum distribution of the pions. The 
charges and the decay modes! of the @ and 6 mesons are 
of interest here. Let us define P;;(D,) to be? the 
probability of observing the m pions with a distribution 
D,, together with a 6; of momentum k, and a 86; of 
momentum k, where i (j) runs over +, —, 1, or 2 
representing the cases in which* 6; (0;) is 6+, 0, 61°, 
or 6,°. 
We assume that the two decay modes 1 and 2 are 
given by 


1 -i 
0:=—(0°+6), 0.=—(0°—6); 
a M & Bi 


1 1 
6°=—(0,+-162), 6°=—(6,—102). 
v2 v2 


It is well known that this decomposition corresponds 
to the two experimental decay modes 6, and 62 if time- 
reversal invariance holds in the decay. 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

¢ Permanent address: Columbia University, New York, 
New York. 

t Permanent address: Institute for Advanced Study, Princeton, 
New Jersey. 

1M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 

2 If @ should have nonzero spin, then P;;(D,») should be defined 
as the probability of finding 6; with momentum &, and spin S, and 
6; with momentum & and spin Sp. 

3 Throughout this paper, a 6* meson is identical with a K* 
meson, including all the different decay modes of K+. 


II 

To study the dependence of P,; oni and j, we consider 
all the states of a pair of @ and 6 of given momenta k, 
k,. There are eight possible states altogether. 
(+0), (0+); 
(—0), 0—); 
(+ —), (— +), (00), (00). 
Here we adopt the obvious notation, e.g., (+0) means 
the state with a 6* meson having momentum k, and a 
@ meson with momentum k,. For the states with 
charge= +1, we have, by (2), 


Charge=1: 


Charge= —1: (3) 


Charge=0: 


i 1 i 
(+0) =—(+1)-—(42), 
v2 v2 


1 i 

(0+) =—(1+)——(2+). 

- w2 v2 
A general state of charge +1 is a superposition of these 
two states. One sees that in any superposition the decay 
modes (+1) and (+2) always have the same proba- 
bility. Also the modes (1+) and (2+) have the same 
probability. Similar considerations can be extended to 
the states with charge=0 and —1. One easily proves in 
this way the following theorem: 

Theorem 1.— 


P41(Dm)= P42(Dm), 
P14(Dm)= P24(Dm), 
Py(Dn)= P22(Dn), (7) 
P32(Dm)= P2(Dm). (8) 


In proving this theorem the only assumptions are that 
the decomposition (2) holds and that the total strange- 
ness of the pair 66 is zero (so that, e.g., the pair 0*+@ is 
excluded). 


(5) 
(6) 


Ill 


It is possible to obtain more identities if one uses the 
conservation of isotopic spin and of the charge conjuga- 
tion operator in the strong interactions. To do this, one 
has to study the transformation of the eight states (3) 
under an isotopic spin rotation and/or charge conjuga- 
tion. The problem is identical to that of the trans- 
formation of the states describing a nucleon-antinucleon 
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TABLE I. Eigenfunctions for which strangeness S=0. Notations are explained in the text. 





pair.*® Following the arguments used in reference 4 for 
studying the latter problem, we first consider the four 
states® of a single 6 or a single @: 
Gt 
@ | 
| # |: 
\—6 
The isotopic spin operators which operate on these 
states are 


(10) 


Instead of discussing the charge conjugation operator 
C, we define, as in reference 4, 


G=C exp[ix/> ], (11) 


and obtain 


0 0 


0 0 


| 1 

0 

+ ae (12) 
0 


| 0 —-1 


The operator G commutes with J. The strangeness 
number operator is diagonal in this representation, 


, 0 0 0 
S= , 


0 0 —1 


We notice that 
SG+GS=0. (14) 


4T. D. Lee and C. N. Yang, Nuovo cimento 3, 749 (1956). 
5 See also L. Michel, Nuovo cimento 10, 319 (1953); A. Pais and 
R. Jost, Phys. Rev. 87, 871 (1952); D. Amati and B. Vitale, 
no cimento 2, 719 (1955); C. Goebel, Phys. Rev. 103, 258 
1956). 
® Note the minus sign in front of the @~ state. The convention 
used here is similar to that discussed in footnote 1 of reference 4. 


Form a 


2-4[(+0)+(0+)] 

2-4[(+0)—(0+)] 

—2-4[(0—)+(—0)] 
—2-4[(0—)—(-0)] 
4[—(+—)+(00)+(00)—(—+)] 
4[ —(+—)+(00)—(00)+(—+)] 
$[—(+—)-—(00)+ (00)+(—+)] 
$[—(+—)—(00)— (00)—(—+)] 


F ; (13) 


Wave function 
Form } 


=${(+1)—i(+2)+(1+)—i(2+)] 
=4$[(+1)—i(+2)—(1+)+7(2+)] 
= —4${(1—)+i(2—)+(-—1)+i(-—2)] 
= —4$[((1—)+é(2—)—(—1)—i(—2)] 
=4(-—(+-—)—(-—+)+(11)+(22)] 
=4[—(+—)+(—+)—i(12)+i(21)] 
=4[—(+—)+(—+)+i(12)—i(21)] 
=$(-—(+-)—(—+)—(11)—(22)] 


For a system of two particles with momenta k, and 
k,, each described by a four-component wave function 
(9), the operators J and S are additive, whereas G is 
multiplicative. Of the sixteen states of the two-particle 
system, eight belong to S=0 and are given in (3). For 
these states, the charge 


V=1; (15) 
and /*, G, and S all commute and can be simultaneously 
diagonalized. The eight eigenstates can be easily 
constructed and are displayed in Table I in the column 
headed by “Form a.” In the next column “Form 3,” 
these eigenfunctions are rewritten by the use of (2) so 
that their decay modes are explicitly exhibited. 

In reaction (1) the process in general goes through 
many channels of J and G which produce interference 
effects. However, the interference between different G 
values disappears if we average over the collisions 
(pn) and (np), where the states are defined in a manner 
similar to Eq. (3). To see this, one writes 


(pn) =4[ (pn)+ (np) J+4[ (pn) — (np) ], 
4[ (pn)+ (np) ]—4[ (pn) — (np) ]}. 


(np) = 


The term (pm)+ (np) belongs to G=—1 and the term 
(pn)— (np) to G= +1. The interference terms between 
G=+1 therefore have opposite signs in (pm) and (np) 
and cancel exactly upon taking the average. In other 
words, after the average one may consider (1) as going 
through incoherent noninterfering channels with definite 
G values. Since the pions are‘ eigenstates of G, for any 
given distribution D,, of the pions, there are therefore 
no interferences between the states of the (60) system 
with different G values. Table I shows then that for 
charge Q=1, the first two rows cannot interfere and 
one obtains, in addition to (5) and (6), the identity 


P41 (Dm) a Py (Dm). 


These considerations are easily extended to states with 
Q=0 and —1. 

Theorem 2.—Consider p+n and n+p which are 
related by the substitution of a p by an m with equal 
momentum and spin and vice versa. After summation 
over these two initial states, the partial cross sections 
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satisfy 
Pa1(Dm)= Pia. (Dm)= Pa2(Dm)= P2i(Dm), 
Pu(Dm) = P22(Dm), 


P32(Dmn)=Pa(Dn), 


(16) 
(17) 


(18) 
and 


Pi1(Dm)+ P22(Dm)+ P12(Dm)+ P2a(Dm) 


=P, _(Dm)+P_+(Dm). (19) 


We thus have the interesting result that in those 
collisions where @& and & are produced, their decay 
modes (6;° and 6,°) are in general not independent of 
each other but are related in a manner given by 
Eqs. (17)—(19). 

In the capture of an antiproton by a neutron, both 
at rest, it is clear that theorem 2 applies. 

A simple consequence of (16)—(19) is that in a collision 
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p+n, one has 


(20) 


4(n,+n_)=m=Nno, 


where n; is the total number of 6; produced (i= 1, 2, +, 
or —) integrated over all angles. 


IV 


It is easy to see that the same identities (theorems 
1 and 2) are also valid for the reaction 


nit+p— 0+6+mr. (1’) 


Furthermore, for both reactions (1) and (1’) additional 
equalities and inequalities may be obtained when m 
takes on some specific small values. In all cases, we 
found it convenient to use the eigenstates tabulated in 
Table I. They are useful also in discussing 


pt+p— 6+-6+mr, 
and ; 
n+n — 0+6+mrz. 
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Unusual Cosmic-Ray Intensity Fluctuations Observed at Southern 
Stations during October 21-24, 1957 


K. G. McCracken Anp N. R. Parsons* 
Physics Department, University of Tasmania, Hobart, Tasmania 


(Received December 17, 1957; revised manuscript received May 19, 1958) 


Observations are reported from four southern stations of cosmic-ray intensity fluctuations during the 
period October 21-24, 1957. These fluctuations exhibit unusual features which suggest the existence of a 
short-lived and highly directional anisotropy of the primary radiation during the period immediately pre- 


ceding a Forbush-type decrease. 


I. INTRODUCTION 


E report here observations made at four southern 

hemisphere stations of cosmic-ray intensity fluc- 

tuations which occurred during the period October 
21-24, 1957. 

The main feature of the fluctuations is an intensity 
decrease of the well-known Forbush type, but other 
features make the observations of unusual interest. In 
particular, a transient, longitude-dependent decrease 
prior to the Forbush event suggests the existence of a 
direction of reduced primary intensity, which also pro- 
vides a plausible explanation for the observed differ- 
ences in onset times of the main Forbush event. 


II. OBSERVATIONS 


Figure 1 displays the cosmic-ray intensity records 
obtained at the network of four southern stations (Lae, 
Hobart, Macquarie Island, and Mawson) on the days 


* Antarctic Division, Department of External Affairs, Mel- 
bourne, Australia [present address: Physics Department, Uni- 
versity of Tasmania, Hobart, Tasmania ]. 


October 21-24, 1957. The locations of these stations 
and details of the equipment used are included with 
Fig. 1. 

The stations at Hobart and Lae are maintained by 
the cosmic-ray research group at the University of 
Tasmania, and those at Macquarie Island and Mawson 
by the Australian National Antarctic Research Expedi- 
tions, for the conduct of whose cosmic-ray program the 
University group is responsible. 

The hourly intensities plotted in Fig. 1 are expressed 
as percentage deviations from the mean level during 
the first 12 hours of October 21. Except in the case of 
the underground records at Hobart, adjustments have 
been made for the effects of barometric pressure varia- 
tions. For the data from both vertical and inclined 
meson telescopes, which are all near sea level, a theo- 
retical total barometer coefficient obtained from Fig. 1 
of a paper by Trefall' has been used. The use of such 
coefficients has been discussed elsewhere by Parsons.? 
In the present case coefficients of — 2.31% per cm Hg 


1H. Trefall, Proc. Phys. Soc. (London) A68, 953 (1955). 
2N. R. Parsons, Australian J. Phys. 10, 387 (1957). 
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Fic. 1. Cosmic-ray intensity fluctuations observed during the 
eriod October 21-24, 1957. Standard deviations of individual 
ourly readings are indicated alongside each curve. The details of 
the observing stations and recorders are as follows (geographical 
coordinates are given). 
Lae, New Guinea, (06°44’S, 147°00’E), sea level: (a) Two 
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TABLE I. The approximate time relationships between the events 
at the four recording stations. 





Preliminary decrease Forbush 
Commenced Ceased decrease 
ter before commenced 
(GMT) (GMT) after 
(GMT) 


0500 
0200 


Station Instrument 





Lae 
Hobart 


2200 
2200 


1700 
1800 


Vertical telescope 
Vertical telescopes 
Inclined telescopes 
West 
East 
Neutron Monitor 
Vertical telescopes 


2200 
2100 
2200 
2100 


0000 
0200 
0000 


0200 


1900 
1700 
1800 
Macquarie 1900 
Is. 
Mawson 2200 
2200 


undefined 


Vertical telescope 
undefined 


Neutron monitor 


and —2.20% per cm Hg have been used for meson 
intensities through 10 and 20 cm Pb absorber, respec- 
tively. Adjustment of neutron intensities has been 
carried out assuming an absorption mean free path of 
145 g cm™. In no case does allowance for barometric 
effects alter the main features of the observed intensity 
fluctuations. 

It is evident in Fig. 1 that at all stations a large 
Forbush-type decrease of intensity occurred, commenc- 
ing either late on October 21 or early on October 22. 
The decrease at Mawson appears to have commenced 
some hours earlier than those at the other three stations. 
A sudden magnetic impulse occurred at 2240 GMT on 
October 21° and was probably associated with the 
cosmic-ray event. 

At Lae, Hobart, and Macquarie Island, the main 
decrease was preceded, some hours earlier, by a sudden 
intensity depression and subsequent recovery. This 
feature is not present in the Mawson records. The 
duration of this preliminary depression seems to de- 
crease with increasing latitude, being shortest at 
Macquarie Island. 


vertical meson telescopes, (0.6X0.6X0.6m), 10 cm Pb. (b) Du- 
plex neutron monitor, 6-counter. 

Hobart, Tasmania, (42°54’S, 147°20’E), sea level: (c) Vertical 
meson telescope, (1X1X1m), 10 cm Pb. (d) Vertical meson tele- 
scope, (1X 1X1m), 20 cm Pb. (e) Meson telescope, (1X 1X1.5m), 
10 cm Pb, inclined 45° towards geomagnetic west. (f) Meson 
telescope, (1X1X1.5m), 10 cm Pb, inclined 45° towards geo- 
magnetic east. 

Hobart (Mt. Wellington), (42°55’S, 147°14’E), 725 meters: 
(g) Duplex neutron monitor, 8-counter. 

Hobart (underground), (42°51’S, 147°25’E), 40 meters w.e.: 
(h) Two vertical meson telescopes, (1X1X0.5m), no additional 
absorber. 

Macquarie Island, (54°29’S, 158°58’E), sea level: (i) Vertical 
meson telescope, (0.6X0.6X0.6m), 10 cm Pb. (j) Vertical meson 
telescope, (0.6X0.6X0.6m), 20 cm Pb. 

Mawson, Antarctica, (67°36’S, 62°53’E), sea level: (k) vertical 
meson telescope, (1X1X1im), 10 cm Pb. (1) Meson telescope, 
(1X1X1.5m), 10 cm Pb, inclined 45° towards geomagnetic west 
(alternate hours). (m) Meson telescope, (1X1X1.5m), 10 cm Pb, 
inclined 45° towards geomagnetic east (alternate hours). (n) Du- 
plex neutron monitor, 12 counter. 

* This time is taken from magnetograms from the Toolangi 
magnetic observatory, copies of which have been kindly supplied 
by the Commonwealth Bureau of Mineral Resources, Geology, 
and Geophysics, 
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East- and west-pointing telescope records at Hobart 
show significantly different behavior, during both the 
preliminary depression and the initial phase of the 
main Forbush decrease. The preliminary depression 
commenced somewhat earlier for easterly and later for 
westerly radiation than for near-vertical radiation. 
Differences in the behavior of directional intensities are 
also evident at Mawson, but it is difficult in this case 
to draw reliable conclusions since easterly and westerly 
intensities are recorded there only during alternate 
hours. 

The times of commencement and cessation of the 
preliminary depression, and the onset times of the main 
Forbush decrease are summarized in Table I. 


Ill. GENERAL DISCUSSION 


It has become clear from the many reported examples 
of cosmic-ray intensity fluctuations similar to those 
reported here, that they are very frequently associated 
with other geophysical phenomena and with disturb- 
ances on the surface of the sun. In particular the onset of 
a Forbush decrease usually occurs within a few hours of 
the sudden commencement of a magnetic storm. The 
typical form of such an event is a decrease of intensity 
by several percent occupying a few hours, followed by a 
gradual recovery to about the normal level over a period 
of several days. The storm onset is usually attributed to 
the arrival at the earth of clouds or streams of ionized 
matter ejected from the vicinity of a solar flare, the 
travel time of this matter from the sun being roughly 
24-36 hours. This picture is strongly supported by 
evidence from observations of other time-related geo- 
physical phenomena. It is therefore natural that several 
attempts have been made to explain Forbush decreases 
in terms of the properties and behavior of the ejected 
solar material. Although these attempts account reason- 
ably well for the gross features of the events, critical 
tests will undoubtedly lie in the ability of the schemes 
to explain some of the less prominent but significant 
features of individual events. 

The mechanisms proposed fall into two broad classes, 
the first considering geocentric mechanisms, the second 
involving characteristics of the moving corpuscular 
streams. Examples of the first of these are the geo- 
electric-field hypothesis of Nagashima,‘ and the cap- 
tured-magnetic-cloud hypothesis of Parker, while the 
second includes the electrically-polarized-beam theory 
of Alfvén® and the Morrison theory’ of cosmic-ray scat- 
tering centers located in turbulent magnetized clouds. 

A difficulty with moving-cloud mechanisms is that 

“in order to explain the continued depression of cosmic- 
ray intensity for many days after the occurrence of the 
associated solar flare, and even after the active center 
has moved round the west limb of the sun, they require 


*K. Nagashima, J. Geomag. Geoelect. 5, 141 (1953). 
5 E. N. Parker, Phys. Rev. 103, 1518 (1956). 

®H. Alfvén, Tellus 6, 232 (1954). 

7P. Morrison, Phys. Rev. 101, 1397 (1956). 
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the continued emission of matter with a wide range of 
velocities for a considerable period of time. The Alfvén 
theory seems also to suggest that intensity increases 
may occur if a flare is suitably located towards the east 
limb of the sun, but such events have not been observed. 

A geocentric mechanism requires no prolonged emis- 
sion from the sun, the gradual return of intensity levels 
to normal being explained by a slow loss in efficiency 
of the mechanism during decay of conditions set up 
around the earth. 

Any satisfactory theory of Forbush decreases must 
explain observed differences in onset times and also in 
the pattern of the variations during the early part of 
the events at different localities on the earth. To account 
for such features, some form of spatial asymmetry in 
the mechanism is required. It is possible that two super- 
imposed effects, one short-lived and asymmetrical, may 
be required to provide a complete interpretation of 
such events. 

With these points in mind, we proceed to discuss 
briefly the unusual features of the present event. 


IV. DISCUSSION OF THE PRESENT EVENT 


The preliminary depression prior to the commence- 
ment of the Forbush decrease is perhaps the most 
interesting observation reported here. That it was not 
due to the arrival of solar matter at the earth is sug- 
gested by the lack of magnetic disturbance prior to 
2240 GMT on October 21. The absence of any other 
simultaneous geophysical phenomena suggests that the 
origin of the preliminary depression must be located 
at some distance from the earth. 

The significant characteristics are the short duration 
and abrupt return to near normal intensity at Lae, 
Hobart, and Macquarie Island, and the apparent com- 
plete absence of the preliminary depression at Mawson. 
Although Mawson is the highest latitude station, it is 
also considerably west of the other three stations, 
suggesting that the different behavior of the intensity 
there may be purely a longitude effect. 

Consideration of the relative positions in space of the 
asymptotic acceptance cones of the various recorders 
supports this view. (By the asymptotic acceptance cone, 
we mean that group of directions outside the earth’s 
field from which radiation can enter the recorder.) Using 
published data on primary particle trajectories in the 
field,*.* and conventional geomagnetic coordinates, we 
have determined the approximate longitude limits of 
the asymptotic acceptance cones of the recorders. Their 
positions in space relative to the earth-sun line at 2000 
GMT on October 21, when the intensity was depressed 
at Lae, Hobart, and Macquarie Island but normal at 
Mawson, are displayed in Figs. 2(A) and 2(B). Figures 
2(C) and 2(D) show the situation 4 hours later at 

8 E. A. Brunberg, Tellus 5, 135 (1953); E. A. Brunberg and 


A. Dattner, Tellus 5, 269 (1953). 
°F. S. Jory, Phys. Rev. 103, 1068 (1956). 
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2400 GMT when the intensity at Lae, Hobart, and 
Macquarie Island had returned to normal just before 
the onset of the main Forbush decrease at these stations. 
At this time at Mawson, however, the vertical meson 
telescope and neutron monitor records show that the 
intensity had commenced to decrease. 

From Figs. 2(A) and 2(B) we see that during the 
period of the preliminary depression, the Lae, Hobart, 
and Macquarie Island recorders were all directed 
towards the quadrant immediately west of the earth-sun 
line while the acceptance cone for the Mawson recorders 
lagged some 5-7 hours behind. At 2400 GMT, as seen 
from Figs. 2(C) and 2(D), the Mawson acceptance cone 
had rotated into this quadrant and at this time the 
intensity at Mawson had decreased. 

By examination of Fig. 2 in conjunction with the 
intensity plots of Fig. 1 we find that the observed in- 
tensity variations and their time relationships at the 
four stations could be explained rather well by assuming 
a significant reduction in primary intensity from the 
direction 45°-90° west of the earth-sun line for a period 
of at least 8 hours prior to the onset of the main Forbush 
decrease. We see in particular that the intensity at 
Mawson would be depressed later than at the other 
stations and in fact would be depressed at the com- 
mencement of the Forbush decrease elsewhere. This 
would provide an explanation of the apparent early 
onset of the Forbush decrease at Mawson. We see also 
that the model would account for the relatively long 
duration of the preliminary decrease at Lae and the 
short duration at Macquarie Island, as well as for the 
earlier onset and recovery in the east-pointing telescope 
than in the west-pointing telescope at Hobart. 

This interpretation of the events would allow us to 
retain the idea of an approximately symmetrical geo- 
centric mechanism producing an almost simultaneous 
onset of the Forbush decrease at stations round the 
globe. The rather late onset at the equatorial station 
Lae, may originate in the higher primary cutoff rigidity 
there. The preliminary depression however is obviously 
not observed simultaneously at all stations and its 
explanation seems to require some rather special form 
of short-lived primary anisotropy of the type suggested. 
Although the above hypothesis is attractive in that it 
is consistent with the observations, it is difficult to 
imagine a plausible origin of the suggested primary 
anisotropy. Discussions of the likely properties of mag- 
netized gas clouds ejected from the sun into interplane- 
tary space do not suggest any suitable mechanism, and 
it is not intended in the present paper to pursue this 
aspect of the problem. However the intensity variations 
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cones of the various recorders at 2000 GMT on October 21. The 
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in relation to the earth-sun line. (C) and (D) The situation four 
hours later at 2400 GMT. 


reported seem to be of considerable interest in this 
general problem of solar influences on cosmic-ray in- 


tensity. The suggested interpretation implies that the 
preliminary depression feature, or apparent early onset 
of the Forbush decrease should have been observed at 
some other suitably situated stations. If this is indeed 
the case it would be difficult to avoid an interpretation 
along the lines proposed. 
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The x~-proton scattering is reanalyzed following Puppi and Stanghellini. The use of more recent data in 
evaluating the very sensitive principal value integral and a more detailed error analysis lead, with the same 
coupling constant, /?=0.08, and the same S-wave scattering lengths, a;=0.165 and a;= —0.105, to much 
less disagreement than they found. However, a residua!-discrepancy of the same general character remains. 
It is pointed out that the analysis is very sensitive to the experimental charge exchange scattering, and two 
alternatives to using this data are suggested. The importance of D waves, in extending the analysis to 
energies above 300 Mev, is demonstrated. It is shown that contributions from energies above ~2 Bev, and 
reasonable changes in f*, a; and a3, cannot contribute significantly towards resolution of the discrepancy. 





INTRODUCTION 


URING the last few years dispersion equations 
for a variety of scattering processes have been 
derived. Frequently a definitive comparision with 
experimental data is not possible because of the 
occurrence in the equations of “unphysical” terms. 
Contributions from such terms always occur for non- 
forward angles, and can also occur for forward angles, 
as happens, for example, in nucleon-nucleon scattering. 
It is therefore of particular interest to test such 
equations against the experimental data whenever 
possible, and thereby to test the validity of the rather 
small set of assumptions that enter in their derivation, 
particularly the assumption of microscopic causality. 
The first test we know of that led to apparently serious 
disagreement with the data was carried out by Puppi 
and Stanghellini' (PS) for forward angle elastic scat- 
tering of negative pions by protons. If we write for the 
mx forward scattering amplitude in the barycentric 
system, 


F_*=D_*+iA_?, (1) 


then the discrepancy observed by PS is shown in Fig. 
1, in which the real part of the forward amplitude, 
D_*, in units of the pion Compton wavelength, is 
plotted as a function of the laboratory energy of the 
meson. Dimensionless units are used throughout, in 
which h, c, and the x-meson Compton wavelength, 
h/m,c [=1/m, ], are set equal to unity. 

The experimental points in Fig. 1 are obtained 
directly from the fits to the nuclear differential cross 
sections for elastic and charge exchange scattering with 
the formulas, 


o_=do(x- > 2~)/dQ=a_+b_ cos#+c_ cos? 
+higher powers of cos#, (2) 


op=da(x- — 4°) /dQ=ao+bo cosd+co cos*6+ - --, 


i pimenits in part by the U. S. Atomic Energy Commission. 
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1G. Puppi and A. Stanghellini, Nuovo cimento 5, 1256 (1957). 


by use of the equations 
| D_*| = (| F_*|*— (A_*}3, 
| F_*|?= a_+6_+c¢_+ see, 


A_b= (k»/4r)o_ total ~ by (a_ +c +-:- 
HP aS o*), 


(3a) 
(3b) 


(3c) 


where k, is the barycentric pion momentum and the 
approximate equality is indicated in Eq. (3c) to account 
for the presence, in principle, of other processes besides 
elastic and charge exchange scattering. Only S and 
P waves are assumed to enter significantly in Eqs. (2), 
(3b), and (3c). 

The continuous curve is obtained from the dispersion 
equation 


D_“u)= —2kk, p+-(—) ary +1)D_*(1) 
epi titat 
a (w’) dw’ 


+(o-0[- DAD + PN. — 


w’—w ra 
kk, f°” 
4? J, 


ot (w’) dur’ 
tceomecetiaped toni” GG) 
w+w ik’ 


where k is the laboratory pion momentum, w= (1+°)!, 
M is the proton rest mass (in units of m,), f? is the 
unrationalized, renormalized P-wave coupling constant, 
the subscript on D,°(1) denotes r*-proton scattering, 
P.V. denotes the principal value integral, and o,'°t(w’) 
is the total r+-p cross section at energy w’. The right- 
hand side is determined by specifying the parameters 
f?, D_*(1), and D,°(1), and by evaluating the integrals 
as well as the experimental values of the total cross 
sections permit. 

If charge independence is assumed, the parameters 
D,*(1) are related to the S-wave scattering lengths at 
zero kinetic energy a; and a; for isotopic spin 4 and 3, 
respectively, by 


D,*(1)=a3, D_*(1)=$ait$as. 
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We obtain the continuous curve of Fig. 1 with 
f?=0.08, a,=0.165, a;=—0.105, 


the same values used by PS, and with the total #~ cross 
section shown (in the important energy region) in Fig. 
2.2 The experimental points and the dashed curve in 
Fig. 1 are transcribed directly from PS. The accuracy 
of the curves is discussed in Sec. 1. 

It is possible to raise the continuous curve of Fig. 1 
by decreasing f?; in fact, as shown by PS, the f?=0.04 
curve is in agreement with the 150- and 170-Mev 
points.’ However, the coefficient of f? is approximately 
a linear function of w in the range of interest, 1g w< 4, 
and a decrease in f? therefore acts roughly like a counter- 
clockwise rotation about the intercept at w=1. Any 
such improvement between the curve and the data in 
the 150-Mev region destroys the agreement at energies 
above 200 Mev. Moreover, a smaller value than ~0.08 
is argued against by the agreement of the at-p dis- 
persion equation with experiment.! 

We have re-examined this dilemma in order to see 
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Fic. 1. Character of the original discrepancy. The solid curve 
is the dispersion theory prediction for D_*(w) obtained with 
f°=0.08, a,;=0.165, a3= —0.105, and the o,%* and o_* described 
in reference 2. The dashed curve and the experimental points are 
transcribed from the paper of Puppi and Stanghellini, reference 1. 
Although a smaller coupling constant, /?=0.04, gives agreement 
with the 150- and 170-Mev data, it destroys the agreement at 
220 Mev. There was no value of /* consistent with the x~ data 
alone. 

? The values of o_t in Fig. 2 are taken, as are those of ot, 
from Anderson, Davidon, and Kruse, Phys. Rev. 100, 339 (1955), 
up to 350 Mev. Those from 350 Mev to 1.9 Bev are from Cool, 
Piccioni, and Clark, Phys. Rev. 103, 1082 (1956). At all higher 
energies ¢_”t=¢, t= 30 mb is assumed. 

When not otherwise specified, an energy given in Mev refers 
to the laboratory pion kinetic energy, T 
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Fic. 2. The x~ total cross section described in reference 2, which 
is used to obtain the solid curve, D_*, of Fig. 1. Above 200 Mev 
this o_“t and the more recent curve of Fig. 5 are almost identical. 


how firmly it is established. The items considered are 
the following: 


1. The sensitivity of the principal value (P.V.) 
integral in Eq. (4) to small changes in o_** 

2. The error analysis and the sensitivity of | D_*| in 
Eq. (3a) to small changes in o_*. 

3. Use of charge independence as a test of the data 
in the peak cross section region. 

4. The presence of higher partial waves in the 
scattering. 

5. Possible changes in f*, a;, a3, and in the con- 
tributions to the integrals of Eq. (4) from energies w’ 
above ~2 Bev. 


1. THE PRINCIPAL-VALUE INTEGRAL 


The most striking feature of the curve in Fig. 1 is the 
steep drop from a maximum in the neighborhood of 
130 Mev to a minimum in the neighborhood of 250 
Mev. This behavior can come from only one term of 
Eq. (4), the P.V. integral. In Fig. 3 is shown the energy 
dependence of each of the terms of Eq. (4), with the 
parameters D_*(1) and D,°(1) replaced by a; and as. 
Each of the parameters f*, a:, —a3, is of the order of 
0.1. Therefore their coefficients multiplied by 0.1 are 
shown, and the algebraic sum of the five curves is 
approximately the curve D_°(w). Each of the terms is 
quite linear in the range up to 400 Mev, except the 
P.V. integral, whose behavior is due to the fact that 
the contribution to the integral 


er Beale 
sine 1 w—w 


is negative for w’<w and positive for w’>w. Thus as w 
increases through the peak value of o_*t the major 
contribution changes, rather abruptly, from positive 
to negative. This makes evaluation of the integral 
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Fic. 3. The energy dependence of the various terms in the 
equation for D_(w). The algebraic sum of the five terms approxi- 
mately reproduces the curve of Fig. 4, which is also almost given 
by the principal value integral term alone. 


somewhat critical and for comparison, the integral 
curve of PS is shown (the dashed curve) in Fig. 1. The 
two curves agree reasonably well in the significant 
energy range, that is, up to about 230 Mev, with our 
curve somewhat above that of PS in the peak region. 
The maximum difference here is roughly at 160 Mev 
and amounts to about 22%. 

To provide another computational check we have 
calculated D_*(w) from the ad hoc x~ cross section of 
Zaidi and Lomon‘ (ZL), (Fig. 1, Curve A in their 
paper), and compared it to the function D_*(w) ob- 
tained by them from the same cross section. The two 
curves agree closely up to, 230 Mev, with our curve 
slightly below the ZL curve in the peak region. The 
maximum difference, at about 150 Mev, amounts to 
9%, and is probably accounted for by the sensitivity 
of the principal value integral to small errors introduced 
in reading the numerical values of o_* from the 
published curve of ZL. 

This sensitivity of the P.V. integral, which is also 
noted by ZL, emphasizes the desirability of having 
improved measurements of o_** in the region of the 
resonant peak. However, it seems unnecessary to 
modify the total cross section to the extent of Curve B 


*M. H. Zaidi and E. L. Lomon, Phys. Rev. 108, 1352 (1957). 
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of ZL. The agreement between the dispersion curve 
and the experimental points improves considerably 
from use of the total cross section values obtained in 
the more recent phase shift analysis of Anderson and 
Metropolis,’ and from more realistic calculation of the 
uncertainties attached to the experimental values of 
D_*(w). The latter is discussed in Sec. 2. The results 
of these improvements are shown in Fig. 4,-* where the 
disagreement at 150 and 170 Mev is much less than in 
Fig. 1. 

The experimental points in Fig. 4 are obtained as 
follows : The 41.5-Mev point is the work of Barnes et al.$ 
at the University of Rochester; the 98-Mev point is 
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Fic. 4. Present status of the discrepancy. The solid curve is the 
dispersion theory prediction for D_’(w) obtained with f*=0.08, 
a,=0.165, a3= —0.105, with the o,*, and the o_”* above 350 
Mev, described in reference 2, and with the o_“t up to 350 Mev 
of reference 5. The experimental points at 150, 170, and 220 Mev 
are derived from published work of Ashkin et al. (reference 8) 
with the errors recalculated as described in Sec. 2. The 41.5-Mev 
point and its error are transcribed from a preprint of Barnes et al. 
(reference 6). The 98-Mev point and its error are taken from a 
private communication from Holt (reference 7). The 307- and 
333-Mev points are derived, as described in Sec. 4, from a preprint 
of Korenchenko and Zinov (reference 9). 


5H. L. Anderson and N. Metropolis, Proceedings of the Sixth 
Annual Rochester Conference on High-Energy Nuclear Physics, 
1956 (Interscience Publishers, Inc., New York, 1956), Sec. I, p. 20. 

® Barnes, Rose, Giacomelli, Ring, and Miyake, University of 
Rochester Report NYO-2170 (unpublished). This point is from a 
phase shift analysis of 29 elastic r+ and w~ data at energies from 
24.8 Mev to 65 Mev, in which the Chew-Low dependence of as3 
and the usual » and 7 dependences of the S-wave and other P-wave 
phases, respectively, are assumed. 

i R. Holt (private communication). We are indebted to 
Professor Barnes for access to this early report of this work. The 
point is from a 3 parameter fit, Eq. (2), to o_(@) at 13 angles, and 
from a transmission measurement of ot, 

8 Ashkin, Blaser, Feiner, and Stern, Phys. Rev. 101, 1149 
(1956); 105, 724 (1957). Calculation of the errors attached to 
these points is described in Sec. 2. 

®S. M. Korenchenko and V. G. Zinov, Joint Institute for 
Nuclear Research, Dubna, U.S.S.R. (to be published). Calcu- 
lation of these points is described, and the reason for omitting 
errors given, in Sec. 4. ; 
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that of Holt and collaborators’ at the University of 
Liverpool; the 150-, 170-, and 220-Mev points are from 
Ashkin ef a/.8 at the Carnegie Institute of Technology ; 
and the 307- and 333-Mev points are from Korenchenko 
and Zinov’ at Dubna. The curve is obtained from Eq. 
(4), again with the same parameter values f?, a), a3 
as in Fig. 1, but with the more recent total a~ cross 
section.’ This cross section, shown in Fig. 5, differs 
from that of Fig. 2 mainly in its greater curvature in 
the energy region below the resonant peak. 


2. THE ERROR ANALYSIS 


In addition to the continuous curve of Fig. 4 lying 
closer to the center values of the experimental points 
at 150 and 170 Mev, the experimental error attached 
to each of these points is approximately twice as large 
as in Fig. 1. This is because the error calculation includes 
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Fic. 5. The x~ totai cross section of reference 5, which is used to 
obtain the curve, D_®, of Fig. 4. This ot differs from that of 
Fig. 2 mainly in its greater curvature up to ~150 Mev and in its 
broader peak. 


the over-all uncertainty in the absolute value of the 
differential cross sections. Specifically, the three pa- 
rameter formulas [keeping terms up through cos*@ in 
Eq. (2) ] to which Ashkin e¢ al.§ make least-squares fits 
of their differential cross sections, are of the form 


o=da/dQ= (1.00+A)[ (a+6a)+ (b+65d) cosé 
+ (c+éc) cos], 


where the normalization factor (1+A) collects all 
uncertainties not affecting the angular distribution. 
For the ~ cross sections at 150, 170, and 220 Mev 
A is estimated to be 0.05.8 The errors shown at these 
energies in Fig. 4 take into account, in addition to A, 
the correlations among 6a, 5b, and éc.!° Also, the trans- 
mission value of o_‘*t rather than that from integration 
of ¢_+¢0 is used for A_’. This leads to a negligible 
change in the center value of D_®. The correlations tend 


10 The correlation matrices were kindly provided by Professor 
Ashkin. 
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to reduce the size of the error, but their effect is negli- 
gible compared to that of the 5% over-all uncertainty, 
except at 220 Mev, where the net uncertainty is slightly 
less than that of PS. 

Still, each of the experimental points of Fig. 4, up to 
220 Mev, has a greater magnitude than that of the 
solid curve at that energy. This systematic disagree- 
ment suggests the possibility that in the evaluation of 
D_* from Eq. (3a), either the imaginary part, A_?, of 
the elastic forward amplitude, F_*, is consistently too 
small, or |F_*| is consistently too large. The first of 
these possibilities is examined in the remainder of this 
section, the second in Sec. 4. 

An error in charge exchange scattering would affect 
A_*, through the coefficients @ and co in Eq. (3c), 
without changing F_°, which involves only the elastic 
scattering. The charge exchange cross section is more 
difficult to measure than the elastic* because it requires 
detection of the photons from the 7° decay, which 
involves y-ray detection efficiencies at various angles 
and energies, and the indirect determination of oo from 
the experimentally determined o,-,. The y-detection 
efficiencies at 150 and 170 Mev have an over-all 
uncertainty of about 6%.* Furthermore, the charge 
exchange cross section is a large fraction of the total. 
Specifically, from 150 Mev to 233 Mev, it is more than 
one and one-half times the elastic cross section. 

At some energies, both F_° and A_?® are large com- 
pared to D_®, and the calculation of D_® from Eq. (3a) 
is sensitive to small changes in A_*. At 220 Mev, the 
experimental value of D_? is given by 


| D_*| = (0.16—0.14)!=0.13. 


An increase of A_* by 4.5%, which would be caused 
by a 7.2% increase in the charge exchange cross section, 
serves to halve | D_*| and place it directly on the curve 
of Fig. 4. The lower energy Carnegie Tech. points, and 
the Dubna (U.S.S.R.) points at higher energy are not 
as sensitive to small fractional changes in the charge 
exchange cross section; roughly 19% increments are 
needed to lower the 150- and 170-Mev points so that 
they coincide with the curve, and 25 and 22% incre- 
ments are needed to raise the 307- and 333-Mev points 
to the curve. Increments of this magnitude seem un- 
likely, however, at the Russian energies, as shown in 
Sec. 4, the discrepancy is not serious. In addition an 
increase in o_** in the region of the peak also moves 
the solid curve towards the experimental points."-” 
Since such an increment in o_**t moves both the experi- 
mental points and the curve towards each other, a 
smaller increase of oo might suffice. 


3. CHARGE INDEPENDENCE TEST OF 
OF THE DATA 
Because of the persistent discrepancy at 150 and 170 
Mev, and also because the Carnegie Tech. data are 


u H. Y. Chiu, Phys. Rev. 110, 1140 (1958). 
2 J. Hamilton, Phys. Rev. 110, 1134 (1958). 
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Fic. 6. Charge independence test of the Carnegie Tech. data. 
The inner errors are lower limits. The outer errors are obtained 
with the assumption that each oo datum, if available, would have 
an error of about 9%. 


the most complete (¢,, o_, and oo) and most crucial, 
we have tested these data with one of the triangular 
inequalities that follows from the assumption of charge 
independence," 


I= — (04)*+ (200)+ (¢_)'20. (5) 


In addition to this inequality there are the two others 
obtained by permuting the minus sign among the terms 
of J, however, Eq. (5) is expected to be the most 
sensitive of the three because ox is large, and, as indi- 
cated by the discussion in Sec. 2, a9 may be too small. 
Both of these factors would combine to help violate 
I>0. 

The function J is calculated at each experimental 
angle and the results are shown in Fig. 6 for each of the 
three energies. Due to uncertainty, two errors are 
assigned each point, as is explained in the following. 

Of the three cross sections a4, ¢_, and ao that enter 
in Eq. (5), only o— and a» are correlated. This occurs 
because one of the determinations of the absolute value 
of the y-ray detection efficiency is made by comparison 
of the transmission value of o_** with that from inte- 
gration of c_+¢».*"* This correlation is expected to be 
small because two other methods were used for inde- 
pendent determinations. In this analysis it is assumed 
that there is no correlation among o,, o_, and apo. 
Therefore the error in J, 5/, is given by 


=H (604)*/04+ (60_)*/0_+2(600)*/o0}'. (6) 


18 ED. Feldman, Phys. Rev. 89, 1159 (1953); 103, 254 (1956). 
4 J. Ashkin (private communication). 
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Further, we write 
(804)?= (610.4)*+ (5204)*, (7) 


where 6,0, is the error attached to each datum o,.(0,E), 
the angle dependent part, and 60, is the over-all, angle 
independent part of the error. From reference 8 we have 


boa, = 0.03 o, at 150 and 170 Mev, 
=0.04 o, at 220 Mev, 


590_=0.05 o_ at each of the three energies, 
52¢9=0.05 oo at each of the three energies. 


Since 6,09 is not similarly available, 5/ is evaluated for 
each of the two cases 600/a9=0.00, 0.10. The inner error 
shown on each of the points in Fig. 6 is that due to the 
uncertainties in ¢, and o_ alone, and is a lower limit. 
The outer error, obtained with 609/a9=0.10 is rea- 
sonable, as it corresponds to 6,00/a0~ 0.09. 

Because of the uncertainty in the errors, it cannot be 
said that a statistically significant violation of charge 
independence exists, even at 170 Mev. However the 
center values of J are rather systematically negative 
at 150 and at 170 Mev. We would be more inclined to 
attribute any difficulty to oo rather than to the break- 
down of charge independence. 


4. D WAVES 


In an effort to see whether D waves are present, and 
if so to examine their effect on the forward amplitude, 
three-, four-, and five-parameter fits of the form of Eq. 
(2) have been made to o_ for the several energies from 
150 to 307 Mev. The results of this analysis do not 
show a systematic behavior with energy of the coeffi- 
cients of powers of cos@ greater than cos’@. This is 
consistent with the results of Korenchenko and Zinov,’ 
who have made a preliminary least-squares phase shift 
analysis of their data, and find that the w~ data at 307 
Mev can be fitted satisfactorily without D waves. 

However, they find from a combined phase shift 
analysis that their 307-Mev data and the w* data of 
Mukhin and Pontecorvo" at the same energy are not 
reasonably fitted without D waves. They also have 
made three- and five-parameter fits to o_ at 307 Mev 
and at 333 Mev, using, instead of Eq. (2), the equivalent 
form 

o_=A_+B_P;(cos0)+C_P2(cosé)+---. (8) 


Although their analysis is preliminary, the changes in 
the coefficients A_, B_, C_ induced by making a five- 
instead of a three-parameter fit are similar at the two 
energies, as is shown in Table I, where all quantities 
are in units of mb/steradian. 

In each case, each of the three coefficients is reduced, 
and the additional two coefficients are negative. Since 
the modulus squared of the forward amplitude is the 


16 A, I, Mukhin and B. M. Pontecorvo, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 31, 550 (1956) [translation: Soviet Phys. JETP 4, 
373 (1957)]. 
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TABLE I. Three- and five-parameter fits of o_ at 307 and 333 Mev. 











307 Mev 


3 parameters 5 parameters Difference 


3 parameters 5 parameters Difference 





—0.03 
—0.13 
—0.22 


0.85+0.05 
0.21+0.09 
0.43+0.15 
—0.24+0.15 
—0.18+0.13 


0.88+0.05 
0.34+0.09 
0.65+0.09 


—0.02 
—0.06 
—0.09 


0.83+0.05 
0.29+0.12 
0.51+0.12 
—0.11+0.15 
—0.05+0.16 


0.85+0.05 
0.35+0.09 
0.60+0.09 








sum A_+B_+---, each of these changes serves to 
reduce the magnitude of D_*. At 307 Mev the experi- 
mental point (see Fig. 4) is carried all the way to the 
axis, with an enormous but meaningless error.'® At 333 
Mev the experimental! point is changed from —0.19 to 
—0.14, also with a large error.'’* These numbers are 
obtained with the values of o_**t from transmission 
measurements rather than from the integrated differ- 
ential cross sections because of lack of knowledge of 
a. Errors for these points are not shown in Fig. 4 
because these data are not sufficiently refined to be 
considered on the same footing as the other points 
shown. 


5. VERY-HIGH-ENERGY CONTRIBUTIONS AND 
CHANGES OF f?, ai, AND a; 


Some uncertainty in the integral curve is due to lack 
of knowledge of o4"°t(w’) at energies w’22 Bev. The 
contribution of the high-energy ‘“‘tails” of the integrals 
in Eq. (4) are estimated on the assumption that for 
w’ >2 Bev, o,%°t=o_'*t=30 mb." It has been remarked 
that resolution of the discrepancy may lie partly in 
the incorrect evaluation of these high-energy contri- 
butions.”” 

The analysis described in this section was undertaken 
in order to test the possibility that such contributions, 
combined with reasonable changes in f?, a,, and a3, may 
help eliminate the disagreement. It is assumed that the 
cross sections do not behave pathologically, and of 
course that the integrals exist. The conclusion is 
negative, the main points being: first, that without 
pathological behavior the contributions to the integrals 


16 The expression for the error in D_’ has D_’ as a factor in the 
denominator. Therefore, when D_’ is ~0, this measure of the 
error is not meaningful. This is clearly connected with the fact 
that D_’, as given by Eq. (3a), becomes imaginary if complete 
cancellation occurs, as in fact happens with the five parameter fit 
to ¢_(307 Mev). In such a case it would be more appropriate to 
consider, instead of D_’, the function (D_*)?, whose error remains 
finite at a zero of D_’. 

17 H-Y Chiu and J. Hamilton [Phys. Rev. Letters 1, 146 (1958) ] 
also reach the same conclusion regarding these data. 

18H. J. Schnitzer and G. Salzman (Bull. Am. Phys. Soc. Ser. 
II, 2, 353 (1957). D waves are not included in analyzing data below 
300 Mev, although they are included in reference 19. 

1 Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956) give 
30 mb at 2 Bev. J. O. Clarke and J. V. Major, Phil. Mag. 2, 37 
(1957), with 4.2-Bev x, and F. A. Brisbout ef a/., Phil. Mag. 1, 
605 (1956), with 1 to 300 Bev charged pions, find no indication 
that the cross sections are not essentially constant. We are 
indebted to Dr. A. Engler for calling our attention to these very- 
high- -energy measurements. 

®S, J. Lindenbaum, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1957), Vol. 7, p. 317. 


from the range 2 Bev Sw’<@ cannot have sufficient 
curvature in the range 240 Mev <w<360 Mev to 
resolve the ~ discrepancy; and second, corrections of 
the required magnitude for the x~ curve are such as to 
destroy completely the good agreement of the x* curve 
with the experimental points." 

To show this explicitly, we write the cross sections as 


o4**(w’) =30 mb+ée, (w’) 


for w' > 14 (14 m,c’~2 Bev). The corrections to the tails 
of the integrals may then be written as 
Ef (Cy 


kky |= ae kky < 
An? Ro 4p? n= 
X [bo_(w’) + (— 1)"“405 (w’ 


w' Fw w’+w 


where the upper (lower) sign refers to the w~(x*) 
dispersion equation. A measure of the convergence 
rate of this series is given by the “expansion parameter” 
(w/w’), which for the energies in question satisfies the 
condition 

w/w £360 Mev/2 Bev=0.18. 


The third and fourth terms (n=3, 4) are thus expected 
to have magnitudes less than ~4% of the first and 
second terms, respectively. This is not assured because 
the integrands are not of definite sign; however, it is 
probable, particularly because w/w’ is smaller than 0.18 
over most of the integration range. In what follows, it 
is assumed that no significant corrections come from 
terms with m>2. The corrections 5D+*(w) to the func- 
tions D+°(w) may then be written as 


2kk»y 
bD=*(w) = -—_———_4 
w+ (1/2M) 


+ (w¥2)5(— as) ]+khicFhkkwod, 


(P+ (~)_ “(eta 


(OF 
where ) 


: f “Tho (u") +80 (iw!) 
c=— ba_(w’) +605 (w’ ’ 
4x? Jy, eee © 


2 do’ 
f [—de_(w’)+504 (w”) }—. 
4 k's" 


For each energy w at which a correction 5D_*(w) is 
specified, Eq. (9—) gives an equation linear in the 
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parameters 6(f), 5a,, 6(—as3), c, d, and is thus a basis 
for examining phenomenologically whether reasonable 
values of these parameters can produce the changes 
5D_*(w) needed to bring the curve of Fig. 4 into 
agreement with the experimental points. 

The required correction, as may be seen in Fig. 4, 
must be small and positive at 98 Mev, must increase 
as 150 Mev is approached, must then decrease to zero 
and become negative as 220 Mev is approached. The 
correction is thus roughly of parabolic shape, with a 
peak near 150 Mev. However, each of the five terms of 
Eq. (9—) is monotonic with almost linear behavior in 
the region 98 Mev< T< 220 Mev. Since the sum of a 
number of straight lines is still a straight line, such a 
phenomenological fit can only give agreement in a 
limited energy region. 

To give an idea of the sizes of the terms involved, 
let us ask for corrections to the solid curve of Fig. 3 
that make it go through the lower ends of the errors at 
98 and 150 Mev, and the upper end of the 220-Mev 
error. This gives three equations, and if one takes 
5(f?)=6(—a;)=0, then the following results are 
obtained : 


6a,;= —0.107, c=+0.159, d=+0.053. 
The value of a; is about 0.165. We regard the change 
6a; as unacceptable. Also, the numbers ¢ and d represent 


very large changes in the high-energy integrals. To 


gauge their size, we note that if da+(w’) were constants, 
then these values of c and d would correspond to 


d¢_~70 mb, 60,1700 mb. 


The curve produced by these “corrections” drops 
sharply at energies 7<98 Mev and for T>220 Mev, 
going to zero at T=0 and to —0.240 at T=290 Mev. 
One might be willing to consider this curve as not 
completely ruled out by the x data, however the 
corresponding correction 6D,°(w) to the * curve is 
totally unacceptable. This is because the ¢ and d terms, 
which are large but mostly cancel each other in the x 
correction, add together in the w* case, and give a 
“corrected” curve that is already hopelessly positive 
at T=150 Mev. If the x curve is corrected to go 
through the center values of the 98-, 150-, and 220-Mev 
points each of the corrections 6a;, c, and d is about 
tripled, and the disagreements, of the ~ curve at 
energies outside the range 98 Mev to 220 Mev, and of 
the x* curve, are made extreme. 

One may ask whether a satisfactory fit might be 
given with reasonable parameter values if all five 
parameters 5(f?), 5a;, 6(—a3), c, and d are used. From 
the following considerations we infer that this is not so. 
In the range 98 Mev< T< 220 Mev the coefficients of 
da, and 6(—a;), multiplied by 0.1, have small slopes 
compared to 0.1 times the coefficient of 6(f*) and to 
kk, and kkyw. Reasonably small changes of a; and —a; 
thus cannot give significant terms in Eq. (9—) and 
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may be omitted from further consideration. Of the 
three “large’”’ terms, the coefficients of 5(f*) and of d 
are both negative for x~ and positive for r*, while that 
of ¢ is positive for both m~ and xt. The “parabolic’’ 
behavior of the correction is generated, in the example 
of the previous paragraph, by large cancellations 
between the c and d terms, the positive c term first 
increasing more rapidly than the negative d term, then 
at higher energies being overtaken by the d term. Even 
if some (positive) 5(/?) is admixed so that d is not as 
large and more reasonable values of do_ and dc, result, 
the 6(f*) and d terms both switch sign for r+ and will 
add to the c term, destroying the x* fit. 

Only if the 6(f*) and d terms are of opposite sign, the 
d term considerably reduced, and the ¢ term much 
reduced, so that the major cancellation is between the 
6(/*) and d terms and is thus maintained for the x* 
correction as well, might a reasonable fit be possible. 
However, a fit with these parameters through the inner 
extremities of the errors at 98, 150, and 220 Mev yields 


6(f?)=+0.168, c=+0.349, d=+0.087, 


which corresponds approximately to tripling /?=0.08, 
and to 


50_~590 mb, 80,3200 mb. 


The w* agreement is completely destroyed by such 
corrections. Thus even this possibility, although not 
eliminated a priori, is ruled out because of the mag- 
nitudes involved. 


6. SUMMARY AND CONCLUSIONS 


The x dispersion theory integrals have been re- 
calculated with more recent experimental o,“*t values.* 
In agreement with previous investigators,‘!' we find 
the principal-value integral very sensitive to ot. 
Considerable improvement over the original curve! for 
D_*(w) (Fig. 1) results from this alone (compare Fig. 
4). Further improvement comes from reanalysis of the 
errors in the experimental points at 7=150, 170, and 
220 Mev. Inclusion of the over-all angle-independent 
error in o_, and of the correlations among a_, b_, and 
c_, leads to doubling the original errors' shown in Fig. 
1 at 150 and 170 Mev (compare Fig. 4), but to no change 
in the error at 220 Mev. 

Even with both corrections a residual discrepancy 
remains, in which each of these three experimental 
values of |D_*| is greater than the magnitude of the 
curve and D_* (T=98 Mev) is also above the theoretical 
curve. This reduced discrepancy presists with the same 
sign over a considerable range of energy. If the curve is 
correct," then this suggests the possibility that in the 
evaluation of | D_*| from Eq. (3a), either the imaginary 
part, A_®, of the elastic forward amplitude, F_?, is 
always too small, or |F_*| is always too large. Par- 
ticularly near the resonance, where | D_°| is small and 
each of |F_*| and A_? is large, the experimental value 
of D_* is extremely sensitive to small changes in either 
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|F_*| or A_*. Low values of oo, due perhaps to over- 
estimates of y-ray detection efficiencies, would give too 
small values of A_?. 

A charge independence test (triangle inequality) 
which is particularly sensitive to a low value of oo has 
been applied to the differential cross section data at 
150, 170, and 220 Mev. No statistically significant 
violation exists (Fig. 6), but systematically negative 
center values of the function /(7,@) at 150 Mev and 
particularly at 170 Mev, may be indicative of difficulty. 
Use of the experimental oo values can be avoided in the 
evaluation of |D_*| either by making a phase shift 
analysis of o_ (or of e_ and ¢,) and obtaining D_® from 
the phases, which assumes charge independence, or by 
making use of a transmission measurement of o_“*, 
which is preferable because it involves no theoretical 
assumptions. 

The o_ data have been analyzed at T= 150, 165, 170, 
217, 220, and 307 Mev to see whether D waves are 
present, and if so, to see whether they reduce | F_°|?, 
and thereby |D_*|. No systematic indication of 
D waves is found. However, above 300 Mev the value 
of |F_*|? is extremely sensitive to small amounts of 
D waves, and a combined analysis of o_ and o, data at 
307 Mev by Korenchenko and Zinov’ has shown that 
it is necessary to take D waves into account. Therefore 
we cannot say that the 307- and 333-Mev data disagree 
significantly with the theoretical curve. 

A phenomenological analysis has been made to 
determine the effect on the curve D_?® of changes in /?, 
@;, @3, and in unknown high-energy (w’22 Bev) 
contributions to the dispersion integrals. Such changes 
are found to be incapable of producing the needed 
corrections. Changes which fit the m~ data from 98 to 
220 Mev give disagreement of D_® with the a data 
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outside of this energy range, and give complete dis- 
agreement of D,° with the w* data. Directly related 
to this result is the fact that the only term of the 
dispersion equation responsible for the resonance-like 
behavior of D_*(w) is the P.V. integral (Fig. 3). 

The effects of the n-p mass difference, of the +*-7° 
mass difference, of Coulomb corrections, of the radiative 
capture process, m+p—y+n, to the dispersion 
integral in the unphysical region, and of K mesons and 
hypersons have been investigated by other authors,” 
and found to be negligible.” 

In conclusion, we find that a small discrepancy 
remains between the dispersion theory curve, D_*, 
calculated with best fits to the experimental cross 
sections o_**t and o,*, and the experimentally deter- 
mined values of D_*. However, in view of present 
experimental uncertainties, it is not sufficient to raise 
serious doubt about the validity of the dispersion 
relation. Because of the extreme sensitivity of the P.V. 
integral to o_*, it would be very helpful to have 
improved measurements in the region from 100 to 300 
Mev. 
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Production of Auger Electrons by Negative K Mesons and = Mesons* 
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The mesonic Auger effect has been studied for K~ mesons and x~ mesons. It is expected that the frequency 
of production of Auger electrons of energy greater than 15 kev should be about 50% greater for K mesons 
than for + mesons due to the greater mass of the K meson. 200 x-meson stars and 195 K-meson stars in 
nuclear emulsion have been examined for associated slow electrons of energy greater than 15 kev. For 
= mesons it is found that 14% of the stars have one Auger electron and 4% have two. For K mesons 
25% have one, 6% have two, and 1% have three. Thus 18% of all x-meson stars and 32% of all 
K-meson stars have one or more associated Auger electrons. Assuming that 54% of all stars are in the 
heavy elements of the emulsion, it is found that 33% of + mesons and 59% of K mesons captured in 
silver and bromine have one or more associated Auger electrons. Hence the increase in production by 


K mesons over that by x mesons is about 75%. 


INTRODUCTION 


FTER a negative meson is slowed down and 

stopped in a solid, it will be captured into mesonic 
“Bohr” orbits of an atom. The meson will then cascade 
down to the nucleus by dropping to lower and lower 
orbits. It is expected that the mesonic atom will drop 
to a state of low excitation before the meson interacts 
with a nucleon in the nucleus. In the process of be- 
coming de-excited, the mesonic atom can make radi- 
ative and radiationless transitions until it reaches its 
1s state. The radiative process is that in which the 
excess energy is given off in the form of a y ray.'? 


NUMBER OF AUGER ELECTRONS 





ee ee ee ee 








om | a ae 
an wD #0 





9 Le) 


an 


ENERGY IN KEV 


Fic. 1. Frequency of Auger electrons from negative x mesons. 
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1 E. P. Hincks, Phys. Rev. 81, 313 (1951). 

2 W. Y. Chang, Revs. Modern Phys. 21, 166 (1949). 


The radiatienless transition is that in which the excess 
energy is used to liberate electrons of the same atom. 
The energy is transferred to the electron in a direct 
interaction and the electron is then ejected into a 
positive-energy state. This is called the mesonic Auger 
effect and is analogous to the ordinary Auger effect. 

Auger electrons from » and mesons have been 
investigated by Cosyns ef al.,3 Menon ef al.,4 and Fry.’ 
In this work Auger electrons from K~ mesons and 2 
mesons are studied. The interest in this particular 
experiment is that it is expected that the frequency of 
production of the Auger electron is dependent on the 
mass of the negative meson. The masses of the x meson 
(273m,.) and u meson (206m,) are so close together that 
there is little difference in the number of Auger elec- 
trons produced by them, and what difference there is 
probably is too small to be measured in an emulsion 
experiment. However, the K-meson mass (965m,) is 
sufficiently greater than that of the x and uw mesons so 
that the increase in the Auger electron production 
(above a certain energy) should be easily measurable. 
According to Burhop,® the production of Auger elec- 
trons of energy greater than about 15 kev is expected 
to be about 50% greater for K-meson capture than 
m-meson capture. Also, it is expected that the K mesons 
should produce electrons of higher energy than those 
produced by the x and wu mesons. 


PROCEDURE 


A stack of 120 Ilford G5 emulsions, 600 microns 
thick, was exposed to a K~-meson beam at the Berkeley 
Bevatron. The particles entering the stack had 300 
Mev/c momentum and the ratio of K mesons to r 
mesons in the beam was 1/5000. 

The plates were area scanned under 100X power for 
K-meson stars. After 210 K~-meson stars were located, 


3 Cosyns, Dilworth, Occhialini, Schoenberg, and Page, Proc. 
Phys. Soc. (London) A62, 801 (1949). 

“Menon, Muirhead, and Rochat, Phil. Mag. 41, 583 (1950). 

5 W. F. Fry, Phys. Rev. 83, 594 (1951). 

6‘. H. S. Burhop, The Auger Effect (Cambridge University 
Press, Cambridge, 1952), Chap. 7. 
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the stars were investigated under 1000 power for 
Auger electrons. Certain criteria were established for 
identification of Auger electrons. Each star was ex- 
amined by two people to eliminate personal bias. No 
electron was considered associated with a star unless 
the first grain was within 2 microns of the center of the 
star. Careful comparison with recoil particles from the 
K~-meson stars was made. Clumps of grains or “‘blobs” 
at the centers of stars were noted down. Careful range 
measurements of the electrons were made under 1000X 
power. 

Also, 200 x-meson stars found in the same stack were 
treated similarly for comparison with existing data. 


RESULTS 


In this work 200 x--meson stars and 195 K~-meson 
stars were observed for Auger electrons. The energy of 
the Auger electrons was determined from the range- 
energy graph of Zajac and Ross.’ Clumps of grains 
which were possible electrons or nuclear recoils were 


TaBLE I. Frequencies of production of Auger electrons from 
K~-meson and x~-meson stars. 


=~ mesons K~ mesons 





Number observed _ 200 
Frequency of stars with 1 electron 

of energy >15 kev 14% 
Frequency of stars with 2 electrons 

of energy >15 kev 4% 
Frequency of stars with 3 electrons 

of energy >15 kev 0% 


Frequency of stars with 1 or more 


electrons of energy >15 kev 32% 


29% 


18% 


Frequency of stars with “blobs” 28% 








noted as “blobs.” The results on the frequency of pro- 
duction of Auger electrons are given in Table I. The 
energy distributions are given in Figs. 1 and 2. 

The data on x mesons can be compared with the 
results of other work on w mesons. Menon eéé al.‘ found 
that 21% of the »~ mesons which produce stars have 
Auger electrons. Fry‘ found that 18.6% of x mesons 
have Auger electrons. The results are in agreement 
with the value of 18% found in the present work. 


DISCUSSION 


It must be noted that there may be errors in the 
number of Auger electrons due to difficulties of obser- 
vation. These are attributed to (1) high scattering of 
low-energy electrons, (2) coincidence of background 
slow electrons with meson endings, and (3) difficulty 
in distinguishing between low-energy electrons and 
nuclear recoils. 

The high scattering of Auger electrons, because of 
their low energy, may cause difficulty in following some 


7B. Zajac and M. A. S. Ross, Nature 164, 311 (1949). 
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Fic. 2. Frequency of Auger electrons from negative K mesons. 


electrons to the ends of their ranges, resulting in some 
being lost completely and net-counted and others being 
counted with incorrect ranges. It is believed that few 
electrons were lost in this way since the plates were 
fairly heavily developed. 

The coincidence of background slow electrons with 
meson endings was estimated by examining 200 proton 
endings for apparent Auger electrons. It was found that 
the coincidence of electrons of energy greater than 15 
kev with proton endings is low. In fact, of the 200 
endings examined none had such electrons which 
appeared to have originated from them. However, 4.5% 
were found to have blobs associated with them and 
hence it is expected that about 4.5% of the blobs 
associated with meson endings are accidental. All elec- 
trons of energy greater than 15 kev were counted and 
represented in the histograms. However, electrons of 
range less than 3-4 microns could be confused with 
nuclear recoils from the stars. Thus in the 15-20 kev 
region it is expected that a small percentage may be 
nuclear recoils rather than electrons. Electrons and 
recoils with ranges less than 2.2 microns were grouped 
together as “blobs.” It is clear from visual observation 
that many of these are electrons but it is difficult to 
determine what the percentage is. Out of 200 x~ mesons 
and 195 K~- mesons, blobs were found at the ends of 
55 and 57 meson endings, respectively. 

The Auger electrons observed came from both light 
(C, N, O) and heavy (Ag, Br) elements of the emulsion. 
However, it is expected that most of them come from 
the heavy elements (as many as 10-15% may come 
from the light elements)* and as a first approximation, 
in order to determine the frequency of production in the 
heavy elements, we assume that all are produced in the 
heavy elements. Then all we need to know is the 
fraction of negative mesons which stop in the heavy 
as compared to the light elements of the emulsion. We 
determine this for «~ mesons in the way suggested by 
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Fry and Morinaga.* Knowing the composition of the 
emulsion, assuming that the probability for capture in 
the light elements is proportional to Z, and that the 
probability for capture of the meson by the nucleus 
(as opposed to decay of the meson) is proportional 
to Z‘, we find that 85% of u- mesons captured in the 
light elements decay. Then from the experimental 
result that 39% of all u- mesons captured in emulsion 
decay,® we find that 39/0.85=46% are captured in 
light elements, and hence 54% are captured in heavy 
elements. 

We assume that the 54/46 ratio for heavy and light 
elements ‘also applies in the case of mesons and 
K mesons. However, we must take into account the 
fact that we only observed + mesons and K mesons 
which make stars. In the case of * mesons, Menon 
et al.4 have found that 54% of those which make stars 
are captured in heavy elements, so we assume that this 
number holds also for our r-meson stars. 

In the case of K mesons, about 20-25% make zero- 
prong stars or stars with one minimum-ionizing prong 
and are not included in our observations. We wish to 
estimate how many of these occur in heavy and light 
elements. The zero-prong stars are due mainly to the 
reactions 


K-+nucleus—A°+ 7+ invisible recoil, 


K-+nucleus—>°+ 7°+ invisible recoil. 


The stars with one minimum prong are due to 


K-+nucleus—A°+72~+ invisible recoil, 


K-+nucleus—2>°+2-+ invisible recoil. 


8 W. F. Fry and H. Morinaga, Nuovo cimento 10, 308 (1953). 
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Gilbert, Violet, and White® have studied the reactions 
K-+nucleus—2++2~-+ recoil, 
K-+nucleus—2-+-2+*-+ recoil, 


which are very similar to the above reactions. They 
find that most of the captures are in the heavy ele- 
ments and that the number is consistent with that 
found for u~ mesons, possibly somewhat higher. Thus 
we assume that 54% of the K~ stars are in heavy 
elements. 

From the above discussion and the results in Table I 
we find that 334.9% of the m-mesons and 59+10% 
of K~ mesons produce one or more Auger elec- 
trons in silver and bromine. The error includes only 
the statistical error and therefore is only significant in 
comparing the value for K~ mesons with that for x 
mesons, since it is expected that any systematic errors 
will be the same in either case. The increase in frequency 
of production of Auger electrons by K~ mesons over 
that by x mesons is about 75%. Burhop® suggests 
that it should be about 50%, which is consistent with 
our result. 

We also point out, as seen in Figs. 1 and 2, that the 
K- mesons produce more high-energy electrons than 
the m~ mesons, as expected. 
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The dominant part of pion-nucleon scattering is charge independent. In view of the apparent discrepancies 
in the dispersion relations for meson scattering, it is desirable to investigate the effects on meson-nucleon 
scattering of including the electromagnetic interaction in an otherwise charge-independent theory. The 
calculation, which is performed in the static-nucleon, one-meson approximation of Chew and Low, is divided 
into two parts. In the first part, the effects of the charged-neutral meson mass difference, which is assumed to 
be of electromagnetic origin, are calculated. In the second part, other electromagnetic effects involving one 
virtual photon are calculated in the ‘‘Coulomb approximation,” in which the effects of transverse photons 
and of graphs in which the incoming and outgoing meson lines are crossed, are ignored. A formula is given by 
means of which the three meson-proton differential cross sections may be analyzed in terms of the six 
charge-independent s- and p-wave phase shifts which would occur in the absence of the electromagnetic 
interaction. Aside from simple Coulomb and kinematic effects, the most important effect in x*-proton 
scattering can be expressed as an alteration of the J =} phase shift for that state such as to sharpen the (3,3) 
resonance and move it to a higher energy. The meson mass difference effect and the Coulomb effect contribute 


about equally to produce a phase shift alteration of about 2° at its largest. 





I. INTRODUCTION 
General Remarks 


T is well established that the major features of 
processes involving the interaction of nucleons with 
each other and with pi mesons are charge independent. 
There is, for example, evidence favoring charge inde- 
pendence of nuclear forces from the measured energy 
levels of light nuclei, from proton-proton and neutron- 
proton scattering data,’ and from reactions involving pi 
mesons.’ To observe the charge independence one must 
first take into account the effect of the Coulomb force, 
since, although it is relatively weak, it is a charge- 
dependent force. It is thus widely believed that the 
fundamental strong meson-nucleon interaction, thought 
to be responsible for nuclear forces as well as for proc- 
esses involving the scattering and production of pions, 
is exactly charge independent, and that all observed 
deviations from charge independence must arise from 
the electromagnetic interaction. 

It is the purpose of this investigation to examine the 
effect on pion-nucleon scattering of including the 
electromagnetic interaction in an otherwise charge- 
independent meson theory. Electromagnetic effects in 
meson scattering have been of particular interest re- 
cently because of the apparent discrepancies, pointed 
out by Puppi and Stanghellini,‘ between experimental 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 
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Technology. 
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259-261. 
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3M. Gell-Mann and K. M. Watson, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 219. 

‘G. Puppi and A. Stanghellini, Nuovo cimento 5, 1305 (1957). 
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meson scattering data and the Goldberger dispersion 
relations.® The effect of the charged-neutral meson mass 
difference and the Coulomb effect on s-wave scattering 
have been calculated phenomenologically by Noyes.*® 
The effect of the meson mass difference on the dispersion 
relations has been calculated by Agodi and Cini,’ and 
the effect of the Coulomb field by Agodi, Cini, and 
Vitale.6 A more recent discussion of electromagnetic 
effects on dispersion relations has been given by Chew 
and Noyes.® Effects of the meson mass difference com- 
puted in a manner similar in some respects to that used 
here have been reported by Chiu” and by Greenberger." 
Except for the work of Chiu and Greenberger, recent 
papers are concerned with the electromagnetic effect on 
the form of the dispersion relations, rather than with the 
nature of the effect itself. 


The Method 
We take as our Lagrangian 
L=Ly+Lyt+ Ly+ Lt, 
where 
Lr;= — gbyst voit Pimp }ou 262 
1+7; 
WA, 


—4\,[¢:6;?—edy* - 


dg" Op 
+ ie(—0- a *+eA,A*p'o. (2) 


Ox" Ox" 


Ly, Lu, and L, are the usual free Lagrangians for the 


5 Goldberger, Miyazawa, and Oehme, Phys. Rev. 99, 986 (1955). 
®H. P. Noyes, Phys. Rev. 101, 320 (1956). 

7A. Agodi and M. Cini, Nuovo cimento 5, 1256 (1957). 

§ Agodi, Cini, and Vitale, Phys. Rev. 107, 630 (1957). 

*G. F. Chew and H. P. Noyes, Phys. Rev. 109, 566 (1958). 

10 Hong-Yee Chiu, Bull. Am. Phys. Soc. Ser. II, 3, 10 (1958). 
1D. M. Greenberger, Bull. Am. Phys. Soc. Ser. II, 3, 11 (1958). 
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nucleons, mesons, and photons, respectively. In the 
interaction Lagrangian (2) we have taken the charge- 
independent pseudoscalar coupling of the pseudoscalar 
meson field to the nucleon field, and the gauge-invariant 
coupling of the mesons and nucleons to the electro- 
magnetic field. This Lagrangian (1) is a function of the 
coupling constants, e and g, which appear in Ly, and of 
the experimental masses, 44, wo, and m, of the mesons 
and nucleons which appear in Ly and Ly, respectively. 
(For this calculation we consider the proton and neutron 
masses equal.) We assume that the charged-neutral 
meson mass difference is all electromagnetic, which 
means that the bare meson masses, uw, — du4. and uo— duo, 
are equal when the electromagnetic charge e in L, has its 
experimental value. 

We now separate the electromagnetic effects in meson- 
nucleon scattering into two parts. We first solve the 
scattering problem using the Lagrangian (1), but with e 
set equal to zero. This Lagrangian will not lead to 
charge-independent scattering since the charged and 
neutral meson masses that appear in it are not equal. 
The problem is relatively simple, however, since the 
electromagnetic field variables are not present. This 
problem is treated in the static approximation in Sec. II 
using the effective-range approximation of Chew and 
Low.” The connection between the Lagrangian (1) and 
the Hamiltonian (3) of the static approximation, par- 
ticularly with respect to the connection between the 
coupling constants, will be discussed with the numerical 
results of the meson mass-difference effect. 

There is no reason to think that this effect will be the 
most important electromagnetic effect in pion-nucleon 
scattering, for if the charge e is turned on once more, 
there are many processes which can occur involving the 
emission and reabsorption of a virtual photon which 
have nothing to do with the meson self energy. All such 
processes should be considered, but this is too difficult to 
do at present. We consider in Sec. IIT that part of these 


TABLE I. Charge representation scattering processes. The paired 
scatterings have the same amplitude due to charge symmetry and 
the charge-exchange scatterings are equal due to time-reversal 
invariance. 





Final state 
at+p 
x +n 





Designation Initial state (scatters into) 


+ ne 





x +n 
(rth 
axt+n 
(x +p 
\xt+n 


(et 


es 


x +p 
at-+n 
m+n 
wm+p 
x +p 
at-+n 
m+n 
w+p 








2G, F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956), 
referred to in the text as C-L. 
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processes which we refer to as Coulomb processes. In 
this Coulomb approximation we ignore the effects of 
transverse photons and the effects of graphs in which the 
incoming and outgoing meson lines are crossed. The re- 
maining effects are of two types. First, there is the 
“simple Coulomb effect,” which adds to the nuclear 
scattering amplitude the amplitude for a simple scat- 
tering of the meson by the Coulomb field of the nucleon. 
Effects more or less equivalent to this have been calcu- 
lated by Ashkin and Smith,’ Van Hove,"‘ and Solmitz."* 
Second, there are “rescattering effects” in which the 
meson undergoes both Coulomb and nuclear scatterings. 
Calculation of these rescattering effects requires a more 
detailed knowledge of the meson-nucleon interaction. It 
is then hoped that the meson mass-difference effect 
together with the Coulomb effect will be the major part 
of the entire electromagnetic effect in meson scattering. 


II. THE MESON MASS DIFFERENCE EFFECT 
The Hamiltonian 


The effect of the charged-neutral r-meson mass differ- 
ence on the scattering of mesons by nucleons is calcu- 
lated using the Chew-Low-Wick'*'* formalism. Follow- 
ing the notation of the paper by Chew and Low,” 
referred to hereafter as C-L, we take as our Hamiltonian 


H=Hot+Ay, (3-a) 
where 
Ay=D (Via t+ Via, '), 


Ho= > ke ay" anwr, 


(3-b) 
(3-c) 


and 


Ve =i( fer) /u) eo e/ (Quy) *] 7 40(k). (4) 


This differs from the Hamiltonian in C-L in two es- 
sential ways. First, the possibility is allowed that the 
unrenormalized coupling constants for charged and 
neutral meson emission may be different. Second, the 
relation between w;, and & is different for charged and 
neutral mesons, the relation being w= (u,?+k)!. The 
sum over k is to be done using states of definite charge, 
uy then being the mass of the charged or neutral meson 
as the case may be. 

The expression for the scattering matrix follows in 
exactly the same way as in C-L and we have 


(n|S\q)=6,o—24i8(E,—E,)T ,(n), (5) 
where 


T 4(n)= (Yn, V oo). (6) 


The Low equation can also be derived in exactly the 


#3 J. Ashkin and L. Smith, Carnegie Institute of Technology 
Report, 1952 (unpublished). 
“4 L. Van Hove, Phys. Rev. 88, 1358 (1952). 
16 F. T. Solmitz, Phys. Rev. 94, 1799 (1954). 
16 G. F. Chew, Phys. Rev. 95, 1669 (1954). 
17 F, E. Low, Phys. Rev. 97, 1392 (1955), referred to in the text 
L. 
18 G. C. Wick, Revs. Modern Phys. 27, 339 (1955). 
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same fashion as in C-L and we have 
T ,'(n)T 4(n) ane (7) 
E,+w» , 





T ,(p) ae -5| 


in—Wp— te 
We define as in C-L 
5 T,' nels ah (2) 


E,+2 


E == ¥ 
La 2 


T,(p)= lim tg,(z). (9) 


zwpytie 


As a result of using the modified Hamiltonian (3), the 
theory is not charge independent. The theory is, never- 
theless, still charge symmetric since we shall assume that 
the unrenormalized coupling constants for the coupling 
of neutral mesons to protons and neutrons are equal, 
and that the proton and neutron masses are equal. Of 
course the coupling constants as well as the masses of 
the positive and negative mesons are assumed to be 
equal. 

The One-Meson Approximation 


In the one-meson approximation we set, in analogy 
with Sec. IV of C-L, 


ta p(2) = —0(q)0(p) 2m (w wy) *L pgh(z) ]. 


In (10), the quantity [pgh(z) ] is a matrix connecting 
the states in terms of which the scattering is to be 
analyzed. Since the angular momentum J is conserved, 
we consider states of definite angular momentum, the 
states J= 3 and J=} being designated by 3 and 1, re- 
spectively. In this representation, / is a diagonal matrix 
with respect to the angular momentum. Thus for 
purposes of computation one may use the angular 
momentum projection operators introduced in C-L. 

Because of the factor pg in (10), and since isotopic 
spin is not conserved, it is convenient to use states of 
definite charge. The scattering processes are then shown 
in Table I. 

If we use state vectors 


1 0 0 
| = |0,2/), ) =|-—,2J), | =|+,2J), (11a-c) 
0 


(10) 


0 1 


we have 
Pogshe, os 0 


P+g+h-, 24 0 » (12) 
0 P+g+h4, 27 


where po= (w,’—yo?)' and p,=(w,’—p,*)!. Equation 
(12) may be simply expressed by introducing diagonal 
matrices 

bp 0 0 g 0 O 

0 O py 0 0 w& 


pogoho, 27 
[pgh(z) J= Peeve 2g 


so that 


Cogh(z) ]=Lp JA) Ia], (14) 
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where matrix multiplication is indicated and [h(z) ] is 
the matrix (12) without the factors of p and gq. 

Since isotopic spin will be nearly conserved except 
near threshold, it will be useful to know the connection 
between the matrix [4] in the charge representation 
(14) and in the representation in which states of definite 
isotopic spin J and its z component /, are used. The 
scattering processes are then shown in Table II. 

We use state vectors 


1 0 (0) 
0;=/1,2/), 1|=|3,2J), 0 = |42J). 
0 0 1) 


Aside from the factors of pg, the matrix of amplitudes in 
this isotopic representation, indicated by [h? ], is related 
to the matrix of amplitudes in the charge representation 


[h] by 
(A? ]J=U[h]U-, 


where 
1 = 6 
U=—|w 1 0}. 
V3l9 0 0] 
This result may be obtained by writing [47] in terms of 
projection and exchange operators as in C-L where only 
projection operators are needed, and then calculating 
the matrix elements between the appropriate charge 
states. 
Now as in C-L the function /,,(z) has a pole at the 
origin, of residue 


(f/m) (f/m) q2av(p)v(q) (wg)! 
x (e- Pt pO qQ7,—¢-qr.o'pr,). 


(15) 


(16) 


(17) 


(18) 


We now observe that the factors of p and g included in 
(10) are just matched by the factor gp of the residue so 
that each matrix of amplitudes [/;] and [A;] in the 
charge representation has a pole at the origin, of residue 


—$(f/u)e 3v2 (f/u)+(f/m)o 0 5 

[Ar ]= | 3V2(f/u)4+(f/u)o = 2(f/u) 4? 0 

0 0 — Ff, 47) 

(19) 

3(f/u)e 8V2 (f/u)s(f/m)o 0 

[As ]= | $V2(f/u)+(f/u)o 0 0 |, 
0 0 1(f/w)43J 


respectively. The set [A;] refers to J=4 and the set 





TABLE IT. Isotopic-spin representation scattering processes. The 
exchange scatterings, 2 and 2’, occur with the same amplitude due 
to time-reversal invariance. 








Final state 
(scatters into) Is 


Initial state 
Designation I Is 


4 
3 
yd 
2 
1 
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[A;] to J=%. The coefficients of f, and fo appearing 
here are the renormalized, unrationalized coupling con- 
stants defined by 


(20-a) 
(20-b) 


fo (Wo%,0- Qrabo®) = fo(ta,o- Grats), 


f (Wo%,0- qr aWo*) = f,(ua,0-Q74U~8), 


where Yo" is the state vector for a physical nucleon and 
Ua is the bare-nucleon spinor. 
The crossing theorem of C-L leads to the relation 


hi, a(z)=>. AasBish;,3(—2), (21) 
8.7 
where 
An=—}, Aw=$, An=%, Ass=4, (22-a) 
Boo= B_,= B,_=1, B..=By.=—1, (22-b) 


and the rest of the B’s are zero. As in C-L, the A’s and 
B’s satisfy the relations 


pa A ap 5A gyB jxr=Saydir, (23-a) 
8.7 


and 


}, A apB i ;A;, p= Acie. (23-b) 
B.3 


From the definition of ¢,,(z) [Eq. (8) ] and its relation 
to T,(p) [Eq. (9) ], we may write 


ton’ (En)ton(En) 
tanve)=-E| ee et 


En—Wa—te 
That part of the sum with E,=0 gives the pole (19) 
already discussed. In the one-meson approximation we 
include in addition only those terms with E,=w,. Then 
converting the sum to an integral by using )},, > /d'n/ 
(2)? and ndn=w,dw,, we obtain from (24) the following 
integral equation for the matrix [/]: 





+crossing terms } (24) 


1 
[h(w,) j= [Ay wp t- 


ws h(wn) In PEA (on 
xf | v(m) | "dwn OI TAT RO 4 (25) 
Wn—Wp—te 


0 


plus crossing terms which can easily be computed using 
(22). Matrix multiplication is indicated on the right- 
hand side and the superscript dagger means the 
Hermitian conjugate of the matrix. We see from (25) 
that the matrix [4 ] satisfies the relation 


Im[A]=3((A]—[A}')=4|0/*Lh Lp PLA], 


which is the analog of the unitarity condition in C-L. 


(26) 


The Reciprocal Matrix 


Further simplification occurs and an effective-range 
treatment in complete analogy with that in C-L be- 
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comes possible if we now introduce a new matrix 


(g(z)J=2>[h(2) P, (27) 


where this equation means that the matrix product 
[g][h] is to equal z' times a unit matrix. We now 
examine the properties of [g(z) ]. First we note that the 
pole of [A(z) ] at the origin implies 


(g(0)J=[A}’, 
the matrix reciprocal of [A]. The unitarity condition 
(26) is quite simple. It implies 

Im[g(w») ]=i(|2|*/w»)[p], 


where [p ] is the diagonal matrix defined by (13). Thus 
we can write, in analogy with C-L, 


(28) 


(29) 





1 > _ l(a)? 3 
Re[g(w) ]=[A} =P fae, me otwe-w) 
+f do, : af pet nd]: (30) 


Here P indicates that the principal value of the integral 
is to be taken and [H(w,) ] is a matrix function which 
can be determined from the crossing theorem. We write 
the crossing theorem (21) as 


[h(z) ]=[AB(A(—2))], 


where we must remember A B does not operate on h(—z, 
as an ordinary matrix. Then we have 


(31) 


[A B(g(z)) J = —[e(-—2) }, (32) 
the imaginary part of which is 
AB((g' (2) }* Im[g(2) Ig) ’) 
= —[gt(—z) }' Im[g(—2) [g(-—2) }, (33) 


since the transformation AB does not alter the 
Hermiticity of the matrix. Then from (30) we see at once 
that 


(A (w 5) J=[e(—o») SLABS) PFs) F')]) 
X[g(—w,)]. (34) 


The inclusion of this term in the equations for [g ], (29) 
and (30), makes that equation a set of nonlinear coupled 
integral equations for the amplitudes. 


The Renormalized Coupling Constants 


In the discussion of the numerical results of the meson 
mass-difference effect, we shall consider the effects of 
various possible alternatives concerning the unrenor- 
malized coupling constants. Before presenting these re- 
sults, however, we shall consider the effect of renor- 
malizing the coupling constants. By using the method 
developed by Cini and Fubini’* we explicitly show that 





1” M. Cini and S. Fubini, Nuovo cimento 3, 764 (1956). 
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the renormalized coupling constants are completely 
determined by the unrenormalized coupling constants. 
The relations between them involve integrals of the 
reduced scattering amplitudes over the meson energy. 
From these relations one can estimate the effect of 
renormalizing the coupling constants. The relations also 
lead to certain conditions on the amplitudes themselves. 

In the charge-symmetric meson theory which we are 
considering, there are five renormalization constants as 
opposed to the two constants of the Chew-Low-Wick 
theory. These five are defined by 


(35-a) 


(Wo%,73W0*) = (1 po) (ta,T 3g), 


(Wo%,7aYo*) = ( 1 P+ )(ta,T4Up), 





(Wo%,o pWo*) ax (J pi) (Ua,0 pg), 
(35-d) 
(35-e) 


(Wo", 730 pWo*) = Zo (Ua,T30 pg), 


(Wo", 740 p o°)= Ls 


(ta,T40 pig). 


In the paper by Cini and Fubini the two renormalization 
constants are 


1 / ps =] ‘po= 1 Pl, and Zo=Z,=1 ‘po. (36) 


These relations among the renormalization constants 
should be approximately true in our case. From (20a,b) 
we see that 


fo=Zofo, (37-a) 
and 
fe =Zf,™. (37-b) 
From (7) it follows, as in C-L, that 
T p'(q) —T q(p) = 2mi Don 5(En—wy)T p'(n)T,(n). (38) 
Then using (6), (8), and (9) we get 
top(2*) —lgp(z) = 2m Dn 6(En—wy) 
XK (MoV pO vn) (Wn, V go), (39) 


where 2— w,+/e in the first term, z—>w,+/e in the 
second term, and the expression holds for w,=w,. Since 
tgp(z) is a Hermitian matrix function of 2, we have 
(A(z) ]=[A(z*) }' as in C-L. Thus (39) can be written 
using (4) and (10) as 


4i[ p] Im[h(w,) Ig] 
= (fir / pu) o( for) /u) q / 5(En—wa) 
x (Yoo: pr w,™) (vn ,e° q7 Yo). 


Using the unrationalized coupling constants, we may 
now write 


(40) 


: f link Xs 


T~ uo 


f fo r 
-(—) (—) { (Yo,0- Pr po- Gr Wo) 
BS pX Mg 


7 Li a(Wo,0- Pr pho") (Yo%,e- 97 Wo)}, 


(41) 
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where the first term on the right comes from the closure 
property of the y,~, and the second term is the correc- 
tion to the first due to the 6(£,—w,), which does not 
permit the y,,~ to include the real nucleon states. The 
caret indicates a unit vector. 

We wish to write the right side of (41) in terms of bare 
spinors and thus reduce it to our operator notation. We 
need 


(Wo,o- po “QT pT Wo) 
eS bp GQ pot (1 (p15 pg PXG 


+ (i/ppxa)P-Geipati—Z px q PX GEivaT is (42-a) 
and 
D a(Wo,7 po: Pho) (Wo%,0-Gr7 Ho) 
=Z LZ (Spqti€ipgts) (b-Gtie-pPXq). (42-b) 


In these expressions the subscript pXq indicates the 
meson type i of €ipg. The matrix elements of (41) may 
now be computed, and if we use the notation 


H; a 


3H ro ' 
: i( ) (=) J Imhj,a(w)dw, (43) 
> f° 9 f® - fn 


where p and g are the two meson types indicated by the 
subscript designation 7 (see Table I), then (41) may be 
written 

Ho1= 1+2 pi— 3Z,, 

Ho.3= i—1 Pi, 

Hei= He ,=V2(—1/p4— 2244-32 2,), 

H. 3=Hy,3= 7 | —| pitZ, hb 

H_ = 1+2 pitl pot 2Zo—62,?, 

H_ 3= 1-1 pitl po— Zo, 

H,1= 1+2 pil po— 2Zo, 

H,..3= 1— 1, Pim 1 potZo. 


(44) 


Since (36) is approximately true, it is convenient to 
introduce small quantities defined by 


ro=1 po 1, Pl; (45-a) 
r,=1/p,—1/pu, (45-b) 
2,=2Z,—Zpo. (45-c) 


We now consider as our five renormalization constants, 
Zo, 1/pr, 24, Yo, and r,, and we discard terms quadratic 
in the last three since they are small compared to the 
first two. It is clear at this stage that the quantity of 
interest, namely z,, can be obtained in terms of the 
H,,,’s. It is also clear that relations exist among the 
H,,.’s that do not involve the renormalization constants 
since there are eight equations and only five constants. 
We shall now write (44) in a different form which shows 
more directly the deviation from charge independence. 

Since isotopic spin is nearly conserved, if we change 
our H;,2’s to the isotopic representation using (16), the 
following relations which are exactly satisfied in C-L 
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[A;] to J=$. The coefficients of f, and fo appearing 
here are the renormalized, unrationalized coupling con- 
stants defined by 


(20-a) 
(20-b) 


fo (Wo*,@- 730") = fo(ua,o- QT sus), 
F4© (Wo%,0- q7aWo*) = fy (ua,0-Q74Us), 


where Yo" is the state vector for a physical nucleon and 
Uq is the bare-nucleon spinor. 
The crossing theorem of C-L leads to the relation 


h:(2)=> A oB;jh;,3(—2), (21) 
B.7 
where 
Ay=—}, Ay3=4, An=}3, A33>= 3, (22-a) 
Boo= B_,=B,_=1, B= B,,=—1, (22-b) 


and the rest of the B’s are zero. As in C-L, the A’s and 
B’s satisfy the relations 


L A «BB j;A gyBjx=S ay ix, 
Bj 


(23-a) 


and 


>. A ap ijAj, g™= —A i, a (23-b) 
B.i 


From the definition of ¢,,(z) [Eq. (8) ] and its relation 
to T,(p) [Eq. (9) ], we may write 


bon (En)ben(En) 
tap(W»)= =¥ [crossing terms} (24) 
sL E,—w,—te 
That part of the sum with £,=0 gives the pole (19) 
already discussed. In the one-meson approximation we 
include in addition only those terms with E,=w,. Then 
converting the sum to an integral by using )>, > /d'n/ 
(2r)* and ndn=w,dw,, we obtain from (24) the following 
integral equation for the matrix [/]: 


1 
[h(w ») | = [A] wWpt— 





5 [h(wn) Ln PLA (wn) ] 
0 Wn— Wp— 1€ 

plus crossing terms which can easily be computed using 

(22). Matrix multiplication is indicated on the right- 

hand side and the superscript dagger means the 


Hermitian conjugate of the matrix. We see from (25) 
that the matrix [4] satisfies the relation 


Im(h]=3(LA]—[AJ')=1!|0/*Lh SL PLA], 


which is the analog of the unitarity condition in C-L. 


(26) 


The Reciprocal Matrix 


Further simplification occurs and an effective-range 
treatment in complete analogy with that in C-L be- 
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comes possible if we now introduce a new matrix 


[e(2)J=2"Lh) 


where this equation means that the matrix product 
[g][4] is to equal z times a unit matrix. We now 
examine the properties of [g(z) ]. First we note that the 
pole of [A(z) ] at the origin implies 


[g(0)]J=[LAP, 
the matrix reciprocal of [A]. The unitarity condition 
(26) is quite simple. It implies 

Im[g (wy) J=i({v|?/w,)[p }*, 


where [p ] is the diagonal matrix defined by (13). Thus 
we can write, in analogy with C-L, 


(27) 


(28) 
(29) 


| 


y( 2 
rf ng _— CF 


w p?(wp—w) 





Re[ p(w) ]=[A}—— 





v |2 
+ f do, | aN" [H(w,)I|. (30) 
wp’ (wp tw) 
Here P indicates that the principal value of the integral 
is to be taken and [H(w,) ] is a matrix function which 
can be determined from the crossing theorem. We write 
the crossing theorem (21) as 


[h(z) ]=[AB(A(—2))], 


where we must remember A B does not operate on 4(—2z) 
as an ordinary matrix. Then we have 


(31) 


[A B(g(z))* J = —[e(-—2) }, (32) 
the imaginary part of which is 
AB((gt(z) | Im[g(z) J ¢(z) 7") 
= —[gt(—2z) }' Im[g¢(—2) J[g(-—2) }, (33) 


since the transformation AB does not alter the 
Hermiticity of the matrix. Then from (30) we see at once 
that 


(A (wy) J=([e(—») SLAB eo) PSL @s) F')] 
X[g(—w,)]. (34) 


The inclusion of this term in the equations for [g ], (29) 
and (30), makes that equation a set of nonlinear coupled 
integral equations for the amplitudes. 


The Renormalized Coupling Constants 


In the discussion of the numerical results of the meson 
mass-difference effect, we shall consider the effects of 
various possible alternatives concerning the unrenor- 
malized coupling constants. Before presenting these re- 
sults, however, we shall consider the effect of renor- 
malizing the coupling constants. By using the method 
developed by Cini and Fubini!® we explicitly show that 


19M. Cini and S. Fubini, Nuovo cimento 3, 764 (1956). 














the renormalized coupling constants are completely 
determined by the unrenormalized coupling constants. 
The relations between them involve integrals of the 
reduced scattering amplitudes over the meson energy. 
From these relations one can estimate the effect of 
renormalizing the coupling constants. The relations also 
lead to certain conditions on the amplitudes themselves. 

In the charge-symmetric meson theory which we are 
considering, there are five renormalization constants as 
opposed to the two constants of the Chew-Low-Wick 
theory. These five are defined by 


(Wo%, 7308) = (1/ po) (ta,T 3g), (35-a) 
(Wo%, 7408) = (1/4) (ta,7 Up), (35-b) 
(Wo%,o pWo®) = (1/p1) (uae pg), (35-c) 
(Wo%,730 pWo®)= Zo (tha,T30 ples), (35-d) 
(Wo", 720 pWo®)= 2, (tha,T4O pltg). (35-e) 


In the paper by Cini and Fubini the two renormalization 
constants are 

1/piz=1/po=1/pi1, and Zo=Z,=1/po. (36) 
These relations among the renormalization constants 
should be approximately true in our case. From (20a,b) 
we see that 

fo= Zofo ¥ 9 (37-a) 

and 


fhe=Zi fi. (37-b) 


From (7) it follows, as in C-L, that 
T p'(q)—T ¢(p) = 2mi Don b(En—wy)T p'(n)T Q(n). (38) 
Then using (6), (8), and (9) we get 
tap(2*)—tgp(t)=2mi Dn 5(En—we) 

x (Wo, V pa )) (Wr' - Vg Wo), (39) 
where 2— w,+ie in the first term, s— w,+e in the 
second term, and the expression holds for w,=w,. Since 
tgp(z) is a Hermitian matrix function of z, we have 
[h(z) ]=[A(z*) }' as in C-L. Thus (39) can be written 
using (4) and (10) as 
4i[ p ] Im[h(w,») Iq] 

— (fin, ‘B) p( fin /m) } ae 6(En—wg) 
x (Yo,o- Pt Wn) (Wn 0° qT Ho). (40) 


Using the unrationalized coupling constants, we may 
now write 


: J ” Im h(w,) de 


#0 


fo fo 
- (—) (—) { (Yo,0- pr po: Gr Wo) 
B/S p\ Bb 


q 


—LealWo,o- Pr po") (Wo%,e- Gr ao)}, (41) 
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where the first term on the right comes from the closure 
property of the y,‘~, and the second term is the correc- 
tion to the first due to the 6(Z,—w,), which does not 
permit the y,,~ to include the real nucleon states. The 
caret indicates a unit vector. 

We wish to write the right side of (41) in terms of bare 
spinors and thus reduce it to our operator notation. We 
need 


(Wo,0- pa-Gr pt go) 
=P-Gbpq+ (i/p1)b po PXG 


+ (i/pp» oP Geipgti—Z px q PX GEip a7 is (42-a) 
and 
da (Wo,7 po: Po) (Wo%,0-G7 Wo) 
=Z Le (Spqti€ipgti) (P-Gtio-pXqG). (42-b) 


In these expressions the subscript pXq indicates the 
meson type i of €;p,. The matrix elements of (41) may 
now be computed, and if we use the notation 


3 fu H = 
H.a= i( ) (2 ) J Imhia(w)dw, (43) 
Tv f Pp J ") q~ #0 


where p and g are the two meson types indicated by the 
subscript designation 7 (see Table I), then (41) may be 
written 
Ho, 3 1 + 2 a 3Z 0’, 
Hy. 3= 1-1 Pi, 
Hei=He1=V2(—1/p4—2244+32Z0Z,), 
H..3= Hy. 3=~2 | —] putZ, a 
H_.1:=1+2/pit1/pot+2Z0—62,’, 
H = 1— 1 pitl po Zo, 
H..3= 1+2 _ 1 po 2Zo, 
H, 3= 1— 1 a 1 potZo. 


(44) 


Since (36) is approximately true, it is convenient to 
introduce small quantities defined by 


ro= 1/po—1/p, (45-a) 
7+=1/p,—1/p,, (45-b) 
2,=Z,—Zp. (45-c) 


We now consider as our five renormalization constants, 
Zo, 1/p1, 24, ro, and r,, and we discard terms quadratic 
in the last three since they are small compared to the 
first two. It is clear at this stage that the quantity of 
interest, namely 2,, can be obtained in terms of the 
H,,,’s. It is also clear that relations exist among the 
H,.,’s that do not involve the renormalization constants 
since there are eight equations and only five constants. 
We shall now write (44) in a different form which shows 
more directly the deviation from charge independence. 

Since isotopic spin is nearly conserved, if we change 
our H;,_’s to the isotopic representation using (16), the 
following relations which are exactly satisfied in C-L 
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will be approximately satisfied here: 


Hy, 3'—H;,;'=0, (46-a) 
Hy 1'—H;,;'=0, (46-b) 
H,'—H,,;'=0, (46-c) 
H, 7 =0, (46-d) 
H2, 3'=0, (46-e) 


where the second subscript is 2/ and the first is the 
isotopic designation (see Table II). We now write Eqs. 
(46) exactly, in terms of the charge representation 
H.'s. Using (44) and (45), we get in the same order as 
(46a-e) 


Hi, i 2Ho, 3— 3v2H — $H_ 3; 


= — frotir,—42,, (47-a) 
H,. 1— 3Ho1-— 2V2H.1— 4H 3 | 
= — $79+47,+ (8/3)2,, (47-b) 
H. ings 3H, s+ 3v2H.. a 2H 3 
= — (5/3)ro—47,4+42,, (47-c) 
4v2 Ho, 1 +H, “™ V2 H_. 1 
= — 42994 4V297,4+ 2v22,4+3V2Z02,, (47-d) 
1V2Ho, “pee +H, a 3N 2H_. 3 
= — 299+ 4v27,—4V22,. (47-e) 
Including two more equations 
2H.,.1+H,,3+3H_,;=6(1—Zo), (47-f) 
A,.s+HA_3+Ho1=3(1-—Z,’), (47-g) 


makes the seven equations (47) equivalent to the eight 
equations (44) with the renormalization constant p; 
eliminated. Various relations follow at once from (47). 
Particularly simple is the relation obtained by com- 
bining (47-a) and (47-e). This gives 


H,.,3—2Ho,3+ H_,;=0. (48) 


This means that if the unrenormalized coupling con- 
stants (f/u), and (f/)o are equal, the following 
relation is exactly true even though the charged and 
neutral meson masses are not equal : 


Im f [hy 3(w) aca 2ho, 3(w) +h_, 3(w) Jdw=0. 


This relation could not have been anticipated from 
considerations of the charge symmetry of the theory 
alone. 

We now return to our original purpose in this section, 
finding the effect of renormalizing the coupling con- 
stants. A relatively simple expression for z, is obtained 


from (47-b) and (47-d) as follows: 
(49) 


H,, 1— 2H, 1+, 7 12Zo2,. 
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This may be considered an equation for 2, since the 
constant Zo has been calculated in the Chew-Low-Wick 
theory by Miyazawa” as 

f/f =Zo=0.65. (50) 


We then have 


24/Zo= —[3i/(12"Z,*) ] mf C(u/f)42(hy,1—- AE, 1) 


(51) 


This quantity (51) is a measure of the meson mass- 
difference effect on the renormalization of the coupling 
constants since, from (37) and (45), 


—2(u/f) Pho, 1 |dw. 





/ (0) / z 
reco (145). (52) 
(f/m)o (f/u)o Zo 
From (51) it appears likely that 2,/Zo is quite small. 


We shall show in fact that it is probably less than }%. 


The smallness of (51) is easily seen. First, all of the 
amplitudes involved are “small” experimentally up to 
energies well beyond resonance. Second, the coefficient 
is a small number, 


3/(12%Z,?) =0.19. (53) 
Numerical Results for the Meson Mass 
Difference Effect 


We wish to determine how the cross sections for 
meson-nucleon scattering are affected by the charged- 
neutral meson mass difference. We examine the mass- 
difference effect on the reduced scattering amplitudes, 
[h], given by (27), (29), and (30). We use the effective- 
range approximation of C-L which consists of setting 


Re[g(w) ]=[A}°—of[r(e) J, (54) 
and then ignoring the w dependence of [7(w) ]. We write 


[h(w,)]= = (35) 
[A}'—w,[7]—i(|2|?/w,) [pF 


The charged-neutral meson mass difference will then 
appear in [A], which depends on the renormalized 
coupling constants, in [r], and in [p], since the mo- 
menta of charged and neutral mesons are different at a 
given energy. 

We shall first show that the effect on [7] is small. 
From (30) we see that [7] is the sum of two terms. The 
first term is a principal-value integral which we ex- 
plicitly evaluated as a function of w for [p]— po 
= (w,*— 0?) and [p]— pi= (w,’—u,”)!, and for two 
values of the cutoff energy. The effect of changing the 
cutoff energy in this term, which must be done if the 
cutoff function 2 is a function of the momentum, is to 
produce only a 0.1% difference in the terms for charged 
and neutral mesons. The effect of the factor of [p ]* in 





*” H. Miyazawa, Phys. Rev. 101, 1564 (1956). 











this integral is somewhat larger. For w< 1.9u the integral 
is larger for neutral mesons and for w>1.9y the integral 
is larger for charged mesons. For 1.5u<w<2.5u the 
effect is always less than 4%. The second term in [¥] 
is an integral involving H(w,) given by (34). This 
integral is too complicated to evaluate, but the factor 
of p* and the nonvanishing denominator should make 
the high-energy part of the integral, where we expect 
little deviation from charge independence, the most 
important part. Thus we expect the meson mass- 
difference effect in [ry] to be small and we shall ignore 
this effect. 

Next we shall show that the meson mass-difference 
effect on [A ] is probably small. There are two possible 
causes fora difference between the renormalized coupling 
constants for neutral and charged mesons. First, the 
bare coupling constants will depend on the Lagrangian 
that is postulated. We are using (2) as our interaction 
Lagrangian. The relation between the unrenormalized 
pseudoscalar coupling constant g® of (2) and the 
coupling constant (/“/) of the interaction Hamiltonian 
(3) and (4) is 

(f/u) = g/2m, (56) 
where m is the nucleon mass. The coupling constants 
g must be equal for charged and neutral mesons since 
all deviations from isotopic spin independence are 
assumed to be of electromagnetic origin. Thus the 
quantity (f/u) is taken to be the same for neutral and 
charged mesons and the difference is all due to the effect 
of renormalization. There are electromagnetic effects 
other than the meson mass difference which produce a 
renormalized coupling constant difference. However, 
these effects are zero in the Coulomb approximation 
considered in the next section (see Appendix A). 

To calculate the meson mass difference effect on the 
renormalization, we use (51) for the quantity 2,/Zo. 
The “small” amplitudes, 4a, of (51), are not known 
with sufficient accuracy for experimental results to be 
of any use in evaluating (51). Thus we use the effective- 
range formula (55). The value of [7] is also not known 
for the /=4 amplitudes, and thus in order to get an 
estimate of the possible size of (51) we take [r]=0. 
Since the fractional coupling-constant difference will 
turn out to be small compared to the mass difference, 
we may ignore the effect of the [A ] term in the effective- 
range formula (55), for the amplitudes needed in (51), 
and consider only the effect of the [p]* term. Under 
these conditions the integral of (51) may be explicitly 
evaluated, and a numerical integration shows that 


2,/Zo= —0.002, (57) 


verifying the statement at the end of the section entitled 
“The Renormalized Coupling Constants.” This is suffi- 
ciently small that the effect due to (57) will only change 
the cross sections by 1% or 2%. Because it is not large, 
and because of the uncertainty in the method of 
computing the coupling constant difference, we shall 
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not include this effect but shall indicate after the next 
paragraph how it may be calculated. 

Finally, we consider the effect of the [p }* term in the 
denominator of (55). Since only the charged-neutral 
meson mass difference has significance we choose ji, the 
bare mass (as far as electromagnetic effects are con- 
cerned), in such a way as to give the effect in the 
simplest form. This choice is 

A= py — Fbu=pot Jou. (58) 
We now set [4 ]=[h]+6[/], where [A] is the reduced 
scattering amplitude obtained when the meson masses 
are @. From (55) we see, for 6[4 K<[h], that 


4[h] (mass difference)=i[h]6([p]*)[h], (59) 
where 
1 0 0 
5([p})=3padu]0 —2 0 (60) 
Oe ee 


Here p= (w,?— a”)! and we have set |v|?=1. For pur- 
poses of simplification and because it should give the 
largest effect, we consider only the J=$, J=}3 part of 
the amplitude [A] in (59). Then we have 


0 O 0 
[Al y-3]=|0 has 0 |, (61) 
0 O hz; 
and from (16) 
2 ve.% 
[hoy ]=} v2 1 O hz, 3. (62) 
oO F = 


The other amplitudes can easily be included in the [h] 
of (59), but with only the (3,3) state we get the simple 
result 


0 0 0 
dL hye |= — 2ths, pmo 0 0 0 ’ (63) 
0.0.1 


with only the w*t-proton scattering amplitude in the 
J=4 state altered. Then, since 


hs, 3= e*8 sinds3(1/p'), (64) 


we have for this amplitude, corrected by the meson 
mass-difference effect, 
hs, s=e"*83 sinds3(1/p*) — 2ifdue**s* sin*633(1/p*) 
= e iloss+A+ ,a(m)] sin{ 633+ Ay. 3(m) | 
X (1+ 2fbu/ p)/ p', 
where the magnitude of the amplitude is increased and 
the phase shift is changed by an amount 


(65) 


A,,3(m) = — 2(fdu/p*) sinds3 cosds3. (66) 


The effect of this term is to sharpen the 3,3 resonance in 
the x*-proton state and to increase the magnitude of the 
amplitude. 

If the coupling-constant difference were known with 
sufficient accuracy to warrant its inclusion, its effect 
could be calculated in the same approximation as that 
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used above. In fact, if we use 
(F/ it) = (f/m)s+36(f/u)= (f/u)o— 38(f/u), 


we get 


(67) 


6[hs~3] (coupling constant difference) 
=o fh JAP OATAS A] 


00 0 
= —w ph, (fz fos B) [ 0 0 ; (68) 
0 0 1 


so that the only effect is to increase the (3,3) phase shift 
for r*-proton scattering by an amount 


Ay. 3(f)= — (w,/p*) (a/f)*6(f/u) sin%s3. (69) 

After discussing the Coulomb effect we shall write 
down expressions for the cross sections for elastic r+ and 
x scattering on protons and for charge-exchange scat- 
tering. In these expressions we shall include two other 
simple kinematical effects of the w mass difference. 
First, the p-wave scattering amplitudes [see (10)—(12) ] 
contain a factor pg which will be larger for charge- 


exchange scattering than for elastic scattering at a given — 


energy. Second, the cross sections themselves contain a 
factor g/p where g and p are the momenta of the 
outgoing and incoming mesons, respectively. This 
factor, which comes from the incident flux and the 
density of final states, will increase the charge-exchange 
scattering. 
Ill. THE COULOMB EFFECT 
The Integral Equation 


We proceed in the manner of Low,” referred to here- 
after as L. Using our interaction Lagrangian (2), we may 
write down the result for the S matrix for scattering of a 
meson of momentum g and type i to momentum q’ and 
type j, the nucleon going from momentum # to 9’, 
analogous to equation (1.11) of L: 


(p'q;'| S| pqs) 
=(-i f dxd-y(Aeo ga) Mer iaetie’y 
Xp" | P{ 0;(y) O+(x)} | p) 
—in f dx (4 0 g)¥e--0")# 
Xp" | PES isbe(x)be(x)+26:(x)b;5(x)} | p) 
~ie f dx (Ae 0 gs) te K-02 
X(p’ | P{A*(x)A (x) €snae jes} | p) 


tie f de(togoy)te tees 


X(p'| PU(g*+9"')A u(x)iessa} |p), (70) 
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where 


0,(x)= (— 0?—n?)¢,(x) 
= ghyst W— bud +d idi— C76 jA"A pense jes 


+ (2eA";y+¢eA* bj)eisa. (71) 


These equations are the same as in L, except for the 
extra terms which arise in an obvious way from the 
extra terms in our Lagrangian. 

Proceeding as in Sec. III of L, we may derive the 
integral equation to first order in e in the one-meson 
approximation : 


(p’q;' | ©:(0)| p) 
= 7s | (Wp, OW p+ ¢’) (Vo'+ 0’, O%>) 
E(p'+q/)—E(p".)—wy 





(2104)! 
(Vp, OW p-') Wa’, OW) 

E(p—q7')—E(p) +wy 
1 dq” dp" 





“tea 
fvelleiieel nie nyo 


po" tw" io po +w a ta 





070" 0u1 PO" | Os BC" +4"—P+4) 
po" +w qr 
+e(2w 9) Kp’ | (2ig,’+0,)A*| pre iis. 





(72) 


The term arising from the e*® term of (71) has been 
omitted since it involves the two electromagnetic field 
operators at the same space-time point and is a meson 
mass renormalization cancelled by the counter term. 
(72) is exactly the same in form as in L except for the 
last term, which corresponds to the incoming and 
outgoing mesons interacting at the same space-time 
point with a photon. 

We now make the usual static-nucleon approximation 
and also the approximation in the last term of (72), 
which we call X ,,, that the photon which interacts with 
the scattering meson also interacts with the static 
charge distribution of the nucleon to produce Coulomb 
scattering of the meson. Then in the notation of C-L, 
(72) becomes 


ee) 


T,(9)= -| 


—W, Wa 
f d'n [Ta'(n)T p(n) 
(2m)8L Wn—W_—te 


T p'(n)T 4( , 
ee (73) 
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TABLE III. Table showing the proton electrostatic potential V(r). 


a= (2/3) X0.49[ 10-8 cm. 


(1/e) V(r) 


air (aty)~ 





0 ra) 
0.4 2.5 
0.8 1.25 
Ee 0.8333 
1.6 0.6250 
2.0 0.5000 
2.4 0.4167 


0.3226 
0.0747 
0.0147 
0.0023 
0.0003 


0.9274 
0.7586 
0.6103 
0.4977 
0.4164 


where p and g are initial and final meson momenta and 


X op = — 1€€ 4 53(w p+w,) (4w wg)? 


x fare P)-*V (x), (74) 


V (x) being the electrostatic potential due to the nucleon 
charge distribution. We now take the derivative, with 
respect to the electromagnetic charge e, of Eq. (73). The 
left-hand side is then the quantity which we desire. The 
first term on the right involves the derivative of the 
single-nucleon expectation of the operator 0;. This 
term is zero in the static-nucleon, Coulomb approxima- 
tion which we are making, when the meson mass effects 
are properly eliminated, as we shall show in Appendix A. 
The second term on the right will make the equation a 
linear integra] equation for the quantity on the left. The 
last term, finally, is the inhomogeneous term of this 
integral equation. 

We solve this integral equation in an approximation 
in which we ignore the crossing terms both in d/de of 
(73) and in the e-independent part of (73). This may be 
a reasonable approximation since the crossing term 
seems to be less important than the noncrossing term in 
the charge-independent theory, particularly for the (3,3) 
state. In solving the approximated integral equation we 
use the simplified notation 


T »(q)=(q| p)hg? (for e-independent part), (75-a) 


X op= (q| bp], 
d ‘ 
e—T ,(q)={q_ | p}. 
de 


(75-b) 


(75-c) 


For the /’s, which are essentially the same as those of 
the previous section, the subscript refers to the meson 
energy and the superscript to the isotopic type. In this 
notation our approximate integral equation may be 
written 


(q-|p}=L¢! P] 





{q|2-} (2| pha! + (q| DEI] py hi'* 


WI— W g—1e€ 
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Fic, 1. Graphs representing the four terms of (77) for the 
Coulomb scattering of a meson by a nucleon. The solid line 
represents the nucleon, the dashed line the meson, and the wavy 
line the photon. 


The solution to this equation is 


(g|0)Ct| pk eh a? +Lq|E](l| p)wghe? 
|?“ eeceeearean sia eumaaae 


w1(wi—w g— te) 


(q\ R)LRIZ](L| p)w 2h ?hg? 


———-, (77) 





kl wen, (Wy— wW g— 1€) (we 


The four terms in this solution correspond to the four 
graphs shown in Fig. 1. Equation (77) can be shown to 
be the solution to (76), to our approximation, by direct 
substitution and by use of the e-independent Low 
equation with the crossing terms omitted, which we 
write as 
(gp) (g|2(L\ p) | hi! |? 
(q\P)ket=—-E—————, (78) 


Wa l W1—Wg—1€ 


(gp) being the no-meson term. Thus (77) gives us the 
Coulomb corrections to meson scattering. 


The Simple Coulomb Scattering Term 


The first term of (77) involves adding to the nuclear 
scattering amplitude the Born approximation to the 
amplitude for the Coulomb scattering of the meson by 
the charge distribution of the nucleon. From (74) we see 
that for this, as well as for the rescattering corrections, 
we need to know V(x), the electrostatic nucleon po- 
tential. From the Hofstadter” experiments on electron- 
proton scattering we know that the proton has a root- 
mean-square charge radius of 0.7X10-" cm, and a 
Gaussian charge distribution gives a good fit. The 
proton potential is then essentially 1/r times the normal 
probability integral which is tabulated. This potential 
is shown in Table III. The simple Coulomb scattering 
term thus includes the scattering of a point proton plus 
corrections to this due to the fact that the proton po- 
tential differs from 1/r near r=0. By calculating the 
s-wave part of this correction we showed it to be 
negligible. Thus, for the simple Coulomb term we keep 
only the point nucleon part, which has already been 


ME, E. Chambers and R. Hofstadter, Phys. Rev. 103, 1454 
(1956). 
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calculated.*-“ This term occurs with opposite sign in 
x*-proton and #~-proton scattering and is absent in 
charge-exchange scattering. 


The Rescattering Effect I 


The term in (77) involving the sum on /, which we call 
R, has two terms, one of which represents the nuclear 
rescattering of a Coulomb-scattered meson, and the 
other of which represents the Coulomb rescattering of a 
nuclear-scattered meson. Using 

(q|Dhg*=T1(q) = (4ww,) 1 F(q), (79) 


and omitting the isotopic spin dependence, which will be 
put back in later, this term may be written 


dl 1-F xpli(l— p)-x IV 
R= —2f fest (q)] exp[i(I— p)-x]V (x) 
(2x)? P—g—ie 
(wor+w ¢) (witw yur g 
x 


4(w wo) dw? 








’ 


which is to be evaluated for w,=w,. We now approxi- 
mate the factors of (80) involving w by a function which 
will enable us to perform the integration more easily. 
We set 


(w g+w)*/ (4w/?) ~ (7/12) + (5/12) (w?/w?). (81) 
This approximation is exact for w,=w), as it must be in 
order that an infinite part of (80), associated with the 
long-range Coulomb potential, may be properly identi- 
fied. For other values of the variables the approximation 
is quite good and should give the integral at least within 
10%. Using (81) and replacing the vector I of the dot 
product in (80) by a gradient, the d*/ integration may be 
performed giving 


Ri=—[2e/(24)*1 f dx V (ade 9 -iFQ)- 0.) 

X (2x*/r) [ete — (5/12)e-*"]. (82) 
The first term in the square bracket comes from the 
poles at /=-+(g¢+ie) and the second from the poles at 
l=+:iw. Taking the derivative and doing the angular 


TABLE IV. Table showing the function A;(q). 








A1(q) 


0.79 
0.68 
0.57 
0.49 
0.43 
0.37 
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integration of d*x, we get 


Ri=- 2 6-F@If dr V(r) (cosgr)/gr—(singr)/(gr)*] 


 {{— gr singr—cosgr ]+ (5/12)[(1+ur)e~*" ] 


+i[gr cosgr—singr]}. (83) 


The imaginary part of the integral is logarithmically 
divergent since only the p-wave part of the Coulomb 
scattered amplitude, which is infinite in the Born ap- 
proximation, is rescattered. This infinite amplitude is 
exactly out of phase with the p-wave part of the nuclear 
amplitude, however, and so corresponds to a higher- 
order correction to the cross section in e* than the real 
part. In the exact theory with small Coulomb phase 
shifts, this term would be dropped. This term will be 
identified later in’ a discussion of s- and p-wave inter- 
ference effects. The remaining integral has been evalu- 
ated, with the result 


R,= —2e6-F(q)A1(q), (84) 


where A;(q) is a function which varies more or less 
linearly from a value of 0.79 at q=0 to 0.45 at g=1.5u. 
The function A;(q) is shown in Table IV. 

We have omitted the isotopic dependence of X 4» 
which is —ie;;3. This operator has the eigenvalues +1, 
—1, and 0 for positive, negative, and neutral mesons, 
respectively. Thus, the R, term is in negative phase 
with the nuclear amplitude for x*+-proton scattering, and 
in positive phase for elastic ~-proton scattering. In 
charge-exchange scattering the relative phase is the 
same as with negative mesons, but the effect is only half 
as large since only one of the diagrams (B—C) of Fig. 1 
enters. 

The Rescattering Effect II 

The remaining rescattering effect is given by the term 
in (77) involving the sum of k and /. This term represents 
a nuclear scattering of the meson followed by a Coulomb 
scattering and then another nuclear scattering. Using 
expressions like (79) with k-F(q) for the first nuclear 
scattering and I-G(p) for the second, this term may be 
written 


dk d'l 
R,= 
J (24)? 4 (27) 


[h-F(a)] far expLitk—I) x] (a)[1-G(9)) 





(P—g—ie)(k’—g—ie) 
ila (we-tw g) (we+wz)0(R)0(2) 


8wi2w7*w g 





The cutoff factors »(k) and »(/) are included here since 
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R, depends on the cutoff somewhat more strongly than 
R,. We use the form o(k)=T?/(T?+?) where ['=7u. 
Then, to facilitate the integration, we approximate the 
factors of (85) depending on w and » by the simpler form 


ues I oe,’ tT 
2 mar ve a ” 9 i 
T° 24 P w? \T?+R 
This approximation should give the integral at least to 
15%. The integrations may now be done, giving 


(86) 


é€ 
R,=—{F(q)-G(p) 
: tome _— 


w (e' w—e Pr’) 
xf dr vin] - ~ tigew+re*] 
0 r 


yd 


).7) 


(88) 


(eit —e ur) ; 2 
x ———-+ige*?’+-pe#r x( 
r g+r? 
The integral has been evaluated, giving 


=F (q)-[(1+73)/2](—te:j3)G(p)A2(q), 
where we have included the isotopic dependence. ReA 2(q) 
is flat near resonance with the value 1.1u?/127, but 
drops to 0.78u?/12r at g=0. The imaginary part is 
much smaller at low energies, but becomes greater than 
the real part at resonance and above. The calculated 
values of A2(q) are shown in Table V. 

From (77) it may be seen that, although the crossing 
theorem is not obeyed by that equation, the unitarity 
condition is still satisfied. This gives an exact relation 
between A, and A» of (84) and (88): 


12e ImA2=i(2¢°A)). (89) 
Because of the approximations made, the calculated A, 
and A, only satisfy this relation to about 15% accuracy. 
Since A, is more accurately known than Ag, we shall use 
(89) for ImA, rather than the calculated values. 

As with the meson mass-difference effect, we shall 
only include the (3,3) state in the e-independent part of 
T ,(p) in computing R; and R». Then the isotopic spin 
dependence of Ry given by (88) is quite simple. For 
positive mesons on protons we get the full effect with 
the plus sign. For negative mesons on protons there is a 
2:1 chance that the meson will charge-exchange scatter 
in the first nuclear scattering. Since there is no Rz effect 
in this case, the effect is reduced to a factor of 4 for 
negative scattering or charge-exchange scattering, and 
the sign is opposite to that for positive mesons. A factor 
of 3 is obtained in Ry, from the angular momentum 
dependence of F-G. 

Since the unitarity condition is maintained by (77), 
the effect of R; and R» on x*-proton scattering can be 
expressed as a change in the scattering phase shift. The 
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(3,3) amplitude for this state, corrected by R; and Raz, is 


‘ar 3==_- (49q?/ 2w ahs, gt 2e*q4aA 1/3, 3+3¢e7q*(4m)?A oh, Pa 
= — (4x /2qwo,)eilrt4+.0()) sin[bas-+A,, a(R) ]. (90) 


Using (64) and (89), 
A,., 3(R)= 


we get 


— (2w,/ q)e| 2 A, cos6b33 sinds3 
/q) 


+ (122/g?) ReA2 sin’6;;], (91) 


sharpening the resonance and moving it to a higher 
energy. For r--proton and charge-exchange scattering 
the effect is not expressible as a change in the phase 
shifts since the corrected h,, ; is not diagonal in either the 
isotopic or charge representation. Rather than diago- 
nalize the scattering matrix, we shall write the correc- 
tions to the J= } amplitudes (for w~ elastic and charge- 
exchange scattering) in the charge representation. These 
amplitudes, corrected by R; and Ro, are 


T_, 3= — (4q?/2w q) ($h:3, 3) — 2e?g4A 1 ($s, 3) 
— eg?(4m)?Ao(4hs, 3°), 


a 3 — (4rq? Qw g) (4V2h5, 3)—e7 gar. 1; Gi AV2h3, 3) 3 
—eé q° 2 (4a). 4. (4 AV2h3, 3 2). 


(92) 


(93) 


The s-p-Wave Interference Effect 


In scatterings which involve the Coulomb field, the 
scattering amplitude is the sum of the Coulomb ampli- 
tude and a nuclear amplitude, with each of the partial 
waves of the nuclear amplitude multiplied by e**”, 9, 
being the Coulomb phase shift for the same orbital 
angular momentum as the nuclear partial wave.” Since 
the n,; are small, we write this factor as 1+2in;. The 
term containing the product of 27, with the p-wave 
nuclear amplitude appeared explicitly as the imaginary 
part of the integral R; of (83). This infinite integral can 
be shown to correspond to the Born-approximation p- 
wave Coulomb phase shift by considering a cut-off 
Coulomb potential and letting the cutoff radius become 
infinite. The only effect of these terms to lowest order in 
the ; will appear in the interference between partial 
waves of different angular momenta. Including only s 
and p waves, it is easily seen that the extra cross-section 
contribution is proportional to ae 


m—no= te? v, (94) 


for r*-proton scattering. For charge-exchange ¢catter- 


ing, the sign is as with r~-proton scattering, but with 


TABLE V. Table mighening the function Az esl 


12%A2(q) 


0.782 
1+0. iu 





(1. 
(1. 
(1. 








"= L. Schiff, Quantum Mechanics (McGraw-Hill Book Company, 
Inc., New York, 1949); see Eq. (20.24). 
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half the magnitude since the Coulomb field is active only 
during half the scattering. In Eq. (94), » is the relative 
velocity. This effect only alters the coefficient B of the 
cos6 term of the cross section. If we include both s-wave 
phase shifts, 6; and 63, but only the 433 p-wave phase 
shift, the result is 


(95-a) 


AB, => —8p(e? v) sinds sinds3 sin(633;— 53), 


AB_=+8p~*(e?/v)[ (2/9) sind, sinds; sin(633—4;) 


_~ (1, 9) sind; sind33 sin (633— 53) |, (95-b) 


AB,=+4p~(e?/v)(2/9)[_—sind; sind33 sin(6;;—4;) 
+sinds sindss sin(633;—43) ]. (95-c) 


IV. CONCLUSIONS 
We may now write expressions for the differential 
cross sections in the center-of-mass system for the three 
processes (+), (—), and (e), in terms of the six charge- 
independent phase shifts, 5;, 53, 533, 531, 513, 611, and the 
mass-difference and Coulomb effects previously de- 
scribed : 


da(+)/dQ= |{ —S3;—[2T, s+7 3,1] cosd}w,/2e 
— (wze*)/[ pz? sin?(6/2) ]|* 
+(w,/2r)?|[Ts, s—Ts,1]|? sin’@ 
+AB, cos, 


da(—)/dQ= | { —[4S3+3S,]—[2(T_, s+3T1, 3) 
+ (373, +37, 1) ] COSO} w p ‘Qn 
+ (w9e?)/Cps? sin®(0/2)]]|* 
+ (wy/2m)?|[(T_, +3713) 
— (373, 1:+37,,1) ]|*sin’°@+AB_cos@, (96-b) 


da (e)/dQ= (po/p+)| { —[4V2S3— v2, ] 
— (po/p+)[2(Te, s— 3V2T,, 3) 
+ (3V2T3, 1— 4V2T), 1) |] cos0}wp/2r|* 
+ (po/ps)(wp/2m)*| (po/ps)[(Te,s— 4V2T;, 3) 
— (4V2T3, :—4V2T,,1) }|* sin’6 
+AB, cosé. 


(96-a) 


(96-c) 


S;= —29(piw,)'e** sind;, (97) 


TABLE VI. The meson mass-difference and Coulomb effects on 
the J=}3, x*-proton scattering phase shift. After the s-p-wave 
interference effect, which will be discussed below, and the simple 
Coulomb and kinematic effects [all of which are also included in 
(96) ], have been taken into account, the indicated amount must 
still be subtracted from the (+, 3) phase shift to get the charge- 
independent part. The electromagnetic effect is to sharpen the 
resonance and move it to a higher energy. 








44,2(R) Lab energy 


—0.26° 
—0.67° 


p/m As,a(m) 


—0.74° 
—1,03° 
—0.12° 





54 Mev 
110 Mev 
—0.53° 185 Mev 
+0.01° 270 Mev 








SORENSEN 


5; being the s-wave phase shift for 7=1/2; and 


T3,1= —29( p,m) 'e* sinds), (98) 
3,1 4H p 31 
53, being the p-wave phase shift for 7=$, J=}. Equation 
(98) holds also for 7;,3 and 7), with the corresponding 
p-wave phase shifts, 6,3; and 6,,. No attempt has been 
made to furnish kinematic corrections to these ‘small’ 
p-wave amplitudes or to the s-wave amplitudes. In 
(96-a) we have 

re 3=— 2m (pywp)tetbsst4 +,3) sin (S33 + Ay. 3), (99) 
where 63; is the charge-independent (3,3) p-wave phase 
shift and 


Ay s=Ay, 3(m)+A,, 3(R), (100) 


given by (66) and (91), respectively. In (96-b) we have 


ae = im (psw,)! 
X [1-- 2(ubu/ py?) +4(wy/ py )ePA 1 Je sindss 


- [ (4or)?, (3p+4) Je?A 2c” ibas sin’533, (101) 


and in (96-c) we have 


ta 3=—_ 3V2 9 (piw ie 
x [1 —_ 2(ubu ‘ps*)+2(w, ‘pera 1 Je*ss sinds3 


— [v2 (4m)?/(3p,4) Je?A 2e7**% sin?533. (102) 


In these equations A, is given in Table IV, ReAg in 
Table V, and ImA, by Eq. (89). The three quantities 
AB are given by (95a-c). p; is the momentum of either 
the nucleon or mass-“; meson in the center-of-mass 
system, computed relativistically. In (96-c) the ap- 
proximation po/p4+=1+-udu/p,’ is good except at the 
lowest energies. 8 is the angle of scattering of the meson. 
To the extent to which we have included all electro- 
magnetic effects, an analysis of the pion-nucleon scat- 
tering data according to (96) should give the six charge- 
independent phase shifts for mesons of mass f [see Eq. 
(58) ] which would occur in the absence of all electro- 
magnetic effects. 

To indicate how large these effects are, we look at 
x*-proton scattering, for which the effects are most 
simply expressed. First, we show in Table VI the 
magnitude of the (3,3) phase-shift alteration brought 
about by the meson mass-difference and the Coulomb 
effects. 

With our choice of g there is no effect analogous to 
A,.3(m) for x elastic and charge-exchange scattering. 
The effect analogous to A,,;(R) cannot be expressed as 
a phase-shift alteration, but is given in (96) by (101) 
and (102). To indicate how large the effect of AB, is on 
the s-p-wave interference we consider the m*-proton 
scattering at the energy at which 63;;—6;=47. At this 
energy the cos@ term is zero except for the correction, 
AB, cos#, and this correction is equivalent to an in- 
crease of 53;—63 by an amount 2e*w,/p or about 1.0°. 
Thus, the AB, electromagnetic effect is to reduce the 
energy at which the cos@ term goes to zero, The analo- 





MESON-NUCLEON 


gous effect for r~ elastic and charge-exchange scattering 
is given in (96) by (95b-c). The significance of all these 
electromagnetic effects in meson-nucleon scattering can 
be correctly determined only by using (96) to analyze 
the scattering data at all energies through the (3,3) 
resonance. 
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APPENDIX A 


Using a method similar to that which gives (70), we 
have in the Heisenberg representation 


d 
—p| ©,(x)| p’) 
ant x) |p 


1 
_ foe (p| P(O,(x) j*(y) *(2)} |p’) 


e 


1 
X((Ay(y)A (2) )4)—-- fave P{J #(x)7"(y)} |p) 
e 


X((A,(x)Ad(y)))+°°°, (A-1) 


where, to lowest order in e, 


J ip=e( 20, +iky)b5€::53, (A-2) 
k, being the four-momentum of the photon associated 
with the contraction ((A,(x)A,(y)),) in (A-1), and 
where j,=—0L,/0A* is the usual current operator. 
The terms omitted in (A-1) are proportional to the 
derivative with respect to e of the various mass re- 
normalization counter terms, and are cancelled by parts 
of the two terms of (A-1) which are written down. 

The Coulomb approximation is equivalent to taking 
the two current operators to have the same time 
coordinate. Thus, in the first term on the right of (A-1), 
the ordering of the operators with the ©; between the 
two j,’s never occurs. We now eliminate the time- 
ordering operator and rewrite this term using a sum over 
intermediate states : 


(p| O(x) j(y) i(2)|P’) 
=2in(p| O(x)|nXn| j(y)j(2)|p"). (A-3) 


Using the one-meson approximation, we now obtain an 
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integral equation for the desired matrix element: 


| O; | é 
fe | ) 


“s f dylp| PET (x) j°(y)} | PX (Ay (X)Ao(9))4) 


- fay di 
qp"’ 


d 1 
x ea 0;(y)| P| — eee 
de po’ +wa— po—ie 


eau 


e *ay 


2w.)! 


d 
+|- —p| ;(y)| "| 
PAA " (2w4)* 
1 
x (p""q;| O:(x) | p!)———— we 
Po +w_— po —té 


(A-4) 


The inhomogeneous term of (A-4) is cancelled in part by 
the meson mass renormalization terms. Part of the 
inhomogeneous term, as well as terms which have 
already been dropped, will produce an electromagnetic 
renormalization of the meson-nucleon coupling constant 
in addition to the renormalization brought about by the 
charged-neutral meson mass difference. If this effect 
could be calculated, it could be included in A, 3(/) 
[see Eq. (69) ]. 

If we consistently use the Coulomb approximation, 
however, this type of coupling-constant renormalization 
does not occur. From (A-2) we see that the inhomo- 
geneous term of (A-4) has two terms, one containing 
the meson momentum 0,¢@ and the other containing the 
photon momentum &,. After a change of variables, the 
first of these may be written as 


0 0 ye) ale Fe 
2 f ak» P| (—+— Joa 91] ”’) 
x ((44(a)A"(2—2) 


to be evaluated at xo>=0. In the Coulomb approximation 
the term 0/0x* gives a factor (po— po’) since only j,= jo 
is considered. This is zero in the static-nucleon ap- 
proximation. The term 0/dz* has one part involving 
(dj,/dz")g*", which is zero, and another part, coming 
from the time-ordering symbol, involving a 6 function 
of zo multiplied by the commutator of @ with jo. The 
integration on zo makes this the commutator for equal 
times which is proportional to the 6 function of z. This 
part of (A-5) thus contains the contraction of the two 
electromagnetic field operators at the same space-time 
point. This cannot be a real effect and must correspond 
to part of the meson mass renormalization to be 
cancelled. By similar arguments the part of the inhomo- 
geneous term of (A-4) proportional to the photon 
momentum &, is also seen to be zero. 

Thus to our approximation the solution to (A-4) is 
zero, 


(A-5) 
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An expression for the superpotentials corresponding to the energy-momentum complex of a generally 
covariant field theory is presented. It is somewhat more general than previous expressions in that it makes 
no special assumptions regarding the symmetry properties of the Lagrangian of the theory. 


I. INTRODUCTION 


T has long been known that one can construct an 
energy momentum complex, 7,’, in general rela- 
tivity which satisfies the conservation law 


T,’, -=0. (1) 


This law is a consequence of the covariance properties 
of the theory and represent a form of the Bianchi 
identities. Because these equations are identities, it 
follows that there must exist a superpotential complex 
U,'’*!, antisymmetric in the indices v and ¢, such that 


T,’=U,'",. (2) 


Here the square braces indicate that the U’s are anti- 
symmetric in the indices v and ¢. An explicit statement 
of the form of the superpotentials for general relativity 
was first given by Freud.! However, his method was 
applicable only to this case and somewhat later Berg- 
mann and Schiller? investigated the structure of the 
superpotentials for a much wider class of theories. 
While the approach employed by them was quite 
general, the applicability of their results was limited 
by certain assumptions concerning the nature of the 
Lagrangian of the theory. 

In the course of an investigation of the secondary 
constraints in general relativity, we have had occasion 
to employ a Lagrangian which differs from the usual 
one by a complete divergence and does not satisfy the 
assumptions of the B. S. (Bergmann-Schiller) theory. 
Since it was necessary for our purposes to obtain the 
superpotentials for this form of the theory, we have 
had to generalize the B. S. results and this extention 
is presented below. 


Il. THE SUPERPOTENTIALS 


In deriving their results, B. S. assumed that the 
Lagrangian density of the theory, L, differed from an 
invariant density by a known divergence, S*,. As a 
consequence of the transformation law for L, they 
derived a set of identities satisfied by the field variables 
ya which were somewhat more extensive than the 
Bianchi identities. After correcting for some typo- 


1 Ph. von Freud, Ann. Math. 40, 417 (1939). 
2 P. G. Bergmann and R. Schiller, Phys. Rev. 89, 4 (1953). 


graphical errors in the B. S. paper, they are of the form 
(3a) 
(3b) 
(3c) 


[C4,"04 *S* \cvpe) =0, 
L,lwol+ L, leu =(), 


= Vv". _ 


where 


L (40) = C4 ,404°L+6,4S°—b,°S*+-Ca "04S? 
+Cay* 49S? — ya, O4#S°+ (Cay"04°S”), og, 
and 
V 4° = L,l#l — (C4 ,#04°S*), g. (5) 


In Eq. (3a) the notation (ypc) indicates that the 
expression within the brackets is to be summed over 
six terms that are completely symmetric with respect 
to the indices v, p, ¢. The quantities C4,“ are the 
“structure constants” which appear in the transfor- 
mation law for the y4, namely 


bya=Cay"t”, -— Va, vf”, (6) 


where the &” are the descriptors of the transformation.’ 

Equation (3c) gives us T,” as the divergence of V,’’. 
However, these latter quantities are not satisfactory 
superpotentials since, as we see from Eqs. (3b) and (5), 
they are not antisymmetric in v and oc. In the B. S. 
paper, V,’” was antisymmetrized by adding to it the 
divergence of another skew-symmetric density. Al- 
though it is not explicitly stated there, their method is 
based on the assumption that 


G40S"= a4eSP, (7) 


which need not in general be true. If we restrict our- 
selves to Lagrangians of the usual type, then S’ will 
have the form 

S7= (TA(e) 4 PAleel)y 4 ns (8) 
with 

[ACee) == PACop) - [Alec] — — [Aleel | 

where I'4°* and I'4!**) are functions of the undiffer- 
entiated field variables. Since the superpotentials 
depend linearly on S’, we can consider the symmetric 
and antisymmetric parts of S’ separately. The sym- 
metric part of S’ can be treated exactly as in the B. S. 


3In the above equations, we have employed the following 
abbreviations: 04=0/dy4; 04°=0/dya, p; the subscript » denotes 
0/ax*. 
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paper. We make use of the identity 
(Cay"O4°S*), po=[Catd4°S°+4(C4,7044S? 
—C4,°04*S*) | ne. 

The quantity in the square brackets is, however, anti- 
symmetric in w and p. In fact, by making use of the 
identities (3a) and the assumed symmetry properties 
of P'4‘*, it can be written as 

3 (C4 yHOAPS9—C4,POA#S?). pe- 
Thus, we can write 


U [el = L,(#el+ 2 (C4p?044#S? — Ca,"04 PS?) m (9) 
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The antisymmetric part of S’ can be treated in an even 
simpler manner. In this case we have directly that 


(Car"04°S*), e220, (10) 


and so we can take 
Ua = L, (el, 


(11) 
We can combine Eqs. (9) and (11) to obtain finally 
U, lool = [lool + $(C4,PT 40 —C4,"T 400") ,. (12) 


In this form, the expressions for the superpotentials are 
general enough to be applicable to most problems of 
interest. 














